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DECOMPOSITION OF A COMPLETE EQUIPARTITE
GRAPH INTO ISOMORPHIC SUBGRAPHS

PAVEL TOMASTA—BOHDAN ZELINKA

A complete equipartite graph K,(k), where n and k are positive integers, is
a graph whose vertex set is the union of pairwise disjoint sets P, ..., P, (called
parts of this graph), each of which has k elements, and in which two vertices x,
y are adjacent if and only if xe P, ye P, i#j.

A graph G is said to be divisible by a positive integer ¢ (denoted by ¢|G) if there
exists a decomposition of G into ¢ pairwise isomorphic and edge-disjoint
subgraphs. _

In [1] F. Harary, R. W. Robinson and N. C. Wormald expressed
a conjecture that every complete equipartite graph is divisible by every positive
integer which divides its number of edges (the number of edges of K,(k) is
evidently equal to 3n(n—1)k*). We shall present some partial results in this
direction. In particular we shall study decompositions of complete equipartite
graphs into isomorphic subgraphs which are complete graphs.

We shall prove some theorems. .

Theorem 1. Let n, k, t be positive integers with the property that t divides
in(n—1)k. Then t|K, (k).

Proof. Let r be the greatest common divisor of t and sn(n—1),lets=t/r. As r
divides 3n(n—1), the complete graph K, can be decomposed into r pairwise
isomorphic and edge-disjoint subgraphs H,, ..., H, (this was proved in [1]). Let
vy, ..., U, be the vertices of K, ; we may suppose that each of the graphs H,, ..., H,
contains all of them (some of them may be isolated). For i=1, ..., r let H* be the
graph on the vertexset V= [’_'J P; such that two vertices x, y of this set are adjacent

j=1
if and only if x € P,, y € P,, and the vertices v;, v, are adjacent in H;. Evidently the
graphs Hf, ..., H* form a decomposition of K, (k) into r pairwise isomorphic and
edge-disjoint subgraphs. As 7 is the greatest common divisor of 3n(n — 1) and ¢ and
the number ¢ divides 3n(n — 1) k, the number s divides k. Therefore each P, for
i=1, ..., n can be decomposed into s pairwise disjoint sets Q, ..., Qi of the same
cardinality. For each j=1, ..., s we construct the graph G; in the following way.
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The vertex set of G; is V and the edge set consists exactly of all edges xy of H¥,
where x€Q;, yeP,, where [<m. Evidently the graphs G, ..., G; form
a decomposition of H% into s pairwise isomorphic and edge-disjoint subgraphs. As
H#%, ..., H* are pairwise isomorphic, such a decomposition exists for each of them.
If we decompose each of the graphs Hf, ..., H¥ into pairwise isomorphic and
edge-disjoint subgraphs which are all isomorphic to G,, ..., G,, we obtain
a required decomposition of K, (k) into rs =t subgraphs.

Theorem 2. Let k, n be two positive integers such that k is divisible by no integer
p such that 2=p=n—1. Then there exists a decomposition of K,(k) into k*
pairwise edge-disjoint subgraphs which are all isomorphic to K,.

Proof. Let P, ..., P, be the parts of K,,(k) ; the vertices of P, fori=1, ..., n will
be denoted by [i, j] for j=1, ..., k. Let a, b be integers, 1=a=k, 1=b=k. By
the symbol f;(a, b), where 1=i=n, we denote the integer z such that 1=z=k,
z=ai + b (mod k). By G(a, b) we shall denote the subgraph of K, (k) induced by
the vertex set {[i, fi(a, b)|1=i=n}. The graph G(a, b) contains exactly one
vertex from each P;, therefore it is isomorphic to K,. Consider two graphs
G(ay, b,), G(az, b;) and suppose that they have a common edge; let the end
vertices of this edge be [, j] and [/, m]. Evidently i # /. As the vertex [i, j] is in both
G(a,, b,) and G(a;, b,), we have simultaneously

j=fia, by)=a,i + b, (mod k),
j =fi(az, b:)=azi + b, (mod k),
hence
ali + bl Eazi + bz (mod k),
which implies ,
, (a1 —az)i=b,— b, (mod k).
Analogously we obtain
(a1 —az)l=b,— b, (mod k).
Hence
(a;— ax)(i — 1)=0 (mod k).

As i#1, we have 1=|i—I|=n—1. As k is divisible by no integer p such that
2=p=n-1, the numbers i —/ and k are relatively prime and we have

a,— a,=0 (mod k).
As both a,, a, are between 1 and k, we have

a, = Qa,.
This implies also
bl = bz.

We have proved that the graphs G(a,, b1), G(az, b) have a common edge if and
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only if they coincide. Hence the graphs G(a, b) for all ordered pairs [a, b] with
1=a=k, 1=b=k form the required decomposition.

Theorem 3. Let k, n be two positive integers such that n =k + 1 and k is a power
of a prime number. Then there exists a decomposition of K,(k) into k* pairwise
edge-disjoint subgraphs which are all isomorphic to K,.

Proof. First suppose n =k + 1. As k is a power of a prime number, there exists
a finite projective geometry with the property that on each line there are exactly
k + 1 points and for each point there are exactly k + 1 lines going through it. Let ¢
be a point of this geometry. There are k + 1 lines py, ..., pe+1 going through it. Let
P, be the set of all points on p; except ¢ for i =1, ..., kK + 1. Consider the sets P; as
parts of a complete equipartite graph Ki..(k). There are k” lines which do not
contain c. Each of them contains exactly one vertex from each P; and any two of
them have exactly one common vertex. To each line r which does not contain ¢ we
assign a subgraph G, of Ki.(k) induced by the set of vertices which correspond to
the points of r; each G, is a complete graph on k + 1 vertices. The graphs G,,, G,,
for r,#r, are edge-disjoint, because otherwise they would have at least two
common vertices and the lines r,, 7, would have at least two common points, which
is impossible. Hence these graphs form the required decomposition. If n <k +1,
then the graph K, (k) can be considered as a subgraph of K, .:(k) induced by the set
U P.. We construct the required decomposition for K,.1(k) and from each graph of
i=1

k+1

this decomposition we delete all vertices belonging to | J P..
i=n+1
Corollary 1. Let k, n be two positive integers. Let ko be a divisor of k which is
divisible by no integer p such that 2=p =n — 1. Then there exists a decomposition
of K,(k) into ki pairwise CdgC-dlS]OlHt subgraphs which are all isomorphic to
K. (k/ko).

Corollary 2. Let k, n be two positive integers. Let ko be a divisor of k such that
n=k,+1 and k, is a power of a prime number. Then there exists a decomposition
of K, (k) into ki pairwise edge-disjoint subgraphs which are all isomorphic to
K. (k/ko).

Corollary 3. Let G be a graph with the vertices v,, ..., v.. Let k be an integer
which fulfils the assumptions of Theorem 2 or of Theorem 3 with respect to n. Let
G* be the graph whose vertex set is the union of pairwise disjoint sets V,, ..., V, of
the cardinality k and in which two vertices x, y are adjacent if and only if x € V,,
ye V;and i, j are such numbers that v,, v; are adjacent in G. Then there exists
a decomposition of G* into k* pairwise disjoint subgraphs which are all isomorphic
to G.

The proofs can be easily done by the reader.

~
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Theorem 4. Let k=2, n be positive integers, n=k +2. Then the graph K, (k)
cannot be decomposed into k* pairwise edge-disjoint subgraphs which would be all
isomorphic to K,.

Proof. Suppose that the required decomposition exists. Let P,, ..., P, be the
parts of K,(k). Let u € P, ; the vertex u is evidently contained in exactly k graphs
G,, ..., Gi of the decomposition. Any two of them have at most one vertex in
common, otherwise they would have a common edge. This vertex is u, hence the

n-1
graphs Gy, ..., Gi cover the vertex set | J P.. Let G be a graph of the decomposi-
i=1
n—1

tion which does not contain u. All vertices of G except one are in |J P,, hence
i=1

n —1 vertices of G are common vertices of G with the gfaphs Gy, ..., Gi. As
n — 1>k, by the Pigeon Hole Principle there exists at least one integer i such that
1=i=k and G has at least two common vertices with G;. Hence G and G; have
a common edge, which is a contradiction.

Theorem 5. Let k, n, t be positive integers such that t|3n(n — 1)k*. Let r be the
greatest common divisor of t and 1n(n—1), let s=t/r. If k|s and either s/k is
divisible by no integer p such that 2=p=n-—1, or s/k is a power of a prime
number and n=s/k + 1, then t|K,(k).

Proof. Evidently s|k’, hence s/k divides k. According to Corollary 1
or Corollary 2 there exists a decomposition of K,(k) into s*/k* pairwise edge-
-disjoint subgraphs which are all isomorphic to K,(k*/s). The graph K,.(k*/s) has
tn(n—1)(k*/s)* edges and the number k*r/s divides 3n(n — 1)k*/s, hence accord-
ing to Theorem 1 there exists a decomposition of K,(k*/s) into k’r/s pairwise
isomorphic and edge-disjoint subgraphs. If each of the mentioned s°/k* graphs
isomorphic to K,(k*/s) is decomposed in this way, we obtain a decomposition of
K. (k) into ¢ pairwise isomorphic and edge-disjoint subgraphs, which implies
t| K. (k).

Corollary 4. Let k, n, t be positive integers, let t|;n(n — 1)k* and let k be a prime
number greater than n—2. Then t|K,(k).

Proof. The only possibilities for s are: s=1, k or k. If s=1, k then use
Theorem 1, if s =k* then use Theorem 5.
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PA3BUEHME II0JILHOI'O 3KBUITAPTUTHOTO I'PA®A
HA M3OMOPPHBIE MMOATPA®DI
ITaBen TomacTa, Bornan 3enunnka
Pe3ome
I'pad Ha3bIBaeTCs x'xenanm Ha MOJIOXWUTENBLHOE YUCIIO T, €CIIM OH MOXET ObITh pa3buT Ha T MEXAY
ca6oit n3oMopdHbIX ¥ AU BLIOHKTHBIX noarpacdos. Xapapu, Po6uncon u Bopmang Bbicka3anu runotesy,

4TO KaX[bl# rpad AeauTCa Ha KaX[oe T, KOTOpOe AEMUT Yucio ero pebep. B pa6ore noka3sbiBaoTes
HEKOTOpBIE ClieuaibHble pe3ylbTaThl B 3TOM HANpPaBIEeHUH.
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