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DECOMPOSITION OF COMPLETE BIPARTITE GRAPHS
INTO FACTORS WITH GIVEN DIAMETERS AND RADII

ELISKA TOMOVA

Introduction

L. Niepel [3] studies the existence of a decomposition of the complete graph into
factors with given diameters and radii. In the present paper we study the analogous
problem for the complete q-partite graphs. Most of the results are concerned with
the case q =2 of bipartite graphs.

All graphs in the present paper are undirected, without loops or multiple edges.
Let an integer q =2 be given. A graph G with the vertex set V is called g-partite if
V can be partitioned into q mutually disjoint, nonempty subsets Vi, V,, ..., V,,
which are called parts of G such that every edge of G joins vertices of two different
parts of G. If every two vertices of different parts of G are joined by an edge, then
G is said to be a complete g-partite graphs and we write G = K, m,, ..., m;, Where
the cardinality | V;| = m; for j=1, 2, ..., q (2-partite graphs are called bipartite).

By a factor of a graph G we mean a subgraph of G containing all the vertices of
G. By a decomposition of a graph G into factors we mean a system & of factors of
G such that every edge of G is contained in exactly one factor of &. The
eccentricity e(v) of a vertex v is sup gc(u, v), for all u € Vi, where Vg is the vertex
set of G and o (u, v) denotes the distance between two vertices u, v e Vs in G.
The radius r(G) of a graph G is defined as r(G) = min e(v) and the diameter d(G)
of G as d(G)=maxe(v). The diameter d(G) and the radius r(G) can be also
equal to x if G is a disconnected graph or if G is connected but e(v) is infinite for
all v. The remaining terms are used in the usual sense [1, 2, 3, 4, 5].

Let integers p, g =2 and nonnegative integers (or symbols ®) d;, r; for 1<i<p
and non-zero cardinal numbers m; for 1 <j<q be given. Our aim is to determine
the conditions for the existence of a decomposition of the graph K, m,, ...,
factors F,, F, ..., F, with given diameters d, d, ..., d, and radii ri, ra, ..., 1;.



1. The general case

Let g =2 and p =1 be integers, m, (i=1, 2, ..., ¢ — 1) — cardinal numbers =1,
di,ri (i=1,2, ..., p)— positive integers or symbols . For the diameter d; and the
radius r; of the factor F; of K., m,. ...m, the following inequalities hold:

rn<d<2r, (i=1,2,...,p).

Denote by Doy ms...my « (di, d2y ...y dp, 11, 12, ..., 1,) the smallest cardinal
number m, such that the graph K., ..., can be decomposed into p factors
F,, F,, ..., F, with d(F,)=d; and r(F)r. (i=1, 2, ..., p). If such a number does not
exist, we shall write

Dm1.m2,.“.m‘, 1(dl, dZ, CERE] dru "1, ra, ey rp)= o,

The importance of the function D ,.,, m,, ... m, , can be seen from the next theorem.

Theorem 1. If the graph K., m,,....m, 1S decomposable into p factors with given
diameters d,, ds, ..., d, and radii ri, ra, ..., 1,, where di>1 (i=1,2, ..., p), then
the graph Km, m,, ..M, (Where My =Zmy, My=m,, ..., My =m,) is also decompos-
able into p factors with the same diameters d, d,, ..., d, and radii ry, ra, ..., 1,.

The proof of this theorem is analogous to that of Theorem 1 of [4] or [5].

Corollary. The graph K., m...m, can be decomposed into p factors with
diameters di, d», ..., d, and radii ry, r2, ..., 1, (Where d, =2, r,=22,i=1,2, ..., p) if
and only if

mq 2Dml.mz.,,..m(, |(dly dZa ceey dp, ris 2y ..oy rp)-

2. Decomposition of K., , into p factors

In the graph K, . (Where m, n are integers such that 2 <m < n) there evidently
exists a factor with an arbitrary diameter d such that 2 < d <m with the exception
of m=n, d=2m and a factor with an arbitrary radius r such that 2<r<m.
Moreover, a factor with another finite diameter or radius in K,. . does not exist. If
m =1, n=2, then in the graph K,, , there exists a factor with the diameter 2 or «©
only and with the radius 1 or o« only.

Lemma 1 [3]. If a finite connected graph has order p, radius r and diameter d,
then the following inequalities hold:
(a) d<2r<2d.
d+1, if d<2r<d+1,
(b) p= :
d+r, if d+2<2r<2d.
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Theorem 2. Let m, n and r be positive integers. Then in the complete bipartite
graph K., . there exists a factor with diameter d and radius r if and only if one of the
following six cases occurs:

(1) m=n=d=r=1.

2) m=1<n,d=2, r=1.

(B) m=n,3<d<2r<d+1<2m.

(4) m<n,3<d<2r<sd+1<2m+1.

B msnsm+r,d+2<2r<2d,d+r<m+n.

6) n>m+r,d+2<2r<2d, d<2m.

Proof. I. Let K,,.,, have a factor with diameter d and radius r. If m <n, then we
evidently have:

(7) d<s2m -1, if m=n,

(8) d<2m, if m<n.

If d=1or r=1, then (1) or (2) evidently holds. Thereforelet d>1,r>1.1f d =2,
r>1, then from (a) we have r=2 and (5) or (6) holds. Therefore let d=3.
According to (a) we have either

(9) 3<sd<2rsd+1
or

(10) d+2<2r<2d.

In the case (9) according to (7) and (8) either (3) or (4) holds. Therefore let (10)
hold. Put p=m+ n. If m<n<m+r, then according to (b) d + r<m + n and (5)
holds. If n>m + r, then according to (8) d <2m and (6) holds. Thus some of the
conditions (1)—(6) always holds.

I1. Let some of the conditions (1)—(6) hold. We shall construct a factor F of K.,
with diameter d and radius r. Denote by A and B the parts of K. ., where
|A|=m, |B|=n and m<n.

If (1) or (2) holds, then it is sufficient to set F = K,,., .. When (3) or (4) holds, then
the factor F contains the edges of the path v,v;...v4+1 Where vy, v3, vs, ... € B, v,,
V4, Vs, ... € A and all edges (if they exist) v,x and vsy, where x [or y] is the vertex
from the part B [or A, respectively] not belonging to the path v,v,vs...V441. It is
clear that F has diameter d and radius

e [d_if_l]
> |
If (5) or (6) holds, then the factor F is defined by the edges of the path
V1V2...V4+,, Where vi, vs, Us, ... € B, V2, v4, ... € A and by the edge v,v,, and all the
edges (if they exist) v2x and vsy where x [or y] is the vertex of the part B [or A,
respectively] do not belonging to the path v v,vs...V44,.
It is easy to see that the maximum [or the minimum] of the eccentricity of

a vertex is d [or r] and it is reached for the vertex va., [or v,,, respectively]. Hence
the factor F has diameter d and radius r.
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3. Decomposition of K., , into two factors

Our results are complete in the case of bipartite graphs (i.e. q =2), two factors
(i.c. p=2) and diameters equal to radii (d; =r,). There are found for every given
diameters d,, d; and radii r,, r; such that d, = r,, d, = r all the couples (m, n) such
that m<n, D,.(dy, d2, 1, r2) = n, and Du(d,, dz, ri, r2) = N does not hold for any
M=<m, N<n and (M, N)# (m, n). These couples are given in table I.

Table 1
der d=nl . I 2 3 4 5 6 7
@ (1.2 [ a4, (2,) 3.3)
1 (1,1) In this arca no decomposition exists for any K, .
2 2,2)
3 (3.3) 6o | &0 69| ©o | @
4 R )
5 (5.5)
6 (6. 6) In this area no ;!:;;()Ir(r?f?sition exists for
7 (7,7)

Theorem 3. Let d,, da, ri, r. be positive integers or symbols « and m, n be
cardinal numbers such that d;<d,, di=r,, do=r, and m<n hold. Then the
complete bipartite graph K., . is decomposable into two factors with diameters d,
and d, and radii r, and r, if and only if one of the following cases occurs:

(1) di=dyy=, m=1, n=2.

2) di=1,dy=o, m=1, n=1.

(3) di=2, dy=, m=2.

4) di=3, dy=o, m=3.

(5) di=3, d;=3 or 4, m=6.

6) di=3, dy=4, m=5, n=7.

(7) di=3,5<d,<o, m=d,.

(8) di=4, d,=4, m=4.
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Proof of the Theorem 3 follows from Theorem 4 of [5] and Theorem 11 of [4]. It
is sufficient to check that the graphs constructed there have ri=d, and r, = d,.

The next Corollary shows for which diameters and radii it is possible to
decompose a complete bipartite graph.

Corollary. Let positive integers di=ry, d»=r, (di<d,) be given. A complete
bipartite graph decomposable into two factors with diameters d, and d, and with
radii r; and r; exists if and only if one of the following cases occurs:

(1) d] =3.

(2) di=d,=4.

Proof. This is obvious from Theorem 3.
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PA3JIOXEHHUE IOJIHBIX IBYIOJIbHBIX T'PA®OB HA ®AKTOPBI
C IAHHBIMU TUAMETPAMHU N PATUYCAMU

Eliska Tomova
Pe3iome
PaccMaTpuBaeTcs npo6iemMa CyLIeCTBOBAHMS pa3lOXeHUs MOJHBbIX ABYNOJNbHBIX rpadoB Ha ¢ak-

TOpPbI C JaHHBIMKM JUaMeTpaMu U paguycamu. [ns cnydast ¢HakTOpOB C paBHAIOLIMMHCS JUaMeTpaMu
1 paauycamu npoGreMa pelieHa MOJHOCTHIO.
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