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COMPLEX CALCULUS OF VARIATIONS

MIcHEL GONDRAN AND RITA HOBLOS SAADE

In this article, we present a detailed study of the complex calculus of variations intro-
duced in [4]. This calculus is analogous to the conventional calculus of variations, but is
applied here to C™ functions in C. It is based on new concepts involving the minimum
and convexity of a complex function. Such an approach allows us to propose explicit so-
lutions to complex Hamilton—Jacobi equations, in particular by generalizing the Hopf-Lax
formula.

Keywords: complex calculus of variation, Hamilton—Jacobi equations
AMS Subject Classification: 93B27, 06F05

1. INTRODUCTION

The objective of this article is to present a detailed study of the complex calculus of
variations introduced in [4]. While the complex calculus of variations studied in [4]
is similar to the conventional calculus of variations (Euler’s equation and Hamilton—
Jacobi’s equation), we apply it here to value functions as defined in C™. The present
study is based on two new concepts that we develop in Section 2: The minimum of
a complex value function as defined on C™ and the definition of convexity for such
functions. These concepts then lead us to defined a Fenchel transform whose prop-
erties are analysed in Section 3. Finally, in Section 5, we propose explicit solutions
to Hamilton-Jacobi equations for complex value functions defined on R™ or C”, in
particular by generalizing the Hopf-Lax formula. This new approach should make it
possible to take into account certain extensions of the calculus of variations that are
required by modern physics, particulary in quantum mechanics. In this way, complex
Hamilton—Jacobi equations have already been introduced in quantum mechanics by
many authors such as Balian and Bloch [1] and Voros [6].

These authors show that complex Hamilton-Jacobi equations are necessary to
carry out certain approximations more completely, such as the BKW approximation.

2. MINIMUM OF A COMPLEX FUNCTION

Let f(z) = f(z + iy) be a complex function of an open set  of C™ in C, expressed
in the form f(z) = P(z,y) +iQ(z,y) with P(z,y) continuous in z and y.-
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Definition 2.1.

1. z0 = xo +1yo is a local minimum of f in  if a neighbourhood v(z9) C exists
such that: (zo,yo) is a saddle point of P(z,y) on v(2o):

P(zo,y) < P(x0,y0) < P(z,y0) Yz :x +iyo € v(20);Vy : To + 1y € v(20)-

2. zp is a global minimum of f in Q if (zo,yo) is a saddle point of P(z,y) in the
whole of §2:

P(zo,y) < P(z0,%0) < P(z,y0) VT :z+1iyo € QVy: x0 +iy € Q.
3. Qis convex for all values of 21, z; € ) if the segment [21, 23] := {Az1+(1—-X)23 :
) € [0,1]} is contained within Q.

4. f(2) is (strictly) convex in Q if P(z,y) is (strictly) convex for z in 2 and
(strictly) concave for y in .

Proposition 2.1. If f(2) is strictly convex in €, then it will assum a unique global
minimum value in Q.

Proof. Let z9 = 2o 4+ iyo and z; = z; +1y; denote two global minima of f in 2,
with 2o # 2. Then, according to the definition of the global minimum, we obtain:

P(zo,y) < P(z0,y0) < P(z,y0) Yz :z +iyo €N et Vy:xzo+iy € Q
and
P(z1,y) < P(z1,y1) < P(z,y1) Vz:z +iy; € Q et Vy:xz; +iy € Q.

But zp # 2; implies zo # z1 or yo # y1.

If yo # y1, we obtain P(zo,y0) < P(x1,%) < P(x1,71) < P(20,y1) < P(0,Y0)
which gives rise to a contradiction. We find the same contradiction for zg # ;. As
a result, zg = 2. O

Proposition 2.2. If f(z) is convex in a convex {2, then any local minimum is
global.

Proof. Let us take zyg = xo + iyo as a local minimum of f. Then, since Vz =
z + 1y € v(zp), we can write:

P(z0,y) < P(zo,10) < P(z,0).

Take for instance z; = z; + iy; as any point of . Assuming z = Azp + (1 — A)z;
with 0 < A < 1, we show that:

P(z0,71) < P(20,%0) < P(z1,%0).

We can write P(z,y0) = P(Azo+ (1 —A)z1,y0). But P is convex in z, so P(z,yo) <
AP(z9,y0) + (1 — A)P(z1,y0). If we assume that P(z1,y0) < P(Zo,%0), this leads
to: P(z,y0) < AP(z0,¥0) + (1 — A\)P(z0,y0) = P(z0,y0). This gives rise to a con-
tradiction, so as a result, P(zq,y0) < P(z1,¥0)-

In the same way, we can show that P(zo,y1) < P(zo,yo) using the fact that P is
concave in y. O
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Proposition 2.3. If f(z) is holomorphic, then P(z,y) is (strictly) convex for z
in Q, and is equivalent to P(z,y) (strictly) concave for y in Q. In this case, the
condition of optimality is simply written as:

P(z0,y0) < P(z,90) Vr:z+iyo € Q.

Proof. Since f is holomorphic, then the Cauchy conditions are satisfied for all

. . o . 2
values of 7 and j: gfi— = 34;‘ et gf} = —g%. These conditions imply 3—;9‘_—355 =
__a%p

dyidy;

P is (strictly) convex in £ = (z1,...,z,) if and only if the proper values of

2
the Hessian matrix (3—‘2-‘_—,-;;—1_ are (> 0) > 0 in Q. From this, we can

)i=1,n;j=1,n
deduce that P is (strictly) convex in z if and only if the proper values of the matrix

a?P . . . . .
(——By; 59; )i:Ln;Fl,n are (< 0) < 0in R, and, therefore, if and only if P is (strictly)

concave in ¥ = (Y1,---,Yn)- o

Let us give some examples of strictly convex complex functions:

1. The function f(z) = £z? is strictly convex on C. More generally, g(z) = 122,
in which 22 = 22 + 2% + 22, is strictly convex on C3.

2. f(z)= %thz, where @) is defined as positive, is strictly convex over the whole
of C™.

3. f(z) = %z:‘ is strictly convex on C% := {z + iy, z > 0}. In fact, f"(z) = 2z,
so Re(f"(2)) = 2z > 0. From this, we derive the strict convexity of f on C%.

4. f(2) = 12z* with a being an integer a > 2, is convex in Qo = {z + iy; |y| <

ztan 5(31'_—2;} on C%. In fact, f"(z) = (a — 1)2*~2.
For z = rei?, we obtain Re(f"(z)) = (a — 1)r(®=2) cos(a — 2)6.
Re(f"(2)) 2 0 for —5rf55 < 0 < 5y and therefore |y| < ztan 57—z

5. f(2) = Ypey an2™ with z € C%, a3 > 0 and a, > 0. The function is convex
in Q = {z+4y suchthat Je, > 0 , |yl < ez} In fact, f'(z) =
203 + Yoo sn(n — 1)apz" "2 g—i’;(x, 0) =2a3+ Y oo sn(n—1)a,z™ 2 > 0 so
f(z) is therefore strictly convex on R. Since Re(f"”(0)) = 2a2 > 0, then, by
continuity, there is a value €; > 0 such that we obtain Re(f"(z)) > 0 in the
open set defined by |y| < €;z.

6. f(z) = c? (1 —4/1- %;—) with ¢ > 0 and |z| < ¢, where v/Z is the square
root of Z having a real positive part. This function is convex in the open

set 0= {z+iy; |z] < ¢ ly| < ealal}. We can write f"(2) = (1- %)

2

—3
But f"(z) = (1 - %:—) * > 0 is strictly convex for|z| < ¢ and, as deduced

from Example 5, for all values of z there is a €, > 0 for which we obtain
Re(f"(z)) > 0 in the open set defined by |y| < e, .
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7. f(z) = %z% is convex on C%, with 2z € C, and where V/Z is the square root
of Z having a real positive part. In fact, since f"(z) = %z% then Ref"(z) > 0.

The following proposition provides a general framework for the above examples.

Proposition 2.4. If f(z) is a real analytical function strictly convex on an open set
A of R™, then its analytical prolongation f(z) is strictly convex on a neighbourhood
Q2 of A in C™ having the form Q = |J,, vz, where

vy, = {2’ € C, 3e; > 0 with |2 — z| <€, }.

Futhermore, f"(z) is reversible in a neighbourhood Q' (A C Q' C Q) having the
form: Q' = [J, ¢, vz where

v, ={2z' € C, 3§, > 0 with |2’ —z| <&, < e}

Proof. f"(z) = f"(z + iy) = u(z,y) + iv(z,y). Fory =0, f'(z) = u(z,0) +
iv(z,0). Since f(z) is strictly convex on A, there is a value a, € R such that
f"(z) > az > 0. This inequality leads to u(z,0) > a, and by continuity we obtain:
Vz,3B; :ly| < B: and u(z,y) > a, > 0. From this, we derive the strict convexity
of f.

We show that f"(z) is reversible in Q' (A C Q' C Q).

In dimension 1, the fact that f(2) is strictly convex in Q, while f"(2) = u(z,y) +
iv(z,y), gives us (f'(2))"' = u’éjr’:’z or u(z,y) > 0, thus (f"(2))™" is well defined
on ' = Q.

In dimension n, with f(z) = f"(z) = U(z,y) + iV (z,y), we need to find two
matrices X and Y such that (U +iV)(X 4 ¢Y) = I. The strict convexity of f(z)
leads to the fact that U(z,y) is a reversible matrix. This strict convexity of f(x) is
expressed by:

VeeA 36;: |y <d6; Uz,y)>al >0

VeeA v |yl <y Viz,y) < ‘la—OI
and therefore U='V < I, which leads to U~! < 2X and, as a result, X > % in
v ={z' € C, |z —z| <min(bz, Vs, €c)}- O

Proposition 2.5. If f(z) is a holomorphic function on a convex open set §2, then a
necessary condition for zg € ) to be a local minimum of f(z) in  is that f'(z0) = 0.
It is sufficient if, in addition, f is convex in the neighbourhood of 2.

Proof. zg = zg + iyo is a local minimum of f(z) in 2, hence:

P(zo,y0) = min P(z,y0) = max P(zo,y)-
z; T+iyo€v(zo0) ¥; Tot+iy€v(2o)
Thus, %(mo,yo) = %—g(xo,yo) = 0. Since f is holomorphic in {2, The Cauchy

conditions imply f'(zo) = %(%‘?+%)— %(%—};— 99) = %f—,,.’-(mo,yo)—i%—;’(xo,yo) =0.
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If f(z) is convex in the neighbourhood of zp, then P(z,y) is convex for z in the
open set {r; = + iy € v(20)}.Thus, we obtain Vz : z + iyo € v(20), P(Zo,¥0) <
P(wvyO) + %(xo,yo)(zo - "L‘)'

f'(z0) = 0 implies that %(zo,yo) = 0, so therefore P(zo,%0) < P(z,y0) Vz :
z +1iyo € v(20). O

Observation. If 2 is convex, then a necessary condition for zp to be a global
minimum of f(z) in Q is that f'(z0) = 0.

3. FENCHEL COMPLEX TRANSFORM

Definition 3.1. Each complex function f(2): z €  C C" ~ C is associated with

its Fenchel complex transform fox(p) : p € ¥ C C" = C, which, if it exists, is
defined by:

Vpex, faxlp)= max(p- z — £(2)).

Examples.

1. For the real values m and o (o # 0), let us assume that fm(z) = 1 (%)2

and calculat;e:r:fm,a (p) = max;ec (p ‘Z— % (Z‘—m)2) . It is easy to check that

o

the function g(z) defined by: g(z) =p-z — % (22m)? can be derived out of
C an its derivative g'(z) is cancelled out at a unique point z = po? + m.

The maximum is thus attained (cf. Proposition 2.5), for z = po? + m and
f(p) = 3p°0® +mp.

2. For f(2) = %thz , where Q is symmetric and defined as positive, we obtain:
f(p) = max,ecn (p* -2 — 12'Qz) . The function g(z) = p* -z — 1%thz can be
derived out of C" an its derivative is cancelled out for z = Q~'p. The max-

imum is therefore attained at this point (necessary condition of optimality),
and f(p) = 3p'Q7"p.

3. For f(z) = 32° with z € C%, we define Flp) forp € C?% as follows: flp) =
max.ecs (p-z— %z:’) The necessary condition of optimality leads to f'(z,) = 0,
that is to say p = zf,. This equation allows a single root in C* , hence a single
local maximum z, = /p —§ < arg(zp) < §. Since f(z) is convex in C?, then

2p is the global maximum of pz — f(z) in C} (cf. Proposition 2.2). In this
case, f(p) exists and f(p) = 2p3.

4. Let f(z) = (1 - 1/1—%:-) with ¢ > 0 and z € Q = {z,|Re(z)|] < ¢},
where v/Z is the root of Z having a real positive part. The function g(z) =

p-z—c? (1 —4/1- %;) can be derived out of C and its derivative is cancelled
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out for z, = p/4/1+ fs’; The Fenchel transform of f(z) therefore only exists
for p in a sub-set ¥ of C such that:

P <c

Ji+8% /|
Then, for all values of p € ¥, we can define the complex Fenchel transform by

]’c;),):(p) = max;eq (p cz—c2 (1 —4/1- %;—)) and we can write fg,);(p) =
c ( 142 — 1).

For all real values of p, we obtain p € ¥. By continuity, we observe that ¥ is
a closed set containing R.

Y=<peC : |Re

~

5. For f(z) = %z“ with 2 € C3}, we can define f(p) for p € C%, as follows:

f(p) = maxzecy, (p- 2 — 1z%). The necessary condition of optimality leads to

f'(zp) = 0, that is to say p = zg. If we assume that Z3 is the cube root of
Z having a real positive part, then the equation p = zg allows a single root in
C3, so there is only a single local maximum z, = p% with —E<arg(z) <%
(or V3|yp| < ). As f(z) is convex in the cone Q := {z + iy such that |y| <
z} of C, then z, is a global maximum in . However, it is not a global
maximum in C}. To demonstrate this, taking P(z,y) = Re(p-z — %24), it
suffices to find a point (zp,9p) such that P(zp,y,) > P(zp, Up)-
For p = a+if and z = z+1iy we obtain P(z,y) = az— By — ;(z% —y?)? + 2242
Let 4, = yp + 625, then it follows P(zp,yp) — P(p, ¥p) = 3622 (6z,yp + Sy2 +
1822) > 0 if and only if (6zpy, + 3y2 + 222) > 0. As y, > —z,, we obtain
6xpyp + Sy2 + La2 > —622 — 322 + 2222 > 0, which leads to the conclusion
that (zp,yp) is not a saddle point of P(x,y) on C%. Hence, we can only define
7 4
the Fenchel transform on the con Q: fq x(p) = max,cq(pz — ;2*) = 3ps.

Theorem 3.1. Let us assume that:
— 2 and ¥ are two sets of C™,
— f(2) is a function of Q2 in C,
— fgyg(p) of ¥ in C is the complex Fenchel transform of f(z),

For a convex ¥ and a holomorphic and strictly convex f, f(if it exists) is also convex
in X.

Proof. Let us note p = a + i3, z = z + iy and f(z) = P(z,y) +iQ(z,y). The
strict convexity of f(2) in Q means that Re(p-z— f(z)) = ax—PBy—P(z,y) is strictly
concave in z and strictly convex in y, thus allowing, if it exists, a unique saddle point



Complex Calculus of Variations 255

(zp, Yp) of az— By — P(z,y) with z, = z,+iy, € Q. Otherwise, fo(p) = p-zp— f(2p)
leads to P(a, ) = azp — Byp — P(xp’yp) and Q’\(a,ﬁ) = ayp + ﬂzp - Q(-Tp)yp)~
Moreover, we can readily verify the convexity of P(«, ) in a and the concavity in
B. In fact, since ¥ is convex, for a = oy + (1 — 6)a; with 6 € [0, 1], we can write:

P(a, B) = maxmin ((6a1 + (1 - 6)az)z ~ By — p(z,y))

Plap) < omax{aa+min(-5y - slo)
+(1-0) max {azx + myin(—ﬂy - p(z, y))}

P(a,p) < O maxmin{ayz — By — p(z,y)} + (1 - 0) maxmin{oez — By - p(z,y)}-

So P(a, B) < 8P(a1,B) + (1 — 6)P(az, B) and consequently, P(a, B) is convex in a.
In the same way, we can demonstrate that P(a B) is concave in 8. From this, we
deduce that if fq exists, 2, is the unique solution in Q2 such that f'(z,) = p. ]

Observation. The equation f'(z,) = p indicates the existence of a Fenchel trans-
form if ¥ = f'(9).

Theorem 3.2. Take a convex set of C™ as well as a function f(z) of Q in C, which
is holomorphic and strictly convex in . Let ' be the open set of  where f"(2) is

reversible. Then, for all p € &' = f'(R'), £ is involutive:

Vze fgr w(2) = max(p z— fQ’ s (p)) = f(2)-

Proof. The strict convexity of f in 2 means that f(z) is reversible in Q'. Since
¥ = f'(€'), zp exists and the equation f'(zp) = p leads us to the fact that %} exists

and is equal ( f"(z,,))_1 Furthermore, we obtain the max,esy (p -z — fg:,g: (p)) for
p by verifying z — z, — % +f! (zp) = 0, That is z = zp. From this, we obtain
far 5 () = maxpes: (p-z—p-zp+f(2)) = f(2). . 0

Observation. In dimension 1, we obtain = 2 and ¥ = X'. In this case,
fQ 5(2) = f(2) Yz € Q (cf. Theorem 2.4).

4. COMPLEX CALCULUS OF VARIATIONS
Let L : C" x R x ®t — C, where L(z,q,t) is a holomorphic function in z and

q which can be derived in t. This function is referred to as a complex Lagrange
function. In addition, we may assume that L(z,g,t) is strictly convex in g.
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Definition 4.1. Let us establish 29 and z; € C™ and ¢t > 0. We define the
functional complex action J by:

t
w0 = [ £ (w6, 4,5 as 1)
0 S
and the class of allowable functions:
A = {w(-) : [0,t] & C" holomorphic/w(0) = zp, w(t) = zy}. (2)

The problem of the complex calculus of variations is then to define a curve wy(-) €
A such that:

Tlwo()] = min Jfu(")] 3)

where min is the global minimum taken in the sense of the complex min in def-
inition 2.1: noting that wo(t) = we(t) + ivo(t) and J(wo(t)) = P(uo(t),vo(t)) +
1Q(uo(t), vo(t)), while for all w(t) = u(t) +iv(t) € A :

P(uo(t),v(t)) < P(uo(t),vo(t)) < P(u(t), vo(t)).

Theorem 4.1. (Complex Euler equation) If function z(-) is a holomorphic solution
of (1), (2), (3), then z(-) satisfies the complex Euler equation:

d /0L dz oL dz
5 (GO0 F9+ GE60, o) =0 w5 < (4)

Proof. Let us consider the function G : [0,¢t] & C™ such that G(0) = G(t) = 0.
We define the function w(-) = 2(:)+7G(:) for 7 € C. Let B, = {w(-) +7G(-)/G(-) €
C2([0,t); C™), with G(0) = G(t) = 0}. It is evident that B, C A and that z(-) € B,
(r = a+1i8 where = 8 = 0). According to the Lemma 4.1 given below, the
function g defined by: g(7) = J[z(:) + 7G(-)] has a complex minimum in 7 = 0. As
a result, g'(0) = 0.

g(r) = /Ot L(z(s) + 1G(s),2'(s) + TG'(s),s) ds

t t
/ a—L(z+‘rG,z'~}-7‘G’,s)Gds+/ 6—L(Z+TG,Z’+TGI,8)G’dS
0 az 0 aq

tQ\
~~
3
~
Il

90 = [ GC6.2,960) dst [ FEE0,2(6),9) 6 (6) ds =0.

After integrating each part, we find:

torL , td (oL ,
[ 62600 60as - [ 4 (Fee6,2),9) o) ds =0
For all G satisfying the boundary conditions. Thus, V0 < s <t
d (8L , oL , 3
-5 (Go@.26.9) + 6,20, 5) =0,
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Lemma 4.1. Let us consider the variational problem:

Jz()) = Juin Jw()).

Let us assume B is a sub-set of A such that z(-) € B. Then:

TE0) = min, ()

Proof. Let us note z(-) = z(-) + iy(-), w(-) = u(’) + () and Jw()] =
P(u,v) + iQ(u,v). According to Definition 2.1, (z(-),y(+)) is a saddle point of
P(u,v): P(z(),v()) < P(z(-),y()) < P(u(-),y(:)) Yu: u()+iy() € A Vv:
z(-) +iv(-) € A. But B C A. Thus, the inequalities given above are valid
Vu:u() +iy(-) € B Yv: z(-) +1iv(-) € B, so therefore J[z(-)] = min,()ep J{w()].

O

Definition 4.2. We define the complex action S(z,t) as the complex minimum of
the integral of the complex Lagrange function:

S(z(t),t) =  min {So(z')+ /OtL(u(s))ds} (5)

v(s),0<s<t

where the complex minimum is taken for all the tests v(s), s € [0,t], while the
change of state z(s) is given by the system evolution equations:

da(s) _

1o v(s) et z(0)=2'

where Sy and 2’ are given, and where z(t) is a holomorphic function.

Theorem 4.2. Let us assume that L(-) is convex. Then, for z € C" and .t > 0, the
function K(z,t,2') = tL (fltil-) is the complex minimum of fot L(w'(s))ds, where
w(:) € A, that is to say w(-) is holomorphic, while w(0) = 2’ and w(t) = z.

The demonstration of this theorem is based on an inequality that is equivalent
to the one used by Jensen on complex functions:

Lemma 4.2. Let f be a holomorphic and convex function of C™ in C, which can
be expressed in the form f(z) = P(z,y) +iQ(z,y). Let w = u+1v be a holomorphic
function on an open bounded set £ of C™. Then, we can write:

frifo)sr(fuf)sfref) o

where ¢ u(z)dz = %fot u(s) ds.
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Proof. f is convex and holomorphic, while for all (zg,y0) € R™ x R", there is
ry, T € C" such that

P(z,y0) > P(x0,y0) +r1(z — 7o) and P(zo,y) < P(Zo,%0) + 2(¥ — %0)

for all z € ", and for all y € R™. Let us assume that

Xo = ?(u(m) , Yo =7{v(m) , X =u(z) and Y =uv(z).

Accordingly

P (u(x), ?{ u(z)> ( 74 u(z }4 o(z ) +r ( f u(:l:))
 (fusne) <o (funfo) o
}{ ( ?{ (@), v(x)) ( % u(@), § vz ) }{ P (u(:c), }( v(x)) .

Proof of Theorem 4.2. Let us assume z = z + iy, 2’ = z' + 17/,
w =u +w', L(w'(s)) = P (s),v'(s)) +1iQ(u'(s),v'(s)). By noting wo(s) = 2’ +
Hz—2") (0 < s < t), we show that (ug(s), v(’)(s)) = (’”‘t’”' tﬂ’) is a saddle point
of Re (fo ))ds) We obtain Re (fo w'(s)) ds) = fo P(u'(s),v'(s)) ds.
Since §w'(s)ds = 1(z — 2'), then §u' = 1(1:-—;1: ) and §v' = 1(y —y'). Thus

Iy P(uh(s),vh(s))ds = [ P ( azz’ tﬂ,) = [y P(§u, §v') . We then apply Lemma
4.2, taking into account that vj(s) = v’ and ugy(s) = § o',

/OtP<7{u',7{v'> S/Otygp(u',v('))ds=/0tP(u’,v(’))dsvu'.

In the same way,

/OtP<?£u’,}{v') Z/Ot }4P(’ug,v')ds=/0tP(u6,v')dsvv'.

Thus, (z”t"" , }/;tL') is a saddle point of fot P(u'(s),v'(s)) ds and therefore

Jnf </OtL(w'(3))ds) = /OtL(w;,(s))ds =tL (z — "') .

and

O
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Corollary 4.1. Let us assume that L(—p) is also convex, and that Sy(z) is holo-
morphic as well as strictly convex. Hence, for z € C™ and t > 0, the function

!

S(z,t) = inf (tL (" - z ) + So(z')) ()

is the solution of
t
inf inf {/ L(w'(s))ds + SO(Z’)} (8)
2z w' 0

where inf is taken on w', with w(-) being holomorphic and w(t) = z, and on 2’ =
w(0).

Proof. For a given value of 2', Theorem 4.2 implies: tL (z"tz’) + So(2') =

inf {fot L(w'(s)) ds + Sg(z’)}. Since L(—p) is convex, then L (z_t”) is convex

in 2z’ and tL (Z‘tzl') + So(2') is a holomorphic and convex function in z'. Thus,

inf (tL (z—tz') + So(z')) is well defined and is equal to inf,: inf,, {fot L(w'(s)) ds
+So(z')}. O

5. SOLUTIONS OF THE COMPLEX HAMILTON-JACOBI EQUATION

Let us consider the following system of partial differential equations, which we use
to look for the functions a(z,t) and b(z,t) € C2(R™ x RT; R):

da 1 2 _ 1 2 _ n . ot
5 + 2(Va) 2(V'b) =0 V(z,t) eR" xR (9)
%+Va-Vb:0 V(z,t) € R x Rt (10)
a(z,0) = ap(z) b(z,0) =bo(x) VzeR" (11)

where ag(z) and bg(z) are analytical functions of R" in R, ao(z) is strictly convex
in an open set O of R", while by(z) is affine. By assuming S(z,t) = a(z,t) +ib(z, 1),
the previous system is equivalent to the complex Hamilton-Jacobi equation:

95 %(vsf =0 VY(z,t) € R xR (12)

ot
S(z,0) = So(z) Vz e R" (13)
where So(z) = ao(z) +ibo(z). Let So(z) be the analytical extension of Sp(z) having

the form ao(z) +1ibo(z). According to Proposition 2.4, ag(2) (and thus So(z) as well,
since bo(z) is affine) is strictly convex in a neighbourhood €2 of ®" in C™.
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Theorem 5.1. The function S(z,t) defined by:

—1)2
S(,t) = min (Sg(z) + & — ) ) (14)

is a solution for small values of ¢ in the system (12),(13).

2
Proof. Sp(z)+ b{;)_ is a holomorphic and convex function in Q. The necessary
condition of optimality follows only if z; ; is the solution of:

VSo(z) + (2 ; ) . (15)

In other words: 2z, s =z — tV‘SO(zm,t) is an element of {2, which corresponds to the
optimal solution. The equality (15) is continuous in z. It is satisfied in z for t = 0. As
(2 contains a ball with centre z in C”, the equality (15) allows a solution z; ¢, within

this ball for sufficiently small values of ¢. In this case, S(z,t) = So(zz,t) + (z“#ﬂz—

and VS(z,t) = (VSo(zz,t) + (—Z“T_z—)) Vg — 24=% = Z=2=t Gince 25(z,1) =

_(Z_—zit;i, then 23(z,t) = —1(VS)? Vz € R" and at small values of ¢. O

Corollary 5.1. When Sp(z) is quadratic, then Sy(2) is convex in C™ and the
function

S(z,t) = min <so () + & ;;”2)

is a solution of (12),(13) for all values of t.

Observation. We may note that, to obtain the real solution to the problem
(9), (10), (11), it was necessary to make use of complex variables. This appears to be
a general principle and proves advantageous in calculating the complex variations in-
troduced above. Moreover, the various formulae for resolving the Hamilton-Jacobi
equations, cf. [9], can be generalized for complex Hamilton—Jacobi equations. In
particular, we obtain the following generalization of the Hopf-Lax formula.

Theorem 5.2. Take the complex Hamilton-Jacobi equation:

93 +H(VS)=0 VY(z,t) e A x R+ (16)

ot
S(2,0) = So(2) Vze€N (17)

where H and Sy are two holomorphic functions, and 2 is a convex set.
Let us assume that Sp is strictly convex in @ = H'(X), and that H is strictly

convex in ¥ = S§(f2). If the complex Fenchel transform H of H is holomorphic in
¥, then, for small values of ¢, the function S(z,t) defined by:

S(z,t) = min (So(z') +tH (Z . Z')) ) (18)
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is a solution of the system (16),(17).

Proof. H is holomorphic and st’rictly convexin ¥. H is holomorphic and convex
in Q2. Consequently, So(2')+tH (25%) is convex and holomorphic in 2. The necessary
condition of optimality means that, if zp, the solution of:

VSo(2') - VH (z_tz') =0 (19)

is in 2, and it will correspond to the optimal solution. Since H is holomorphic and
strictly convex in ¥, then the necessary condition of optimality only applies if p, the
solution of:

z—2'

t

VH(p) = (20)
is in X, thus corresponding to the optimal solution.

For t =0, 2’ = z € Q. For small values of t, 2z’ € v, C Q where z = Re(z). Thus,
f;t"i € Q. Since Q = H'(X), then there exists p,» € ¥ such that

o R,
H<Z tZ):Z tz 'pzl—H(pzl) Vz' e Q.

z—2z

VSo) - VA (252 = VS0(s) + (s = Vs s ~ 1V H () Ve =0

The equality (20) leads to VSp(z') — p,» = 0. Since S{(2) = X, then there
exists zg € Q such that S(z,t) = So(z0) + tH (fltz&) VS(z,t) = VSo(20)Vzo +
VH (252) (I - Vzo). The equality (19) leads to VS(z,t) = VH (232).

~ 22— I-V I-V -
vH (Z tm)( t ZO) :< t ZO) po+ 2 tZO'Vpo—VH(po)-Vpo

I—VZO

oS _afz—2 z— 29 @ z— 29
=1 (52) - (52) 5 (557)

Vﬁ(z;%):Pv+z_%_¢VH@LVm=wm=VS

But,
0~ (z—2 Zo—2\ 20— Z2
EH(t )(t )_ ¢ P
then a5
zZ— 2 20 z
il = -po = —H(po)-
S0 =B (F52) 4+ 225y =~ HGw)
Thus, 55
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Examples.

"3
1) For small values of t, the function S(z,t) = min,cq {So(z’) + 555 } is a solu-
tion of:

S

2 s +
E-i-g(VS) = 0 V(z,t) e QxR

S(z,0) = So(z) Vze.

In fact, for @ = £ = C%, the function H(p) = 2p? is convex in C? and Vp € C%,
H'(p) = p: € C%. Otherwise, we choose Sy to be holomorphic and convex in
C; = Q, and such that S§() = C} = % (for example, So(z) = 32%). The condi-
tions of Theorem 5.2 are thus well satisfied.

2) For small values of ¢, the function S(z,t) = min,eq {So(z’) + g%zgit} is a solu-
tion of:

S
ot

Il

%(VS) 0 V(z,t) € A x R*
S(z,0) = So(z) VzeQ

In fact, for @ = {z +iy/|y| < |z|} N C% and £ = CZ the function H(p) = %p% is
convex in . We choose Sy to be holomorphic and convex in €, such that S{(Q) =
C* = X (for example, So(z) = 122 or So(z) = £2°). The conditions of Theorem 5.2
are thus well satisfied.

Observation. Inthe case where H and Sy are quadratic functions, they are strictly
convex in C™, and

S(z,t) = min (So(z)+tH< z'>)

t
is a solution of the complex Hamilton-Jacobi equation (16), (17) for all (z,t) €
C" x Rt.

Corollary 5.2. Let 2 be an open set of C™. The complex action S(z,t) defined
by (5) satisfies the complex Hamilton-Jacobi equation:

95 L H(VS) =0 V(z,t) € Q x RF (21)

ot
S5(2,0) = So(z) Vz€Q (22)
where H(p) is the complex Fenchel transform of L(q).
Proof. This corollary can be directly deduced from Theorems 4.2 and 5.2. O

(Received October 10, 2002.)
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