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SENSITIVITY ANALYSIS IN SINGULAR MIXED
LINEAR MODELS WITH CONSTRAINTS!

EvA FISEROVA AND LuBoMirR KUBACEK

The singular mixed linear model with constraints is investigated with respect to an
influence of inaccurate variance components on a decrease of the confidence level. The
algorithm for a determination of the boundary of the insensitivity region is given. It is a
set of all shifts of variance components values which make the tolerated decrease of the
confidence level only. The problem about geometrical characterization of the confidence
domain is also presented.
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1. INTRODUCTION

Let the singular mixed linear model with constraints with inaccurate variance compo-
nents be under consideration. An attention is focused on a problem of the confidence
region.

Two special problems arise. The first one is how can the confidence domain
be geometrically characterized. In regular linear models confidence regions, in the
case of the normality, are ellipsoids either given by a positive definite matrix (in
models without constraints), or by a positive semidefinite matrix (in models with
constraints). However, in the case of the singularity of models, confidence regions
can have another shape. It will be shown that this shape is a cylinder.

The second problem is connected with inaccurate variance components. Shifts
between true and approximate values of variance components can caused a decrease
of the confidence level. The sensitivity analysis approach can be used in a deter-
mination of a set of admissible shifts of variance components. This set is called an
insensitivity region, which is defined as a set of all shifts of variance components
values which make the tolerated decrease of the confidence level only.

In [2, 5, 6] this sensitivity problem has been studied in the case of the regularity
of the model (the model with or without constraints). In the singular mixed model,

1Presented at the Workshop “Perspectives in Modern Statistical Inference II” held in Brno on
August 14-17, 2002.
The research was supported by the Council of Czech Government under Project J14/98:153100011.
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analogous problems connected with the variance of the estimator have been studied
in (3, 4].

The aim of the paper is to study geometrical characterization of the confidence
domain and to find an algorithm for a determination of the boundary of the insen-
sitivity region for the confidence domain.

2. NOTATIONS AND AUXILIARY STATEMENTS

Let A be an m x n matrix. Let M(A) = {Au: u € R*} C R™ and Ker(A) =
{u: u€R*, Au = 0} C R" denote the column space and the null space of the
matrix A, respectively. Let W be an m x m symmetric positive semidefinite matrix
such that M(A) C M(W). Then P% = A(A’'WA)~A'W denotes a projector on
M(A) in the W-seminorm. The symbol MY means I — P%. If W = I (identity
matrix), symbols P4 and M 4 are used. The W-seminorm of x, x € R™, is given by
lzllw = V&'Wez. Symbols A~ and A+ mean the g-inverse and the Moore-Penrose
inverse of the matrix A, respectively.

Let N be an n x n symmetric positive semidefinite matrix. The symbol A;l( N)

denotes the minimum N-seminorm g-inverse of the matrix A, i. e., the matrix A;( N)
satisfies equations

AAL A=A, NAS A=A'A; N

One of representations of the matrix Ar_n( N) is

A= N-A'(AN-A")~ if M(A") Cc M(N),
m(N) 7 | (N+A'A)"A'[A(N+ A’A)"A’]" otherwise.

In more detail cf. [7].

3. UNIVERSAL MODEL WITH CONSTRAINTS

The universal model with constraints is
Y~n(Xﬂ,2,9), Bef{u: Bu+b=0}=B, 9€, 1)

where Y is an n-dimensional random vector, X3 is the mean value of Y and 3y
its covariance matrix. X and B are given matrices with the dimension n x k and
q X k, respectively, b is a known g¢-dimensional vector such that b € M(B), 9 is an
open set in R?. The covariance matrix is considered in the form Xy = Y7, 9;V;,
where Vy,...,V, are given n x n symmetric matrices and ¥ = (V1,... ,9,) € ¥ is
unknown, and it is supposed that ¥y is positive semidefinite for all 9 € 9.

A special case of the universal model is the mixed model. It is the model (1) if
Vi,...,V, are symmetric positive semidefinite and 9, ... ,9, are positive.

The equivalent expression of the universal model (1) is

X
()2 2)) sewve
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Lemma 3.1. In the universal model (1) a function h'B, B8 € B, h € R¥, is unbias-
cdly estimable if and only if h € M(X',B').

Proof. Cf. [1], p.136. ' a

Lemma 3.2. Within the universal model (1) the 9-LBLUE (9-locally best linear
unbiased estimator) of a function '3, 8 € B, h € M(X',B), is

r?ﬁ(ﬂ)=h'L'( _’;)

where
L' = [LII’LIZ] ) )
'1 = (MB/WgMBl)-FX'(E,g + XMB/XI)+,
’2 = [I — (MBIW,9M319+X’(219 + XMB/X')+X] BI(BB’)—.
Here

Wy = MB/X’(Zg + XMBIXI)+XMBI + B,B,
MpWyMp|" =W} - WiB'(BW;B') " BWj.

Proof. The vector function ( )]; ),3, B € B, represents the class of all unbiasedly
estimable functions. The 9-LBLUE of ( & )3, B € B, is

(E\)mm - ( x ) (X’,B');< B > ( X )

Since

_ S, + XX/, XB'\ [ X
(X', BY) (X"Bl)( BX', BB') (B)

(Ze, 0| T
0, 0
Ty + XX, XB' \~
<o, m) (Fg B )

and (cf. [1], p. 446)
o+ XX, XB'\ [ Qu, Qi
BX', BB’ T\ Qs Q22 )’
Qi1 = (By + XMpX')7,
QIlZ = —(BB')—BX'(Eg +XMpX')7,
Qs = (BB)~ + (BB')"BX'(Sy + XMpX')~XB'(BB')",



320 E. FISEROVA AND L. KUBACEK

we have
o3 (P IR =ik, ©
K; = Mp X'(Z9 + XMp X')*t,
K, = B'(BB')” - My X'(Z9 + XMpX')*XB'(BB')~
and
, .-
o) (P 3 (3)
= Pp +MpX'(Z9 + XMpX')*XMp:.
Thus \
XB(@®) = X[Pp +MpX' (S +XMpX')rXMp]*
x [MpX'(Zs+XMpX')tY — B'(BB')"b
+ MpX'(Zs + XMpX')tXB'(BB')"b],
BA(W) = -b.
Further

[Ps +Mp X' (Z9 + XMp X')XMp/]*
= Pp + [MpX'(Sy + XMpX')*XMp]*
= Pp +(MpWyMp)".
Since (Mp WyMp/ )t Mp = (Mp WyMp)", it holds
XB(9) = X (Mg WsMp)" Mp X' (g + XMp X')tY
-XB'(BB')"b
+X (MpWyMp)" MpX'(Zy + XMp X')*XB'(BB')"b

= xmul( ),

where
Lll = (MBlWﬂMBI)+X,(219 + XMBIX')+,
L), = [I-(MpWyMp)tX'(Sy+XMpX')*X]|B'(BB')".
Analogously

BAw) =B, 15 ) =-o.
Lemma 3.3. Let h € M(X',B'). Then in the universal model (1) it holds

Varg [FL’B('I?)] = hl [(MBIW,9MBI)+ - MBI] h.

Proof. The proof can be found in [1}, p. 158. o
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4. CONFIDENCE REGION

In what follows let the observation vector Y be normally distributed. According to
Lemma 3.1
h € M(X',B') & h'(3 is unbiasedly estimable.

Any vector h € R* can be considered in the form h = h;+hs, where by € M(X', B')
and hy € [M(X',B")]* = {Ker(X) N Ker(B)}. If ' is not unbiasedly estimable,
i.e., h = hg, then we put Vary [I:’z\ﬁ(t?)] = oo. If h'B is unbiasedly estimable, three
following cases come into consideration

1. he M(B') = Vary [ﬁ'ﬁ(ﬂ)] =0,

2. he M(X') A h e M(B') = Vary [r?fa(ﬂ)] =0,
3. he MX') AN h¢ M(B') =
Varg [’7,3(19)] = hl [(MBIW,gMBr)+ - MBI] h.
Summarizing this, the space M(X',B’) can be divided into three disjoint subspaces
M(X]), M(X4) and M(B]) such that
M(X'7B,) M(XlleIZ)Bll) ZM(xlhBl)’
MEX,) = MX)nM@®B).

Hence, from the variance of the estimator viewpoint the whole parametric space R¥
is divided into three subspaces

RF = M(X!)) V M(B'") vV {Ker(X)N Ker(B)},
where the symbol V is defined as follows
M(X)VM(B') v {Ker(X)N Ker(B)}
={p+q+r: pe M(X}), ge M(B'), r € {Ker(X)Nn Ker(B)}}.
Consequently, the (1 — a)-confidence interval for the function h'S3, 3 € B,

E1—a(h'B) = {u : ue R, ‘u - I:,E(ﬂ)l <u (1 - %) {/ Vars [l:',\B('ﬂ)] } ,

where the symbol u (1—%) denotes (1—%)-quantile of N(0,1) distribution, is rep-
resented by a point if h € M(B’) and by the whole real line R! if h € {Ker(X)N
Ker(B)}.

It remains to analyse the space M(X}). In the following, the universal model (1)
will be considered in the partitioned form (after the suitable reindexing)

Y, X, Y11, sz, O '
Y. ~nitnatq X2 ﬁ, E19,21) 219,221 0 ’ (4)
-b B; 0, 0, 0

nm+n+q=n+gq, n<n, q<gq.
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Lemma 4.1. The dimension of the space M(X]) is equal to r(XMp:). Here the
symbol 7(XMp') means the rank of the matrix XMp:.

Proof. The proof follows from the following relations
X
rfg )= r(XMp/) + r(B),

M(X',B') = M(X},X4,B)), M(XL), M(X}), M(B}) disjoint,
Ker(B) = M(Mjp)
(cf. [7], p. 137). 0

Lemma 4.2. Within the universal model (1) it holds

T <Var19

Proof. With respect to Lemma 3.2 it holds

(5)s0]= (3)w (3 8o

( )B( ) ﬂ(ﬂ)]> =r (MB'XI[Eg + XMBIX’]_E,g) .

Vary

where

L' = |(X',B)"

(cf. (2)). It implies

—

r(Vara [( g-)ﬂw)]) =r[ B )L( o 0 )]
i 3o + XX', XB 0
0

(
" (x"Bl)< BX/, BB’>—
>_

v

[t an [ So+XX!, XB'
- T (X7B)< BX,, BBI

- ()% )
. (vm (g\)mm})
o (P 30 (% 8)]

and the proof is finished by using the relation (3). O

Thus

= r
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Corollary 4.3.

r (Var [KiB()]) = (M X'[9 + XMp X ") .

Proof. The statement is an obvious consequence of Lemma 4.2 since

( )é ) = ;((; , Vary [iz\ﬂ(ﬂ)] =0, Vary []51\,6(19)] =0. O
B;

The vector function X; 3 represents the class of all unbiasedly estimable functions
h'B in the subspace M(X}). The (1 — a)-confidence region for the function X0,
B € B, is given by the expression

fi-a(Xif) = {us ue M), X01-0) > (KiBO) - )
x (X1 [MpWyMp)t —Mp] X))~ ()fl\ﬂ(ﬂ) - U) } )

where
s=r (MBIX’[E,g + XMBIX’]—Z,y)

and x2(0,1 — ) means the (1 — a)-quantile of chi-square distribution with s degrees
of freedom.

From Lemma 4.1 and Corollary 4.3 it follows & > dimM(X}) > s and the
rank s depends on ¥y. Hence, a confidence region for the function X;3 is an s-
dimensional domain in the space M(X}). It cannot be characterized as an regular
ellipsoid. There exist directions f; € M(X}), i = 1,...,dimM(X]) — s, such
that a conﬁd/egce interval for the function f;8 is degenerated into a point and it
holds Vary [f;,@(ﬁ)] =0,7=1,...,dimM (X)) — s. These vectors f; generate the
subspace N' C M(X}) and M(X}) =N & F. In the subspace N the estimator of
P B3, where Py is the Euclidean projector matrix on the subspace N, is the vector
P/N\,B with the property P{P/N\ﬂ = PNﬁ} =1, i.e., Vary (m) = 0. Here a
vector P 3 represents all unbiasedly estimable linear functions of the parameter 3

in the subspace /. In the subspace F the confidence region of P£@3 is a regular
s-dimensional ellipsoid.

Summarizing all results from this section, the confidence region for the function
( g ),B is a cylinder Z @ {Ker(X) N Ker(B)} with a basis Z in the subspace
M(X',B’). The basis is an ellipsoid in the subspace F with the center given by the
vector
PpB+PyB=-B'(BB) b+Pyp.

Sometimes, it is necessary to determine confidence intervals for several functions
of the parameter 3 simultaneously. The following theorem, due to Scheffé is useful
in such cases.
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Lemma 4.4 (Scheffé theorem) Let V be any n X n symmetric positive semidefinite
matrix, k > 0 and z € M(V). Then

VyeR": |y'z| <kvy'Vy & 'V x <k

Proof. It is an obvious generalization of the statement for a symmetric positive
definite matrix V which can be found in [8], p. 69. m]

Theorem 4.5. Consider a subclass K of estimable functions of 3 characterized by
a k x ! matrix K with the properties

h'BeK & he MK)cC MX',B).

Then for all h € M(K) confidence intervals of functions k'3, B € B, are given by

1—a=f{vwﬁenz

W8~ KB®)| < /x3(0,1-a)y/h' (Ma WoMm)* - Mp]h},

where degrees of freedom are

f=r {KI(MBngMBI)+X’[E19 + XMBIXI]+Z,9} .

Proof.Let h€ K,i.e.,, 3f e R : h=Kf. Thus
8- 1) = |1 (k'8 -KB@®)|.

Since

P{ ('8 -KBw)) € M (Vars[KB@)) } =1,

according to Lemma 4.4 it holds

VEER : |5 (K8~ KBW)| < ky/fVars KBO)S

(x'8 - KB®)) (Vars KB®)) (K8~ KB®)) < k.

Hence

1—a=PWHﬁen;

|18 - WB)| < \/(0,1= a)y/h' [(Ma WoMp )+ — Ma] 1k}

f=r {Varg[@(ﬂ)]} .

where
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Further, since M(K) C M(X',B’), there exist matrices U;, U, such that K =
X'U; + B'U,. Now, using Lemma 3.2 we obtain

r {Var,9 [@(ﬂ)}}

-fwson (e (3 1)
=r {( ' Ub) (g) [(MpWyMp )t X' (g + XMBIX’)+20,O]}

=r {UIIX(MBIWﬂMBI)+X'(219 + XMBIX,)+219}
=7 {K’(MBIWgMBI)+XI(Eﬂ + XMBI.X')_*-Eg} ,

since

Mg (Mp WyMp)t = (MpWyMp)t, K'Mp =U;XMp. O

5. INSENSITIVITY REGION

In this section, let the mixed linear model with constraints (1) be under considera-
tion, i.e., V;, 2 = 1,...,p, are symmetric positive semidefinite and ¥J; are positive.
Authors have not been able to solve the problem in the model with variance com-
ponents, i.e., in the case that V;, ¢ = 1,...,p, is symmetric only and ¥; can be
negative. The problem is to derive g-inverse of matrices depending on parameters
Y1,...,Yp. In mixed linear model it is valid the relationship (6) from the proof of
Lemma 5.1, i.e.,

“|

what is not true in the case of models with variance components.
Let the observation vector Y be normally distributed. Let 9* be true value of
the parameter 9. The small change of 9* into 9* + A causes a change of the 9*-

LBLUE h'B(9*) of the function h'3, B € B. Analogously, this change influences the
confidence level of the confidence region, the risk of the test, etc. In the following,
the problem with the confidence level will be studied. Here an analogous procedure
is used as in the regular mixed model with constraints (cf. [5]).

According to the previous section, it is sufficient to study the problem of the
sensitivity for functions X3, 8 € B, only.

Denote by n(9* + A) the random variable

p P
5?9. va,) = M(V;) c M (Z ﬂiV,) ,
t =1

=1

n(9* + A)
= (XB" +A) - Xlﬁ)' (X1 [(Mp Wy aMp)t = Mp/] X})~

x ()@(19* +A) - Xlﬂ) .
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Then n(¥) ~ x2(0), s = r Mp X'[Ey. + XMp:X']~Ey.) and the random variable

p
on(v)
¢€= Zl s =55

J=29*

describes the change of n(9*) caused by the shift A of the parameter 9 around
9*. Omitting the second and higher derivatives in the Taylor series, the variable
n(¥* + A) can be linearly approximated by

n(d* + A) = n(9*) +¢.

Lemma 5.1. Let the mixed model (1) be under consideration. Then the mean
value of ¢ is

p
E[¢] = - Z ATr (UV;),
i=1
where Tr (UV;) means the trace of the matrix UV; and
U = (Zp +XMpX)"X[MpWyMp]t X
+ ' *
x [X1 (MpWo-Mp]* - Mg ) X} |
xX; [MpWy.Mp |t X' (Bg. + XMp X',

The variance of £ is

Varg-[§] = A'AA,
where
A = 2S5y +4Cyr, (5)
{Su};; =Tr(UV,UVy), i,j=1,...,p,
{Cur};; = Tx(UV,TV;),
T = — (g +XMpX)" X [MpWy-Mp|" X'
x (Zgr + XMp X)) + (Zge + XMp X)7T.
Further, the explicit expression of the term %l, i=1,...,p,is
677('19*) — 7 * ! + ! +
s = ~2(KB@) %) [Xi (MpWo-Mp]" ~Mp) X{]

xX; [Mp Wyg-Mp/|" X' (Zg. + XMpX')" V;
X (Zg+ + XMpX')" v (9%)
— ! +
~ (KB ") - X:8) [X1 (IMp Wy Mp]" — Mp ) X{]
xX; [Mp Wy Mp|" X' (Zg. + XMpX')"V;
X (Zgv + XlVIB'XI)+ X [Mp Wg-Mp/]" X}
+ Y (53 (9t
X [Xl ([MBIWgtMB/] - MBI) Xl] (Xlﬁ ("-9 ) - XIIB) ’
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where .
’Ul('ﬂ*) = Y1 - Xlﬁ('ﬂ*)

Proof. The explicit expression of %}9’%} can be derived by using the relation

OAT(t) OA*(t) OA(t)
At — = AT =LAt
M) cmaw) » B0 - ar9POns, g
which can be easily proved. Then
X1 B(9*
PUBT) — X, My WM ] X! (B + XMp X)) V,
X (Bg- + XMp X')" vy (9%),
a_(‘;vz;; =-MpX' (219: + XMBIXI)+ V;

X (Zg+ + XMp X')" XMp,,
9 [X1 ([MBIW,thBr]-i— - MB,) X’l]
d9;
=X; [MpWy.Mp]t X' (9. + XMp X))V,
X (Sge + XMp X')" X [Mp Wy.Mp|" X,

In the next step we use the notation

F; = [Xl (IMpWo-Mp "~ Mp) x'lr X, [Mp W Mp]*
xX' (B¢« + XMpX)" V; (Sg + XMp X)),

D; = [Xl ([MB'Wﬂ‘MB’]+ - MB’) X’lr X; [Mp Wy Mp/]"
xX' (Bg+ + XMp X))t V; (Zg. + XMpX)*
xX [Mp W Mp]* X} [Xl ([MB:WWMB,]JF - MB,) X;]+

and A
¢(¥*) = X1 B(¥%) - XuB.
Then

o)~ Nay [0,%:1 (MpWo-Mp]" - Mp) Xi],
01(8%) ~ Npy [0, — X1 (M Wo-Mp]" — Mp) Xi],
where X+ 11 is the submatrix from (4) and ¢, v are stochastically independent.

The random variable -6—’%;;’%2 can be rewritten in the form

aygg*) = —2¢'(9")F;v1(9%) — ¢'(9*)DiC(9).
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Now the proof can be finished by using the following relations
E[¢'(9")Di¢(97)] = Tr (D;Vars- [¢(97)])
E [C'(ﬂ*)Fivl(ﬂ*)] =0
and
Varg- [¢'(97)Di¢(9%)] = 2Tr (D;Vary- [¢(9")] D;Vary- [((97))])
E [vy (9")Fi(9")¢' (9*)Fiv1(9")]
= Tr (F;Varg- [((9")] F;Vary- [v1(97)]),
E [vi(9")Fi¢(97)¢' (9)Di¢(9")] = 0. .
Let € be a chosen probability expressing the maximum tolerable decrease of the

confidence level caused by the fact that the true value 9* of the parameter 9 is
unknown. The notation

a = [Tx(UVy),...,Tr(UV,)] (7)

will be used.

Definition 5.2. Let
Ke={A: AeR, A;+9; >0,i=1,...,p, (A) <6},
where

B(A) = -Ala+tVAAR,
5 = x30,1-0a)-x3(0,1-a—e).

The set K¢ is called the insensitivity region for the confidence domain.

Theorem 5.3. Let A and a be given by (5) and (7). The boundary of the insen-
sitivity region for the (1 — a)-confidence domain of the function X;3, B € B, is the
set

k;:{A; AER, Aj+9;>0,i=1,...,p,

62¢2
2 _ €
(A - ‘u,o)’(t A — aa')(A - U()) = m},

where €, t are chosen positive numbers and

0c _
Yo = Bz a’A—a.A @
5 = x20,1-a)-x%0,1-a-¢),

s =T (MBIXl(E,ao + XMBIX’)+E,9c) .

Proof. The statement can be proved in the following steps
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1. matrices Sy and Cy,r from Lemma 5.1 are positive semidefinite,
2. a € M(Sy) Cc M(A),
3. solving the equation ®(A) = 4.
(in more detail cf. [2, 5]). a

6. NUMERICAL DEMONSTRATION

Example 6.1. The problem is to determine two straight lines p; and p; in a plane.
Straight line p; has to intersect the point [2,7] and analogously p; has to intersect
the point [2,T + 1], where T' is unknown. Moreover, p; intersects the point [0, 0].
We have only one measurement for each straight line at our disposal; y; = 2.00 at
the point z = 1 with the accuracy (standard deviation) o, = 0.01 for the straight
line p; and y2 = 1.50 at the point £ = 3 with the accuracy o2 = 0.02 for the p,.
Both measurements are linearly dependent (correlation coefficient p = 1).

Let us denote

p: y=ph,
p2: Y= P2+ Paz,

i.e., the vector of unknown parametersis 3 = (01, f2,03)’'. Constraints on the model
are '

2[31 = T»
Ba+2B3 = T+1,
hence
2By — B2 —2B3+1=0, . (8)

ie, B=(2,-1,-2)and b=1.
Let us put the true value 9} equal to the certificate value o2, i = 1,2. The
acceptability of this equality we verify by using sensitivity region. Then
97 = 0.0001, 95 = 0.0004,

5. — ( 0:0001, 0.0002
9" =\ 0.0002, 0.0004 )’

0.5, 1.0 _ (0125, 0.250
Vi= ( 10, 2.0 ) » Vo= < 0.250, 0.500 )

Stochastic model describing the process of measurement is given by

< n ) ~ N3[XB,Zy.], Be{u: ue R, Bu+b=0} =5,

Ys
1, 0, 0
X“(o, 1, 3)'
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Then

0
1
3
2 4, 5
M(B Ker(B -2, 2 1.
5 4

Since M(X',B’) = R3, all functions h’'3, h € R®, are unbiasedly estimable
and thus the vector B is also unbiasedly estimable. The 9*-LBLUE of the whole
parameter 3 is 3(9") = (2.00,12.00, —3.50)' (cf. Lemma 3.2). The (1—a)-confidence
region of 3 is given as

E1-a(@) ={B: B e Ker(B)+ By,
(8- B [Varo- (B07)]” [8-Bw")] <21 -},
where 3, is a vector satisfying the relation (8), e.g. B, = (0.5,6.0,—2.0)", and
s=r (Varg* (B(ﬁ*))) =1 (MpX'[Sg+ + XMpX']"5p.) = 1.

(cf. Corollary 4.3).
The covariance matrix Vargs (B(ﬂ*)) is

R 0.0001, 0.0002, 0
Varg. (,6(19*)) = (MpWg-Mp)* —Mp = | 0.0002, 0.0004, 0
0, 0, 0

Since its spectral decomposition is given by

R 0.4472
Varg- (ﬂ(ﬁ*)) =0.0005 [ 0.8944 | (0.4472,0.8944,0),
0

the subspace Ker(B) can be expressed, in our case, in a more suitable form as

0.4472, —0.5963
Ker(B) = | 0.8944, 0.2981 |.
0, 0.7454

Thus 0.95-confidence region of 3 is the set characterized by the abscissa [—0.0438, 0.0438]
(0.0438 = 1/0.0005x2(0.95), x2(0.95) = 3.84), which center is shifted to the point
,@(19*) = (2.00,12.00, —3.50)" and its direction is given by the vector (0.4472,0.8944, 0)’
(cf. Figure 1).
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Fig. 1. 0.95-confidence region £0.95(0) in the linear manifold B.

Now, let us consider the problem of the sensitivity. Let the tolerable decrease of
the 0.95-confidence level be 10%), i.e., e = 0.1. Let ¢t = 4. The center of the insensi-
tivity region Ko 1 for the confidence domain £o.95(8) is ug = (—0.3328-10~3, —0.0832-
10~3)". Eigenvalues and eigenvectors of the matrix t2A — aa' arc

A =0, vy =/(0.2425,-0.9701)",
A2 = 2.6603 - 107, vy = (—0.9701, —0.2425)".

Hence, the insensitivity region is the band in the direction v; and its width = is
cqual to

82t

_ - = (), . —3_
T aA gy, = 0970210

¥=2
Moreover, tolerable shifts (§9; , §92)' must satisfy §9; > —0.0001 and 692 > —0.0004.
Thus, the insensitivity region is not the whole band but the triangle P, P, P only
(sce Figure 2). Here P; = (—0.0001,—0.0004)', P, = (0.0011,—0.0004)" and P; =
(—0.0001,0.0042)".
From the practical viewpoint it is more important to determine tolerable shifts
b0 = /60 of the parameter o around its true value o*. Evidently, the shift do
is tolerable iff the shift §19 is tolerable. The tolerable shifts do are given by the

equation
do; = \/9F +6Y; — 0], i=1,2.

The region Q1Q2Q3 of all tolerable shifts (do1,d02)" is shown in Figure 2. Here
Q1 = (-0.01,-0.02), Q2 = (0.0246,—0.02)" and Q3 = (—0.01,0.0478)".

The maximum tolerable shift do; is 0.0246 if the measurement Y3 is exact. Anal-
ogously, the maximum tolerable shift dos is 0.0478 if the measurement Y] is exact.
In both cases, standard deviation o; can increase approximately by 240 %. Tolerable
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right: tolerable shifts do around o”.

shifts o are large enough therefore we can put the true values o* equal to the cer-
tificate values. Further, both measurements are equally important from the aspect
of the accuracy of the estimator 3.
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