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MATHEMATICA SLOVACA

VOLUME 26 . 1976 NUMBER 4

ON A CLASS OF GENERALIZED
HERMITE POLYNOMIALS

FRANTISEK PUCHOVSKY

INTRODUCTION
In this paper we study the polynomials orthonormal on the interval (— o, + )
with the weight
L(x)=(x*)(a+ x?)* exp (— x>+ 2bx)

where a, f, a and b are real numbers satisfying the conditions in Section 2,1.
These polynomials in the present paper are a generalisation of the classical
Hermite’s polynomials and also of the polynomials introduced by J. Korous in
[IITI]. The methods which we employ are different from those of Mr. Korous.
It is easy to pass from above defined polynomials to the polynomials orthonor-
mal on the interval (0, + «) with the weight

xPla+x)*e*

which are obviously generalized Laguerre’s polynomials.

§ 1. Some fundamental properties of orthonormal polynomials

1,1. Notation. In this paper we use of the following notation:

(1,1a) & is the set of all non-negative integers, n € A" If P(x) = ia,vx", a,#0, then

k=0

the degree of P(x) is n. If P(x)=0, then degree of P(x) is — .
(1,1b) P(x)=m,<>the degree of P(x)=n .

(1,1¢) meXN, ned, m.#nié,._,,:O, S,.=1
(1,1d) >0 and ¢>0 (i=1,2,..)

are constants independent of #» and of x, ¢, etc. in the interval in question.
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(1,1e) k(x) (i=1,2..)

are functions of x and » such that |k (x)|<c,.
The numbering of ¢; and 4;(x) is independent in every section.
The integrals in this paper are those of Lebesgue.

1,2. Let w(x)=0 be a function and ./ an interval such that for every n
(1,2a) 0<f,|x"|w(x)dx< +

Then for every n there exists one and only one polynomial.

) . n
(lwb) Pn(x)zzain)xnfk’ am>0
k=0
such that
{1,2¢0) meN, neN>[,L.(X)P.(x)w(x)dx=34,. ,

P,(x) is called the orthonormal polynomial with weight w(x) on /.
Proof. [1I], p. 74.
1,3. We introduce the following notations: For me XN, neX.

(1,3a) P.(x, )= S P.(X)P,(1)

(1,3b) P nlf(O1= [ f() P ()P ()W (£)d2
(1,3¢c) Pl F(O1= [ f(O) P ()P, (t)w(2)ds
(1,3d) P,..[x, f(O)]= [ .f()P.()P.(x, )w(z)ds
(1,3e) P, . [x, f(D]= [f()P () P.(x, )w(r)dr

If L,(x), Q,(x) etc are orthonormal polynomuals, then Q,(x, ¢), g....[f(¢)] etc are
the expressions analogous to those in (1,3a)—(1,3e).

14. Put
(1,4a) qo=0, n>0=>q,.=—a:),,—)

Then
(194b) [x _pnn(x)]Pn(x) = qn+IPn+l(x) + quPn—l(x)
and

(1,4¢) x¥t>(x— )P, (x,)=¢q,..[P (x)P.(t)—P.,(x)P,.,(1)].

(1,4b) is a recurrence formula for the polynomials P,(x) and (1,4c) s the
Christoffel formula.
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1,5. Let P(x)= Y, ax*, a,#0. Then
k=0

(1,52) | P(x)=Y kP.(x)
v=0
where
1
(1,5b) k, = pv.o[P(1)]
Hence
1
(1,5¢) P(x)=w P, .[x, P(2)]
Further
- a"
(1,5d) Po.n[P(D]= prop
and
(1,5¢) meN, neN, m>n>p,.[P()]=0.

Proof. [II], p. 74.
1,6. Employing the notation introduced in this section we have for n>0

(1,63.) qn =pn.n—l(t)
and
(1,6b) nq.' = pia-1(1)

Proof. (1,5d).

§ 2. The polynomials L, (x)

2,1. Let a>0, :z, [ be arbitrary real numbers such that

(2,1a) : b#0>p=0, b=0>p>-}
Denote & =(— %, + ») and put

(2,1b) L(x)=(x»)?(a+x>) exp (—x>+2bx)
Let

(2,10) L B()=SIpx I9>0

be orthonormal polynomial with weight £(x) on &.
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2,2. 1t follows from the definition that %, (x) is an even (odd) function, if 7 is
even (odd) and b =0.

2,3. Let £P(x) for > - } be the orthonormal polynomial with weight x**¢ * on
the interval (0, + «), i.e. £®(x) is the normalized Laguerre polynomial of order
2. Then for =0 and a=—0

(2,3a) Lon(X) =LE(x%), Lo i(x) =x L 2(x?)

(See [I], p. 135).

2,4. The polynomials .%,(x) are a generalization of the polynomials of J. Korous
His polynomials have the weight (a + x*)“e~**+ 2bx. (See [111] and also [IV] and
[(VD.

§ 3. Properties of the polynomials .%, (x)

3,1. With the notation introduced in Section 2,2 we employ the following
notation:

llf)n_l)

15

(3,1a) Ao=0, n>0>1, =

Taking into account the notation introduced in Section 1,3 we may wr'te
(3,1b) x# 1= (x =)L (x, =4 [Li (DL (D) - L (x) L (D)]

3,2. Making use of the symbol (1,3b) we obtain
(3,2a) L.t)=b+al,,.lt(a+r)].

Proof. 1. Let 5=0. Then t(a + ) ' £ (£)L(¢) is an odd function of ¢ and (3,2a)
is evident.
2. Let b#0. By integrating by parts we obtain in virtue of (1,5¢)

ln,n(t)= -—% ,«ﬂ([)(dﬁ' IZ)aezm d(e_,2)=
=D+ 1 4,[26 4 2at(a+ ) = b+ al, [(a+ ).
3,3. We have '

(3,3a) A=1Vn+O(1) for n—+o.

Proof. Making use of (1,6a) we obtain by integrating by parts
(1) An =l i) =
==} [ L)L, () () (a+£)e d(e™) =
=10 D+ D)+ () +

+ aln.n—l[t(a + tz) 1]
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It is easy to prove

(2) - hnilt(a+£)71]=9(1)
Taking into account (1,6b) it follows from (1)

(©)] Av=3nAt+ 04,1+ 9O(1)

(3,5a) is a consequence of (3).
3,4. The following formula is true

(3,42) L(x)=2p6,x""ZL,(x) = 2A.ZL,_(x) —
=204, .ilx, t(a+ )7,

where %, . .[x, f(#)] is defined by (1,3d).
Proof. Taking into account the remark in Section 2,2 we have

(1) LX) =200, LX) =7y = 3 kLX)
k=1, (1) = 2680, (1) .
By integration by parts we deduce '
k==L 5 12026607 | =

=2[,  [t—at(a+?)7"] .*

Hence

(2) k1 =24, =2al, ,_i[t(a+ )]
and

3) v<n—1k = -2al, [t(a+*)"].

(3,4a) 1s- a consequence of (1), (2) and (3).
3,5. Making use of the notation in the Section 1,3 we have

(3,53) A (a+x)L, alx, (a+ )] =
=haal(x+0)(a+ )7L (x)
—hal(x+0)(a+ )L (%) .

*neven >vodd > %,()=mnm,_,.
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Proof. Since %, ,_.(x, t)=m,_, with respect to the variable ¢ and
(@+)'=@+x)'—-x-—x+a+x)a+) !

we deduce (3,5a) by means of (1,4c)
3,6. The following formula similar to (3,5a) is true

(3,6a) A (a+x)E noilx, ta+ 1) '] =
= hwal(tx—a)(a+ )7L (x) -
—hal(x—a)(a+ )L, i (x)
Proof. Since
(3,6b) tla+3)y'—x(a+x?)'=
=(x—t)(tx—a)a+x>)'(a+)!

(3,6a) follows by a similar argument as (3,5a).
3,7. For brevity put

(3,7a) Y, HD=x+)(a+)[(a+)""+(a+x?)7"]
Then
(3,7b) A (a+x), .ilx, (a+ )=

=l o a[w(x, D)L, (x) = L. [y(x, D)L -1(x)
Proof. Since
(a+)?*=(@+x)*+(x—-0y(x,2).

(3,7b) follows by a similar argument as (3,6a).
3,8. The following formula will be established
(3,8a) L ailx, tla+ ) )=x(a+x>)'L_(x)+

+A(a+x?) Ll —a)(a+ )L (x) -
=[x+ L [vi(x)]Z ()},
where
(3,8b) Y(x,)=(@+)y{[a-b—a+i+(a—1)(a+)|x—
—a[t—b—(a—1)t(a+>)"']-pBx}.
Proof. 1. Making use of (3,6_b), (1,5¢) and (1,4c) we deduce

(1) Ll nalx, tla+ )" =x(a+x7) " Ll(x) +

+A.(a+x?) "L il(x = a)(a + )7 &£ (x) -

262



=l (x—a)(a+ ) 'L, -i(x)}
We notice that
(2) b=0=0, \[t(a+r)"]=0,
Lala+r) ']=0.
2. Integrating by parts we receive
(3) L@+ )] =] fat(a+ )" L(D) d[£(D)] =
=—=3L(a+ ) (=24+2bt+1+26)] -
—bh.alla=1D(a+)?r]=
=1+31 . [(a+*)'Qa-2bt-2a+1-28)]+
+(a—=1al, .[(a+ )7
Similarly we have in virtue of (2) v
(4) Val(a+ )= =11, [(a+5) (=20 +28)] -
~hal(a=1)(a+r) )=
=l.al(a+ ) (= b)]—(a— D [t(a+ )]

as b¥0=>p=0.
(3,8a) is a consequence of (1)—(4).
3,9. For brevity write

(3,9a) B,(x)=ala+x*)', [(tx—a)a+ )]

(3,9b) Z.(x)=p0.A,'x7 —a(a+x*), ,.[(x —a)(a+ )] .
Then

(3.9¢) . 2 AL LI(x) =1+ B ()] L1 (x) + L0 (x) L (x)
If we employ the notation for 1+ %,(x)#0

(3.90) &)= - o

(3.9€) @)= — T

then

(3,9f) 14 B, (x) #0>24,%,_,(x) =

=d,(x)ZL(x)+ e.(x)Z(x)
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The proof follows from (3,4a) and (1,4c)
3,10. Put for brevity
A 1

(3,10a) £.(6)= = L [w (O] + 55 xd, (x)
(3,10b) ha(x) =1 . l(zx —a)(a + £2)7'] — xe. (x)
where ,(?) is defined by (3,8b)

Then
(3,10c¢) (@+x)%L . ilx, ta+ D))=

=3 xZ(x) = f,(X)AL,1(x) + B (X)L, L, (X)
The proof follows from (3,8a) and (3,9f)

§ 4. Some inequalities

4,1. Let f(x) be a function such that

(4.12) s =sup|f(x)| < +
Then
(4,1b) meN, neN>L, [f(H)]Ss

Proof. By means of Schwarz—Bunakovski’s inequality we obtain
Lo llfONS B2 (D021 =5
4,2. Put
(4,22) - hy=max {|a|l, . [(1+ )" “|all, ,.[(1+ )]}
Making use of the notation introduced in Section 1,1 We may write

(4,2b) ' i,=clal

Proof. (1,4a)
4,3. The following formulas are valid for x e &

(4,3a) Lna[x, (a+ )=

=Vn(1 +x2) i [k, (x) L (X) + kp(x) 2,1 (x)]
(4,3b) Py wilx, tla+)1]=

=Vn(1 + x2)" 9 [ky(x) L (x) + ko(%)Z, 1 (x)]
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(4,3¢) Lnalx, (@+ )1 =

=Vn(l+x2) i, [ks(x) L, (x) + ke(x) L1 (x)]

Proof. (3,3a), (3,5a), (3,6a) and (3,7b) in connection with (4,1a).
4,4. The following equations are valid for x € € for the expressions defined in
Section 3,9.

(4,4a) B.(x)=a(l+x*)" VD[ k(x)

(4,4b) Z,(x)— Bé.Ax"'=a(a+x*)" Vi k,(x)
Further there exists x,=0 such that for |x|>x,

(4,4c) - d,(x)=a(a+x*)" "2 ki(x)

and

(4,44d) e.(x)=ala+x*)""?/l(x)

Proof. (3,9a), (3,9b), (3,9d) and (3,%¢).
4,5. Let n be odd and

(1 3 7 9)\_
ﬁE(ﬁ’ E)U(E’ E)—"’o

Then
(4,5b) I, .(t7)=8(n) for n— + o
Proof. Clearly
(1) l,_n(t‘2)=ZI L (a+ e " dt
(4]
Since

7' L()=9(1) for t—0-—
we obtain from (1) by integration by parts for §&.%,

(2 boa(t7?)= '1—2—2,8 20+ L Ja(a+ ) =2]}

If we employ formula (3,9c¢) i.e.
L) =24[1+ B, (D)L, -1(6) + 24D, ()£, (2)
and the inequalities (4,4a) and (4,4b) i.e.

B.()=ky(t), D.(6)=PA 't + tk,(1)
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we obtain from (2)

) ()= 7255 L) +

+

42, .
T35 (bl KO+ o [RO))

Using Schwarz—Burnakovski’s inequality we deduce by (3) and (3,3a)

6ﬂ —1\2 PN -2
(4) (557) tn D <ledae) + il
4,6. Let B satisfy (4,5a) and b be arbitrary. Then
(4,6a) [ L2AO)L(t)de=D(n) for n— +

Proof. Employing (3,9¢) and (4,5b) we obtain
J.22(0L() de< e Al 1D+ (D]
+ 8|64, .(t73)<c3n

4,7. By using Schwarz—Bunakovski’s inequality we deduce by (4,5a) for f € /,
and b arbitrary

(4,7a) I [(1+ )] = O(nVi) for n— +o

4,8. Let f,(x) and 4,(x) be defined by (3,10a) and (3,10b) respectively. Then for
B satisfying (4,5a), x> |x,|, which is defined in Section 4,4, we have

(4,8a) . fu(x)=(1+x3)""?1k,(x)

B (x) = (1+ x2)" Vi ky(x)
Proof. (4,3a), (4,3b), (4,3¢c), (4,4¢c), (4,4d) and (4,7a).

§ 5. Differential equations connected with the polynomials
Z.(x)

5,1. Notation: ,
(5,1a) e(x,)=(a+x>)"[Qa+2a+28-1)(x+1)+
+2b(tx—a)+4a(l —a)y(x, 1)]
where y(x, ¢) is defined by (3,7a).
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Further in the notation of (3,10a) and (3,10b) put

(5,1b) (a+x))ar(x)=1, ...[o(x, D] -2h.(x)
(5,1¢) (@ +x2)j.(x)=2f.(x) + L. [@(x, 1)]
and

(5,1d) a,(x) = az(x) =5 j.(x)e.(x)

and

(5.1e) (a+x2)b,(x) =13 d,(x)].(x)

Assertion. Let 9,(x) be defined by (3,92) and 1+ %,(x)#0. Then
(5.19) L) - (L) L0+
+[2n+2B6,x7 "' —2aa¥(x)|L(x) =2aj,(x) %, _(x)
(5.12) £71(0) £ [0 20x) ~ 208, () £(0) +

+[2n+246,x*—2aa,(x)]%.(x)=0.

Proof. 1. We see at once that
(1) ()= 27 (2) S [£(0) 2(x) ~ 2ax(a + x) " Li(x) +

+2(n = Bo.x) L, (x) =7,

Therefore

) ()= S KL ()

where

3) K, +2al] [t(a+ )1+ 265,1, . (:)=

= L«fv(t) d[Z(D L] = [.£.(2) A L) ZL(D)] =
= [, L), ()L(t) det + 2al; [t(a + )]+ 2B6,L, ,(+72)
Since &, (X) < m,_,, it follows from (3)

(4) Kk =2a{l.[t(a+)7"]=1 [t(a+)"]=

=20 ta+ ey BW20) d [ﬁgg]
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2. Integrating by parts we deduce from (4)
(5) Kk, +4all [tla+ )] =2a., [(a+??) '2r)—
—2bt-2B8—-1-2(a—1)(a+¢) '*]=
=2a(l -2a-2a-2P), [(a+¢) ']—
—4abl, [t(a+¢*) '+ 8aa(a— 1), ,[(a+1?) '].
3. It is easily seen from (5) that
(6) A, (x)— —4a¥,, [x,t{a+)"+
t204, .-lx, @u(x, 0)]
where
@u(x, 1) -
=(a+7r) '[1-2a-2—-2a-2bt+4a(a—1)(a+1*) ']
Using (3,5a), (3,6a), (3,7b) and (3,8d) in connection with (3,9f) and (5,1a) we
obtain 1n case 1+ %,(x)# 0 the equation
ta+x)d (x)= —2axZL(x)+ 2 2f,(x)+
thale (x 0172 (x)}+
+ a{2h,( 7 @O, DIALL(X)
If we substitute here from 3,9f) ie
A1 (X) 2 d (X)L () +3 €, (X)L, (%)

we obtain (5,1f) and (§5,1g)

5,2. Let x, be the numver d.fined .n t ¢ Section 4,4. Then for |x|>x, and f
satisfying (4,5a) the following cquations are true:

(5,2a) at(x)=(a+ “n\/;kl(x)
(5,2b) a, ;)--(1 v? ‘”‘n\/i-,,kz(x)
(5,2¢) b,(X)=("*+x) 1k (x)
(5,2d) b/(x)=(1+x) “ik,(x)
(5,2¢) L@)=010 x¥)"Yk(x)

Proof. (4,3a), (4,3b), (4,3¢c), (4,4c), (4,4d), (4,7¢), (4,8 ), (4,8b).
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O KJIACCE OBOBUIEHHBIX 3PMHWTOBBIX MHOTI'OYJIEHOB
®panTuinex [1yxoBckH
Pe3iome

Hccnenyrores Muorounensl %, (x), n=0, 1, 2, ..., OpPTOHOpPMallbHble B HHTepBajle (— ®, + ®),
yuuTbIBast (PyHKLHUIO

L(x)=(a + x?)*(x?)Pe~=>+2;
rie a<0, b, a, B-BelecTBEHHbIE KOHCTAHTBI TAKKE, YTO
b£0>B=0, b=0>> 1.

BeiBonutcs oTHOweHue (3, 4a) mast £/(x) v nBa auHeiHbIX AU dEpeHInaNnbLHbIX ypaBHeHus (5,1f) n
(5,1g) nnst MuoroyneHos %, (x). KpoMme Toro B § 4 BLIBOOATCS pa3HbIE HEPABEHCTBA /ISl MHOTOY/IEHOB.
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