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Matematicky &asopis 18 (1968), No. 1

MOVES WITHOUT FORBIDDEN TRANSITIONS
IN A GRAPH

ANTON KOTZIG, Bratislava

Throughout the paper we understand by a graph a non-oriented finite
graph without loops. Let G be a graph with the vertex set V(@) = {v1, vz,

.., Un}. Denote by E; the set of all edges of ¢ incident at »; and by d; the
degree of v; (i. e. d; = |E]).

A sequence P = {x1, y1, 22, Y2, -.-5 Yn, Zns1} Of elements of G (where
n > 0; x, are vertices; y; are edges and y; joins in G the vertices x5 #+ x;+1)
is called a move of G if any edge of G occurs in P at most once. The move
is closed (or open) if xy41 = 21 (or xp+1 + x1). The moves obtained from
P by the reversion of its elements and by a translation of its elements (if P
is closed) are not considered here as different from P.

By a transition of P through x; we mean a triple of elements {y;-1, *i, ¥}
In the case when P is a closed move, we consider as a transition through
X1 = Zu+1 also the triple {y., 21, y1}.

Under the decomposition of @ into moves we understand such a set P of
moves of G, that every edge of G belongs exactly to one move from P. Obvious-
ly, we have:

Lemma 1. The decomposition of G into closed moves exists if and only if every
vertex vi € V(Q) is of an even degree.

If the decomposition of @ into closed moves contains only one element,
than we call this closed move a Eulerian line of . The following lemma is
known (see, e. g. [1]):

Lemma 2. The Eulerian line of G exists if and only if G is connected, contains
at least two vertices and every of its vertices is of an even degree.

Lemma 3. Let P be a decomposition of G into closed moves and let v; be a vertex
of V(G). For the number p(t) of different transitions {ez, vi, fz} (*x = 1,2, ...,
p(2)) through v; we have p(i) = id;. Further we have: [j + k] = [{e;, fi} N

N {ex, fiy =01 and {er, fi} U {e2, fo} U...U {epw), for} = Ei.
Proof. The validity of the lemma is evident from the definition of the
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closed move, of the decomposition of a graph into moves and from the defi-
nition of the transition through the vertex.

We call the decomposition D;= {{e1, f1}, {es, fo}, ..., {€pwy, foy}} of the
set £; from Lemma 3 the §-decomposition of E; formed by the decomposition
P and we call the system D= {D1, Do, ..., D,} the §-system formed in G
by P. We denote the fact that D is the 6-system formed by P thus: D = o(P).

Lemma 4. Every decomposition of G into closed moves forms exactly one
d-system in G, and to every system D = {Dy, Ds, ..., Dy} of the decompositions
of the sets E; into pairs of edges there exists exactly one decomposition P of G
into closed moves such that D = &(P).

Proof. The validity of the first assertion of the lemma follows directly
from the definition of the d-system.

Now let D — {Dy, Ds, ..., D,} be a system of decompositions of the sets
E,; into pairs of edges. Let us travel along the elements of G according to the
following rules:

(1) If in a travelling we arrive along an edge e to its endpoint (= vertex
vg), then we proceed along that edge which forms with e a pair in the decompo-
sition D, € D (in other words: the system D determines all transitions through
the vertices from V(@)).

(2) We can continue to travel only along such an edge along which we have
not been travelling yet; if we should according (1) continue to travel along
an edge which we passed already, our travelling is finished.

Let us begin our travelling along an edge e; from one of its endpoints.
It is clear that after having passed a finite number of edges our travelling
must end and it ends in the vertex from which our travelling started.

We can describe our whole travelling by a certain closed move (denote it by
Py). If P; contains all the edges of G, then for P = {P;} we have: §(P) = D.
If in G there exists an edge ez, not belonging to Py, we can begin our analogical
travelling along the edge ez. We obtain then a closed move P,. Then either
P; U P; contains all the edges of G and for P = {P1, P2} we have 6(P) = D
or there exists an edge es, not belonging to P; U Ps. This consideration can
be repeated and after a finite number of steps we obtain such a set P —

{P1, P2, ..., Py} of closed moves of @, where every edge from G belongs
at least to one of the moves from P. From the construction of these moves
(the departure from the vertex after the given arrival in the vertex is deter-
mined uniquely!) it follows that every edge of G belongs only to one move
from P. From this it follows that 6(P) = D, q. e. d.

Let for every vertex v; € V(G) a certain decomposition @; of the set E;
into classes of edges (incident to v;) be given. We shall call a move Pz in @
admissible with respect to the system @ = {@1, @z, .... @} if and only if for
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every v; € V(@) the following holds: two edges of an arbitrary transition of Pz
through v; belong to different classes of @;. If all moves of a certain decompo-
sition P of G into moves are admissible with respect to @, we call P an ad-
missible decomposition into moves with respect to @.

Note 1. To the system  there corresponds a set of ,,forbidden‘‘ transitions
through the vertices. It is clear that we can construct the set of forbidden
transitions also in another way. Some related problems have alrady been
solved [2], [3], [4]). The first who formulated the problem to find the necessary
and sufficient conditions for the existence of a Eulerian line not-containing the
forbidden transitions was Nash — Williams (at Tihany, in September 1966).
In this paper we deal with the solution of this problem, and also with that
of a more general problem.

Theorem 1. Let G be a connected graph, and let its every vertex v; be of an even
degree (i. e. let d; = 2¢;, where c; ts a natural number ). Let Q= {Q1,Qz, ...,Qu}
be a given system of decompositions of the sets (E; © =1, 2, ..., n) into classes
of edges. A Eulerian line of G, admissible with respect to Q exists if and only if
Jorallie{1,2, ..., n} we have: the number of elements of an arbitrary class of @;
is not greater than c;.

Proof. If a certain class of a decomposition @; € @ has more edges than
ci, then E; cannot be decomposed into pairs of edges so that two edges of
every pair belong to different classes of the decomposition ;. Hence the con-
dition for the existence of the Eulerian line admissible with respect to  men-
tioned in the theorem is a necessary condition.

Let @ have the requested property, i. e. for all ¢ € {1, 2, ..., n} the following
holds: the number of elements of an arbitrary class from ); is less than or
equal to ¢;. Let us denote successively the edges of the set E; by the symbols
Ji(D), fi(2), ..., fi(2¢;) so that first of all we denote all edges of one class from
@: and then all edges of the other classes of ;. We then construct the decom-
position D; of the set E; into ¢; pairs of edges as follows: D; = {{fi(1), fs(1 + ¢;)},
{fi(2), fi(2 + ci)}, ..., {fi(cs), fi(2¢s)}}. Tt is clear that every pair of D; contains
edges belonging to different classes of ;. Let us put D = {D1, D2, ..., Dy}.
According to Lemma 4 there exists exactly one decomposition P = {Pi,
P, ..., Pp} of G into closed moves so that D = §(P). From the construction
of the system D it follows that P is an admissible decomposition into moves
with respect to Q. If m = 1, then P; is the requested Eulerian line.

Suppose that m > 1. As G is a connected graph, there exists at least one
such a vertex vg, which is the common vertex of certain two moves P, P;s
from P. Let {9, vr, h,} be an arbitrary transition of P, through v; and let
{9s, V&, hs} be an arbitrary transition of Ps through v;.

From the construction of Dy it follows that the edges g¢,, %, (and also the
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edges gs, hs) belong to different classes of Q. We distinguish the following
three cases: the edges of the set H = {g,, k;, gs, hs} belong: (I) to 4 different
classes; (1I) to 3 different classes; (11I) to 2 different classes of Q. Without
loss of generality it can be supposed that in the case (11) the edges g,, g;s be-
long to the same class of @; and in the case (III) the edges gr, gs belong to
one and the edges %;, ks belong to another class of Q.

Assertion. The moves Py, Ps can be unified into one closed move P; so that two
edges of an arbitrary transition through an arbitrary vertex vy belong again to
different classes of Q. Let us prove it. Consider that we can travel along all
the elements of a closed move (we are talking about a travelling mentioned in
the proof of Lemma 4) so that the transition of the move does not change for
any of the vertices even if we begin our travelling in an arbitrary chosen vertex
and if we are travelling in one of the two possible senses.

It is possible to travel through both the moves P, Ps in one closed move in
such a way that we begin at the vertex v; along 4., we travel along the whole
move P,, and after we return into vy along the last edge of P, (it is clearly the
edge ¢,) we continue to travel along the whole move P; beginning along the
edge ks. If we have finished the whole move P; our travel comes to an end in
vi, and the last edge along which we have been will be g;. Instead of the
transition {g,, vx, hy} from P, and of the transition {gs, v, ks} from Ps, there
will appear in P; the following two new transitions: {g,, vk, ks}, {gs, vk, hs}
and the rest of the transitions through all the vertices of the moves P,, P;
remain without changes in P;. Since the edges ¢,, ks (and also the edges g, k)
belong according to the supposition in all three possible cases to different classes
of @k, P; has the required properties and the validity of our assertion is proved.

Therefore if m > 1, then there exists a decomposition of G into m — 1
closed and also with respect to @ admissible moves. After the finite number
m — 1 of such unifications of two moves we obtain the decomposition with
only one move, which is a Eulerian line admissible with respect to . This
proves the theorem.

Theorem 2. Let F be a graph with following property: each of its components
contains at least one vertex of an odd degree; let V(F) = {v, v2, ..., va} be the
set of its vertices, H; the set of edges incident at v;. Let 2p be the number of all
vertices of an odd degree and let B = {Ry, R, ..., R,} be the given system of the
decompositions of the sets B; (1 = 1, 2, ..., n). Such a decomposition of F into p
open moves, which is admissible with respect to R, exists if and only if for all
te{l, 2, ..., n} the number of elements of a arbitrary class of R; is not greater
than (1 + |E;]).

Proof. Let X(F) = {vz1), V2@, ---» vz@p)} be the set of all vertices of odd
degree from V(F). Let us construct from the graph F the graph G in such a way
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that we add to it one new vertex vy and 2p new edges e;, es, ..., e2p s0 that e;
joins vg with vz). The following holds: ¢ is a connected graph and each of its
vertices has an even degree; every vertex from G which has in ¥’ an odd degree
is incident in G at exactly one edge of the set Eg = {e1, €2, ..., e2p}.

We construct from R a system of decompositions @ = {Qo, @1, @2, ..., @y}
of the sets E;(1 = 0, 1, 2, ..., n) in the following manner:

(1) every class from @y contains exactly one edge;

(2) if > 0 and v; does not belong to X(F), then Q; = Ry;

(3) @zph (=1, 2, ..., 2p) contains all classes from Ryy and another class

containing one element and this is e;.

According to Theorem 1in @ there exists a Eulerian line L, which is admissib-
le with respect to @ if and only if for all k € {0, 1, 2, ..., n} the following holds:
none of the classes of Q) contains more than half of the edges incident at
vk . Q has this property if and only if B has the following property: for an
arbitrary ¢ e {1, 2, ..., n} we have: the number of edges of any class of B
is not greater than 1(1 - |E;|). Hence L exists if and only if R has the property
required in the theorem.

It is clear that if we delete from L all edges belonging to £y and also the
vertex vg, L splits into p open moves of ¥, which have the required properties.
Conversely: if a decomposition P of F into p open moves with the required
properties exists, then there exists in ¢ a Eulerian line, which has the required
property. The validity of the theorem is clear.

Note 2. It is known that p from Theorem 2 is the minimal number of open
moves into which the graph with 2p vertices of odd degree can be decomposed.
The reader of this paper will himself easily prove that a graph which can be
decomposed in this way cannot include a component which would have none
of the vertices of odd degree. So the suppositions of Theorem 2 contain the
conditions which the graph must fulfil in order that there exists any decompo-
sition into a minimal number p of open moves. (See [1], [3].)

REFERENCES

[1]1 K6nig D., Theorie der endlichen und unendlichen Graphen, Leipzig, 1936.
[2] Kotzig A., Eulerovské élary a rozklady pravidelného grafu pdrneho stupiia na dra
Jfaktory, Mat.-fyz. ¢asop. 6 (1956), 133—136.
(3] Kotzig A., Pozndmky k Listingovej vete o rozklade grafu na otvorené tahy, Casop.
péstov. mat. 81 (1957), 76 —92.
[4] Kotzig A., On Eulerian lines in the 4-valent graphs and their transformations, to
appear.
Received November 24, 1966. Katedra numerickej matematiky
a matematickej Statistiky
Prirodovedeckej fakulty
Univerzity Komenského,
Bratislava

80



		webmaster@dml.cz
	2012-07-31T16:38:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




