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OUTLIERS IN MODELS WITH CONSTRAINTS

LuBoMir KUBACGEK

Outliers in univariate and multivariate regression models with constraints are under
consideration. The covariance matrix is assumed either to be known or to be known only
partially.

Keywords: univariate regression model, multivariate regression model, constraints, outlier,
variance components
AMS Subject Classification: 62J05

1. INTRODUCTION

The problem is how to test suspicious measurement whether it is a rough error
or a mistake (outlier) in an observation when parameters of a regression model
satisfy some constraints. The covariance matrix need not be known; some unknown
parameters can occur in it. The solution of the mentioned problem or a contribution
to it is the aim of the paper. Although this problem is intensively studied, cf. e.g.
[2], many problems are not yet solved. Some comments to several of them are
presented in the paper.

2. NOTATION AND SYMBOLS

The following notation will be used:

Y ... n-dimensional random vector (observation vector),
. n X m random matrix (observation matrix),

. k-dimensional unknown vector parameter,

. k x m matrix of unknown parameters,

. n X k given matrix (design matrix),

MK [

. m X n covariance matrix of the observation vector Y
(it is assumed to be positive definite),
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b ... given ¢-dimensional vector,
B ... ¢ x k given matrix,

G ... ¢ X k given matrix,

H ... m X r given matrix,

Gy ... ¢ X r given matrix,

M(A) ... column subspace of the matrix A,

Pa ... projection matrix (in the Euclidean norm)
on the column subspace of the matrix A,

I ... identity matrix,

vec(A) ... vector consisted of the columns
of the matrix A,

Ma, ... projection matrix on the orthogonal complement of the subspace M(A),
i.e. MA ZI—PA,

A~ ... generalized inverse of the matrix A,i.e. AATA=A
(in more detail cf. [10]),

AT ... the Moore-Penrose inverse of the matrix A, i.e.
AATA=A ATAAT = AT AAT =(AAT) ATA = (ATAY
(in more detail cf. [10]),

sz;l ... projection matrix in the norm ||x|| = Vx'3~'x,x € R,
on the column subspace of the matrix A,

ME ' =1-P%

&~ X?](O) ... arandom variable £ has the central chi-square
distribution with ¢ degrees of freedom,

I}LO ... the random variable is distributed under the true null hypothesis,

Xﬁ(o; 1—a) ... (1 — a)-quantile of the central chi-square distribution
with ¢ degrees of freedom,

u(l — «a/2) ... (1 — a/2)-quantile of the normal distribution N(0,1),
no g 07 k 7é i'a

F=(e,...,e;),e, cR" j= 1,...,r,{eij}k = { 1k :Zj
X2(8) ... random variable with noncenteral chi-squared distribution

with r degrees of freedom and with the parameter noncentrality equal to d,
F, () ... random variable with nonceneral Fisher-Snedecor distribution with r

and f degrees of freedom and with the parameter of noncentrality

equal to &,

F.¢(0;1—-a) ... (1 — a)-quantile of the central Fisher—Snedecor
distribution with r and f degrees of freedom,

E= (eg”) ® e§?), e™e e(")) .

is Js
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An univariate regression model with normally distributed observation vector and
with constraints will be denoted as

Y ~ N, (X8,%), b+BB=0. (1)

A multivariate regression model [1] with normally distributed observation matrix
and with constraints will be considered in the form

where X ®1 is the covariance matrix of the vector vec(Y). Constraints can be given
in different forms, e.g. GBH + Gy =0,G8 + Gy =0,8H + Gy = 0, etc.

The univariate model is regular if the rank of the matrix X is 7(X) =k < n, X
is positive definite (p.d.) and r(B) = ¢ < k.

The multivariate model considered is regular if #(X) = k < n,r(G) = ¢ <
k,r(H) =7 <m and X is p.d.

3. MODELS WITH OUTLIERS

3.1. Univariate models
Lemma 3.1.1. In the regular univariate model with constraints the best linear
unbiased estimator (BLUE) is
= B-C 'B(BC'B)'(BB+b)
= (Mp/CMp)"X'E"'Y - C'B/(BC!B’)"'b,
B = Cc'X'=Y, c=X='X,
Var(8) = C'—C 'B/(BC'B)'BC' = (Mg CMgp/)".

@)
|

Proof is given, e.g. in [5], p. 80. O

Corollary 3.1.2. The residual vector vy =Y — X,@ is distributed as
vy N, [0, Var(vy)],
VaI‘(V[) = X- X(MB/CMBI)+X/
= Var(Y — X8) + XC™'B/(BC™'B/)"'BC'X,

2

where Var(Y — X3) = 3 — XC~!X'.

IfviS v, > X+ g1 (0; 1—a) for sufficiently small v, then the measured data are
not compatible with the model. Thus outliers could occur. A thorough inspection
of data, mainly their genesis, must be realized and on this basis it is sometimes
possible to decide which of data are suspicious.
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It is not the only way how to detect outlier (cf. [2, 3]. In the following text also
the way given in [13] pp. 92-94 is followed.

Let the measurements {Y};,,...,{Y};, be suspicious. In such a case the model
(1) is rewritten in the form

YNN,L[(X,F)<§),2], b+BB=0. (3)

In the model (3) the hypothesis Hy : A = 0 versus Hy : A # 0, can be tested if
and only if the vector A is unbiasedly estimable. It can be formulated as follows.

Lemma 3.1.3. The hypothesis Hy : A=0 versus Hg : A#0 can be tested in the
model (3) iff M(XMp/)NM(F)={0} (intersection both subspaces is the set with a

single point, i.e. null vector 0 only), what is equivalent to M ( )é) nMm ( lg>={0}.
Proof. The hypothesis can be tested iff (cf. [13])

O X'/) BI / !/ !/
M )em( g g )=HUVIXU+BV=0 & FU=L
The equality X'U+B'V = 0 implies M(U) = M(Mxwm,, ) & M(V) = M(MBwmy, )
Further M(F'Mxw,, ) must be equal to M(I) = R". Since ([10], p. 137)

Mg/ X'
r ( PB,, ) =r (F/MXMB/) + T(XMB/),

M%Xl ):7’+7°(XMB’) (r(F")=r),

the equality »(F'Mxwm,, ) =7 can be valid iff r(
what is equivalent to M(XMg') N M(F) = {0}.
The equivalence

M(XMB/)HM(F):{O}®M< )é ) A M ( f; ) _ {0}

is the consequence of the following consideration

Mp X’

M(XMB/)HM(F):{O}ﬁT( F

> = ’I“(F,) + T(MB/X/).

However in general

( Mg/ X’
r

F' ) = r(F'Mxmy, ) +r(MpX')

and therefore r(F’) = r(F'Mxmy,, ). Analogously

(3 )rs(5)-mer(§ 1) =r(5)eem
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Further
T( }B{’ ]3 ) = r[(X,F)Mpoy] +7(B)
_ r[(X,F)( s 2)]+T(B)
= r(XMgp/,F) +r(B) = (FFMxm,, ) + r(XMg/) + 7(B)
= T(F’MXMB,)—H"( )é )

In both cases the equality 7(F' Mxw,, ) = 7(F’) is necessary and sufficient condition
for equivalence

M(XMB/)HM(F)={0}®M<g)rww(g)z{O}. 0
Lemma 3.1.4. In the regular model (3) the BLUE of the vector ( g ) is < '%ut ),
where

gout = E—(MB'CMBI)JrX’E_lFE,
B = B-C'B(BCB) '(BA+b)
B = CX'»'y, c=X¥'X

(the estimator B is the BLUE in the regular model Y ~ N, (X3, X), B is the BLUE
of Bin (1)) and

= —1 -~
A = [F' (Mxay, SMxa, ) F| F'S7HY - XB).

Further
Var(fsout) = Var(fa)Jr(MB,CMB,)*X'z—lF
x [F' (Mxny, SMxu,, ) F| T F'SIX (Mp CMp )"
Var(3) = Var()— C'B/(BC'B)'BC! = (Mp/CMg,)*,
Var(f?) = C!
Var(A) = ¥ (MXMB,EMXMB,)+F}_17
cov(Byys A) = —(MgCMg)* X'S"'F {F’ (MXMB,EMXMB/)J’FTI.

Proof. At first it is to be remarked that the matrix

F' (Mxmy, EMXMB/)Jr F
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is regular, what is implied by the assumptions M(XMg/) N M(F) = {0} and
r(Fpy)=1<n.

Let B, be any solution of the equation B8 +b =0, i.e. 8 = 8, + Mgp/~. Thus
we obtain the model without constraints

Y — X3, ~ N, [(XMB,,F) ( Z ) ,2] ., yYE€R' AcR®,
which is not regular, however the assumption M(XMg/) NM(F) = {0} ensures the
estimability of the vectors Mg/~ and A. Thus the BLUE of the vector ( ME'7 )
is

Mg~y \ [ Mg, 0 Mg CMp, MpX'S'F \7"
A - 0, I F'Y 'XMg, F'X'F

Mg X'E 1Y - X3,)
F'Y (Y -XB) )

Since
Mg/, 0 Mg CMp, MpXI 'F\" [ Ay, A,
( 0, I)<F’E_1XMB/, F'S'F ) (A2,17 A2,2>
A, = (MpCMg)" + (Mg CMgp/ ) X'S™'F x
F (Mxm,, SMx,, )" F} T FSIX (M CMp )
Az = —(MpCMp) X'E7'F [ (Mxm,, SMxu,, ) F| B
= Al2,1’
Avy = [F' (M, SMxar, ) F]

the expressions for the estimators can be easily obtained.

The covariance matrix of the estimator ( QO‘“ ) is
A

= , +
Var Q@ut = MB’,X > YXMg,F)| .
A F

Since
Mg/, 0 Mg CMg, MpgX'Z'F \"
o, I F'Y 'XMg, | 30 Y

Mg CMp, MpX'Z'F\"
~\ FF¥ 'XMg, F'Y'F ’
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the equality

MB/CMB/’ MB/X’E_lF + _ Al 17 Al 2
F'Y 'XMg, Y lF -

is obvious and the proof can be finished. O
The following theorem is implied by the preceding lemmas.
Theorem 3.1.5. In regular model (3) the hypothesis

Hy: A=0 wversus H,: A#0

can be tested by the help of the statistic

o~ = = =
A [Var(A)]'A ~ X%(6), 6= A[Var(A)] A,
= -1 -~
A = [F'(Mxum, Mxu, ) F| F37(Y-X8),
= —1
Var(A) = [F/ (Mxmy, 531\/1)(MB,)Jr F} ,

@
Il

(Mg CMp)*X'S7'Y — C™'B/(BC™'B) 'b.
If for some 7*

|Ai| > /X2(0;1 — @)\ Var(A),

then the null-hypothesis A = 0 is rejected because of the i*th measurement {Y };+,
i.e. it is outlier.

Until now the covariance matrix X is assumed to be known. Let 3 = 02V, where
02 is an unknown parameter and V be an n x n p.d. given matrix.

Lemma 3.1.6. In the regular model (3) with the covariance matrix ¥ = 02V the

3)
A

residual vector viout =Y — X8, — FA can be expressed as

Viout = V[ — MX;,;BIFX.
The expression for v; is given by Lemma 3.1.1, however the matrix C must be
substituted by Co = X'V ~!X. Thus
vi = Y- ij =Y - X(MgCoMp/)"X'V-'Y + XC;'B'(BC;'B’)"'b
— Y-XB+XC;'B(BC;'B) (B3 +b).
Another expression for vy oy is

VIout = {I - Mg/(;viBF [F/ (Mxm,, VMxw,, )+ F} F’Vl} vr.

Proof. It is a direct consequence of Lemma 3.1.4. ]
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Corollary 3.1.7. In the regular model (3) with covariance matrix ¥ = 02V the
best estimator of o is

/O-\%,out = V/I,outv_lvl,ou‘ﬁ/[n +q - (k + T)] ~ UQXELJrQ*(kJr’I‘) (0)/[’”‘ +q- (k + ’I")]

Analogously as in Theorem 3.1.5 the test statistic is now

~1 N
A F/(MXMB/VMXMB/)JrFA/(Ta?,out) ~ FT,n+q—(k+T) (6)’

1
= ;A/F/(MXMB/VMXMB, )+A,

D»

—1
= [F' (Mxn, VMxa, ) F| FVly,

Remark 3.1.8. The procedure for testing suspicious data can be described by the

following steps.
Let {Y}i,,...,{Y}; be denoted as possible outliers.

The BLUEs of B and A in the model (3) are

Bout = B (MB'COMB’)JFX \' 1A
A = [ MXMB/VMXMB/)+ F} B F'VY(Y - Xp),
~ —1
A Ii() Ny { 2 |:F/ (1\/1)(1\/[13,\71\/[)(1\/[}3/)+ F] } .

The residual vector is

Viout = Vi — M¥n, FA-Y-X3- MY, FA
_ = _ /
N, [O,Var(v;) — MYy, FVar(A)F/ (M;(’MIB/) }

and the best estimator of o2
_ 2
s Viout V 'V out g Xn+q7(k+,«)(0)
Thowt = g~ (k+r) n+q—(k+r)
The test statistic of the hypothesis A = 0 versus A # 0 is

~1 ~
A F' (Mxm,, VMxw,, ) FA
= ) ~ Ly ntq—(k+r) (5)7
TUI,out

A'F’ (Mxm,, VMxw,, ) FA

0 = =

If T > Fyptq—(k+r)(0;1 — @), and for some *

L. 11
[{A}ir] 2 /37 g Franta- 1) 0 1—@>¢ { [ (Mxany, VM ) F| } .

then the ¢*th measurement contributes to the rejection of the null-hypothesis Hy,
thus it is outlier.
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3.2. Multivariate model

Lemma 3.2.1. In the regular multivariate model
Y ~ Nnm(Xn,kaﬁm, Y®I) (4)
(i.e. r(X) =k < n,X is p.d.) with regular constraints
GBH +G( =0 (5)

(i.e. r(G) = g < k,r(H) =7 < m) the BLUE of the matrix 3 is

=B (X'X)'G[G(X'X) " G| (GBH + Go) (H'SH) 'H'S,

N

where E = (X’X)"!X'Y (the BLUE in the model (4) without constraints (5)). The
covariance matrix of the vector vec(3) is

~

Var[vec(@)} = Var[vec(ﬁ)}

_[SHHSH)'HE] o {(X'X)"'¢'[G(X'X) 1G] 1G(X'X)"},
where Var[vec(@)] =¥ ® ((X'X)"L

Proof. It is implied by Lemma 3.1.1. It suffices to rewrite the model in the form

vece(Y) ~ Ny [T @ X)vee(B), X 1), (H @ G)vec(B) +vec(Gg) =0. O

Corollary 3.2.2. The residual matrix v; =Y — X@ is distributed as
vec(vy) ~ Npm {0, Var[vec(v)] + K} .

The matrix v; can be written as

vi = Y-XB=Y-XB+k, =v+k,,

k, = X(X'X)"'G'[G(X'X)"'G'|" (GBH + G,)(H'SH) 'H'S.

The matrices v and k; are stochastically independent and thus

Var[vec(v;)] = Var|[vec(v)] + Var(vec(k;),
Var[vec(v)] = X & Mkx,
Var(vec(k;) = K=[SHHZTIH) 'HZI] {X(X'X)'G¢[GX'X)"!

xG'G(X'X) X'} = (ZPH) © Pxx'x)-1ar-

If Tr(viv,; =71 > an(nsz)+qs(0; 1 — «) for sufficiently small «, then the mea-

sured data are not compatible with the model. (It is to be remarked that X' is a
generalized inverse of the matrix Var[vec(v;)].) On the basis of thorough inspection
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of the data genesis it is sometimes possible to decide which of data are suspicious.
Let it be made. Then the model (4) and (5) is rewritten as

A ),zm], GBH+Go=0. (6)

The indices i,, j, in the matrix E are chosen such that

vec(Y) ~ Ny [(1 © X, E) ( vec(8)

Yt 5., r=1....s,

are suspicious observations.

Lemma 3.2.3. The hypothesis Hy : A = 0 versus H, : A # 0 in the model (6)
can be tested iff
19X E\
(4 )om () -
what is equivalent to M [(I® X)Mmga)] N M(E) = {0}. The last equality can
be rewritten as
(I® X)Mmuga) = Mugx + PagxM)-

Proof. It is a consequence of Lemma 3.1.3.

O
Theorem 3.2.4. The BLUE of the vector ( VeCA(@ ) in the regular model (6) is
vec(éout)
8 b
vec@out) = vec(B) — (1 ® [(X'X)"'X'] - [EH(H'SH) 'H/]
@{(X'X)—lG’[G(X’X)—lG’]—lc(x’X)—lx'}> EA,
VEC(E) =

vee(B) - ([SHH'SH) ] @ {(X'X) G [G(X'X) ']}
x[(H ® G)Vec(B) + vec(Gyo)]

(the BLUE of vec(3) in the model (4) with constraints (5)),

vee(B) = {T® [(X'X) "X/ pvee(Y)
(the BLUE of vec(8) in the model (4) without constraints) and

A=[E (2 ©Mx + [HHSH) 'H] & Pxxox) 1) B

VE/(2! @ Dfvece(Y) — (I® X)vee(3)].
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Further
Var[vec(éout)] = Var[vec(@)]—l—A’Var(i)A,
Var[vec(8)] = Var[vec(8)] — [SH(H'SH) 'H'S]
S{(XX) GG (XX) GG (XX) 1,
Var[vec(@)] = T XX)!,
A = EE'9X) {Mage[E '@ (X'X)Muga}

- E (I ® [X(X'X)™] - PE ® {X(X'X)"'G/
><[G(X’X)*lG’]*lG(X’X)*l}),

Var(A) — [E'(z*®Mx+(Pﬁzfl)@PX(X,X),@)E}_l,

cov[vec(@O Al = —A'Var(A).

Proof. With respect to Lemma 3.1.4 it is valid

~ ~
~ =~

vee(B, ) = vee(B) — {Muse [ @ (X'X)Musa } T (57" @ X)EA.
Since

{(Mige (57" ® (X/X)]l\/IHQ@G/}+
= TeXX)'-ZeoXX)HG)

-1

x {(H’ ®G)S e (X'X) JHe G')} (H' ® G)[E o (X'X)™]
= o XX) - (ZPy) @ {X'X)T'FGX'X)T'GTIG(X'X) T,

~
N

the expression for Vec(gout) can be easily obtained. Analogously the expression

2 +_ -1

x[vee(Y) — (1@ X)vee(B)]
can be easily reestablished into expression given in the statement. Further, again
with respect to Lemma 3.1.4,

~
=

Var[vec(3

—out

2 +
)] = Var[vec(8)] + {MH®G/ = 'e (X’X)}MH(@G/} (Z'eX)

+
XEV&I‘(A)E/(Eil ® X){MH®G/ [271 & (X’X)]MHQ@G/}

and Corollary 3.2.2, the proof can be easily finished. O
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Corollary 3.2.5. The hypothesis Hy : A = 0 versus H, : A # 0, can be tested
on the base of Theorem 3.2.4. The test statistic is

o~

N 2 2 2
7= A [Var(A)] 1A ~ x2(8), &= A'[Var(A)]'A.

If the hypothesis A = 0 is rejected and it is valid

{A}] > VA2(0,1 = a)y/ {Var(Als,,

then the measurement {vec(Y)}; can be declared to be outlier.
If ¥ = 02V, where ¢2 is unknown parameter and V is a known p.d. matrix, then

o2 must be estimated and the test must be a little modified.

Lemma 3.2.6. Let

v = Y-XB B=(XX) XY,
v, = Y- XE, View =Y — Xéout - Ei
Then
vec(Vrout) = vec(vy) — {I ®Mx + (PY) ® PX(X/X)—lG/:| EA
and

vec(Vrout) ™~ Nnm{O,Var[vec(gI)] - {I ® Mx + (PX)I ® PX(X/X)AG,}
xEVar(A)E' [I® Mx + PY ® Pxx/x)1¢/] }
vec(vy) = vec(v) + vee(k;),
k, = X(X'X)'G[GX'X)'G] YGBH + Go)(H'VH) 'H'V,

v and k; are stochastically independent,
vec(v) ~ Ny im0, o?(VeMx)], vec(k;)~ Ny.m[O, UQ(VPX) ®Pxxx)-1a],

and
vec(vy) ~ Nnm{07 o’ [V ®Mx + (VPY) ® PX(X’X)*lG’} }

Proof. With respect to Theorem 3.2.4
vee(Y) — (I® X)Vec(gout) —EA =vec(Y) - I® X)VGC(@) + (I @ Px — (PY)
®PX(X’X)—1G’)E3 — EE = VGC(XI) - [I ® MX + (PXI)/ & PX(X/X)—lG/:| EE

Since v = MxY and k; is a function of B, they are stochastically independent.
Obviously

vee(k;) ~ Ny {0, o2 (VPX) ® PX(X,X)_@},
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and thus
VeC(X + k]) = VeC(XI) ~ Nnm{O, 0'2 |:V ® MX + (VPX) X PX(X’X)*lG’:| }

Since v, can be expressed as

Vec(ll,out) = {I — [I ® Mx + (PYI)/ ® PX(X’X)—lc;/] E (E/{V—l ® Mx

—1
HH(H'VH) 'H'] @ Pxxx)-1c }E) E(V'® I)}Vec(vl),

we have

Var [Vec(zl,out )

’ 1 =
= {I — |:I ® MX + (P\I-;) ® PX(X’X)*lG’:| E?Var(A)E’(Vfl ® I)}Var(v,)

1 =
X {I — (Ve I)E;Var(A)E’(I ® Mx +PY ® PX(X,X)l(;,)}.

Now the equalities
E'(V-! @ I)Varfvee(v,)](V-! @ DE = 0°E' (V*l
@M + [H(H'VH) | ® Pxxx) 16 ) B = o [Var(A)]
and
I®Mx + (PY)' ® PX(X/X)f1G/]E%Var(£)E’(V71 ® I)Var[vec(v;)]

~
~

1
= [I X MX —+ (PX)/ X Px(xlx)—lcl]Eﬁvar(A)E/[I (29 MX =+ PX &® PX(X'X)_IG’}

must be taken into account in order to obtain the expression for Var[vec(v; ,,)]- O

Corollary 3.2.7. The best estimator of o2 in the model (4), (5) is

~2 [VeC(KI,out)]I(V71 ® I)Vec(zl,out) o Tr(X/I,outXI,outvil)

O—I,out -

nm + gr — (km + s) - omn—k)+qr—s

2
g2 Xm(n—k)tar—s
m(n—Fk)+qr—s

~

and the test statistic is

~
N

Ql
A E’{V—1 ® Mx + [H(H'VH)"'H'| @ PX(X,XHG,}EA

~ Fs,m(n—k)—s(6)7

Sa?,out
A’E’{V—1 ® Mx + [H(H'VH)"'H] ® Px(xx)-1q/ }EA

0= 5

g
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Remark 3.2.8. The hypothesis A = 0 is rejected due to those measurements
{XY},, j, for which

|£ir,jr| > ZT\I,out \/SFs,m(n—k)-‘qu—s(O; 1- Oé) \/(egin) ® egf))/U(eT) ® egf)%

-1
U= [E' (V—1 ® Mx + [H(H'VH)"'H| PX(X,X)_IG,)E} .

4. PROBLEM OF VARIANCE COMPONENTS

4.1. Univariate models

Let a regular univariate linear model

Y ~ Nn(X,@, Ele 191V1), ,6 eV = {11 :b+Bu= O}, (7)
9= (91,...,9,) €9 C R,

be under consideration. Here except B also the vector parameter 9 is unknown. The
parameter space ¢ is an open set in the p-dimensional Euclidean space, 9¥; > 0,7 =
1,...,p, and symmetric matrices Vi,...,V,, are p.s.d. and known. An estimator
of the variance components ¥, ...,%,, is calculated often in an iterative way. An
arbitrary value ¥y of the vector is chosen and the ¥o-MINQUE (minimum norm
quadratic unbiased estimator; in more detail cf. [11] and [5]) 9 is determined. In
the next step this estimator is chosen instead of 9 and the procedure continues.
For the sake of simplicity in the following text it is assumed that ¢ is such good
starting point of this procedure that only one step of iteration is necessary.

Lemma 4.1.1. The MINQUE of the vector ¥ in the model (7) is

/=1 -1
VIEO V120 Vi
¥9=8"! . :
(MXMB, EOMXMB/) ey wl
VIEO V120 Vr

{S(MXMB/ SoMxmy, )+ }z i

=Tr {(MXMB/ EOMXMB/)+ Vi (Mxng, SoMxuy, )

V]:|7 iajzlv"'7pa

o = 3P 99V, v; = Y — XB, and B is the 9O-LBLUE (locally best linear

i=1"1

unbiased estimator) of the vector 3 given by Lemma 3.1.1 for C = X'E;'X. If Y

~

is normally distributed, then Varyo) (¢) = 2S(7l\1/IXMB, oM, )

Proof. Cf. [5]. O
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The problem is whether 9 can be used instead of the actual value 9* of the
vector 9.
One approach to the problem is given in the following text.

) - R o)
vi(9) = Y -—XBW) =Y —XB(W)+XC (9B
x[BC™(9)B'| "' [BB(Y) + b],
BW) = CWX'ETWY,
c®W = X'Z'9)X.

Lemma 4.1.2. Under the given notation the following relationships are valid.
P
B0 +69) = H(I0) + Zv}(ﬂo){Zz—l(ﬁo)X[MB/C(ﬂO)MB,]+
i=1
*X'S(9)V, 2L (1) — z*l(ﬁo)vizflwo)}wi
+ terms of higher orders
= ¢(¥) +1m'(99)d0 + terms of higher orders,

Ey,[n' (90)09] = —a’'(99)d¥+ terms of higher orders,
a'(Po) = [a1(Do), ..., a,(P0)],
+ .
ai(¥) = TT{ [MXMB/E('OO)MXMB,} Vz‘}7 i=1,...,p,
Var,go[n’(ﬂo)éﬁ] = 260[S[MXMB,E(ﬂO)MXMB,]+507
{S[MXMB/E(%)MXMB/V}M
+ +
= Tr{ [Mxaty, Z(90)Mxnay, | Vi Myt B30 My, | Vi
,5=1,...,p.
Proof. If the relationship
OA() ., - OAM) , ,

which is valid for any matrix regular in a neighbourhood of the vector 1, is taken
into account, we obtain the following relationships (for the sake of simplicity the
dependence on ¥ is not written).

¢ _10v _ _
5 = PAED> 18195 A SEEAVS S e
ovi opB

= - X ixc'X's 'V, 'XC'B/(BCT'B) (BB + b)
dV; d0;

—-XC 'B/(BC™'B) 'BC'X'27'V, 2 'XC !B/ (BC!B/)!
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x (BB + b) + XC_lB’(BC_lB’)_lng_ ,
aag = X lv;z ' X' X'y - ¢ IX'sTv, 2y

= —CcX'2'v;z (Y -XCIX'Z7Y)
= —CIX'Z'V, =Y - X3).
Let v=7Y — X3. Thus v; = v + XC~!B/(BC~!B/)"}(BB + b) and

vy —l~yiy—1 -1

. X X .

3, +XC lv,e Ty
+X(Mp CMgp/ )tX'S" 'V, 2" 'XC™'B(BC™'B')" (B3 + b)
+Xc—1B’(BC—1B’)—1[—Bc—lx'z—lviz—lv

= X(MpCMgp)tX'S" 'V, 2" 'XC™'B(BC™'B')" (B3 + b)
+X(Mp/ CMp/)"X'E'V, 5y
= X(Mp/CMp)"X'S7'V, 2 v,
Thus we have

dp
09;

v/ [22’1X(MB/CMB/)+X’Z}’1VZ»Z]’1 - zflvizﬂv[.

Let
A; =22 'X(Mp CMp) " X'E 'V, - x v, =1,
Thus

E <§1;Zi> = Tr[A;Var(vy)].
Since Var(vy) = ¥ — X(Mp/CMp/)"X’, we have
Tr[AVar(vy)] = Tr {22*1X(MB/CMB,)+X'E*1V7; w7l
-2 'X(Mp CMp/) " X'E7'V,; 7' X(Mp,CMp/ )X’
+E’1Vi2’1X(MB/CMB/)+X’}

- _Tr [(MXMB, SMxmy, )+V2} .

cov < 09 9¢ > = cov(ViA;vi,viAjvy) =2Tr [AiVar(VI)AjVar(vl)]

= 2Tr [(MXMB/ EMxwm,, ) ViMxm,, EMxMm,, )+Vj]

= 2 { S(MXMB, SMxm,, )+ }

Thus the statement is proved. O

2]
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Theorem 4.1.3. Let d,ax be a solution of the equation
P{Xi+q7k(0) + Omax > X72L+q7k:(0; 1-— Oé)} =a+e¢,

ie. dmax = Xpyqp(0;1—a)=x2, 1 (0;1—a—¢) and let ¢ > 0 be such real number
that P{n/69 < dmax} >1— t%, i.e.

—al69 + t\/519’2s(MXMB, EMona,, )+ 00 < G
where t is sufficiently large. Let
A= QtQS(MXMB/ My, )t aa’.
Then
59 €N = {519 L (59 — Opax At a) A (09 — OmaxAta) <02, (1+ a’A+a)}

= Pﬁo{v}(ﬁo)zfl(ﬁo)vl(ﬂo) +10'(90)69 > X7k (051 - a)} Sate

Proof. With respect to Lemma 4.1.2, when the terms of higher orders are ne-
glected,

Poy {¥1(80) 57 (90)v1(B0) + 1/ (90)09 = x2, (01— )} Sate
= P{ﬂ/(ﬂo)(m S 5max} = 1a
ie. Ey,(n'(90)09) + ty/Vary,[n'(99)00] < dmax for sufficiently large ¢. Let
t2Vary, [0 (90)09] < (6max + a’09)2.

From this inequality we obtain
5’ <2t2S(MXMB/ SMxng, )t aa’) 89 — 20maxa 69 < 62,

If a € M(A), then it can be written as

(69 — Simax At a) A (09 — SpmaxAta) < 62

max

(1+a’'Ata).

The relationship a € M(A) can be proved as follows.

The matrix (MXMB,EMXMB,)Jr is p.s.d., thus it can be written as JJ’. There-
fore
a' = [Tr(J'VJ),...,Tr(J'V,J)]

and
{S(MXMB/ ZMXMB,)+}. = Tr(J’ViJJ’VjJ), t,j=1,...,p,

i,J
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i.e. the matrix S(MXMB, SMxnmy, )t is the Gramm matrix of the p-tuple {J'V,J}Y_,

in the Hilbert space H of the symmetric 7(J) x r(J) matrices with the inner product
(A,B) =Tr(AB), A,B € H. Since

p
Tr(J'V,J) = Te(J'V,I1) = Tr (J’VZ-J 3 ajJ’ij) ,
=1

where Y7, a;J'V;J is the Euclidean projection of the matrix I on the sub-
space generated by the p-tuple {J'V;J}'_,, the vector a can be expressed as
S(MXMB/EMXMB,)+ «. Thus

ac M(S(MXMB, EMXMB/)+> = ac M(2t2S(MXMB/ SMxmy, )t T aa’),
since t? can be chosen more or less arbitrarily. |

More on the nonsensitivity regions and their optimization cf. [6, 7, 8, 9]. With
respect to these references it seems that in practice the value ¢ need not be larger
than 5; in some cases it is sufficient to use the value 3.

Corollary 4.1.4. The random variable v/ (9 4 69)X (3¢ 4 69)v (9o + 9) can
be expressed as X31+q—k(0) + 1/'(90)09 (cf. Lemma 4.1.2). If §¢ € N (Theorem
4.1.3) and

Vi (0 + 60)E L (D9 + 69)vi (D9 + 69) > X2, _4(0;1 — ), (8)

then we can conclude that outliers occur in measurement results.

The problem is how to recognize whether 9¢ + §9 = 9" (actual value of the
parameter ) satisfies the relationship 9 — 99 € N. Some information can be
obtained by a comparison of the set N and the set

C= {50:(&9—@)’ [zs-l )471 (59 — 59) < p}.

(Mxmp, ToMxmy, «

It is valid (the Scheffé theorem; cf. [12])

59 € C < V{h € RP}W' (69 — §9)| < \/gx/Varﬂ(O) (0'9)
= V{i=1,...,p}|00; — 60;| < @/Varw (W).

Ci = {61%  |00; — 60;] < \/g\/\/ar(@)}.

Then regarding the Chebyshev inequality

Let

P{éﬂng,}gg, i=1,...,p.
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With respect to the Bonferroni theorem (cf. [4], p. 492)

P{w €Mt (C; x Rp—l}

1 P{w ¢ Ul (C; x Rp‘l)}

=1

Y

If the difference
P{d9 € P (C: x R} — P{o9 e C}

is neglected, then C C N\ enables us to use 9 instead of the actual however unknown
value 9*.

If (8) is valid and 9 — 9 € N, then by the inspection of data, it is sometimes
possible to indicate suspicious of them. In this case the model

Y ~ N,

(X,F)(ﬁ),iﬂivi], b+BB =0, (9)

will be considered.

Lemma 4.1.5. Let in the regular mixed linear model (9) the statistic T'(9) =

~1 ~
= =

A [Var(A)]'A, where (cf. Lemma 3.1.4)

By
|

[F' (Mxw,, M, ) F| T FE Y - XB)

= |F' (Mxm,, SMxn,, ) F| RS MY+
+XC™'B/(BC'B’)'b]

- [F’ (Mxt,, SMx,, )" F] T (Mxn,, SMx,, )T Y

+ [F (Mxay, SMxa,, ) " F| ~ PR XC'B/(BC'B) b

be considered. Then

oT = A
. = A F'(Mxwm,, EMxwm,, )T ViMxm,, EMxm,, ) T FA
-~
—2A F'(Mxm,, EMxwm,, ) ViZ ™ vrow,
Viout = Y - XBout - FA
Proof. We have
T =~ = E =~ = E = 2
o = oA var(A) 2 - A Tvar(A)) ! DB v A)) A,
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and

1
_ [F’ (Mxn,, SMxm,, )" F} F' (Mxwm,, EMxn,, )’ Vi
—1
x (Mxmy, SMxmy, ) F {F' (Mxny, SMxuy, ) F} Fx!
(Y ~XB) - [F' (Mxu,, M, ) F| Tpsiys

oB
9,

(Y — XB) - [P/ (Mg, M, ) F} CFRX

gﬁ = a?& [B—C'B'(BC™'B')"/(BB +Db)]
a5

= (Mp/CMp)"X'E'V, X 'X(Mp CMp/ )" X'2"'Y
—(Mp/CMp)"X'27'V;27'Y - "X’ 'V, 27! XC !B/
x(BC™'B)"'b+ C7!'B/(BC'B)'BC'X'E'V,; 2 'XC™!
xB'(BC™'B’)"'b

= —(Mp/CMp)"X'E'V,=7'[Y - X(Mp CMp/ )" X'E7'Y
+C'B/(BC™'B’) ']

Mg CMgp)tX'S"'Y — C™'B/(BC'B’) " 'b|

= —(MpCMp)"X'S"'V;Z (Y — X3).
Thus

1
= {F' (MXMB/EMXMB/>+ F} F' (Mxm,, 21VIXMB,)+

xV; (MXMB/ZMXMB/> FA
- {F’ (Mxn,, SMxn,, )" } F'E v, 2 (Y - X3)

)R

+ [P (Mxay EMxaay, ) 'F'S X (Mp CMp )"
xX'Z7'V 2N Y - X,@).
Now the equality
271X (Mg CMp/) " X'S™! — (Mxn, EMxm,, ) = 271
and the relationships
View = Y-XB-Miy FA,
(Mxm,, Z1VIXMB,)+ = X IMXMB/
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can be utilized and thus

0A o .
e =- [F’ (Mxp,, SMx,, )" F} F'S My, ViZ  Viou
3
The rest of the proof is elementary. |

Let in the following text the notation

A =F (MXMB/EMXMB/)+ Vi (MXMB/EMXMB/)+ F

and i
B, = F (Mxm, EMxwm,, )" V,Z7'

be used. Then

~

T ~1 =/
:;9. =—-A AA —2A By out-

It is to be remarked that A and VI.0ut are stochastically independent.

Lemma 4.1.6. Let ' = 2L Then

o9’
E(n'é9) = -a'éd,a’ =(ai,...,a,),a;, =Tr(ZV,;),i=1,...,p,
—1
Z = (Mxny EMxn )" F[F (Mxor, EMxa,, ) F|
xF' (Mxny, SMxn,, )
Var(n/&ﬁ) = 519’(4C(MXMB/ SMxmy, )t Z ~ 282)5’19,
where +
{C(MXMB, EMXMB,)+,Z}ij = Tr[(MXMB/ EMXMB/) ViZVg},
7;7j = 17"‘7p7
{sz}_ = TH(ZVIZV,), ij=1,....p.
1,3

Proof. If the null hypothesis on outliers is valid, i.e. A = 0, then

oT
b (fwi) =

= —Tr[AiVar(E)]

TR

= —Tr{F/ (MxMy, EMXMB/)+ Vi (Mxmy, EMxmy, )
/ + -t
X [F (Mxn,, SMxa,, ) F}

-1
_ —Tr{ (Mxm,, SMxm,, )" F [F’ (Mxar,, SMxuy, ) F}

XFI (1\/[)(1\/[}3,231\/[)(1\/[13,)Jr Vz} = —TY(ZVZ)
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Thus E(n/69) = —a’éd.
Further

o or or
v — —
89, 9,
N ~ N =/
= COV(—A AlA —2A BivLout, —A AJA —2A BjVI,out)

-~ ~ ~ o~
= = = =

2Tr[A;Var(A)A;Var(A)] + 4Tr[Var(A)B;Var(A)Bi].

Since R 1
Var(A) = [F' (Mxu,, SMxu, ) F|
and
Var(viou) = = (Mxm,, SMxmy, ) S — BZE,
we have

o or orT
v 2L 9
99," 99,
= QTY{F/ (Mxmy, 21VIXMB,)+ Vi (Mxmy, 21VIXMB,)+

-1
< F [F’ (Mxn,, SMxn,, )" F} F' (Mxm,, SMxm,, )"
—1
<V (Mxn,, EMxn,, ) ' F [F’ (Mxar,, SMxy, )+ F} }
+4Tr{ = (Mxy, SMxu,, ) © 5 - 223[ 271V,

—1
x (Mxmy, SMxm,, ) F [F’ (Mxnr,, SMxuy, ) F F]

xF' (Mxn,, SMxmy, ) VZ-E_I}
= 2TY(ZV,ZV,) + 4Tr{ [2 (Mxp,, SMxp,, ) S — 222}

levjzvizl}
= 9T(ZV.ZV;) + 41&[ (Mxnt,, EMx,, )T V5 zvl} — ATY(ZV,ZV)
= —2T(ZViZV,) + 4Tr| (Mxm,, SMxu,, ) V2V,
The rest of the proof is elementary. O

Now, analogously as Theorem 4.1.3, the following theorem can be stated.
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Theorem 4.1.7. Let d,a¢x be a solution of the equation P{Xi+q—(k+s) + Oax >
Xquf(,m)(o; 1—a)} = a+eand let t > 0 be such real number that P{n’'éd <

Smax} = 1 — 7, i.e.

200 + /09 (40 Mxary, SMxnag, )7 — 252)59 < b
for sufficiently large t. Let
A= t2(4C(MXMB, My, )2 — 252) — aa’.
Then
59 € Nows = {09 : (60 — Grpax AT a) A(09 — dpaxAta) < 02, (1 +a'Aa)}
~ Pu (A (690 + 59)F [Mxa,, S(90 + 69 MXMB,T FA (9 + 60)

> X b (01— @)} <a+te

4.2. Multivariate model

The problem to find a nonsensitive region in the regular multivariate models with
constraints

P

(T X)vee(B), Y 0:(V: @T)

i=1

vec(Y) ~ Ny, ,(H' ® G)vec(B) + vec(Go) =0

and

vec(Y) ~ Npm

(1®X,E)(Vec ) Zﬁ (V;®1)

(H' @ G)vec(B) + vec(Go) = O,

respectively, is quite similar as in the preceding section. That is why only statements
with short comments are given as follows.

Theorem 4.2.1. Let §,.x be a solution of the equation P{Xim+qr7km + Omax >
Xomiqr—km(0;1 —a)} = a+ ¢ and let ¢ > 0 be such real number that P{n'é¥ <
(smax} Z ]- - tiz,

p
79 = Z{ZTr[v'IPXVIE_lviE_l—V’IPX(X/X)1G/v12_1Vi2_1

i=1

xHH'SH)'H'| - Tr(v,v, 271V, =71) 3 69;,
X7

i.e.

—3/6’19 + t\/51_9'2 [(n — k)SE—l + qSH(H/EH)*lH/} 69 < 6maxa

a' = (a,...,a,),
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{szfl}ij = T(EVETWVY), ij=1,....p,
{SH(H,EH)AH,}M - Tr{H(H’EH)’1H’V,»H(H’EH)’1H’V]},
iji=1,....p,
a; = Tr<{21 ®@Mx + [HHZH) ' ® PX(X/X)l(;/}
X(Vi®1)>
= (n—k)Tr(Z7'V,) + ¢Tr[H(H'SH) 'H'],
i=1,....p,

where t is sufficiently large. Let

A = 2t2 |:(n — k)SZ—l —+ qSH(H'ZH)_lH':| — aa/.
Then

59 €N = {519 L (89 — Gmax At a) A(60 — SmaxAta) < 02, (1 + a'A+a)}
=
P{Tr[g}(z?o +69)v, (90 + 60)S 1 (9o + 5&)} > X rar o (051 — a)} <ate.

Proof. It is sufficient to take into account Theorem 4.1.2, the following relation-
ships
! p / -1 -1 / +
n'e9 = > [vec(vy)] (257 e DI® X){MH®G, Z e (X X)]Mnm}

i=1

XxXIXNZ'oD)(V;oD)(Z 'l — (7 'aI)(V;oI)

x(Z'® I))VGC(V1)519i
P

=Y {QTr {ggpxglzflvizfl ~ V/Pxxx)-1qv,E ' V;H
=1

X (H'ZH)_lﬂ’} — Tr(g’lglzflvizfl }51%,

a; = TI‘{

— Tr({E_l ® Mx + [HH'SH)'H] ® PX(X,X)AG/}(VZ. ®1)
= (n—-kKTx(Z'V;) + ¢Tr[HH'ZH) 'H'V,],

+
Magx)Mygpe (Z® I)M(I®X)MH®G/] (Vi® I)}
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and

{S{M<I®X)MH®G/ ESNMugxymy oot }Z ;

= Tr ({21 ®Mx + [HH'ZH) 'H] ® PX(X,X),IG,}(VZ- ® 1)

x{Efl ®Mx + HH'EZH) 'H'| ® Px(x'x)flc'}(vj ® I))
- Tr{(zrlvizrlvj) ®Mx + [HH'SH)"'H'V,;HH'SH) 'H'] V]
®PX(X’X)*1G’}

= (n—kTx(Z7'V;27'V,) + ¢Tr[HH'SH) 'H'V,HH'SH) 'H'| V]

= {(TL — k)SE—l -+ qSH(H'EH)lH’} . 0O

2%}

Corollary 4.2.2. If ¢ € N and Tr(v/;v; 57" (9)) > X2, gp_sm (0;1 — @), then
some outliers can occur in the measurement. Analogously as in preceding sections
the model

)

vec(Y) ~ Npm,

19X, E) ( veld) ) SV e
i=1

(H' @ G)vec(B) + vec(Gg) = 0

will be considered. Let

+
U = [M(1®X)MH®G, (Z® I)M(I®X)MH®G/}
= ¥ '@Mx + HMHIH) 'H]® Pxxx)-1a
and Z = UE(E’UE)!E'U. Then the following theorem can be proved analogously
as Theorem 4.2.1.

Theorem 4.2.3. Let dmax be a solution of the equation P{x2,, . mi_s(0) +
Omax > Xierqr,mk,s(O; 1—a)} = a+e¢eandlet ¢ > 0 be such real number that

-~y 2112
P{n'59 < dpmax} = 1, where ' = (8;5’19) ey 8(,%;9)) T =A [Var(A)} A and

aT(ﬂ) N / A N / -1
59, = —AEU(V;®I)UEA - 2A E'U[(V;X7") @ IJvec(Vr oyt )-
It means E(n'é9) + ty/Var(n'09) < dmax for sufficiently large ¢,

E(n'é9) = -—a'éd, a' = (a1,...,q,),
a; TY[Z(V; ®1)], i=1,...,p,
Var(n'69) = 69(6Sz +4Cy z)d9.
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Let
A= t2(4CU’Z — QSz) — aa’.

Then
59 € Ny = {519 (09 — Gmaxc At a) A(60 — GnaxAta) < 02 (1 + a'A+a)}

= Py, {3(50 + 60)(E'UE); ", 59 A (00 + 68) > X2, qr oo (051 — a)} <a+e.

ACKNOWLEDGEMENT

This work was supported by the grant of the Council of Czech Government MSM 6 198 959 214.

(Received April 26, 2005.)

REFERENCES

[1] T.W. Anderson: Introduction to Multivariate Statistical Analysis. Wiley, New York
1958.
[2] V. Barnett and T. Lewis: Outliers in Statistical Data. Wiley, New York 1994.
[3] R. Gnanadesikan: Methods for Statistical Data Analysis of Multivariate Observations.
Wiley, New York — Chichester — Weinheim — Brisbane — Singapore — Toronto 1997.
[4] K.M.S. Humak: Statistische Methoden der Modellbildung, Band I. Akademie Verlag,
Berlin 1977.
[5] L. Kubacek, L. Kubackovd, and J. Volaufova: Statistical Models with Linear Struc-
tures. Veda, Bratislava 1995.
[6] L. Kubacek and L. Kub4ckova: Nonsensitiveness regions in universal models. Math.
Slovaca 50 (2000), 219-240.
[7] E. Lesanska: Insensitivity regions in mixed models (in Czech). Ph.D. Thesis. Faculty
of Science, Palacky University, Olomouc 2001.
[8] E. Lesanskd: Insensitivity regions for testing hypotheses in mixed models with con-
straints. Tatra Mt. Math. Publ. 22 (2001), 209-222.
[9] E. Lesanskd: Optimization of the size of nonsensitivity regions. Appl. Math. 47 (2002),
9-23.
[10] C.R.Raoand S. K. Mitra: Generalized Inverse of Matrices and Its Applications. Wiley,
New York 1971.
[11] C.R. Rao and J. Kleffe: Estimation of Variance Components and Applications. North—
Holland, Amsterdam 1988.
[12] H. Scheffé: The Analysis of Variance. Wiley, New York 1959.
[13] K. Zvéra: Regression Analysis (in Czech). Academia, Praha 1989.

Lubomir Kubdcek, Department of Mathematical Analysis and Applied Mathematics, Fac-
ulty of Science, Palacky University, Tomkova 40, 779 00 Olomouc. Czech Republic.
e-mail: kubacekl@aiz.upol.cz.



		webmaster@dml.cz
	2015-03-29T14:07:13+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




