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KYBERNETIKA — VOLUME 39 (2003), NUMBER 4, PAGES 461 -481

NECESSARY AND SUFFICIENT CONDITIONS
FOR STABILIZATION OF EXPANDING
SYSTEMS SERVOMECHANISM PROBLEMS

DIBYENDU BAKSI, KANTI B. DATTA AND GOSHAIDAS RAY

The problem of designing realistic decentralized controller to solve a servomechanism
problem in the framework of “large scale systems” is considered in this paper. As any large
scale system is built by expanding construction of one subsystem being connected to the
existing system. In particular, it is desired to find a local stabilizing controller in terms of a
free parameter (belonging to the ring of proper stable transfer functions) so that desirable
properties of the controlled system, such as tracking and/or disturbance rejection for any
arbitrary deterministic signal along with stabilization of the expanded overall system occur.
An algorithm for designing such a free controller parameter is presented. The necessary
and sufficient conditions for the existence of solutions to the Expanding Systems with
Tracking and/or Disturbance Rejection Problem are established here and characterized
the corresponding full set of stabilizing controllers that solve the problem. A numerical
example is presented to illustrate the design procedure of the proposed controller for the
Expanded System.

Keywords: expanding system, stabilizing controller, disturbance rejection, tracking, stable
rational functions
AMS Subject Classification: 93A15, 93D15, 93C95

NOTATION

e (. denotes the closed right half plane and C. denote the extended right half
plane (i.e., Cy = CLU{o0}).

e R, denotes the ring of proper rational functions.

e R, denotes the ring of stable rational functions (i.e., those with no poles in
Cy).

e R,s denotes the ring of proper stable rational functions with real coefficients.

e M(Rps(s)) denotes the set of matrices whose entries are in Rp(s)

A matrix M € M (R,ps(s)) is called Rps(s)-unimodular iff M~1 € M(R,;(s)).
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1. INTRODUCTION

In spite of the active research carried out in decentralized control in the last three
decades, there has been little attention paid to the controller design problem for
decentralized systems to satisfy various constraints that are imposed on the per-
formance of the closed-loop system. A systematic design method that solves the
decentralized servomechanism problem using parametric optimization approach or
a concurrent and/or sequentially stable synthesis approach is discussed in literature
[2]. The methods of constructing connectively stable large scale systems, reported
so far [5], are mostly those by state feedback or observer-based feedback. A new
approach to the stabilization of connectively unstable expanding large scale systems
using the proper stable factorization approach has drawn much attention in litera-
ture [13]. The most fundamental and significant result of the factorization approach
is the parameterization of all centralized stabilizing controllers. This approach is
adopted to each subsystem of an already operational interconnected system to de-
fine a local stabilizing controller with an unspecified parameter which can be tuned
to make the composite system connectively stable [10].

In this paper, a decentralized servomechanism problem is considered, which is
appropriate to the expanding construction of large scale systems. This problem is
henceforth referred to as the Expanding Systems with Tracking and/or Disturbance
Rejection Problem (ESTR) in general. As any large-scale system is built by expand-
ing construction of one subsystem being connected to others, the local controller
of the new subsystem has to be such that (i) it stabilizes the local subsystem, (ii)
tracks and/or rejects arbitrary deterministic signals and (iii) stabilizes the overall
system. The problem of finding conditions under which such local controllers exist,
is called the existence of solution to ESTR. However, the existing literature

[11] - [12] provides only sufficient conditions for the local controllers that need to
track and/or reject step signals and simultaneously stabilize the resultant expanding
system. It is based on augmenting the local system with an integral compensator
and therefore can only handle step functions as reference inputs or disturbances.
Moreover, this augmented system is factorized to ascertain the existence of a local
controller. Since the existing approach uses only sufficient conditions [10], it can
only address a subset of the full class of compensators that solves ESTR.

The major contributions in this paper are, (a) establishment of necessary and suf-
ficient conditions for the existence of solutions to ESTR and (b) parameterization of
the set of local stabilizing controllers in terms of a free parameter belonging to the
ring of proper and stable transfer matrices. The proposed method ensures the track-
ing and/or disturbance rejection properties for any arbitrary deterministic signals
and also stabilizes of the expanded system. Naturally, because of generality on both
counts, the full class of compensators solving ESTR is completely characterized.

The paper is organized in the following manner. In Section 2, the prerequisites
of the expanding system problem are given. Section 3 contains the new results
as it formulates to solve ESTR and establishes all the relevant theorems which
solve this problem. In Section 4, a numerical example is considered to illustrate
the effectiveness of the proposed controller for the ESTR. Finally, some concluding
remarks are given in Section 5.
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2. THE EXPANDING SYSTEM PROBLEM

Let us consider N number of subsystems

Si:
T; = Ajz; + Biu; + Gv;
vi = Ciz;
w; = H,'(L‘i i:1,2,...,N (1)
with local controllers described by
L:C,':
zi = Mzi+ Liy;
u; = Jizi + Ky; 1=12,...,N (2)

Here, z; is the state, u; is the control input, y; is the measured output, v; is the
interconnection input and w; is the interconnection output of the i-th subsystem ;.
Also, z; is the state of the local controller £LC; and A;, B;, C;, H;, G;, Fii, Fy;, F3;, Fy;,
M;, L;,J; and K; are all constant matrices of appropriate dimensions. It is also
assumed that (A;, B;) are stabilizable and (C;, 4;) are detectable.

The closed loop subsystems are given by S;:

z; _ Ai + B;K;C; B;J; z; Gi |
2:’1‘ - LiCi Mi Zi + 0 Ui
w; = [H; O][j'] i=1,2,...,N 3)

In the ‘Expanding System Problem’, there is already an interconnected system
composed of N — 1 subsystems, each of which is modelled as S{ above. The model

of the interconnected system is given by

Sir-1: :
[Jv]:[A+BKC+GEH BJ][&:} @)

Z LC M z
where z,y,u,v, z are of the form z = [z} =4 ---z%y_,]' and 4,B,C,G,H,J,K,L
and M are all of the form A = block diag [A1, A2, ...,An-1], B = block diag [Bi, Bs,
ceey BN—l]; C = block diag [Cl, Cz, .o ,CN_l], G = block dlag [Gl,Gz, e ;GN—I];
H = block diag [Hy, Ha, ...,Hn-1], J = block diag [J1, J2, ...,JINn-1], K =
block diag [K1, K2, ...,Kn-1], L = block diag [L1, L2, ...,Ln-1], and M =
block diag [M;, M2, ...,Mn_1]. The matrix E represents the interconnection
between v and w, i.e., v = Ew where

0 El,z E1,3 o EI,N—I
E2’1 0 E2,3 tte E2,N—1

E = (5)

En_11 En-12 En-13 - 0
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. N-1
with Vi = Zj:l,j;éi Ei,jwj.

Now a new subsystem S§ is connected to the already interconnected system S§_,
and thereby we get the expanded system S,C\,.The problem is to design the controller
for the new subsystem Sy so that both the closed loop new subsystem S§; as well as
the expanded system 8§ become stable. Tan and Ikeda [10] found the most general
result available to date regarding the condition for such decentralized stabilizability
of expanding systems. Their condition is valid for any value of interconnection gains
and does not depend on the pattern and/or strength of it. To prove their point,
they used the factorization approach of controller design [3],[6]. Another remarkable
feature is that all the conditions are in terms of the new subsystem’s parameters
only. The subsystem Sy can be viewed as a 2-input 2-output multi-variable system

as follows.
wy | _-| Zna1 ZNa2 ] [ uN ] (6)
YN ZN21 ZN22 uN
where using the [A, B, C, D] data structure notation of [4]
Zynu = [AN,GnN,Hn,(]
Zni2 = |[AN,Bn,Hn,0]
ZN,21 = [AN)GNacN) 0]
ZN,22 = [AN,BN,CN,O] (7)

To find the set of all stabilizing controllers, Zx 22 can be factorized as
Zng2 = NnDy' = D;/lNN (8)

where Ny, Dy, Ny and Dy € M (Rps(s)) so that they satisfy the Bezout identity

Qv Py Dy “;PN | I 0 )
—-Ny Dy Ny Qn | |0 T
for some Py, Qn, Py and Qun € M(Rps).
The set of all stabilizing controllers [13] for the subsystem Sy in (1) is given by
uny = —(Pv + DNEN)(@n — NvRN) "lyn (10)

where Ry € M(R,ps) is the free parameter. With a specified Ry, (2) becomes the
time-domain realization of the controller. The closed loop N-th subsystem has the
following transfer function matrix T (Rx) from input vy to output wy, which can
be seen to be affine in Ry.

Tn(RN) = Tn1 — Tn2RNTN3 (11)
where
Tnvi = Znjal— ZN,12PNENZN,21
TN2 = ZN,IZDN

TN3 = DNZN,21
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The feedback structure of an expanded system is shown in Figure 1 where T _,
is the transfer matrix of S§_; from the interconnection input 1 to the intercon-
nection output wy_;. The N-th subsystem S§; is connected to the existing system
S§_; through

on-1 = En_inwn
ovv = EnnN_1UN-1 (12)
where
EN—I,N = [Ei,N Eé,N "'E;V—I,N]’
Enn-1 = [EnyEng ---Enn-1] (13)
Si-1
WN-1 _ UN=-1
TN
EN,N—I EN-—-I,N
UN wyN
Sn
un S¢; YN
LCN

Fig. 1. Feedback structure of an expanded system.

The following theorem ensures the decentralized stabilizability of the expanding
system problem which directly follows from the results given in [10].
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Theorem 2.1. Let LCn be the set of all stabilizing controllers for the new closed
loop subsystem S§. A controller in £Cx will stabilize the expanded system Sj; iff
the the following condition is valid.
i 6(I —Yn_1T bn-1TN2RNTN3) =0 14
RNEIHA}{IRP’) (I —¥YN-1TN1 +¥N_1TN2RNTN3) (14)
where Yn_1 := En N—1Tn—1EN_1,n and §(t):= degree of t € M(Rps(s)) = number
of right half plane zeros of t including co. This degree function makes M (Rs(s)) a
Proper Euclidean Domain.

Remark. For direct transmissions, the interconnection of state and input terms
are included to the measured output y; and the interconnection output w; in equation
(1) and the corresponding y;, and w; are then changed to y; = Cix;+Fy;u;+F3;v; and
in (3) A; + B:K;C;, B;J;, L;C;, M;,G; and 0 are replaced by A; + B;K;=,C;, B;J; +
BiK;E;Fy;Ji, LiZ;Ci, M+ LiZ;Fy;J;, Gi + B;K;E;F3;, L;Z;F3; respectively, and
in (7) Zn11, ZN 12, Zn,21 and Z 22 are modified to

Zn1u1 = [AN,GnN,HN,FiN]
Zny2 = [AN,Bn,Hn,FN]
Zno1 = [An,GN,Cn, F3n]
Zng22 = [AN,BnN,Cn,Fiyn]

The expression for w; in (3) is changed to w; = [H; + F2; K;E;Ci|z; + FoiJ; +
KiEiFMJi]Zi + [Fli + inKiE,;ng]’Ui where E; = (I — F4,;Ki)_1 is assumed to exist,
i.e.,, (I — Fy;K;) is nonsingular for well-posedness.The existence of a decentralized
stabilizing controller for the expanding system problem in the multi-variable case
can be checked using the theorem given below [1].

Theorem 2.2. Consider the ﬁctltlous plant P = ¢n_1Tno(I — n_1Tn1) "t Ts
and define B := PN 1TN2, =U- 1/;N 1TN1) C := Tns. Let F; be the greatest
common right divisor of (B A ie., A = AgF, and B = BF;. Let F; be greatest
common left divisor of (AO,C), ie. Ao = F,A and C = F,C. So, (B, A4,C,0) is a
bicoprime factorization [13]. Now con31der a left and a right coprime factorization
(AI,BC) and (BC, Ay) respectively of (B, A,C,0). Let g1,02,...,0; be the real
non-negative distinct blocking zeros including oo of BC' (or, BC) arranged in the
ascending order. Then the following statements are equivalent.

° i (I — Yn_1T IN-1Tn2RNT, = §(| F; o (| F: 15
I (I —N-_1Tn1 +YN_1Tn2RNTNs|) = 6(|F1]) + 6(|F2])  (15)

e The following real numbers have the same sign.

{f(Ul)af(UZ)’ .. ')f(al)}

where f := |4;| or |A;|. Moreover, the stabilizing controller for N-th sub-
system which also stabilizes the expanded system S§ exists if and only if (i)
0(|F1|) = 6(|F2]) = 0 and (ii) the above sequence has the same sign.
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3. THE PROBLEM (ESTR)

Suppose that there are N subsystems, each described by S; :

#i = Az + Biui + Griv; + Gaidi + Gy
yi = Cizi+ Fyu; + Fyv; + Gd; + GYyl
Yy = CMz;+ Flu; + Flvg + Gld; + Gyl
w; = H;z; + Fou; + Flv; + G;’idi + Gg;y:ef
i=1,2,...,N (16)

It is to be noted that the above model is a very general one having direct feed
forward terms whenever appropriate and therefore covers a broad class of systems.

Problem ESTR (Expanding Systems with Tracking and Disturbance
Rejection):
Find the condition under which there exists a local stabilizing controller for the new
subsystem which would locally track and reject any signal generated by the reference
generators T and R, and at the same time stabilize the overall expanded system.

Our philosophy of attacking this problem is not of augmentation type but is
based on the factorization approach. First, the local stability problems with track-
ing and/or disturbance rejection are solved using the theory advanced by Saeks
and Murray [8]. Next, full use is made of the affine nature of the resulting closed
loop feedback gain by utilizing the free parameter to achieve overall stability of the
expanded system, if possible.

For the purpose of stabilization, dN,y;';f and yn are ignored for the time being.
The transfer function matrix representation of Sy is as follows :

CIREE I EI I

N ZN21 ZNp2 uN
where
Znu = [An, Gn, Hn, Fin]
ZNa2 = [An, Bn, Hn, Fan]
ZN21 = [An, Gn, CF, Fin]
Zn2e = [An, BN, CR, Fun] (18)
with
- Ay O
in o= e o]

o
2
li
o~
Sz
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& - (7]
oo (%]
Hy = [Hy (] (19)

The same notations wy, 3, v~ and un are used in the s-domain as well as the
time domain.The feedback structure of an expanded system is shown in Figure 1
where the N-th subsystem Sy is connected to the existing system S§_, through
the equations (12) and (13) where Zn 22 is factorized as

Znpa =peby ! =P 'p (20)
such that
- -1 -
[ qr 4qr ] — { br —q ] (21)
- D pr qQ

The feedback structure of an expanded system with simultaneous local tracking
and disturbance rejection is shown in Figure 2.

WN -1 _ UN-1
Tn-1
En,N-1 En-1,N
UN wN
SN — YN

uN N

N !
R e
dn
LSTRN

Fig. 2. ESTR Problem.
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The set of all stabilizing controllers that solve the local tracking and disturbance
rejection problem is

K' = {[Ef(qrmr) - 'Ff(]l(.il) + afrdNél]pl + qr}_l{_[ff((hmr) - 77‘(]1(11)
+ardnélp + qr} (22)
where ji, &, m,, @y, t and 7 are defined in [9] and dy € M(Rp,) is arbitrary. The

transfer matrix from the interconnection input vy to the interconnection output wy
is given by

T1tvr(dN) = Tfirrl - T1tvr2dNT1ths (23)
where
TR = Zna— Zna(q — Pritgemy — poitii@)prZn 21
T1tVT2 = ZN,lZﬁrar
THs = é&mZna

Before presenting the main new results for the tracking and disturbance rejection
problem ESTR established in this paper, the following proposition is stated. In-
tuitively, it shows the problem is equivalent to strong stabilization of a fictitious
plant.

Proposition 3.1. Let LST Ry be the set of all stabilizing controllers with guar-
anteed local tracking and disturbance rejection properties for the new closed loop
subsystem Sy;. A controller in LST Ry will stabilize the expanded system S§ iff
the the following condition is valid.

i S(I —pN_1TL, + o1 THdNTL) =0 24
dNenA}Il(I'}Z,,,) (I =N TH + Yn_1TN2dNTN3) (24)
where B _ _
Yn-1:=EnynN_1IN_1EN-1,~
and

0(t):= degree of t € M(Rps) = number of right half plane zeros of ¢ including oo.
This degree function makes M(Rps) a Proper Euclidean Domain.

The main result is stated below:

Theorem 3.1. Consider the fictitious plant Ptr = ¢y_1 T i —n_1T )‘ Tir,
and define B := ¢n_ 1T1{,’2;A = 1/}N 1TN1) C = Tf\,’3 Let Fy be the greatest
common right divisor of (B A ie., A= AoFl and B BF;. Let F» be greatest
common left divisor of (Ao,C), ie., Ap = FoA and C = F,C. So, (B, A,C,0) is a
bicoprime factorization [13] of the plant P*". Now consider a left and a right coprime
factorization (A;, BC) and (BC, A;) respectively of (B, 4,C, 0). Let 01,02,...,0
be the real non-negative distinct blocking zeros including oo of BC (or, BC) arranged
in the ascending order. Then the following statements are equivalent.
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o min ST = T, + N TR dNTIR) = ORI + 3R] (25)

e The following real numbers have the same sign.

{ftr(al)a ftr(o-2)) .. '7ftr(al)}

where ft" := |A,| or |A3|. Moreover, the local stabilizing controller for the
N-th subsystem with guaranteed tracking and disturbance rejection properties,
which also stabilizes the expanded system S, exists if and only if (i) 6(|F1|) =
0(|Fz|) = 0 and (ii) the above sequence has the same sign.

The proof of the theorem follows directly from the following Theorem 3.2 proved
below. ‘

First, a few lemmas are first presented. The proof of the main Theorem utilizes
all these results. These lemmas are believed to be of independent interest and can
be used to solve other problems as well.

Lemma 3.1. Consider the following matrices C"*?, RPX™ B™X" A"X" ¢ M(R,,).
The following identitiy holds.

a? |al, — CRBA¥| = a™ |al, — RBA*¥C)|

where a = |A|.

Proof. Consider the matrix multiplication

I, —-C al, C ) _[al,—CRBA
0 I RBA T, RBA I,

Taking determinants on both sides we have

’ al, c

) — _ adj
iy Ip\ lal, — CRBAY|

Again consider,

I, 0 al, C1_[al, c
—~RBAY oI, || RBA*Y I, |=| 0 al,— RBA%C

Taking determinants on both sides

a?|al, — CRBA%| = a™|al, — RBA*¥C)|
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Lemma 3.2. Consider the matrices A"X", C"*P RpXm anq Bmxn ¢ M(R,,).
If (A,C) is left-coprime and (B, A) is right-coprime then there exist approPriate
square matrices A7, CT*™, RT*"™ and B}*" € M(R,,) such that |4 + CRB| =
|A; + C1R1B1|, (A1, C1) is left-coprime and (By, A4;) is right-coprime.

Proof. The proof is divided into two parts. First, the cases of p > n and P <n
are shown to be equivalent to p = n.

e Suppose p > n, then there exist unimodular matrices U and V in Rps such
that

vev=ic “0ln
As (A4, C) is left-coprime

AX+CY =1
UAX +UCVV~ly U
vAU-lUX +[C T0'] [ n ] - U
Y

A'X, +C'Y, = U

where A' :=UAU™!, X; :=UX and V7Y := [ )Y,'l ]

2
So, (A’,C") is left-coprime. Hence,
|A+CRB| = |UAU™'+UCVV~'RBU7Y|
!

- o o g ]

= |A'+C'R'B|
1

where VIR is partitioned as [ }122" J and B' := BUL.
e Suppose p < n. As (A, C) is left coprime
AX+CY =1
np [ Y
AX +[C op][ 0 ] -7
AX+CY =1

where C' := [cp‘ n6p], Y= [ l(; J and A' := A. So, (4',C") is left-coprime.
IA+CRB| = |A+[C 0] [ K ]B|
= |A'+C'R'B|
where C' := [C 0], R' := [ g ] and B' := B.
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Now, it is shown that the cases m > n and m < n ace equivalent to m = n.

e Suppose m > n, then there exist unimodular matrices U and V in R,, such
that

UBWH:[BI] n
0 n—m

As (B', A') is right-coprime

XA'+YB =1
XAV +YBYV =V
XAV +YU'UB'V 1%
XAV+YU*[%] - v
/ B,
XAV + 1 m[o] =V
XVVIAV 4B, = V
XA +Y1B, =V
where 4; := V1A'V, X; := XV and YU™! is partitioned as [Y; Y]
Now,
|A+CRB| = |A'+C'R'B'|

|[V-IA'V + V-IC'R'B'V|
= |A;+CiR'U'UB'V|
= |A1+ Ci[R Rﬂ[%]l
= |A; + CiR, By
where C; := V71C' and R'U~! is partitioned as [R; R»].
e Suppose m < n. As (B', A’) is right-coprime,

XA'+YB =1
Bl
XA +[Y m[o] =1
XA'+v1B, = I
BI
where Y7 :=[Y 0] and B; := [ 0 ] Now,
|A+CRB| = |A'"+C'R'B'|
1
= |A+CR oﬂ%]|
= |AI + C’R]Bll

|A1 + CIRIBII
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'
where A; := A’, C: := C’, R, = [RI O] and B; = [ B;] ]

O

Remark. Henceforth, only the case (C, A, B) all square is considered in all the
results established below. This is due to the fact that the casesof m Zn and p #n
have been shown to be equivalent to m = p = n.

Lemma 3.3. Suppose A™*", C"*"™ and B"*" € M(R,,) are given such that
(B, A) is right coprime and (A, C) is left coprime. In other words, (B, A4,C) is a
bicoprime factorization. Then there exists an R € Ry, such that |4 + CRB| # 0.

Proof. If |A| # 0, let R = 0. Otherwise, proceed as follows. For any arbitrary
unimodular matrices U and V € M (Rp;) we have,

|A+ CRB|

Il

|U||A+ CRB||lUY|

= |[VAU'+UCRBU™Y|
[UAU™' + UCVV~IRBU}|
= |A; +CiR,By|

I

where A; := UAU!,C, := UCV,R; := V™'R and B, := BU"!. Since C and
A are left-coprime, C; and A; are also left-coprime. In other words, for X and
Y € M(R,,),

AX+CY = 1
= UAUTWUX+UCVVTY =U
> AX;i+Cirh=U

with X; := UX,Y; := V~1Y and U, a unimodular matrix in M(Rps),ie.,3Xs,Y5 €
M (Rys) that satisfy the Bezout identity: A;Xs+C;Y2 = I where X, = X;U~! and
Y, = Y1U~!. Using similar arguments, it can be shown that A; and B; are right-
coprime if A and B are so. The unimodular matrices U and V € M(Rp;s) can now
be chosen in such a way that C' € Rp*™ is converted to its Smith form Cj :

Cl = UCV

where C; := diag(ci,ca,--.,CkyCht1,---,Cn) With elements ciy1 to cn all zeros.
Note that k is the rank of C alone. Since C; and A; are left-coprime, the matrix
4, (] € R;‘s’d"(s) has full row rank which implies that the k + 1-st to n-th
rows of A; are independent. Suppose that among the rows 1 to k of A;,7; to i,
rows are dependent. Again, due to right-coprimeness of A; and Bj, the matrix

Ay

B,
obtained by excluding ¢; to i, rows of A; and including j; to j, rows of B; is nonzero.
Then, using Binet—Cauchy formula it can be shown that |A; 4+ C1R1B1| # 0 for R,

has full rank. As ; to i, rows of A; are dependent, the minor of order n
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with elements r;, j, = 1 where £ = 1 to r and r;; = 0 for all other i’s and j’s.
So, |4; + C1R1By| = ¢iy,.--,ci,t where t is the determinant with all but 4;,...,4,
numbered rows of A and ji,...,j, numbered rows of B. So, |A1 + CiR1By| =
|A+ CRB|, where R = VR;. ]

Lemma 3.4. Suppose P € M(R(s)) and (B, A,C) is a bicoprime factorization,
ie, (i) |4| #0and P = BA™'C, (ii) (B, A) is a right coprime factorization and (iii)
(A, C) is left coprime factorization. Consider any left and right coprime factoriza-
tions (A;, B) and (C, 4,) of (B, A) and (4, C) respectively. Then (BC, A,) is right
coprime and (A;, BC) is left coprime.

Proof. - P:BA_IC:AI—IBC
Since (B, A) is right coprime and (A, B) is left coprime 3X,Y, X,Y € M(R,,) such
that
A, B X -B]l_[I o
Yy -X||Y A | |01
or,

AAX+BY =1

AlB = BA
YB+XA = -I
YX = XY

Since (A, C) is left coprime, 3X1,Y; € M(Rps)
AXi+Ch =1
Now the problem is to find X»,Y, € M(R,s) so that
CBCXy+ A)Ya =1

i.e., the pair (A4;, BC) is left coprime.
Define

X2 = —-Yly
Yy = —-X-BX;Y

So,

BCX2 + A1},2

= -BCWY - A\ X - AiBX\Y
= —-BY +BAX\Y - A1 X - AiBXiY
= —-BY -A X+ (BA-AB)X\Y
= -I

which implies that (A;, BC) is left coprime. o
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Theorem 3.2. Suppose (B, A,C) € Ry " is a bicoprime factorization of P =
BA7'C € M(R(s)). In other words, (i) ]A| # 0 and P = BA™IC, (ii) (B,A) is a
right coprime factorization and (iii) (A C) is a left coprime factorization. Consider
any left and right coprune factorizations (A, B) and (C, A3) of (B, A) and (A4, C)

respectively. Let ‘a’= |A[; 7 and z; be the smallest invariant factors of BC and BC
respectively. Then, the sets
1. min §(|A+ CRBY),
REM(Ryps)
2. min §(|4; + RBC)),
REM(Rp,)
3. min  §(|4; + BCR)),
REM(Rp.,)
4. rren71213 d(a+rz) =:I(a,21),
9. =
Tren;zx: d(a+ z17) =: I(a, 71)

are equal where I(a, #1) denotes the number of sign changes in the sequence {a(01), a(o2),

.., a(on)}; {01, 02,..., o, } being the distinct nonnegative real zeros of ‘z;’ or
‘21’ in ascending order including oo.

Proof. From Theorem 4.4.1 in [13], statements 2 and 4 are known to be equiv-
alent. Similarly, statements 3 and 5 are also equivalent. Only the equivalency of
statements 1, 2 and 3 is left to be proved. The statements 1 and 3 are shown to be

equivalent below.

|A||I + A"CRB|
|A||I + BA™'CR]
|A|II + A, ' BCR]
|All4,"'||A, + BCR)
= |4, + BCR|

|A+ CRB|

Il

Since |A| ~ |A;| [13], without lack of generality, the equivalency is assumed to be

an equality. Following the same procedure, statements 1 and 2 can also be shown

to be equivalent. This in turn implies equivalency of statements 2 and 3. O
The constructive procedure for finding the free parameter R is given below:

Algorithm for designing the free parameter R in the multi-variable case

1. Find 21, 71 (smallest invariant factors) and a (characteristic determinant) from
BC, BC and A respectively, where B, C, B,C and A are as defined in Theorem

4.1 of [1].

2. Find an r such that a +r2; or a + Zr is unimodular in R, using the interpo-
lation algorithm given in [13, 14].
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3. Convert AlaijC or Bé’ffzadj to its Smith form, i.e.,

adj

X :=UA, "~ BCV = diag (z1, 2, .., x,0,...,0)

4. Find q1,¢2,...,qr € Rp,s such that

qlzlak_l + qgmlxzak_2 + -+ QrTy T = ak_lz'lr

5. Define the bordered companion matrix

ql q2 ... qk 0 e 0
-1 0 --- 0 0 --- 0

Ry := 0 -1 0 0 0 eRg;(m(s)
O 0 --- 0 0 --- 0

This procedure is based on the proof of equivalency of statements 3 and 5 given
in Section 4.4.4 of [13].

6. R=V~!R,.

The existence of a decentralized stabilizing controller as stated in Theorem 3.1 for
the expanding system problem with simultaneous tracking and disturbance rejection
ESTR in the multi-variable case can be easily checked using the theorem given above.
Proof of the afore-mentioned main Theorem 3.1 follows directly from the one proved
above.

4. EXAMPLE

Example: Simultaneous Tracking and Disturbance Rejection

An example is given below which illustrates the application of proposed Theorem
as also the construction procedure to find the global stabilizing controller for the
expanded system. The first open loop subsystem S; is described by S;:

HOEERHERBE

Ty =
51 = [1 2] I
w = []. 1] I (26)

As this is the only system to be stabilized, it is not required to satisfy any of the
established conditions. Applying static output feedback u; = —yi, we obtain the
closed loop stable system Sf = Sf:

o= 4 4] ld]

S
S
Il
—_
N
D)
k>
—
[\
\]
N
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Now we connect the second subsystem given by

Sa :
Ty = [_?1 _12]$2+[(1)}u2+[(1)]v2
y2 = [-1 1]zo
wy = [-1 1]z (28)

with interconnection

v | _ |01 wy
MM @)
The transfer functions Z3 11, Z2,12, Z2,21 and Z3 3 are computed as
Toi1 = Za1s = Zoos = Zagy = — 1
211 = L2102 = Zagn = 2222 = Gy

It is required to track e?* and simultaneously reject a step disturbance. Results
of factorization computations are given below :

(s—1) _ -
Z3,22 25+ D) p,Pp=149=04=1
1 1 . (s-2)
= t = =4 4=1
T=6-9 "G+ T erey "
1 1 5 s
R =67y TGy
4(s+1) _ s
G+2) ' %" G+2

For expanding systems with tracking (EST),  and £ must be coprime, i.e.,

jp+ip=1
with
(9% +9s+9)
(s+1)2
and
~ (s =-3s—-10)
1= (s +1)2
Also,
E=pil=es!= (zfg
ie.,
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s—2)

e= (5T

For expanding systems with disturbance rejection (ESR), p and 7 had to be coprime,

ie.,
mp+mr =1

with
m=1, m=0

Also,
A=pit =aa™?!

ie.,
g 6=1)
(s2+s+1)

(s+2)

a=

and

Now, for Expanding systems with tracking and disturbance rejection (STR), the
additional solvability condition has to be checked, which is, ¥ and £ must be coprime,

ie.,
PR+ tt=1

is solvable in Rps. As,
F=2
and
t=-1
is such a solution, STR problem can be solved. The expression for the free design
parameter becomes,
—2s (952 +9s+1) s (s—2) ]
= 30
v [(34—2) (s +1)2 ]+[(s+2)(s+2)2 (30)
The gain from vy to ws is
Tt (s=1)(s+2)(s +1)> +18s(s —=1)*] [ s(s—2)(s —1)? d ] (31)
2= (s+1)2(s+2)(s>+s+2) (sZ+s+1)(s+2)2

To check solvability of ESTR, define
Fr=1-9 T3]

tr __ 7 trptr
9" =TT
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fro= 1- [(s—1)(s+1)2(s+2)+183(s_1)2
- (s+1)%(s +2)(s> +s+1)
.o s(s —2)(s — 1)2
¢ = (s+1)(s+2)%(s2 +s+1)2 (32)

It can be seen that g has zeros at {0, 1,2, 00}. The sequence {f*7(0), fi" (1)}, {f*"(2),
fi"(00)} is {2,1,42,1}, and has no sign change, confirming solvability of ESTR
problem. To design the controller, the first step is that of finding a dy such that

in  d(ff"+g'"dy) =0
awem, (ff" +¢""dy)

Using interpolation algorithm, the interpolating unit
(fi" + ¢'"dy) := Unit

is computed and shown below.

Simultaneous tracking and disturbance rejection:

First term of the unit ( f* + ¢'" dy) : = Unitl

(1.234568E — 02)(9s* + 365% + 6152 4+ 225 + 16)(3s + 1152 + 55 + 5)
(352 + 45+ 5)(s° + 55 + 103 + 9.4055% + 6.195 + 0.405)

(s+D(s+D(s+D(s+)(s+D(s+1)(s+1)(s+1)(s+1)(s+1)
(s+1D(s+1)(s+1)(s+1)

(s + 7.289919E — 02)[(s + 0.1111594)2 + 0.5512521?]

[(s + 0.1753327)% + 0.68692247)[(s + 0.4159896)? + 0.9509943?]
[(s + 0.6666667)% + 1.1055422][(s + 2.047561) + 0.9817432?]
[(s + 1.88884)% + 1.433169?](s + 3.315601)

(s+ 1)t

Second term of the unit( fi + ¢! dy) : = Unit2

(88 + 6s° + 155 + 19.005935% + 16.988145% + 5.005932s + 1)

(s+D(s+D(s+1)(s+1)(s+1)(s+1)

[(s + 0.167326)2 + 0.24903062][(s + 0.4736535)2 + 1.1708262]
[(s + 2.355614)2 + 1.1708052]

(s +1)°
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The unit (fi" + g*"dy) : = Unit : = Unitl * Unit2

Due to this very high order of the unit, calculation of d is difficult without Symbolic
packages. A modified version of the interpolation algorithm developed in [7] however,
can reduce the order of the interpolating unit to some extent. However, the exact
lower bound of the order of the interpolating unit is not known. To make the exact
contributions of this paper clear, Figure 3 is drawn.

Necessary and sufficiert condition

Set of localintegral Sutficient concition

compensators
LEGEND:
The set of compensators solving
@ EST, ESR or ESTR problems

The set of integral compensators
@ satistying necessary and sufficient
condition
Set of compensators
ST,5Ror STR The set of integral compenseators
. satisfying sufficient condtion

Fig. 3. Main contributions of the paper.

It shows that other than the intersection of the set of local integral compensators
with that of sufficient condition, all other hatched regions were unexplored prior to
the work in this paper. In other words, there was no way of asserting the existence
of a decentralized stabilizing controller with guaranteed local tracking and/or dis-
turbance rejection properties which might not satisfy the sufficient condition and
could still tackle arbitrary deterministic signal.

5. CONCLUSIONS

In this paper, the necessary and sufficient conditions for the existence of solutions
to ESTR are established for the first time. The local stabilizing controller for the
N-th subsystem is parameterized, in terms of a free parameter belonging to the
ring of proper stable transfer matrices, for guaranteed tracking and/or disturbance
rejection properties for any arbitrary deterministic signal along with stabilization of
the expanded system. This identifies the full class of compensators that achieves all
the desired local and global properties. Moreover, the theory developed is applicable
to a broader class of systems (i.e., systems having direct feed-through terms) than
dealt with in existing literature. Interpolation technique and the results presented
in this paper can be extended to find the lower bound of the controller order and
this interesting topic is under investigation.
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