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ON EXACT NULL CONTROLLABILITY
OF BLACK-SCHOLES EQUATION

KUMARASAMY SAKTHIVEL, KRISHNAN BALACHANDRAN,
RANGARAJAN SOWRIRAJAN AND JEONG-HoON Kim

In this paper we discuss the exact null controllability of linear as well as nonlinear
Black—Scholes equation when both the stock volatility and risk-free interest rate influence
the stock price but they are not known with certainty while the control is distributed
over a subdomain. The proof of the linear problem relies on a Carleman estimate and
observability inequality for its own dual problem and that of the nonlinear one relies on
the infinite dimensional Kakutani fixed point theorem with L? topology.
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1. INTRODUCTION

1.1. Black—Scholes model

The partial differential equation derived by Black and Scholes [7] in their renowned
work of 1973 to analyze the European option on a stock market that does not pay
a dividend during the life of the option has been of enormous interest to financiers
and mathematicians alike. They limited their analysis to conditions which made the
problem simpler mathematically. The development of more sophisticated options
and pricing models has resulted in many diverse mathematical and computational
techniques being employed in the field.

A call option is the right to buy a security at a specified price (called the exercise
or strike price) during a specified period of time. European options can only be
exercised on the day of expiration of the option. American options can be exercised
at any time up to and including the day of expiration of the option. With the
following assumptions we shall give some outline of the derivation of Black—Scholes
equation. The underlying stock pays no dividends during the life of the option. The
price of the stock one period ahead has a log-normal distribution with mean g and
volatility o, which are both constants over the life of the option. There exists a
risk-free interest rate r which is constant over the life of the option. Individuals can
borrow as well as lend at the risk-free interest rate.
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The value of a European call option on a non dividend paying stock could depend
upon a number of factors; the current price of the stock s, the exercise price x, the
time until expiration ¢, the risk-free interest rate r, the volatility of the stock price o
and the expected rate of return p on the stock. Let v be the price of the call option.
The functional dependence can then be expressed as:

v= U(S,Z‘,t,’/‘, g, /-L)

The analysis will reveal that the last variable p plays no role in determining the
option value for this case. We assume that the change in the underlying typical
stock price ds follows a geometric Brownian motion

ds = psdt + osdw

where dw is Brownian. The value of the option matures is known. To determine its
value at an earlier time we need to know how the value evolves as we go backward
in time. By Ito’s lemma for two variables we have

1
dv = (Ut + pusvgs + 50282v33)dt + osv,dw.

Now consider a portfolio containing one return call whose value is v and h shares of
the underlying stock. The value C of this portfolio is given as

C =hs—w.

The composition of this portfolio will vary from time-step to time-step. The change
in value is then dC' = hds — dv. If h is equal to vs then

dC = veds — dw.

This means that the change in the value of the portfolio dC over the interval dt is
L 5o
dC = —(vt + 50 s vss)dt.

Note that when the terms ds,dv are combined we find that those involving dw and
w cancel out. Thus C is independent of the random variable dw. That is, it is a
risk free portfolio. Also the value dC' is independent of the expected rate of return
w, which is also the expected rate of growth of the stock price s. Since the value of
the portfolio is independent of the random variable it should increase in value at
the same rate as the risk free interest rate r. Therefore dC' = rCdt = r(vgs — v)dt.
For this to hold for all dt¢ requires the following Black—Scholes partial differential
equation

2

1
v + Zo2s Vss + 185V — rv = 0.

2
This is the law of evolution of the value of the option. With the assumptions we
made above, this equation holds whenever v has two derivatives with respect to s
and one with respect to t.
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Before entering into the discussion on controllability, we briefly describe some
of the results available in the literature regarding the existence and uniqueness of
a solution to this model based on different techniques. Amster et al. [3] studied
a nonlinear partial differential equation by generalizing the Black—Scholes formula
for an option pricing model with stochastic volatility by topological methods. Also
they proved the existence of at least a solution of this stationary Dirichlet problem
applying an upper and lower solutions method. Further, Amster et al. [4] proved
the existence of a solution by generating a Black—Scholes formula with the initial-
Dirichlet conditions namely

2.2

1
v+ bo?s3(vgs)? + 55 5°Vss +7(sv5 —v) =0,

v(s,T) = f(s), Vsé€(cd),
D(C,t) = f(C), U(d7t):f(d)a

for some f € C([e,d]), and & depending on o,t with the help of same upper and
lower solutions method. Kangro and Nicolaides [19] used the partial differential
equations approach for valuing European-style options. They solved the equations
numerically by introducing an artificial boundary in order to make the computational
domain bounded and also derived point wise bounds for the error caused by various
boundary conditions imposed on the artificial boundary. Jodar et al. [18] solved the
Black—Scholes equation

v 4+ 025%0gs +1r(svs —v) = 0, 0<s<oo, 0<t<T,

'U(S,T) = f(s)a

where T is the maturity date and o, r are positive constants, by using the Mellin
transform. Widdicks et al. [23] applied the singular perturbation technique to price
European and American barrier options which leads to a significant simplification
of the problem by reducing the number of parameters.

However, this Black—Scholes model can not be used in modelling the real world
problem exactly. If the Black—Scholes holds, then the implied volatility of an option
on a particular stock would be constant, even as the strike and maturity vary and
roughly equal to the historic volatility. In practice, the volatility surface for a two
dimensional graph of implied volatility against strike and maturity is not flat. In
fact, in a typical market, the graph of strike against volatility for a mixed maturity
is typically smile shaped. In addition to this, the volatility is a troublesome input.
Whether a single numerical value or a deterministic function implied by market data
or a stochastic probability (with an attendant change in the above Black—Scholes
equation) should be chosen remains an open question and subject of intense debate
and research. The risk-free interest rate is somewhat easier to pin down since it is
closely linked to the spot rate, but for long-term options a term structure for r is
appropriate which is also not known with certainty.

Regarding some generalization of the Black—Scholes equation, Ingber and Wilson
[17] generalized the functional form of the diffusion of these systems and also con-
sidered multi factor models including stochastic volatility and they modelled these
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issues using a previous development of statistical mechanics of financial markets. In
fact they considered a slight generalization of the above Black—Scholes equation in
terms of the other variables using methods given in the standard text [24].

Nowadays the study of inverse problem in option pricing is used to caliberate the
volatility or other unknown parameters with known price in order to increase the
efficiency of the model. For example, the authors [8, 9] studied the inverse problem
of determining the volatility by using Schauder type estimates and gave some nu-
merical interpretations. In [12] the authors discussed the stability and convergence
analysis of the inverse problem of identifying local volatility using Tikhonov regular-
ization method. Moreover the stability of the multidimensional Black—Scholes model
is studied in [22] recently using Carleman estimates. As the problem of identifica-
tion of a suitable control parameter is closely related with the inverse problems, in
this paper, we discuss the controllability and observability properties of the general
Black—Scholes model defined by the equation (1).

1.2. Mathematical formulation

The price v(s,t) of a financial option for buying or selling an asset of value s is
generally found from the following generalized Black—Scholes equation with initial-
Dirichlet boundary conditions

Lv=1,u(s,t)+ f(s,t) in Q=1x(0,T)
v(a,t) =v(b,t) =0 on X =9I x(0,T) (1)
v(s,0) = vo(s) in I,

where the operator £ is defined by

1 2
L= % - 502(8,15)82% — r(s,t)s% +7r(s, 1),
and I = (a,b) is a bounded interval in R*. Also since 0 < ¢t < T, where ¢ is the time
to expiry, T is the time of expiry and v(s, t) is the value of the option at time ¢ if the
price of the underlying stock at time ¢ is s. The value of the option at the time that
the option matures is known and if sg is the current price of the underlying stock,
then the value 0 < s¢ < s is known.

In the generalized Black—Scholes equation occur two functions, the stock volatility
o(s,t) € C*1(Q), of the evolution of the price s of the underlying asset with time
t, and the risk-free interest rate r(s,t) € C(Q). Both the quantities influence the
price v(s,t) but they are not known with certainty. Though the choice for ¢ and r
may be controversial, upper and lower bounds on the volatility and interest during
the life of the option can often be imposed with reasonable certainty and suppose
that we have the upper and lower bounds as follows:

oo(s,t) < o(s,t) <oi1(s,t) with  oo(s,t) > ¢ >0, (2)

d
an ro(s,t) <r(s,t) <ri(s,t) with r(s,t) >c>0. (3)
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Let f(s,t) represents the nonnegative cash flow that is received to compensate
the loss, if any, that happens due to exercising the option along with a control input
u(s,t), to control the option value v(s,t), associated with equation (1), to be within
the barrier limits.

Clearly, the functions f € L?(Q) is given, while u € L?(Q) is a control input
and let vg € Hg(I) be arbitrary but fixed initial data. Moreover, 1,, is the usual
characteristic function

1 for sew
1 - {

0 for sel\w,

where w is the suitable open subset of I. We note here that for the observability
problem the subdomain w represents the region where measurements are made.

Definition. In the Black—Scholes model (1), an initial data vy € H}(I) is exactly
null controllable in time 7T if there is a control u € L?(Q) so that its solution v
satisfies v € C(0,T; L?(I)) N L2(0,T; HY(I) N H?(I)) and v(s,T) = 0.

Global exact null controllability at time T for (1) holds if any initial data vy €
H}(I) is exact null controllable in time 7.

In general, null controllability is a stronger property of control to the trajectories,
which guarantees that every state which is the value of the final time of a solution
of the uncontrlled equation is reachable from any initial datum by means of suitable
control. Note that the null controllability of a system is a very useful property from
the applications point of view. Indeed, it permits us to reach in a finite amount
of time a state that is more “natural” for the system. Thus for the model (1),
establishing the null controllability result ensures that the efficiency and reliability
of the model can be maintained.

In order to study the controllability of (1) we use the duality arguments [13, 15]
and exactly it would be stated as “The exact controllability of the linear system can
be reduced to the observability estimate of its own dual problem”. This is achieved
by deriving a Carleman estimate corresponding to the linearized system. A basic
Carleman inequality for elliptic operators can be found in [14]. Therefore the dual
problem associated with (1) is given by

Ly =1(s,t) in @
y(a,t) =y(b,t) =0 on X (4)
y(s,T) = yr(s) in I,

where | € L?(Q) and the operator £* is the formal adjoint of the operator £ and is
given by
o 102 0
LY = 5 + 5@(02(3,&52) — %(r(s,t)s) —r(s,t).

Also, throughout this study, we use the following standard notations for the
Sobolev spaces H™(I), H*(I) and the L? spaces on I and @, 1 < p < oo, with the
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norm denoted || - || and we use (-) for the inner product of L?(I), | - | to denote the
usual norm in R*.

wi(1) = {w@) : fwlwy = (3 /I|Daw|pdx)i <ok

la|<m

when p = 2, instead of W?2 we shall write H™ ().

([ as)’.

{w e 1200, 7 12(1)) : W € 20,7 LQ(I))},

|wlz

H'(0,T; L*(I))

dt
_ ow Ow O*w -
2,1 _ -~
C (Q) - {’U)(S,t) | w, 8t 9 88’ 882 € C(Q)}a

where D*w, dw/dt is taken in the sense of distributions. For more detailed defini-
tions on these function spaces one can refer [1].

The rest of the paper is organized as follows: The main result of this paper
is stated in Section 3.2 and then is proved via the Kakutani fixed point theorem
and L? estimates for the control u obtained in Section 3.1. In fact estimate for this
control is obtained by a Carleman-type estimate stated in Section 2 and observability
inequality for the backward adjoint linear problem given in (4) and the corresponding
controllability of the system (1) is proved in Section 3.1 with the help of Pontryagin’s
maximum principle. The technique we used to extend the exact controllability of the
linearized system to the general nonlinear system is rather general (see, for example,
[2, 5, 6, 11, 20]).

2. CARLEMAN ESTIMATES FOR BLACK-SCHOLES EQUATION

In order to obtain the global controllability for the linearized system, we need ob-
servability inequality for the backward adjoint system. We establish this inequality
by deriving a Carleman-type estimate for the adjoint Black—Scholes equation of (1)
and so much of this work will consist of deriving such an estimate. Though in the
proof of this estimate we use some of the techniques adopted for general parabolic
problem in [10, 16], one has to do some careful estimations for the more general form
(4) with the coefficients stock volatility o, interest rate r and stock price s.

Essentially, a Carleman estimate for the solutions of (4) is an a priori estimate
which contains only the restriction of solution on @, = w x (0,7) in the right
hand side, instead of the solution taken on the entire domain ). But to get such an
estimate, it is necessary to multiply the solution by some suitable weight functions.

In this way we need to introduce the following auxiliary functions to express the
inequality in the desired form. Let wg € w, where wy is the suitable subdomain of w
and since [ is bounded and connected, one may have the following lemmas:
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Lemma. Let wg € w be a suitable subdomain. Then there exists a function
¥ € C*(I) such that

P(s) >0 Vsel, Ylor =0, |Ps(s)] >0Vse IN\wp.
The lemma has been proven by the simple arguments in [13]. Next we introduce
functions ¢, a : () — R by the formulae

A (5) AU(5) _ 22

d)(S,t) = a(svt) = 'y(t) )

(5)
where
y(@t) =t(T —t), and ¥ =|¢(s)llc),
where the parameter A\ > 1 and the function v is defined in Lemma.
We note that ¢(s,t) > ¢ > 0 for all (s,t) € Q and e"*¢™ < ¢ < oo for all
k>0, m € R. Also we see that a < 0 for the arbitrary parameter A > 0. Therefore,

« approaches —oo at t = 0 and ¢ = T This helps us to get the desired observability
estimate.

Now we are ready to prove the Carleman estimate for the problem (4).

Theorem 1. Let w be the open subset of I, the functions ¢ and « be defined
as in (5) and let the assumptions on o € C*1(Q),r € C*(Q) defined in (2),(3) be
fulfilled. Then there exists A\g > 1 such that, for an arbitrary A > g, there exists
d > do(N\) > 0 satisfying the following inequality:

157107 ) 5802, 0 80520 518000 5, 1) 200000 sl
Q

< c()\,é)(/ e200(s) 2 (5 1) dsdt+/ 6250‘(5”5)(;53541112(5,16)dsdt), (6)
Q Qu

where y is the solution of the problem (4) with the Dirichlet boundary conditions,
Q. =w x (0,T) and the constant ¢(\,§) > 0 is independent of y and I.

Proof. We shall start the proof by writing the problem (4) in the form

1 1
v+ 50°5% 0 = =5 (02) sy — (02) st + (r5)oy + 1(sys + )+ (7)

Let us change the unknown variable by a simple transformation y = e~%“z; then the
above problem can be written as

zZt + 30282("588 - ()‘21/).3(592’ - 62¢2) — OAPYss)2) — 0'2525)\¢)1/13z3 —dapz
1

= 75(0252)532 — (0252)5(23 — OAPYs2) + 18(2s — OAPYs2)
+ ((rs)s +r)z+ el in Q,
z(a,t) = z(bt)=0 on %,

z(s,0) = z(s,T)=0.
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We rewrite this problem in the operator form as

2 — B(t)z + X(t)z = R(t)z + €°“1, (8)
where
B(t)> — —30232(%5 + (56 + 262)N2022) + Sayz, )
X(t)z = —0%520p(Mszs + N222), (10)
Rl = 50%5"0A0besz = 3(0°%)ss7 = (5757)s(2 — GAGU42)
+ ((r5)s + r(1 — sOAGY,))2 + 752, (11)
Consider
% I(B(t)z)zds - /I(B(t)z)zt ds—l—/I(B(t)zt)zds—i—/I(Bt(t)z)zds

~ 9 /(B(t)z)(e&'z R — X()2 + B(t)2)ds + /(Bt(t)z)zds
I I
and integrating it on (0,7") and using the boundary conditions, we get

2 / (B(t)2)2dsdt + 2W (1) = —2 / (B(#)2)(e71 + R(t)2) dsdt
Q Q

— / (Be(t)z)zds dt, (12)
Q
where
W(t) = — /Q B(t)2zX (t)zdsdt = —/Q [%(7282(2’35 + (%92 + 00)V2N22) — doyz
X [0252(5¢(M/)st + )\Qwiz)} dsdt. (13)

Next we need to evaluate the terms in (12) one by one. From the definition of B(t),
we have

/ (By(t)z)zdsdt = / (5%(0504 + 0051) + 200,8) 25z dsdt + / s200,22 dsdt
Q Q Q

1
—/ [O'O‘t(52¢2 +d¢) + 502(62¢2 + é(b)t] $2\2ep2 22 dsdt + / Sovez? dsdt.
Q Q

If we set n(\) = e**Y, then for any A > 1,6 > n()\) and s > sg, we have
‘ / (Bt(t)z)zdsdt‘ < c( / s20¢A22 ds dt + / S253 P N3 22 dsdt), (14)
Q Q Q

since we used (here after we also use) the fact |¢¢| < c¢?, |au| < en(N)¢?, ¢! <
(Z)? where the constant c is independent of (s,t) € @, the parameters § and A
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are bounded from below by constants, ¢ is bounded from above (1 is a continuous
function with compact support in I) and the stock price s > so > 0. Also recall
that the volatility and the interest rate have upper and lower bounds. Further,
throughout this proof, the generic constant ¢ will vary step by step but it may
depend on any one of the constant defined above.

For simplicity, let us introduce the notation

D(s, A\, 0,2) :/

s20Mp22 dsdt + / s253\3¢3 2% dsdt.
Q Q

Next we shall estimate
| /Q 2B(t)2(e"1 + R(1)2) dsdt| < 2| B®)2132(g) + €120 + | ROI32 g,
Here we note that
1By < 8(310%20A sz lEaq) + 1 10°P)nselEa(ey
+ i||(‘7232)s2s||i2(g) + H(0252)55>\¢¢sz||2m(@) + H(TS)SZ”%?(Q)

+ lrsSAdszZa (g + lIrzl3agg) + ||7"SZSH%2(Q)).

Since one can easily justify that the each term on the right hand side of the above
inequality is bounded by cD(s?, )\, d, 2) for any A > 1,5 > n(A) and s > sg. Therefore,

‘/Q2B(t)z(e5az+R(t)z)dsdt‘ < 2/@

+ ¢eD(s%, )\, 6, 2).

(B(t)z)? dsdt + / e?2 dsdt  (15)
Q

Making use of the estimations (14),(15), we estimate (12) as
2W(t) < / eX? dsdt 4 ¢D(s%, ), 8, 2) (16)
Q

for A > 1,8 > n(\) and s > sg. Next we need to obtain the lower bound for W (t)
and so we shall estimate the L? integrals of (13) one by one. We observe by the
calculation involving Green’s theorem

1
— / —ots N2 o2 2z dsdt
02
1 1
= / (0*s* N2 pyp?) g2z dsdt + = / ots* N2 pup? 22 dsdt; (17)
2 Jo 2 Jo
but elementary computation shows that
1 1
5/(0434(5}\2¢@/J§)5z5zdsdt > —1/ 04846A2¢¢§zfdsdt—c(D(sQ,)\J,z)
Q Q

+ / S102N1g8 22 dsdt) (18)
Q
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and also note that

1
—/ — ot s NP 2g 25 dsdt
02

1 4 4 2 1/ 4 4 dl/) 2
/(0’ S 5)\(b1/)5)32’8 dsdt 1 (] 5)\(b std

b
> —c D(s*)\,0,2), (19)
since we recall that v» = 0 on 0 and ¥ > 0 in I, we have j—i’ < 0 and therefore

1
—f/ 04345)\¢d—wzfd2 >0,
4 » dl/

where v is the outward unit normal to 9. Moreover,

1
- / 5045%3(5%3 + 62¢* )3 22, dsdt
Q

1
> / Ea4s4)\4¢3(353¢3 + 20%¢%) 22 dsdt — ¢ D(s%, )\, 0, 2). (20)
Q
Immediately one can see that the addition of the terms
1
-5 / ots AL (8393 + 6%¢%)epd 22 dsdt
Q

of W (t) to both sides of the inequality (20) further reduces its lower bounds.
Furthermore, for any A > 1, > n(\), we obtain

‘/Qa?s?a?wswgatz?dsdt} < ¢ D(s,\, 8, 2) (21)
and
‘ /Q 025262)\¢w5a(1n7_1(t))tzszdsdt’
_ ;’/62(025252)\¢w5a)5(1n71(t))tzzdsdt‘

< ¢ D(s,\9,2); (22)

here we note that |a| < en(A)¢? and oy = a(Iny~1(t));. Thus using the equations
(17) - (22), we obtain

1 1
W) = / otstoNZ g2z dsdt + 7 / ots1 53N P pta? dsdt
Q Q

- c(/ s*6° A3 22 dsdt + D(s*, N, 6, 2)), (23)
Q
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for any A > 1,0 > n(A) and s > sq. Hence the inequalities (16) and (23) imply the
following key inequality

/ ot N2 222 dsdt + / ot 83N g3t 22 dsdt
Q Q
< c(/ 5452)\4¢)222d5dt+/ 12 dsdt + D(s%, ), 8, 2)). (24)
Q Q

Now we are in the position of expressing two integrals involving z2,2% on the

right hand side of the above inequality over the domain @,,. To do this we use
the lower bound of o and the fact that ¢y > 0 Vs € I\wo and ¥|s; = 0 so
that ¢, also has a lower bound 6 on I\wg and hence on Q\Q,, (since ¥ does
not depend on t). Next choose the parameter A such that A > Ao = ¢+ 1 to
have 0*A > ¢+ 1 and 62X\ > c + 1, where c is the constant defined in (24). In
order to manage the other integral (with A* on the right hand side) we choose
§ > 6o(A) = max (5%, n()\)) to obtain A(§* —¢) > ¢+ 1. After this substitution
we add the integrals wiO 5283 X3¢322 dsdt and wiO s*6A¢p2z2 dsdt on both sides of

the inequality (24) to arrive at (also see [21])

/ s*0Np22 dsdt + / st3N3 322 dsdt
Q Q

< c()\)(/Q s103p3 22 dsdt—|—/

o Quo

s*0¢z7 dsdt) + c/ e?12dsdt,  (25)
Q

for § > 0p(A), A > Ao, s > sp. Coming back to the original variable y by substituting

z = %%y, we have

/ 625(1346)\(/5345 dsdt —I—/ 205283 \3 g3y % dsdt
Q Q

< c(M(/Q

for § > §o(A\), A > Ao, s > so. Next we shall express the integral d¢y? over Q,, in
a somehow larger domain @, (since we remember that wy € w). To this end, we
choose x € C§°(I) such that x = 1 in @y and x = 0 in I'\w. Multiplying the equation
(7) by €2°*xd¢y and integrating over ), we obtain after integration by parts

2054533 y? dsdt + / 626a545¢y3 dsdt + /

«“0 QwO Q

22 dsdt) (26)

1 1
5 [ eatstioydstt = 5 [ (@600(03%) 0 — (#5052 dsct
Q Q

1
+ / ((025%)s — 1r5)e?%xpyys dsdt — 5/ (€252 52\ 0¢) syys dsdt
Q Q

7/ e2%(r 4 (rs) ) xdoy? dsdt — / €29y §ply dsdt.
Q Q

After some computation involving Cauchy’s inequality (ab < % + %,a, b>0)
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with € > 0, we obtain

/ 2605262y 65y dsdt<c(/\)( / 25912 dsdt + / (20053 3 52,2 dsdt).
Q Q

w

Therefore, the inequality (26) can be rewritten as
/ 625a546¢y§ dsdt +/ e?0e 583 3y? dsdt
Q Q

< c()\)(/Qe2§alzdsdt+/ 625"‘63¢354y2d5dt>, (27)

w

for & > dg(A), A > Ao, s > sp. In order to complete this theorem we need to evaluate
the integral fQ e20%(5¢)~(y? + s*y2,) dsdt. Squaring the equation (7) on both sides
and multiplying it with e29“6~1¢~!, we obtain

1 2
/ €26a((5¢>_1 (yt + 50252%3) dsdt
Q
< c()\)(/ g0 2 dsdt+/ 6260‘(5(;554343 dsdt+/ e200 5354 3y2 dsdt); (28)
Q Q Q

here we used the fact that e"*¢™0” < ¢ < oo for all kK > 0, m € R, 8 < 0. At the
same time we should note

1
/e25a(5¢)_1yto2s2yss dsdt = 5/(6250‘5_1(;5_10252)@3 dsdt
Q Q

/( 26&6 d) 'o? 2)syéytd3dt
Q

and consequently, by the estimations |¢;| < cd?, || < en(N)¢? and the Cauchy’s
inequality, we arrive at

1
/( Bag=lp=lo2s2),92 dsdt > —c()\)/ 20052 py? dsdt
2 Jq Q

and

(26 ¢ o s%) sysyr dsdt
Q

1
2 _5/625a6—1¢—1yt2d8dt_c/ 626a846>\2¢y§d8dt.
Q Q

Evidently, one can rewrite the inequality (28) with the help of the lower bound of o
as

/ 2% (5¢) " H(y? + s*y2,) dsdt < c()\)(/ e?012 dsdt
Q Q

+/ e20%5psty? dsdt+/ e?0253 5432 ds dt) +c/ e \25¢s*y? dsdt, (29)
Q Q Q

for 6 > dp(A), A > Ao, s > sp. Coupling the inequalities (27) and (29), we get the
desired inequality (6). O
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3. CONTROLLABILITY RESULTS

3.1. Controllability of linear Black—Scholes equation

In this section we study the global exact null controllability of the linear Black—
Scholes equation

Lo = 1,u(s,t) + f(s,t) in Q
v(a,t) =v(b,t) =0 on X (30)
v(s,0) = vp(s) in I,

where the operator £ is defined in (1). In the following theorem we shall use the
notation for some weighted L? spaces as the space L?(Q, e~29%¢~3) of all equivalence
classes of measurable functions f : Q — R for which e%®¢~2 f € L2 (Q), that is, it
satisfies

/ e 200973 12 dsdt < oo.
Q

Theorem 2. Let I and w be as in the statement of Theorem 1 and let the
conditions (2),(3) on ¢ € C*Y(Q),r € C*(Q) be fulfilled. Then there are § >
So(N), A > A such that for any f € L?(Q,e2°*s~4¢~3), vy € Hi(I) there ex-
ists (u,v) € L3(Q) x L2(0,T; HY(I) n H(I)) N H*(0,T; L?(I)) which satisfies the
equation (30) and the final condition

v(s,T)=0, a.e.s €1
and which has the following decay at t =T :
u € L2(Q,e” P 4p73), (31)
Before going into the proof of this theorem we shall obtain an a priori estimate
of unique solution v € L2(0,T; H}(I) N H2(I)) N H(0,T; L3(I)) of (30) for a given
vo € HE(I) in the usual way. First multiplying (30) by v and integrating over

Q: = I x (0,t), for some t € (0,T), we arrive, after some calculation involving
Green’s theorem at

1d 1 1
——|v(@®)|32p + 7/0232v3ds—|— */TU2dS
2 dt BTy, 2/,

< = /1(1 — (rs)s)v?ds + /I(lwu2 + ) ds — / %(0282)5005 ds.

I

N —

Since one could easily see that

1 1
‘7/(0232)50113 ds' < —/(aass+a2)2v2 ds+n/s2vf ds.
2 Jr an Jr I
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The differential version of Gronwall’s inequality gives

v(t)|2L2(1)+/Q szvfdsdT—i—/ v? dsdr
< c(\vo(s)\%gu) +/ (lwu2+f2)dsd7). (32)
Q+
Here we recall that ¢ > 09 > 0,7 > r9 > 0 and s > sg and we have chosen the

parameter 1 such that n < inf ;e 0o. Further, multiplying (30) by v; — vss and
integrating on I x (0,t), we get

1 ‘d
/ v? dsdr + 3 / 0?52, dsdr + c/ — / vidsdr
t Q¢ 0

1
< / (rs(vsvt — VgUss) + r(vvgs — vvt deT + 1 / v; 2 dsdr
t Qt

+77/ 5202, deT—/ (025%) svv, dsdT + ¢(n / 1ou? + f%)dsdr.
¢ t Q¢

Using Green’s theorem, we further obtain that

/ r$(Vsvy — VsUss) dsdT + / r(vvgs — vuy) dsdr

1
< c(/ s?v? dsdr —|—/ v? deT) + 1/ v? dsdr.

Making use of the preceding estimate and (32), we have (for any n as above)
||v(t)||?{é(1) —|—/ v? dsd7—|—/ 5202, dsdr
Q Q
< efluls)agy + ool + [ Loudsar+ [ fasar). (33)
Q Q

Now we are ready prove Theorem 2.

Proof of Theorem 2. Let us start with the optimal control problem asso-
ciated with (30)

1
J(u,v) :/ e~ 205 4p 32 dsdt—|—7/02(s,T) ds — inf
Q eJr

for over all u € L?*(Q) and v satisfying (30). Here § and X are chosen as in Theo-
rem 1. Then by Pontryagin’s maximum principle, this problem has a unique solution
(te,ve). We shall show that (u.,v.) really converges (as a subsequence of {¢}) in a
certain topology as € — 0. Then, the limit (u,v) will be proved to be a solution of
the control problem (30). To attain this end, we need to obtain suitable estimate
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for (ue,v:). The maximum principle also states that (u.,v.) satisfies the following
necessary conditions for optimality:

ue = 1,e2%¢%s%y.  a.e.in Q, (34)
where y. is the solution of the following adjoint system
(ye)e + %(0’282745)55 —(rs)sye —rye =0 in Q
ye(a,t) = yo(b,t) =0 on X (35)
ye(5,T) = =L 0. (s,T) in I.

Multiplying (35) by ve and (30) by y. (after replacing (u, v) by (ue, v:)) and adding
the two resulting equations together and integrating on QQ we get

1
/ 52200432 (s, 1) dsdt + - /’U?(S,T) ds
I

w

= f/vo(s)ys(s,()) dsf/ fye(s,t) dsdt. (36)
I Q

Here we need to estimate the term [ 7 y2(s,0) ds so-called observability estimate
for the adjoint problem (4), that is, an estimate for the initial state on I by means of
the states taken on w at all the subsequent moments. For this, we scalarly multiply
(35) by y. and integrate on I (for notation simplicity we use y instead of y.) to get

1d

1 1
YT Iy2d3+§/10282y§d52 5/I(Qrs— (025%)5)yys ds—/jryzds.

Notice that

1
/(2rs — (0252)3)yyS ds < 5 /(7“2 + (02 + 0053)2)y2 ds + n/52y§ ds,
I I I

and so we choose 1 < inf(, ;)eq 0o to have

d
—&|y|i2(z) <clyltapy a.e te(0,7),

whence it follows that

/yQ(S,O) ds < eCT/y2 ds fort e (0,T).
I I

Now we fix t; and ¢ such that 0 < ¢; < to < T and a(t) = max,c7{—a(s,?)}.
Integrating the above inequality in (¢1,t) and taking ¢—2 < (%)6 into account, we

obtain
tz _ t?
/ /e‘Qéo‘(t)gf(s, 0)dsdt < c/ /62‘5"¢3y2 dsdt.
t JI ty JI
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Noting infte(thm{e*%a(“} > ¢ > 0, we obtain that

/yQ(s, 0)ds < c/ e?p3y? dsdt. (37)

I Q

Next, by the simple application of Holder’s inequality and Theorem 1, we arrive at,
for every € > 0,

‘ / fysdsdt‘ < / | fy.| dsdt
Q Q
1 1
(/ 6250‘54¢3y§ dsdt)2 (/ e Wagmdp3 2 dsdt)2
Q Q

| } s
(0 d)( [ enstatyasaee - [ T)ds) e 207 g (39)

w

IN

IN

Also, by the observability inequality (37) and Theorem 1, we eventually obtain

‘/vo y580d5’<(/y550)d3) (/Ivg(s)ds);

< C(/\,5)(/ 26 4¢3 det+g/U§(8’T) d8>§|’UO(3)|L2(I)- (39)
I

w

Consequently, through the inequalities (38),(39) for every € > 0, we have

1
/ (2005 gy 2 dsdt—s—g/v?(&T) ds
I

1 1
< C()\75)(/ 6260534¢3y3 dsdt + g /’U?(&T) dS) 2
w I

x (Joo(8)| 21y + le™%*s72¢7 2 f 12 (o))

and so by the definition of the control u. we get the desired estimate

1
/ e 25 4 3u2 dsdt + = /v?(s,T) ds
Q € Jr

< D)ol + [ o070 daa), (40)

where the constant ¢(A,d) > 0 is independent of € > 0 and which is somehow greater
than the constant defined in Theorem 1 and the preceding inequality. The inequality
(40), clearly gives

/IUE(S,T) ds <ce (41)

for some positive constant ¢ independent of £. By the estimates (32), (33) together
with (40) there exists a pair (u.,v.) € L?(Q)x L?(0,T; H} (I)NH?(I1))NH(0,T; L*(I))
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such that, on a subsequence of {e} ( also denoted by same {e}) we have the following
convergences:

u. — u weakly in L*(Q),
ve — v weakly in L*(0,T; Hi(I) N H?*(I)) N H'(0,T; L*(I)).
So letting € — 0 in (30) where (u,v) are replaced by (u.,v:), we obtain that (u,v)

satisfies (30). Moreover by (41) and Fatou’s lemma, we have

/v2(57T) ds < liminf | v%(s,T)ds =
I

e—0 I

and so v(s,T) =0 a.e. s € I. Passing to the limit ¢ — 0 in (40), we obtain

/ e 2004732 dsdt < hH(l) inf/6725a874¢73u§ dsdt
Q E—> I

< lim inf ¢(A, §) <|UO(3)|%2(I) +/ 2004443 f2 dsdt) <e (42)
e—0 Q

where c is a positive constant independent of €. This convergence clearly shows that
u € L*(Q,e ?%s7*$3) and this completes the proof of the Theorem 2. a

3.2. Controllability of nonlinear Black—Scholes equation

Consider the problem of exact controllability of general nonlinear Black—Scholes
equation

Lu+ g(s,t,v) = 1,u(s,t) + f(s,t) in Q
v(a,t) =v(b,t) =0 on X (43)
v(s,0) = vg(s) in I,
where the operator £ is defined in (1). We impose the following assumptions on the
function g : I x (0,7) x R — R. It satisfies g(s,¢,0) = 0 ¥V (s,¢) € @ and global
Lipschitz condition, that is, there exists a constant M > 0 such that
|g(8,t,<1>_g(3,t7<2)‘ §M|C1_C2| V(Sat7<)€QXR' (44)

Now we are ready to state the main theorem of this section.

Theorem 3. Assume that o € C%1(Q), r € CY(Q ), which satisfy (2),(3) and ¢
satisfies g(t,s,0) = 0 and (44) a.e. (s,t) € @, ¢ € R. Then for each vy € Hj([)
there are v € L?(Q) and v € L2(0,T; H(I) N H%(I)) N HY(0,T; L*(I)) satisfying
(43) such that v(s,T) =0 a.e. in I.

Proof. The argument is standard and will be frequently used in the sequel.
Consider the following family of problems of exact controllability
Lo+ ge(s,t,v) — ge(s,t,0) = L,u(s,t) + f(s,¢) inQ

v(a,t) =v(b,t) =0 on ¥ (45)
v(s,0) = vp(s) in I,
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where the averaging factor of g. for ¢ > 0 is defined by

1 |7 — o]
t.o) == t,7)d
g:(8,t,v) /Rp( 6 )g(s, ,7)dT,

€

since p is a smooth function with compact support in the unit ball, that is, p(z) > 0
VzeR, p(z) = p(|z|) satisfies supp(p) C {z : |z| <1} and [, pdz = 1. Here one can
see that

(9=(5,1,¢) = 9e(5,8,0))[c=0 =0 V(s,1) € Q. (46)
Furthermore, by the Lipschitz continuity of g, we have

7]

st ) =gt < = [p(D)darla -Gl visneQ. @D

©
At the same time we infer, by the equations (46) and (47), that
95(5, t C) - 96(57 L O) = @\E(Sa 2 C)C

and [g-(s,t,¢)¢| < M|¢|] V(s,t,¢) € Q x R. Now we consider the set

K ={¢eL*Q) : |[¢llz2 () <}
the linear system
Lv+G.(s,1, Qv = Lou(s, ) + f(s,8) i Q
v(a,t) =v(b,t) =0 on X (48)
v(s,0) = vg(s) in I,
and the set valued mapping ® : K — 2% such that

() = {v:vel*0,T;Hy(I)NH*(I))NH"(0,T;L*(I)), v(s,T) =0,
and 3 u € L*(Q) satisfying (42) such that (u,v) satisfies (30)}.

Clearly, by Theorem 2, ®(¢) is closed and ®(¢) # 0 for each ( € K and has
convex values in L?(Q). Now we are ready to apply Kakutani’s fixed point theorem
to show that ® has a fixed point in K with respect to L?(Q) topology. Since from
the estimates (33) and (42) we note that

||v(t)||§{1(1)+/ vfdsdH/ v2, dsdt
’ Q Q

< D) (e + gy + [ o717 )
and by the Sobolev imbeddings

R.H.S. < ¢(\,6) (||vo(s)||?{&(1) + ||e—5as—2¢—%fui2@)). (49)
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Therefore ®(K) C K and by the preceding estimate, it follows via Aubin’s com-
pactness theorem that ®(K) is relatively compact subset of L?(Q).

In addition to this for upper semi continuity of ®, let (. € K, (- — ¢ in L?(Q)
and v. — v in L%(Q), where v. € ®(¢.) and let u. be the corresponding controls.
Hence by (42) and (49), it follows that on a subsequence

u. —u weakly in L*(Q)
v. —wv  weakly in L*(0,T;Hy(I) N H*(I))n H(0,T; L*(I)),
strongly in C(0,T; L*(I)).
Moreover, (g-(s,t,()ve — g(s,t,()v) — 0 weakly in L?(Q) and hence there is v € K
such that v € ®(v). Consequently by replacing (u,v) by (u.,v:) in (48) and passing

to the limit we get the optimal pair (u,v) satisfying v(s,T) = 0 as claimed. This
concludes the proof. O
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