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GRAPHS WITH PRESCRIBED
NEIGHBOURHOOD GRAPHS

BOHDAN ZELINKA

Let G be an undirected graph without loops and multiple edges, let u be a vertex
of G. By Ng(u) we denote the subgraph of G induced by the set of all vertices
which are adjacent to u in G; we call it the neighbourhood graph of u in G.

At the Symposium on Graph Theory in Smolenice in 1963 [1] A. A. Zykov has
proposed the problem (by himself and B. A. Trachtenbrot) to characterize graphs
H with the property that there exists a graph G such that Ng(u)= H for each
vertex u of G.

We shall study the graphs G with the property that for each vertex u of G the
graph Ng(u) is isomorphic to the complement of a path or of a circuit. Evidently
a graph has the required property if and only if each of its connected components
has this property and therefore we shall consider only connected graphs with such
a property.

The symbol P, usually denotes the (simple) path of the length n, i.e. with n +1
vertices. Its complement will be denoted by P,. Similarly C, denotes the circuit of
the length n and C, denotes its complement.

Theorem 1. Let G be a graph with the property that Ng(u) = P, for each vertex
u of G, where n=Z4. Then G=C,.a.

Proof. Let u be a vertex of G. We have Ng(u)=P,. Let vo, vy, ..., v. be the
vertices of Ng(u) such that {vi_,, v;} for i=1, ..., n are the unique non-adjacent
pairs of its vertices. Consider Ng(vo). This graph contains the vertices v, ..., Vs,
u and its subgraph induced by these vertices is the complement of the graph
consisting of a path of the length n —2 and an isolated vertex. As Ng(vo)=P.,
there exists a vertex w in it which is non-adjacent to u and one of the vertices vz, vn
and adjacent to all other vertices vi. Suppose that w is non-adjacent to v.. Then v,
is adjacent to none of the vertices vi, vs, w. If n=4, then the graph Ng(v2)
contains a triangle with the vertices u, vo, vs. We have Ng(v2) = Ps; hence in the
complement of Ng(v) one of the vertices u, vo, v4 is the centre and the others are
terminal vertices of the path of the length 4. Therefore there exists a vertex z of
Ng(v2) which is adjacent to exactly one of the vertices u, vo, v4. This vertex z must
be evidently distinct from the vertices u, vo, v1, v2, Vs, vs, w. But Ng(u) contains
the vertices vo, v1, V2, V3, V4, the graph N (vo) contains u, vz, vs, vs, w and Ng(vs)
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contains u, ve, V1, V2, w. As z is adjacent to one of the vertices u, vo, v, one of the
graphs Ng(u), No(vo), No(vs) contains at least six vertices and is not isomorphic to
P., which is a contradiction. Now suppose n=35. All vertices vi, v, v3s, W are
contained in Ng(vs). In the complement of Ng(vs) the vertex v, has the degree at
least 3 and thus this graph is not a path, which is a contradiction. Hence w is
non-adjacent to v, and Ng(vo) is the complement of the path with the vertices
V2, ..., Us, W, u (in this order). Analogously taking Ng(v.) instead of Ng(vo), we
prove that there exists a vertex x non-adjacent to vo and u and adjacent to
V1, ..., Ua. Using the graph Ng(v.), we prove that also x is adjacent to w. Therefore
the set {vo, ..., va, W, u, x} induces a subgraph F of G such that F= C,... We have
N:(y) =P, for each vertex y of F. As also Ng(y)= P, for each vertex y of F, we
have Ng(y)= Nk(y) and, as G is connected, G=F and G=C,.,.. O

Evidently also the converse assertion is true and even without the assumption
that n=4. For each positive integer n the graph G = C,., has the property that
Ng(u)= P, for each vertex u of G. But for n = 1 not only the circuit Cs= Cs, but an
arbitrary circuit of the length at least 4 has this property. For n = 2 the line graph of
the graph obtained from an arbitrary regular graph of degree 3 by inserting one
vertex onto each edge has the required property. For n =3 we have P;= P;; in [2]
it was proved that for any odd integer n =7 there exists a graph G with n vertices
such that Ng(u)= P; for each u. This graph is constructed from a circuit C, by
joining any two vertices having the distancei(n — 1) in C, by an edge. (For n =7
such a graph is isomorphic to C,.)

Theorem 2. A graph G with the property that Ng(u)= C, for each vertex u of
G exists if and only if 3=n=6.

Proof. The graph C; consists of three isolated vertices. Every regular graph of
degree 3 without triangles has the property that N (1) = C; for each u. The graph
C. has two connected components which are both isomorphic to the complete
graph K,. If G is the line graph of a regular graph of degree 3 without triangles,
then Ng(u)=C, for each vertex u of G. The graph Cs=Cs; the graph of the
regular icosahedron has the required property. The graph with the required
property for n =6 is the complement of the Petersen graph.

Now let n = 7. Suppose that there exists a graph G such that N (u) = C, for each
vertex u of G. Let u be a vertex of G. Let the vertices of Ng(u) be vy, ..., v, such
that {vi, vis1) fori=1, ..., n—1 and {v., v} are the unique pairs of non-adjacent
vertices of Ng(u). Consider Ng(v:). A subgraph of this graph is the graph
consisting of the complement of the path with vertices va, ..., v, and of the vertex u
adjacent to all of these vertices. As Ng(v,)= C,, there exists a vertex w which is
not adjacent to v, and u and is adjacent to all the vertices vs, ..., v._1. The graph
Ng(vs) contains the vertices v.-1, Vs, v1, w. The subgraph of Ng(v.) induced by
these vertices is the complement of the graph in which v, has the degree 3; hence
the complement of Ng(v.) is not a circuit, which is a contradiction. [J
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Quite analogously to the part of Theorem 2 for n=7 also the following two
theorems can be proved.

Theorem 3. There exists no graph G with the property that Ng(u) for each
vertex u of G is the complement of a one-way infinite path.

Theorem 4. There exists no graph G with the property that Ng(u) for each
vertex u of G is the complement of a two-way infinite path.
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T'PA®BI C IMPEAIMUCAHHBIMU TPA®AMHU OKPECTHOCTEMN
Bohdan Zelinka
Pe3ome
ITycte G — HeOpHEHTHPOBaHHBIH rpagd, nycTh u —.ero BepumMHa. CuMBonoM No(u) 0603Havaem

noarpag rpaga G, NOpPOXAECHHBIA MHOXECTBOM BEPLIMH CMEXHBIX € u. B cTaTthe nsyvaiorcs rpadpsr G
Takue, 4to rpagsl No(u) ans Bcex BepiuuH u rpadpa G u3oMopdHbI ROMOTHEHHIO LENH WM KOHTYpa.
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