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CONDITIONS FOR INDEPENDENCE OF VARIETIES
HILDA DRASKOVICOVA

Preliminaries. Varieties K, K, of the same type are said to be independent
(cf. [4]) if there exists a binary polynomial symbol p such that p(x,, x;) = x; holds in
K;, i=0,1. The smallest variety K containing K, and K, is denoted by K = K, v K.
The class of all algebras A= (A ; F) which are isomorphic to an algebra of the
form A, x A, (direct product), Aoe K,, A, €K, is denoted by K,X K,. €(A)
denotes the lattice of all congruence relations of the algebra . In [4] among others
the following assertion is proved.

Theorem A [4, Theorem 2]. Let the varieties K., K1 (of the same type) satisfy the
following conditions.

(1) The variety K,A K, consists of one-element algebras only.

(2) KvK =K, XK.

(3) Every algebra N e K,v K, has a modular congruence lattlce

Then K,, K, are independent.

J. Plonka put a question (oral communication) whether the condition (3) in
Theorem A can be omitted. Example 2 of [2] gives independent varieties K, (of all
groups) and K, (of all skew-lattices), where the congruence lattice of the algebras
of K, is not modular exept in trivial cases. The following Theorem 1 shows that in
Theorem A the condition (3) can be replaced by a weaker condition (4). (In the
above quoted example the condition (4) is satisfied — by Theorem 1 — but not
the condition (3).) Theorem 2 and Corollary show that (3) can be omitted in some
special cases.

We shall use the following assertion.

Theorem B [3, Theorem 3]. Let K,, K, be varieties of the same type. The
following conditions are equivalent.
(1) The variety K,AK, consists of one-element algebras only.
(2) There exist binary polynomial symbols p., k=0, 1, ..., n such that
() po(x, y)=x and p.(x, y)=y, '
(i) pe(x, y)=Dpiui(x, y) holds in K, for k even, (
(iii) pe(x, y)=Desi(x, y) holds in K, for k odd.
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Statement of the results

Theorem 1. Variceties K, K, (of the same type) are independent if and only if the
conditions (1), (2) and the following condition (4) are satisfied.

(4) For each Y € K,v K, and every a,, a,, B € €(N) such that N/ a, e K;, i=0.1,
and either = or a,=f, the equality (a,Vv a,))AB = (aAB)v(a,AB) holds.

Theorem 2. Let K,, K, be varieties (of the same type) satisfying the conditions
(1), (2) of Theorem A and let there exist binary polynomial symbols p,, p,, ..., p.
from Theorem B having the following property (6).

(6) For every algebra Ae K., i =0,1, for each element a € A and for each k € {1,
2, ..., n—1} there exist elements b, c € such that a=p,(b, c).

Then K, K, are independent.

Corollary. Let F,, K, be varieties (of the same type) having idempotent
operations only and let the conditions (1) and (2) be satisfied. Then K,, K, are
independent.

Proofs of the theorems

Proof of Theorem 1. In [4, Theorem 1] it is proved that the independence of
K,, K, implies the conditions (1), (2) and permutability of every couple of
congruences &; of the algebra U € K, v K, such that A/ P, € K, i =0,1. Hence using
[1, Chap. IV, Theorem 13] we get the validity of (4). Conversely, by analysis of the
proof of Theorem 2 in [4] it can be seen that besides (1), (2) there was used only
the modularity of such triples of congruences as there are in (4).

Proof of Theorem 2. A short analysis of the proof of Theorem 2 [4] shows that
it suffices to prove the following assertion (a).

(@) Let A=AxYU,, . ekK,, i=0,1 and let &, P e€€(A) such that
(@, a,)D:(bo, b,) if and only if a; = b,. Suppose O, € 6(Y), i€ {0,1}, O, =P, and
A/O, eK;. Then O, = P,.

Proof of (a). Let &, be as in (a). Then (a,, a,)Oy(b,, b,) implies a, = b,. Define
" the following relation = on ¥, . 22b if and only if for each u € %o, (1, a)O(u, b). It
is clear that X is an equivalence relation on ,. We shall show that for every
x, yeN,, xZy holds by showing p,(x, y)Zp...(x, y) for k€{0,1, ..., n—1}. Let
ue?,and x, y e ¥,. If k is even, then for some a, b.e A, u = pi(a, b)=p...(a, b)
by (6) and (ii). Because of /@, € K, and (ii) we get (u, p.(x, y)) = (p(a, b),
p(x,y)) = p((a; %), (B, ¥))Oopisi((a, x), (b, y)) = (Deri(a, b), Peri(X,Y))
= (u, pe+i(x, y)), hence pi(x, y)Zpi.i(x, y). If k is odd, then according to (iii)
(X, Y)=Dpeai(x, y). Hence X is the greatest congruence relation on U,. This
implies @,= @,. &= P, can be shown analogously.

Proof of Corollary. It suffices to use Theorem 2 and Theorem B.
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YCNOBUS HE3ABUCUMOCTHU MHOI'OOBPA3UN
Iunbaa IpamwikoBuyosa
Pe3ome

Mycts K,, K, MHOrooGpasus anre6p ognHakosoro tuna. K, v K, He3aBHCHMBIE TOTAA U TONBLKO

TOrAa, KOrla BBIMOJHEHLI CIENYIOLIME YCIOBHS ©
(1) K,AK, COCTOMT TONBLKO U3 OfHOINEMEHTHbIX anre6p,
(2) Bcsikas anre6pa W € K, v K, sBnseTcss npaMbiM npoussencHuem anre6p A, e K, (i=0, 1),
(3) nns kaxnpon anre6psi A € K,v K, ¥ BCAIKMX KOHTPY3HUHM# Q,, q,, B na U Takux, uro A/a, € K,,

UMEET MECTO
(ava)rB=(a,nB)v(a,AB).

10. Inonka craBun Bompoc, KOcTaToyHbl-nM ycnosus (1), (2) ans mesaBucmmoctn K, ¥ K,.
[Moka3ano, 4TO 3TO BEPHO B HEKOTOPBIX YaCTHBIX Clyyasx (HanpuMep kKoraa sce onepaunu Ha Ko, v K, .
HUIEMNOTEHTHbBI)."
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