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KYBERNETIKA — VOLUME 37 (2001), NUMBER 6, PAGES 669 - 684

SOME INVARIANT TEST PROCEDURES _
FOR DETECTION OF STRUCTURAL CHANGES;
BEHAVIOR UNDER ALTERNATIVES!

MARIE HuSKOVA

Regression- and scale-invariant M-test procedures for detection of structural changes in
linear regression model was developed and their limit behavior under the null hypothesis
was studied in Huskov4 [9]. In the present paper the limit behavior under local alternatives
is studied. More precisely, it is shown that under local alternatives the considered test
statistics have asymptotically normal distribution.

1. INTRODUCTION

The present paper is a continuation of the paper Huskova [9], where a class of M-type
regression- and scale- invariant test statistics for detection of a change in regression
models are developed and their limit behavior under the null hypothesis (no change)
is studied. Here we focus on the limit behavior under alternatives.

We consider the regression model with a change after an unknown time point m:

Yin=2]B+2T6,1{i >mp}+e;, i=1...,n, (1.1)
where m,(< n), B = (B1,---+8p)7T, 8n = (6n1,--. ,0np)T # 0 are unknown param-
eters, ; = (Ti1,...,%ip)’, i1 = 1,i = 1,...,n, are known design points, and

e1,-... ,en are iid random variables with common distribution F' that fulfills regu-
larity conditions specified below. Here I{A} denotes the indicator of the set A.

We write the index n with the observations Y;, and the parameters m, and 4,
because we study the limit properties as n = oo and we assume that both m, and
4, are changing together with n. More precisely, we assume that, as n — co

mp, = [An] for some X € (0,1] (1.2)
and

[[dn[] — 0. (1.3)
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at a certain rate. Here ||.|| denotes the Euclidean norm and [a] denotes the integer
part of a.

Model (1.1) describes the situation where the first m, observations follow the
linear model with the parameter 8 and the remaining n — m,, ones follow the linear
regression model with the parameter 8 + §,. Such models are called two phase
regression models. The parameter m,, is usually called the change point.

Huskov4 [9] developed regression- and scale-invariant M-type test for

Ho:A=1 against H;:Xe€(0,1) (1.4)

and derived their limit distribution under Hy. The null hypothesis is saying that
“no change has occurred” and the alternative states “a change has occurred”.

In applications one meets often the testing problem (1.4) sometimes called detec-
tion of structural changes. Typically, one observes a sequence of variables and might
be interested to know whether the possible statistical model remains the same dur-
ing the whole observational period or whether the model changes at some unknown
time point. Such problems occur in various situations, e.g. changes in hydrological

or meteorological or econometric time series. For recent references, see, e.g. Csorgd
and Horvéth [3].

There are not too many results on the behavior of the test statistics for detection
of changes in regression models under alternatives. More information about recent
development can be found, e.g. in Horvath [4] and Csorg6 and Horvéth [3].

Here, we show that under a class of local alternatives the limit distribution of
properly standardized test statistics is normal even if the score function depends on
observations.

Set

k
Cr=)Y z&!, CQ=Cn-Cr, k=1,...,n. (1.5)

i=1

The M-test procedures generated by a score function v are defined as

Ta@) = max {Sk)"(C; CalC)™)SkW)} /5(¥) (1.6)
and )
_ S(n+1)) W) TC S ((ns1)y(¥) |

T, @) = sup, { PO ’ a0

where q is a weight function and

k
Se@) =Yz (Yi-27B.)), k=1...,n (1.8)
i=1

and Sp(¢)) = 0. Here ﬁn(d)) is the M-cstimator with the score function ¥ based on
Yi,...,Y, and 3%(¢) is an estimator of 0%(y) = [¢(z)? dF(z) with the property

G2(y) — a%() = 0p(1), n — c0. (1.9)

*the subscript [(n 4 1)t] should replace [nt] also in analogous definitions in Huskova [9].
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It is known that

A Z v? (Y - 278, 1)) (110)

has the desired property (1.9) for a quite broad spectrum of ¢ and local alternatives.
However, another possible estimator is

k 2
P = B20) - max T (; v (¥~ x;fﬂn(w)) ,

that has the desired property (1.9) even under more general alternatives and works
well even for moderate sample sizes.

(1.11)

However, the test statistics T, () and T, (v, q) are regression-invariant but gener-
ally not scale-invariant. Qur main aim is to study the regression- and scale-invariant
M-tests defined in (1.6) - (1.9) with the score function v replaced by

"Zn() = "/)(a Kn(l - a))a (1‘12)
with

z lz| < K
Y(z; K) = (1.13)
Ksignz |z] > K

and K, (1 — o) is an estimator of the (1 — a)-quantile F~1(1 — @) of the distribution
function F. Namely, we consider the estimator

Ko(l—a) = Kn(l - a,Yn) = % (ﬁm(l —a) - /}m(a)) , (1.14)

where Bn1(1 — @) and B,1(a) are the first components of the (1 — a)th and ath
regression quantiles based on Y,, = (¥3,..., Yn)T. The score function 17)\,1 was de-
veloped by Juretkovd and Sen [11] and is called the adaptive Huber score function.
We should remark that 9, is an estimator of the score function (- F1(1 - a)),
for detail see Juretkovd and Sen [11].

We remind the definition of the a-regression quantiles. Towards this we denote

$a(z) = a-I{z <0}, z€R', (1.15)
pa(T) = z¢a(z), z € R'. (1.16)

The a-regression quantile ,B (a) is defined as a solution v of the following minimiza-
tion problem:

[nin Z;Pa s —tlx;). (1.17)
=

If the solution is not unique we may set a rule how to choose it.
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Large values of T, ({5,,) and T,,({p\n, q) indicate that the null hypothesis is violated.
Approximations to the critical values can be found through their limit distribution

under the null hypothesis. For more details confer to Huskova [9].
In the next section the main results are formulated. The proofs are postponed to

Section 3.

2. MAIN RESULTS

In this section we formulate and discuss the main assertions on the limit distribution
of T,,(¢) and Ty, (v, q) under a class of local alternative hypotheses. The assumptions
on the distribution function F of the error terms are identical with those considered
by Juretkovd and Sen [11] while the assumptions on the design points coincide with
those on design points for L, procedures for detection of a change in linear models.

We assume that the design points z; = (zi1,... ,%ip)T,i = 1,... ,n, satisfy:
(Al) Ty = 1, 1= 1, , .
1

(A.2) There exists a positive definite p x p matrix C such that lim,—c0 7Cng =
tC, t € (0,1], where C is a positive definite matrix.

(A3) AS) n — oo,
1< 1 n
2 4 el .
IISn,?.SXn { k ; “Zt“ + —n X E ”Z,” } O(])

i=k+1

The distribution function F of the error terms e;’s satisfies the following set of
assumptions:
(B.1) F has absolutely continuous density f and finite nonzero Fisher’s information
0<I(f) = [%, (f'(®)/f(2))* dF(z) < o0, f'(x) = df(z)/dz.
(B.2) f(-z) = f(z), z € RL.
(B.3) 0 < f(x) < oo and f'(z) is bounded in a neighborhood of K > 0 (which will
be specified later).
We consider th;e following class of weight functions g,
(C.1) gn(t) = (¢(1 —1¢))", t € (0,1) with n € [0,1/2).
We still need assumptions on the amount of the change 4,

(D.1) as n — oo,

Viogn|lénll =0, [|8allv/n(logn)™/* — co.

The assumption (D.1) corresponds to local alternatives but contiguous ones are
not covered. In the following we denote

Yo,r(z) = ¥(z; F1(1 - @), z€R.

Now, we formulate the main results.
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Theorem 2.1. Let Yi,,..., Yy, follow the model (1.1), let assumption (1.2) with
A € (0,1) be satisfied. Moreover, let assumptions (D.1), (A.1)-(A.3), (B.1)-(B.2)
and (B.3) with K = F~!(1—a) for a€ (0,1/2) be satisfied. Then, the limit behavior
of T, ({l;n) is the same as that of

{8, Wa,F)(Crt Cr(Ch)") S ($a,r)} /0% (Y, )
If additionally
n'/2)|8,|> = 0 (2.1)

is satisfied, then , as n — oo,

(46m, 5% (Y, F) % (Tallhn) = €k (o, F)) 5 N,(0, 1),

(2.2)
where
bm, = O0LCm,C1CY 6y, (2.3)
P'(z) dF(z))”
K,2('(/),F) (.f (:2)(1/))( )) . (2.4)

For the case of Tn(zzn, qy) we have

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Moreover, let
(C.1) be satisfied, then the limit distribution of Ty, (¥n, gy) is the same as that of

Sg,. (lpa,F)Cr—;lSm.. (¢a,F)
0% (Ya,F)qn(N)
If additionally (2.1) is satisfied, then, as n — oo,

(452 W, F)onm) " (T By ) AL = )" = K2 (Y, ) ) = MOL),
2.5

where

Cm, = JZC’?MC;]C,MC;ICmnC;IC’?n'_Jn.'
The proofs are postponed to the next section.

Remark 2.1. The assertions of both theorems remain valid if 12)\,1 is replaced by
a score function 9 (-; K) with arbitrary K > 0. The assertions hold true even for
- unbounded score function 1 satisfying some smoothness assumptions, however the
proofs become still more cumbersome. It is in fact quite interesting that the limit
behavior is not effected by the estimated score function ,,.
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Remark 2.2. Notice that the limit behavior under alternatives is completely dif-
ferent from that under the null one given in Huskova [9].

Remark 2.3. It can be seen from the proof that under the alternatives the sin-
gle terms in Ty, (¢) can be decomposed into a random and nonrandom part. The
nonrandom part dominates the random one. Moreover, the nonrandom part as a
function of k attains its maximum just for & = m and hence the limit behavior is
determined by the term for ¥ = m. Checking the proofs one can find that the index
My, for which a max is reached is a consistent estimator of the change point m,,
which means that together with testing one can also estimate the location of the
change.

Remark 2.4. By Theorem 2.1 and Theorem 2.2 in Huskova [9] the critical regions
with asymptotic level o based on the limit distribution of Tn(¥n) and Tp(%n;qn)
under the null hypothesis are

V/2loglog n(Tr (1)) /? (2.6)

> —loglog ((1 - a)_l/z) + 2loglogn + glogloglogn —log(2T(p/2))

and
(Tn("’/;n:qH))l/2 > bp(l - ay‘]n): (2‘7)
respectively, where I'(p) = [° tP~! exp{~t} dt and b,(1 — a,¢y) is the quantile of
O Bw) ) : o
SUPgct<1 —'—m—y——— with {B;(t);t € (0,1)}, j = 1,...,p being independent

Brownian bridges. While the critical region (2.6) is easy to calculate, the quantile
bp(1 — a,qy) is explicitly known only for some particular cases, e.g. for n = 0. In
most cases by(1 — @, ¢,) has to be simulated; for more information see Csérgd and
Horvéth [3]. By Theorem 2.1. we find that under the considered alternatives

Ty (¥n) = 18T CE K (Yo, r, F)A1 = A)(1 + 0p(1))

and by the assumption (D.1) the right hand side tends to co faster then loglogn and
therefore the test with critical region (2.6) is consistent. Similarly, by Theorem 2.2

T ($ny @) = n8LCE k2 (Yo, 7y F)(A(1 = X))20=D (1 4 0p(1))

and hence the test with critical region (2.7) is also consistent.

3. PROOFS

. To prove Theorems 2.1-2.2 we have to use a number of results proved elsewhere

and also we have to derive a number of generalization of results connected mostly

with the so called asymptotic linearity. These results are interesting of its own.
For simplicity we will write 1) instead of 9(-; K') whenever possible.
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We start with various asymptotic linearity results. We give the proof of the first
one and skip the proofs of the others for they are quite close. The proofs are quite
technical and we try to give their essence and to avoid too many technicalities. We
set

Ani(t) =6,1{i >m} -C;'C%6, —qnt, te RP. (3.1)

Lemma 3.1. Let assumptions of Theorem 2.1 be satisfied and let g, — 0. Then
for any c € (0,1), asn — oo

Zz, (e; + 2T Ani(t)) — ¥(es) (3.2)

—E’d)(ei +x; Ani(t))) ”
= Op((l16xll + |gn|)V/logn),

Jmax | sup \/*“l%f’ (e + 2T Ani(t)) — p(es) (3.3)

—Ep(e; + 2] Ani(t) “
= Op((I6xll + lgn])v/logn),

”tSI:lSpD % iz:;Ii (¢(e,- + I{Ani(t)) - 1/)(61') — E'(,b(ei + x,TAni(t))) ” (34)
= Op([16all + lgn),
max, sup 7 ||sz, (e + 2T Ani(t)) — d(ex)) (3.5)

— ((C = Cu) b {k > m} — CLC7CO%B, — 4uCit) / ¥'(z) dF ()|
= Op (16l + lgnl*)

and

max sup
1<k<n ||t[|<D n—k

“E Z zi(W(es + T Ami(t)) — (e:)) (3.6)

i=k+1
— (Corapmn — C2CC8 — 0:C2t) [ /() aF (@)
= Op (I6all° + laal’)

for any D > 0.
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Proof. It is a modification of the proof of Theorem 2.1 in Huskov4 [6], therefore
we give only a sketch of the proof. For fix ¢t denote

Zi(t) = p(ei — 2] Ani(t)) — ¥(e:) — Evp(ei —z] Apit)), i=1,...,n,

where A;(t), t € RP is defined by (3.6). By the Markov inequality for each ¢, z > 0
and A >0

k
P ( EzijZi(t) Z A)
i=1
k k
< exp{—zA} (Eexp {—z Z wijZi(t)} + Eexp {z Z mijZ,'(t)}> .
i=1 i=1
Since Z;(t), i =1,...,n, are independent with zero mean and

EZ}(t) < min((z] An(t))* Dy, K)

with some D; > 0 we obtain after few standard steps for 0< z and z=0 (k—(“&—l:ﬁm)

k
P ( injZ,-(t)

with some Dy > 0. We want the right hand side smaller than n~" for an arbitrary
but fixed n > 0. This will be obtained for

. ( logn )1/2
k([16x11> + gZ[[£]1%)

and A > Vk(n+ D3(||6.*> + ¢2), where D} > 0 is large enough (it depends neither
on n nor on k).
Hence for any 7 > 0 and D > 0 there exist A, > 0 and n,, such that for all n > n,

1
Pl —
(2
> Ay (1651 + lqnl)\/IOgn) <nn

for 1 < k < n and fixed ||t|| < D. Similarly we get

g

with some D3 > 0. To finish the proof of (3.2) we apply Theorem 12.1 of Billings-
ley [1]. The proofs of (3.3) and (3.4) can be obtained in the same way hence it is
omitted.

The relations (3.5)—(3.6) follow easily applying Taylor expansion and by direct
calculations. a

> A) < 2exp {—zA+ 22 D2k (||6n° + ¢2) }

k
Yo zi (e — 2T Ani®) —b(e:)) — Edes — 2] Ani(t))) ‘
i=1

k
> 2ii(Zit) = Zi(t2))| 2 A) < 2exp {24+ 2%||t1 — t2[* Dak(([16nll* + a3) }
i=1
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Lemma 3.2. Let the assumptions of Theorem 2.1 be satisfied. Then for any D > 0

sup || (palei = F~(@) + 5T Ain(®)) ~ pales - F~'(@) (3.7)
<ol &

—z] Ain(t)Pa(ei — F7 () + Ain(t)))
3 1(F()) (B10%C7 Conbn + 247 Cr)

l = Op([16.]1°n + [16a]lg2n)

Proof. The lemma is a generalization of Theorem 2.1 in Huskova [6], where we
have particularly A;,(t) = n~1/2t. In our situation the proof can be done in the
same way as that of the mentioned theorem and therefore is omitted. O

Lemma 3.3. Let Y),...,Y, follow the model (1.1) and let assumptions (A.1)-
(A.3), (B.1)-(B.2) and (B.3(K))) for a K > 0 be satisfied. Then, as n — oo,

B.(1-a)-B(a) = C7'Crdn+Op(I8all* +n7'?), a€(0,1) (3.8)
and

2 B =0C-100 -1 1 - . . 3 -1/2
Bul) = = €11 Chdn = O gy ey 2 #iv(e) + Op(IBalf + ”‘ig?{,’)’

where B(a) = (61 + F~(a),...,0,)".

Proof. The relation (3.8) follows from Lemma 3.2 in the same way as Theo-
rem 2.4 from Theorem 2.1 in Huskov4 [6] therefore it is omitted. Applying (3.3) and

(3.4) together with a standard arguments one receives that (3.9) holds true. m]
Lemma 3.4. Let the assumptions of Lemma 3.1 be satisfied. Then, as n — oo,
k R k n
> zp(Yi — 2] Ba(®)) = D_zap(es) — CkCr' D _zitp(es) (3.10)
i i=1 i=1

=1
~Hid, [ ¥/()dF (@) +0p (vFTognldnll + Kb,

uniformly for 1 < k <m,

n n

3 zp(Yi—alBa(®) = Y zith(es) - CRCT' D zip(er) (3.11)

i=k+1 i=k+1 i=1

~Hib, [ ¥/() 4@+ Op (vl = R Tognllbal + ( — HIGaIF)
uniformly for m < k < n,
where
{CkC;IC‘,’n 1<k<m

cic;'\Cn, m<k<n.
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Moreover,

TaW( K)) — o (Y5 K)) = 0p(1) (3.12)
52 (W (5 K)) = o> (Y (s K)) = Op(Il6ll), (3.13)
where 52 (1) and 62(¢) are defined in (1.10) and (1.11), respectively, and

() = / Y2 (z) dF (2).

Proof. Since (3.9) one can apply (3.1) and (3.4) with A,;(¢) replaced by (ﬁn(q,[;) -
B) and we observe that

k k k
% > ab(s =T (W) = L aub(e) + 3 / (e — =7 (B, - B) dF(e)

= o) - G0 me i) = Hidy [ ¥/(2) AP (@)

i=1
+Op (\/klognu«snu + kliga)

uniformly for 1 < k < m, and (3.10) follows. Noticing that

n

Y zp(Yi — 27 Ba(¥)) Zw(y =] Bn(¥))

i=k+1 i=1

and applying (3.2) and (3.5) we get (3.11) quite similarly as (3.10).
Now we turn to the proof of (3.13). By Lemma 3.3 in Huskova [9], as n — oo,

T

k n
max (Zzﬂ/)(ei)—CkC;lZzﬂP(ei)) Cy'Cn(C)!
i=1 =1

1<k<n

k n
<Z z;9(e;) — CrC;t Zzitﬂ(ei)) = Op(loglogn). (3.14)
i=1 =1

Then using (3.10)-(3.11) and (3.14) and noticing that the first component of z;
equals 1 we obtain

s (, s Zz,w(Y Tf%(@))
=, <_\/k_(n—:—k)(Hk6")l/ VR are
+0p ( toglogn + \/ "8 (\/iogma. + ||an||3))

= Op(n||6,]*logn),
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where (y)1 denotes the first component of the vector y. Moreover,

> zilni(t)

=1 =1

ZEW (i + ziAni(t)) _n/¢ z) dF( z)+op(

)

Also, it can be easily checked that (3.3) holds true if 1 is replaced by ¥2. Combining
these arguments together with (3.9) we find that (3.13) holds true. Property (3.12)
of 32 (¥ (-, K)) can be shown in the same way and hence it is omitted. O

n / () dF(z) + Op ({6l + lgn]) -

Lemma 3.5. Let assumptions of Theorem 2.1 be satisfied and let ¢, — 0 and
kn — 0. Then for any K > 0 and any ¢ € (0,1), as n — oo,

max sup sup H z; (Y(ei + 2T Ani(t); K + skp)
1<k<c"|s|<D|lt|l<D\/_ Z e " "

—(e; +z’iI‘Ani(t);K) — E (P(ei + 2T Api(t); K + sky)
~p(ei + T Ani(t); K))) |
= Op(|kn|V/1ogn), (3.15)

max sup Ssup

z; (Y(e; + T Ani(t); K + skn)
cn<k<"’|s|<D|[t||<D /—n ” ;1 t 1 ni n

—P(ei + T Ani(t); K) — E (Y(e; + 2T Ani(t); K + skn)
—(e; + 2T Api(t); K))) H
= Op(|kn]|\/logn) (3.16)

sup \/_”Zz, Y(e; +x; Am( ); K + skn)

ls|l<D ||tl|<D
—p(ei + 27 Ani(t); K) — E (Y(e; + 27 Ani(t); K + 551)
(e + 2T Ani(t); K))) |
= Op(|knl), (3.17)

max sup sup z;E (Y(ei + 2T ALi(2); K + skq)
1<k<°"|s|<D llt|<D k ; ( : m( ) "

—(ei + 2] Ani(t); K))
= OP(lK'nls + I”nl(“sn” + qn)) I (3.18)
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and
D TE (Yles + 2] Anilt); K + sky,)
i=k+1
—tp(e; + 27 Api(t); K))
= Op(|&al® + &al(182ll + gn)) (3.19)

for any D > 0, where A;(t) is defined in (3.6).

max sup Ssup
ensk<nis<p <o n K

Proof. We follow the line of the proof of Lemma 3.1 and we point out differences
only. Namely, in our situation for s > 0

—8Kn, e< —K — sk,
e+ K —K—-skp,<e< -K
Y(e; K + skn) —¢Y(e; K) =<0 ~-K<e<K

e— K K <e< K + sk,

SKn e> K+ skn,

and similar expression holds also for s < 0. Then standard arguments give

k
Z E (Y(ei +x] Ani(t); K + skn) — ¥(e; + zTAi(t); K))

—

K’?E + "771(”671” + |Qn|))
uniformly for 1 < k <n and
max E ((e; + ] Api(t); K + sk,,) — ¥(e; + 27 Ani(t); K))2 =0 (|s|*£2) .
(]
The rest of the proof is the same as that of Lemma 3.1. O

Proof of Theorem 2.1. At first we prove that Theorem 2.1 holds true if z/p\n
is replaced by ¢ = ¥(; K), K > 0.

By Lemma 3.4 S (v)) can be decomposed into random and nonrandom part and
the nonrandom part dominates the random one, namely, (3.10) implies

Sk) =€) ~ Hido [ /(@) AF (@) + Op (VETog s + ki) .20

uniformly for 1 < k < m, where

k n
Ex(¥) = ) _zip(e;) — CxCy! Zx,-'(/)(e,-), k=1,...,n. (3.21)

i=1 i=1
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Then using (3.14) and (3.20) we have
Sk () C;'Ca(C)'Sk(¥) = £ (W)C ' Cn(CR) T éx(¥)
~2THEC{'CA(CN 7 6u(w) [ ¥/(2)dF (o)

+STHTC Ca(C) H b / ¥'(z) dF (z))?

+Op {k(n—"_kj (@)l + 18al1K) (V/ETognligall + Kll6al*)
+klogn||8,|% + k*(16,11%) }

2
= -257C%ED " GW) [ ¥ ar ) +41G.5, ([v@ar)
+Op (loglogn+\/loglogn\/_l|6n||3+||6n|| (v klogn+logn) +k|l&n|l6)

uniformly for 1 < k < m, where
G, = H]C;'CL(CY)'Hy.
Clearly,
Gy =-C,C,'C +C(CY)TICY, 1<k<m,

and therefore the sequence G, 1 < k < m is monotone (natural ordering of sym-
metric positive definite matrices) in k, the maximum is attained for £ = m and

G, =CYC;'Cp.
Moreover, by the assumption (D.1)

JZG[nt]én(log n)~! = 00

for any t € (0,1), while standard arguments give

16703, €4()]l = Op (I6al1/Flog 0B ) = op (16,1%n)

uniformly for 1 < k < m. This implies that, as n — oo,

P(lmax ST(1h) C;1Cn(CY 1Sk (v) = T ‘(w)C;ICn(Ci)“Sk(¢)>—>1

for any € € (0,1). Analogous results holds true for the maximum over m < k < n.
Moreover,

lk_rpnzlgcemlﬁir(ib)C;’Cn(C'%)'IEk(UJ) En(¥) CLIC(CR) Em ()]

= 0, max {I66(¥) ~Enl-[C7 OO I I W

+|l€m(¢)||2||0‘ll| ICm — Ckll - IC Ca(CR)~HI})
= OP(E)’
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which means that choosing € positive small enough the maximum can be made
arbitrary small. Combining the above relations together with (3.13) we can infer
that the limit behavior of T,,(¢) is the same as that of

- _ 1
S5.®)CLICa(C) lsm(iﬁ)m-
The assertion (2.2) can be concluded just inserting (3.15) with ¥ = m into (3.20)

and noticing that &,,(¢) is a sum of independent random vectors with zero means
and the variance matrix

a*(¥)CmC,'CY,

and the assumptions of central limit theorem are satisfied.

The proof for Tn(¥(-; K)) is finished.

Now, we show that the assertion of our theorem is true, i.e. for Tn({/;n). At first
by Lemma 3.3, (3.3) and (3.16) we find that

B (G -B=CCC et e -1/
Bulihn)=B = O Crdn=C:' poparrey S mtlen+Op (I8alF 4 n™/%15)

Then going step by step through the proof for T5,(1) we observe that

Su() = £6() ~ Hubn [ /(@) aF @) + Op (v/ETognldull + kis.I)

and R
Ga(hn) — W F7 (1 = a))) = Op(II6nl])
which means that the asymptotic representations remains the same if (-; F~!(1-a))

is replaced by its estimator 1,,. The rest of the proof is identical with that for T7,(¢).
O

Proof of Theorem 2.2. Similarly as in the proof of Theorem 2.1 we show
the assertion for T, (¢, ¢,) and then for Ty (¥n,qy)- By (3.10) and (3.11) we have

Sk (¥)CR'Sk(¥) (3.22)
T
(g{(w) — Hié, / ¥'(z) dF(z) + Op(v/Elogn||én|| + k||6n||3)> c;l

- (ek(zp) - Hib, [ ¥/@) 4 () + O (VFlogalsal + HIs.I1))
= —9fT(y) Co Hib, + 6, HTCT Hib o / V() dF (z))?
+0p (1+ 16al1K [+ [6lI°) K/
uniformly for 1 < k < m. The sequence

— k) 2"
6.HIC; H,é, (E(n—nz———))
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is monotone in k for 1 < k < m and arbitrary 0 < < 1/2 and maximum is reached
for k = m. We set &o(1p) =0 and Hy = 0. Moreover, uniformly for 0 < ¢t < A

f’[{;t] (1/)) Cr_tlH[nt](sn

= Op (|I8allv/n) = op (|lénll*n)

and
Lo éanlC,‘lleJn
liminf — " — —

N TR P

Analogous results can be derived for m < k < n. Thus arguing as in the proof of
Theorem 2.1 one can conclude that the limit behavior of Ty (%, qy) is the same as
that of

ShW)CL'Sm(¥)

a5 (A)o?(¥)
The first part of our theorem for T3, (1, ¢;) follows while the second one is a conse-
quence of (3.22) for k = m.

The proof for the T}, (zZn, gn) can be derived proceeding in quite the same way as
at the end of the proof of Theorem 2.1 and therefore is omitted. O
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