Kybernetika

Martin Kalina; Ol'ga Nanasiova
Conditional states and joint distributions on MV-algebras

Kybernetika, Vol. 42 (2006), No. 2, 129--142

Persistent URL: http://dml.cz/dmlcz/135704

Terms of use:

© Institute of Information Theory and Automation AS CR, 2006

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/135704
http://project.dml.cz

KYBERNETIKA — VOLUME 42 (2006), NUMBER 2, PAGES 129-142

CONDITIONAL STATES
AND JOINT DISTRIBUTIONS ON MV-ALGEBRAS

MARTIN KALINA AND OL'GA NANASIOVA

In this paper we construct conditional states on semi-simple MV-algebras. We show
that these conditional states are not given uniquely. By using them we construct the joint
probability distributions and discuss the properties of these distributions. We show that
the independence is not symmetric.
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1. INTRODUCTION

It is a well-known fact that the classical probability space (2, S, P) is a measurable
space with a fixed normalized measure (probability measure). This model was in-
troduced by Kolmogoroff in [9]. Afterwards he published a paper [10] on conditional
probability measures. These conditional probability measures are in fact derived
from the original one, P, restricting the o-algebra S. This system has been studied
by many authors till nowadays.

Except of this (Kolmogorovian) model, also normalized measures (states) on more
general structures, such as von Neumann algebra, Hilbert space, quantum logic
(orthomodular lattice with states), etc. have been studied, e.g., in [1, 5, 7, 8, 12, 13,
15, 18, 25]. In 1958 and 1959 Chang published his papers [2, 3] where he introduced
the notion of an MV-algebra. An MV-algebra (or, more precisely, a semi-simple
MV-algebra) is in fact an algebra of fuzzy sets.

One of the basic problems on all those general structures is a correct definition of a
conditional state in such a way that, in the special case when the structures coincide
with the Boolean algebra (i.e. if we work with the classical probability space), we
would get the same results as those achieved in the Kolmogorovian models.

Our approach is based on a convex combination of some special states. This
model, on a quantum logic, was utilized in the paper [16]. It was shown there that,
in the case of a Boolean algebra, it gives the Full Probability Theorem. But notions
as independence or joint state (joint probability distribution on (2, S, P)) have, in
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some sense, the time-axis incorporated in themselves. However, this is not possible
in classical models.

In this paper we define the conditional states on semi-simple MV-algebras using
the above mentioned convex combinations. Using these conditional states we define
the joint states. It is shown in this paper that it is possible to define the joint states
also on MV-algebras which are not necessarily closed under product (in fact, which
are sub-MV-algebras of the so-called product MV-algebras). For results achieved on
product MV-algebras, see e.g. [6, 11, 19, 20, 21, 22, 23].

2. PRELIMINARIES

Definition 1. An MV-algebra is a 5-tuple (M, @, *, 0, 1) such that (M, ®, D) is an
Abelian monoid and moreover

o =1

o I*=1

e xrdl=1

e @@y By=(y D) D

Moreover for all z,y € M we can define

rOy = (Foy")"
rAy = (z@y")0Oy
rVy = (z0y") Sy

and then (M,V,A,0,1) is a bounded distributive lattice with its top and bottom
elements 1, (), respectively.

Example 1 (system of functions). Denote by M a system of [0; 1]-valued func-
tions, which are closed under the following operations

(fog)@) = min(l, f(z) + ()
(foo)@) = max(0, f(z)+g(x) ~ 1)
(1) = 1-f()

and such that 0 € M. Then M is an MV-algebra (see [3], also [24]).

Definition 2. Let M be an MV-algebra. A function v : M — [0, 1] is said to be
a state iff (1) = 1 and

VigeM: g<1-f = v(feg) =v(f)+vig).

Definition 3. Denote M an MV-algebra and let v : M — [0, 1] be a state. Events
fsg € M will be called v-orthogonal if v(f A g) = 0.
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Definition 4. Let M be an MV-algebra. f € M will be called crisp, if

FAF=0.

An element, which is not crisp, will be called unsharp.

Definition 5. Denote M an MV-algebra and let v : M — [0, 1] be a state. We say
that v : M x M — [0,1] is a conditional state if and only if the following conditions
are fulfilled for all f,g € M:

(C1) if v(g) > 0, then «(.|g) is a state

(C2) v(f) = vig(flg) +v(g")V(flg")
(C3) if f, g are v-orthogonal to each other, then v(f|g) = 0.

Definition 5 immediately implies the following
Lemma 1. Any g € M, such that v(g) > 0, holds y(1]g) = 1.

Lemma 2. Denote M an MV-algebra and let v : M — [0,1] be a state. Let
g € M be a crisp element. Then ~(+|g) is given uniquely.

Proof. If v(g) = 0, then f and g are v-orthogonal and hence v(f|g) = 0 by
property (C3) of Definition 5.

If v(g*) = 0, then v(g) = 1 and we get v(f|lg) = v(f) by property (C2) of
Definition 5.

Otherwise, g € M is a crisp element, hence g and g* are orthogonal and we get
for each f € M

f=Ung @ Ag)
The orthogonality of g and g* implies

Y(f Aglg™) =~(f Ag*lg) = 0.

Hence
v(f N g) oy _ VU AGT)
I Aglg) = ———, INGlg") = —F7+—
Wt gl = ZLED (s ngle = 2L
The additivity of v(:|g) implies the uniqueness. a

Denote (£2,S, 1) a space with measure. In the whole paper M will denote an
MV-algebra of S-measurable functions from € to [0,1], containing some unsharp
elements.

Denote v(f) = [ fdu, then v is a state on M, i.e.

vifog) =vif)+vlg) if f<(I-g). (1)
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3. CONSTRUCTION OF CONDITIONAL STATES ON MV-ALGEBRAS

Notation. Denote F the system of all S-measurable functions f : Q@ — [0,1]
(i.e., F is an MV-algebra with product) and 7 the system of all transformations
7 : M — F such that for each f € M

L [ fdu=[r(f)dn

2. for any = € Q such that f(z) =0 or f(z) =1 the following holds

(r(f)() = f(z)

3. (r(f)N(w) =1 = (7(f))(x).

We will assume that there is some element f € M and some transformation
7 € T such that 7(f) # f.

Theorem 1. Let 7 € 7. Define for any f,g € M
W if 0<uv(g)<1
1(flg) = Tk 2)
0 if v(g) =0.

Then 7 is a conditional state.

Comment 1 (to Theorem 1). It might seem that the condition
7(flg) = 0if v(g) =0

is not necessary. However, it is a consequence of the condition (C3) in Definition 5.

Proof of Theorem 1. First, assume that v(g) = 1. Then, by the properties
of 7 € T we get 7(g) = g v-almost surely and hence

1Sl = [ 17 du= [ £

This means ~(.|g) fulfils all properties of a conditional state from Definition 5.
Assume now 0 < v(g) < 1. We must prove that condition (C2) holds for v(.|g).
The right-hand-side of Condition (02) gives

Jf-r@du ff .
¥(6) [rodn T dn /f d/”LJr/f

since the transformation 7 preserves the state v. Then we get

[rr@ant [1r@an= [ £r@dut [1-0-r@)an= [ ran=v)

Property 2 of transformations from 7 gives v(f|g) = 0, or v(f|g*) = 0, if f and g,
or f and g* are v-orthogonal, respectively. This concludes the proof. O

Throughout this paper we will always denote by ~(.|.) the state given by formula

(2)-
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Comment 2. The transformation 7 can be understood as the way how we handle
the vague information (we do not transform values 0 and 1 of g in v(:|g)) we are
apriori given by the condition g.

Definition 6. We say that event f is independent of g with respect to a conditional
state v iff v(f) =~(flg)-

Comment 3. As we will see in the next example, the independence of event f on g
does not imply the independence of the event g on the event f. This nonsymmetric
relation of independence allows us to distinguish between a cause and its effects.
Similar results concerning the orthomodular lattices have been achieved also by
O. Nénésiovd in [14, 15, 17, 16].

Next example shows how the independence works.

Example 2. Let = [0;1] and p be the Lebesgue measure. Let 7 be the trans-
formation given by

1 | |
(r(f)(=) W A(f)fd” iff f(z) €]0.5;1]
mB(F) /B(f) fdp iff f(z) €]0;0.5]

f(z) therice

where A(f) = {x € Q; f(z) €]0.5;1[} and B(f) = {x € Q; f(z) € ]0;0.5[}, provided
w(A(f)) #0, u(B(f)) #0. If e.g. u(A(f)) =0, we can put any value to (7(g))(z)
for x € A(f).

Take f(x) = 2 and g(x) = 52. Then we get

0.25 iff 2 € ]0;0.5]

(r(f)(x) =4 0.75 iff 2 €]0.5;1] (r(9))(z) = { 0.25 iff 2 € ]0; 1]

. x otherwise.
x otherwise
Now, compute the conditional state
Jo £ -7(9)dn
(flo) = ——F————=05=v(f)
RAvAL] folgd,u v
1
v(glg) = W =0.25 = v(g)
Jog-m(Hdp 5
= —=— "~ = — +#yp(g)=0.25
v(9lf) T rdn 679
1
-7(f)d
sy = A LTI By s

fol fdp 8
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Hence we get that f is independent of g and also g is independent of itself. On the
other hand, g is dependent on f and f is also dependent on f.

The definition of the conditional state v, formula (2), immediately gives the
following:

Theorem 2. (a) Let f € M be p-almost surely a constant function. Then
V1) = v(f)

(b) Let 7 € T. Then the following holds: if 7(f) is u-almost surely a constant
function, then y(f|f) = v(f).

Comment 4 (to Theorem 2). Event f depends on g, roughly speaking, if the
knowledge that g has occurred, gives an additional information on f. If f is constant
then, whatever g is, we have no additional information on f — even if g and f are
the same elements! In fact, it is just a generalisation of that what happens in a
Boolean algebra. 0 and 1 are the only constants there and they are independent of
themselves.

Once having defined the values v(f|g) for any pair f, g of elements of the MV-
algebra M, we can define also the two-dimensional joint distribution on M x M —
the measure (probability) of occurrence of this pair f, g.

Definition 7. The joint distribution of a pair f, g € M will be denoted by p(f, g)

and defined as
p(f.9) =v(flg)r(gl1) (3)

If v is defined as in Theorem 1 we get from formulas (2) and (3)

p(f.9) = / fr(g)du, (4)

where 7 is a given transformation from 7. Particularly, if 7 is the identity, we get

p(f,9) = /fgdu

which is the joint distribution, additive in both variables. In general f -g ¢ M.
However, it is possible to compute that value, since f - g € F.

Comment 5. The joint distribution is not an intersection of f and g, since in
formula (4) we use a transformation 7. In fact, it represents the interaction of f and
g. And the interaction can be different if we change the order.
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Theorem 3 (basic properties of p). Let p be a joint distribution on the MV-
algebra M and f, g be any elements of M. Then

1. p(fvl) :p(17f) :V(f)
2. p(f,g9) =plg, f) =0, if f and g are v-orthogonal
3. max{0,v(f) +v(g) — 1} < p(f,g) < min{v(f),v(g)}.

Particularly
max{0,2v(f) — 1} < p(f, f) < v(f)
4. p(f1 © f2,9) = p(f1,9) + p(f2, 9) it f1(z) + fo(z) < 1 for any z € Q.

Proof. We show the property 3. p(f,g) = [ f - 7(g) du, hence
p(f,9) < min{v(f),v(7(g))} = min{v(f),v(g)}

since the transformation 7 is measure preserving. Similarly,

p(f,9) 2 v(f) +vir(g) —1=v(f)+v(g) -1
since p is a joint probability distribution of f and 7(g).
The proof of the other properties is straightforward given by formula (4) and by
the properties of the transformation 7. O

The next example shows that the variables of p need not commute, i.e., for a
suitably chosen transformation 7 there exist elements f,g € M such that p(f,g) #

(g, f)-

Example 3. Assume that Q@ = [0;1] and p is the Lebesgue measure. For any
element f of M let the transformation 7 be defined by the following

0, if f(z)=0

1, if f(z)=1

aamy Jac f(@) dulz)
otherwise

where A(f) = {z;0< f(2) <1} (of course, the last item holds provided u(A(f)) > 0).
Let f(z) = z and g(x) = max{0,2—0.5}. Then

0, ifz=0

(T(/)(x) =

. 0, ifz <0.5
T =4 L =1 ((9)(@) _{ 0.25 ifz > 0.5.
0.5 otherwise
Then
1 1 1
p(g, f) = / 0.5gdp = 0.5/ (0.5 —z)dp = —
0 0.5 16
! 13 3
— 2 d = —_—— = —
p(f,9) /0'50 brdp= 0=
1

P, f) = /0 0.5 dp = |

p(9,9)

Il
S—
>
o
)
S
—
&
\
o
&
o
=
1
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4. CONDITIONING WITH MORE CONDITIONS

If we add one dimension to the conditional state, we get three-dimensional condi-
tional states. They can be of two different types. Either we condition two elements
of the MV-algebra M by a third one, or we condition one element by two other ones.
These two, in fact different states are linked to each other. This is the reason, why
they are defined in one batch. Their definition is the following:

Definition 8. Three-dimensional conditional states 2,1 : MXMxM — [0, 1] and
v,2: M XM x M —[0,1] are defined by the following formulas (f1, f2, f3 € M):

Yo (f1, f2[1) = v2.1(f1, fol fa)v(fa) + 21 (fr, fol £3)v(f35)
Y2(f1ll, f3) = ma2(filfe; f3)v2.1(L, fal f3) +yi2(filfs, f3)vea (1, f3|f3)
Y2,1(f1, folf3) = y2(filfe, f3)v2,1(1, fal f3)
with the following properties:
1. y1,2(:|f2, f3) : M — [0,1] is a state

2. v2,1(5, 1) : M x M — [0, 1] has the properties of two-dimensional joint distri-
bution

3. if v(fi A fa A f3) =0, then vo 1 (f1, f2|f3) = 71,2(f1]f2, f3) = 0.

Theorem 4. Let 71,7 € 7 be some transformations. Then v; 5 : M x M x M —
[0,1] and 72,1 : M X M x M — [0, 1] defined by

71,2(g|f17f2) = S r(f1)m2(f2)dp if f'rl(:fl) TQ(fQ) dp 75 0 (5)
0, otherwise
Jon(f)r(f2)de ¢ d 0

V2,19, filf2) = TrUde > L sz(fz) [ # ©)
0, otherwise

are three-dimensional conditional states.

Proof of this statement is just a slight modification of that of Theorem 1. That
is way it is omitted.

For the conditional state 1 2(+|-, ) the following holds

Lemma 3. Let v; 2 be a three-dimensional conditional state defined by formula 5

and let g, f1, f2 be any elements of M. Then, in general, v1 2(g| f1, f2) # 71,2(g|f2, f1)-
Particularly, there exist transformations 7,79 and elements g, f; such that

’71,2(9\1, f1) # 71,2(9|f17 1).

We have v12(g|1, f1) # 71.2(glf1,1). Of course, in each of these two cases we
can omit 1 and get (two-dimensional) conditional states (defined by Definition 5).
However, these conditional states are different. By using the three-dimensional con-
ditional states, we can define a three-dimensional joint distribution
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Example 4. Assume that Q@ = [0;1] and p is the Lebesgue measure. For any
element f of F let the transformation 7 be defined by the following

f(z), if f(z) € {0,0.5,1}
(ra(P)(@) = 4 5dgy Jacy F@) duz), 0 < f(z) < 0.5

mf]g(f) fl@)du(x), if0.5< f(x) <1,

where A(f) = {z;0 < f(z) < 0.5}, B(f) = {x;0.5 < f(z) < 1} (of course, the last
two items hold provided p(A(f)) > 0 and p(B(f)) > 0).
Further, put

(n(ﬂxxy:{ @), if f(z) € {0,1}

ey Jop @) du@), i 0< fz) <1

where C(f) = {z;0 < f(x) < 1} (the second item holds provided u(C(f)) > 0).
Let f,g,h € M be the following functions: g(x) = z,

x iz <0.5 0 if 2 <0.5
f(@) {1—x,ﬁx>05, (z) {2@—0@,ﬁx>05

Then
0.25, if 0.5 <z < 0.75
(ro(h))(z) = { 0.75, if0.75<z <1
h(z), otherwise
0.25, if0<z<05
(r2(g))(x) =< 075, if05<z<1
g(z), otherwise
1, ifz=1
(r(9))(=) = { %7 otherwise
0, ifz<05
(m(h)(z) =< 3, f05<z<1
1, ifzr=1
Hence 5 1
71,2(flg, h) = 6 Y1,2(flh. g) = 1= v(f),
i.e. f is dependent on the pair (g, k), but independent of (h, g).

Definition 9. The three-dimensional joint probability distribution, p3 : M x M x
M — [0,1], will be defined by

p3(f1, fo, f3) = v.2(f1lf2s f3) - 21 (1, fal f3) - 1,2(f3]1,1).

Basic properties of p3 are the following:
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Theorem 5. Let p3 be a three-dimensional joint probability distribution and let
f1, f2, f3 be any elements of M. Then the following hold

L ps(f1,1,1) = ps(L, f1,1) = p(L, 1, fr).
2. In general, any two permutations of arguments in p3 may have different values.
Particularly, there exist transformations 77, 75 and elements f1, fo such that

p3(1, f1, f2) # p3(f1, 1, f2) # p3(f1, f2,1).

3. p3 is additive in the first variable.
4. If any two elements out of fi, fo, f3 are v-orthogonal, ps(f1, fa, f3) = 0.

Proof. In fact, ps(fi1, fo, f3) = [ f1 - 71(f2) - 72(f3) dp where 71,70 € T. If we
choose elements f1, fo and transformations 7y, 7o in such a way that

H#n(fr), fo#71(f2) # 12(f2),

p3(17f1af2) %p3(f17 17f2) 7& p3(f17 f27 1)

All the other properties are straightforward, implied by the properties of transfor-
mations from 7. O

we get

Comment 6. In Theorem 5 we have ps(1, f1, f2) # p3(f1,1, f2) # p3(f1, f2,1).
We can omit 1 in p3(fi,1, f2) and ps(fi, f2,1), and get two-dimensional joint dis-
tributions. But if 71 # 79, in each case we get a different two-dimensional joint
distribution. However, if we put p(f1, f2) = ps(1, f1, f2), then p is not additive in
the first variable.

Comment 7. The fact that the order of the conditions can influence the value of
the corresponding conditional state — and hence also the dependence or independence
— may be important by time series analysis.

4.1. Some special transformations

In this section we show some special transformations by using of which the corre-
sponding conditional states <21 and the three-dimensional joint distributions are
monotone. In what follows, for each f € M, we denote f : 0 x [0, 1] the two-place
function given by

f(@,y) = f(2).

A will denote the usual Lebesgue measure.

Notation. Let F» denote the system of all functions from  x [0,1] to [0, 1].
We denote £ the family of all transformations n : M — F fulfilling the following
properties for all f € M and all z € Q:

1. (n(f)) (z,-) : [0,1] — [0,1] is a Lebesgue measurable function;
2. f(2) = Jy () () Mdy);
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3. if for any g € M f(z) > g(x) then for all y € [0,1]

(n(f)) (z,y) = (n(9)) (2,);

)
4. if f(z) € {0,0.5,1}, then (n(f)) (2,y) = f(2);
5. if f(z) < 0.5 then for all y € [0, 1]

() (@,y) =1 = (0(f)) (z,y).

Theorem 6. Let n2,m3 € £ and y12: M X M x M — [0,1] and v21 : M x M X
M — [0, 1] be defined by

[ S Fima(f2)ms(f3) dXhdu .
Y12 (f1lf2, f3) { S n2(f2)n3(fs) dp ’ lff772 (f2) -m3(f3) du #0 (7)

0, otherwise

L Jo Fome(f2)ms(fs) dAdp .
V2,1 (f1, folf3) = { : T fsdp , i [ f3du#0

0, otherwise.

(8)

Then ~; 2 and 7, ; are three-dimensional conditional states with the following prop-
erties:

Y2(filfe,1) = m2(f1l1, f2)
Y2,1(f1, f211) = 2.1(f2, f1[1)
Yo (f1; falf3) #  ve1(f2, filfs)

v2,1(+,+|-) is additive in the first and monotone in the second variable.

Proof. In fact, we have embeded the MV-algebra M into an MV-algebra M
by putting Q = Q x [0,1]. Le., 71,2 and 2,1, just defined, are conditional states in
the sense of Definition 8. The monotonicity of v, ; in the second coordinate is given
by choosing the transformation 7, € £. Furthermore, for any fi, fo € M and any
x € Q we get

1 ~
/0 fi(@,y) - (n2(f2))(@,y) Mdy) = fi(z) - falz).

This implies the propertis of v; 2 and 72 1. O

Example 5. Let Q = [0,1] and p the Lebesgue measure. Put fi(z) = 0.5, fa(z) =
0.75, fs3(x) = 3(z +1). Let the transformations 72,73 € € be the following

9(), if g(x) € {0,0.5,1},
(n2(9)) (z,y) = 3 (1+(1-y)7), if g(x) €]0.5,1],

1-2(1+(1—y)?), ifg(z)€]0,0.5],

g(x), if g(x) € {0,0.5,1},
(n3(9)) (z,y) = s(1+v7), if g(z) €]0.5,1],

1-1 (1 +y*), if g(z) €]0,0.5],
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where L= 2 —2g(x)
C2g9(x) -1
Then 3
Y2,1(f1, foI1) = v2.1(f2, fill) = 3
Y2,1(f1, f2lf3) = %-Fhl?? =0.274
Y2,1(f2, f1lfs) = % = v2,1(f2, f1]1). U

As a corollary to Theorem 6 we get the following:

Theorem 7. Let ny,m3 € &, 721 : M X M x M — [0, 1] be the three-dimensional
conditional state, defined by formula (8) and let p3 : M x M x M — [0, 1] be defined
by

p3(f1, f2, f3) = v2,1 (f1, folf3) - 72,1 (1, f3]1).
Then p3 is additive in the first variable and monotone in the second and third vari-
ables. Moreover, the following hold for the two-dimensional marginal distributions

o p3(f1, f2,1) = p3(fo, f1,1) = p3(f1, 1, f2) = p3(fa, 1, f1)

e p3(1,-,-) is monotone in both variables, but in general, they do not commute.

5. SOME COMMENTS CONCERNING OBSERVABLES
AND THEIR JOINT DISTRIBUTION

First we recall the definition of a tribe and of an observable (see [4]).

Definition 10. An MV-algebra M will be called a tribe iff for any non-decreasing
sequence of elements {f;}52; the following holds

\/fi:fEM-
i=1

From now on we will assume the MV-algebra to be a tribe.

Definition 11. An observable is a mapping A from Borel sets B into the MV-
algebra M such that

e \(R)=1
o If ANB =0, then \(AU B) = A(A4) ® \(B) and A(4) < A(B)*
o« If A, / A, then A(4,) /' A(A).

In a natural way for each observable A\ we can define also its cumulative distribu-
tive function F and its expectation E(\) by

Fx(z) = v (A(] = 003 2]))
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E(\) = / xFy(dx)
(provided that it exists.)
Making a parallel to the joint distribution p from Definition 7, we can define the
joint probability distribution Py , for any pair of observables A and ~ by

P)\,H(A7 B) = p(A(A), ’%(B))

where A, B are Borel sets. This can be interpreted as the measure of interaction of
the observables A and x. The basic properties of Py, can be just rewritten from
Theorem 3. It is also possible to define the mean interaction of the observables A
and k, denoted by C(\, k), as follows

com = [ N / (@~ BO)(y — B(x)) Fn(da, dy)

where F) (2,y) = Py «(] —00; 2],] —00;y]) is the joint cummulative probability dis-
tribution. The investigation of the joint probability distributions (the interactions)
of observables and of the corresponding mean interactions will be the topic of a
next paper. Here we would like to point just to one very important property of the
introduced notions, namely to the non-commutativity of the variables (observables)
in the joint distribution Fj . and in the mean interaction C(A, k).
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