Kybernetika

Tomé&s Roubicek
On noncooperative nonlinear differential games

Kybernetika, Vol. 35 (1999), No. 4, [487]--498

Persistent URL: http://dml.cz/dmlcz/135303

Terms of use:

© Institute of Information Theory and Automation AS CR, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/135303
http://project.dml.cz

KYBERNETIKA — VOLUME 35 (1999), NUMBER 4, PAGES 487-498

ON NONCOOPERATIVE NONLINEAR
DIFFERENTIAL GAMES!

ToMAS RoUBICEK

Noncooperative games with systems governed by nonlinear differential equations remain,
in general, nonconvex even if continuously extended (i.e. relaxed) in terms of Young
measures. However, if the individual payoff functionals are “enough” uniformly convex and
the controlled system is only “slightly” nonlinear, then the relaxed game enjoys a globally
convex structure, which guarantees existence of its Nash equilibria as well as existence of
approximate Nash equilibria (in a suitable sense) for the original game.

1. INTRODUCTION AND PROBLEM FORMULATION

The concept of Nash equilibria [10] for noncooperative games requires typically a
convex structure both of sets of admissible strategies and of the individual payoff
functionals. This represents a severe restriction on the class of problems investigated.
Considering games involving a controlled system governed by differential equations,
called differential games, a relaxation (i.e. a natural extension by continuity) in
terms of the Young measures [22] (also called relaxed controls or mixed strategies)
as e. g. in Balder [1-3], Gamkrelidze [6], Krasovskil and Subbotin [8], Nikol’ski [12],
Nowak [13], or Warga [21] can help to some extent: it can convexify the originally
nonconvex sets of admissible strategies as well as original payoffs with respect to
the strategies no matter how nonlinear they are. However, the required convexity
structure of the relaxed problem still represents a considerable restriction: in gen-
eral cases, only controlled systems linear with respect to the state can be treated.
Sometimes, a special interplay of the data enables us to admit nonlinear systems,
too; it seems that the only reference to such phenomena is Lenhart et al [9] for the
case of a certain special elliptic game.

In this paper we want to pursue this idea in a more general manner by combination
of the relaxation with the technique used in other occasions to prove sufficiency of
the maximum principle; see Gabasov and Kirillova [5; Section VIL.2] or, for the case
of general integral processes, also Schmidt [18]. (Yet, we will use it more carefully
to avoid the discrepancy of requirements of uniform convexity and boundedness

1This research was partly covered by the grant No. 201/96/0228 of the Grant Agency of the
Czech Republic.
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of the first derivative simultaneously, which appeared incidentally in [5].) By this
technique one can show the convex structure for the relaxed problem even if the
controlled system is “slightly” nonlinear with respect to the state on the assumption
that the individual payoff functionals are “enough” uniformly convex with respect
to the state. To reduce technicalities, we confine ourselves to the cases where the
state and the strategies are additively coupled, the nonlinearities in the strategies
being arbitrary.

We want to illustrate here this idea on the simplest case where the controlled sys-
tem is governed by ordinary differential equations, the number of players is only two,
and the sets of admissible strategies are bounded in L*-norm. Let us only remark
that the generalization to many-player games with partial differential equations or
integral equations and with admissible strategies bounded only in an LP-norm is
possible; cf. in particular [16] for a game with systems of elliptic equations.

Hence, we will consider the following two-person non-cooperative game for a
system of nonlinear ordinary differential equations, having additively coupled state
and strategy terms, with individual payoffs also additively coupled (except the term
+(t, u1,u2) which couples the strategies in a general manner):

' /Tgl(t, y) + hi(t,u1) + (¢, uy,uz)dt (1% player payoff)
Find Nash { “°
equilibrium /0 92(t,y) + ha(t, uz) — o(t,u;,uz)dt (2™ player payoff)
@ subject to dg‘:!- =G(t,y) + Hi(t,u1) + Ha(t,uz) (state equation)
ﬁ y(0) = wo, (initial condition)
uy(t) € Si(t), (strategy
u(t) € Sa(t) for a.a. te(0,7), constraints)
yeWLr(0,T;R")
L u €L2(0,T;R™), up€ L*®(0,T;IR™?).

where g; : (0,T) x R® - R, G : (0,T) x R* - R", h; : (0,7) x R™ — IR,
H:(0,T)x R™ - R" and ¢ : (0,T) x R™ x R™ — IR, y, € IR", and moreover
S1:(0,7) 3 IR™ are multivalued mappings, | = 1,2. Moreover, the notation for
the Sobolev space W1?(0, T;IR") = {y € L>(0,T;IR"); dy/dt € LP(0, T;IR")} and
for the Lebesgue spaces L?(0,T;IR") and L*(0,T;IR™) is standard. Supposing
p € (1,400, the basic data qualification we will need are the following:

g1, G, hi, H;, o are Carathéodory functions, (1.1a)

i.e. measurable in t€(0,7) and continuous in the resting variables,

JaeI?(0,T) 3beR: |G(t,r)| <a(t)+blrl, |Hi(t,s)|<a(t),  (1.1b)
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3¢ L}0,T): |G(t, 1) — G(t,r2)| < £(t)|ry — 7o, (1.1c)
3acL}(0,T): |qu(t,r)| < at), [t ) <a(t), let, s1,s2)| <alt), (1.1d)

S; is bounded, closed-valued and has a measurable graph, i.e. (1.1e)

{(t,s) € (O,T)XIR"”; SGS](t)} € ELebesgue(O,T) ® EBorel(lRm'),

where | = 1,2 and Epebesgue(0, T') and Zporel(IR™') denote respectively the o-algebra
of Lebesgue measurable subsets of (0,7) and the Borel o-algebra on IR™.

The strategies u; and up represent the strategies of the particular players while y
is the state response. The game (G) has got the structure of finding Nash equilibria
of the payoffs ®;,®, : U, x Uz — IR, defined by

T
®i(uy,up) 1= /0 ai(t, y(uy, uz)) + h(t, ur) — (=)' e(t, uy, ug) dt (1.2)

with y = y(u1,uz) € WHP(0,T;IR") being the unique solution to the initial-value
problem

d

a}ti=G(t,y)+H1(t,U1)+H2(t,U2) ) y(0)=y0 ) (13)

while the sets of admissible strategies U; and U, are defined by
Up:i={u € L=, T;IR™); w(t) € Si(t) fora.a. t € (0,T)}, (1.4)

vhere | = 1,2 distinguishes the particular players. Let us recall that the pair of
strategies (u1, uz) € Uy x U is called a Nash equilibrium for the game (G) if

‘I)l(’u,l,UQ) = _min Ql(ﬁl,UQ) & (I>2(u1,u2) = _min <I>2(u1,ﬁ2). (15)
i1 €U, ti2€U;

Such equilibria, however, do not exist unless quite strong data qualification are
imposed. Instead of seeking a precise equilibrium, it is practically satisfactory to
find at least an approximate equilibrium. In analogy with minimizing sequences used
standardly in cooperative situations, here it is natural to speak about the so-called

equilibrium sequences introduced in [15]: a sequence of strategies {(u¥, u¥)}remn will
be called an equilibrium sequence if

3¥;:U; - R: klim ®,(-,u¥) = ¥, point-wise, (1.6a)
—00

J¥,:U; - R : klim (Dg(u’f, -) = ¥, point-wise, (1.6b)

lim ¥;(uf¥) = inf ¥;(u) & lim Wy(uk) = infycp, ¥a(u). (1.6c)

k— 00 uel, k—o00

This definition just means that the sequences {u¥}ren and {uf}rew are minimizing
with respect to limit payoff functions determined by the sequence of opponent’s
strategies. A bit other concept has been invented by Patrone [14]: {(u}¥,uf)}ren is
called an asymptotically Nash equilibrium if
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I{(e¥,e5)}rem C (0, 400) x (0,400) : Jim ef=0¢& Jim ek =0, (1.7a)
@ (ub,uk) < _ienlg Oy (i, uf) +ef & do(uk,uf) < _ienlg O, (uk, 7)) +€5. (1.7b)

The pair (u¥, uf) satisfying (1.7b) is also called (¥, €% )-equilibrium; see also Kindler
[7], Tan, Yu and Yuan [19] or Tijs [20]. It should be emphasized that, contrary to
minimizing sequences whose existence in cooperative situations is always guaranteed,
the equilibrium sequences or asymptotically Nash equilibria in the sense of Patrone
[14] need not exist in general, cf. also [14; Example 3]. However, we will prove their
existence under a suitable data qualification; cf. Corollaries 3.1 and 3.2. Let us
also note that, in general, one cannot suppose any relation between (1.6) and (1.7).
However, it holds:

Proposition 1.1. Let {(uf, u¥)}1emn be an equilibrium sequence such that (1.6a,b)
hold not only point-wise but even uniformly, i.e. let (1.6) hold together with

hm sup |®(u,uf) — ¥ (u)| =0 & 11m sup |®a(uf,u) — Uy(u)| = 0. (1.8)

k—ooyeu, k—coyeu,

Then {(u¥, uf)}rew is also an asymptotically Nash equilibrium in the sense of Pa-
trone [14].

Proof. Put a, = \Ilz(uf)-—infueu, ¥;(u) for I = 1,2 and b% := sup, ¢y, |®1(u, uf)
—¥;(u)| and b2 = supuEu2 |<I>2(u1,u) Wy(u)|. Since, for any u € Ui, it holds
Uy (u) > ¥y (uf) — af and |®)(u, uk) — ¥, (u)| < b%, we can estimate

@ (uf,uf) < Wi(uf) +bf < Wi(u)+af +bf < @1(u,u5) +af + 26}

Analogously, we get also ®2(u¥, ut) < ®,(u¥, u)+ak +2b% for any u € U,. Therefore,
the pair (u¥,u%) forms an (a¥ + 2b%, a% + 2b%)-equilibrium. By (1.6c), we know that
limg — oo af‘ = 0 and, by (1.8), we also know that limg_ bf = 0. This proves
{(u¥,u¥)}kew to be an asymptotically Nash equilibrium. O

2. A RELAXED GAME AND ITS STRUCTURE

Following ideas by Young [22], for | = 1,2, we extend the sets of admissible strategies
U, from (1.4) to the set of admissible relaxed strategies

Ur:= {v € Y(0,T;IR™); supp(v:) C Si(t) for a.a. t € (0,T)}, (2.1)

where supp(v;) stands for the support of the measure v; and the set of the so-called
Young measures (cf. [22] where however Co(IR™)* instead of rca(IR™) is used) is
defined by

Y(0,T;IR™) := {v € LY (0, T;rca(IR™)) : (2.2)
vy := v(t) is a probability measure for a.a. t € (0,7)}
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where L2 (0, T;rca(IR™)) = L(0, T; Co(IR™))* denotes the linear space of weakly
measurable mappings t — v : (0,T) — rca(IR™) and rca(IR™) = Co(IR™)* stands
for Radon measures on IR™, and Co(IR™) denotes the Banach space of continuous
functions IR™ — IR vanishing at infinity. The natural (norm,weak*)-continuous
imbedding #; : L*° (0, T;IR™) — Y(0,T';IR™) is defined by 4; : u +> v with vy = du(r)
where 6, € rca(IR™") denotes the Dirac measure supported at s € IR™ . Let us note
that i (U;) C Un.

The relaxed game is then created by the continuous extension of the original game
(G) from Uy x Uy to Uy x Uz, which gives:

( T
Ji(vy,va,y) = / (gl(i,y) +/ hi(t,s1)vi,(dsy)
0 R™
Find Nash +/nm /mz ot o1, s0)un(dsa) v (don) ) d
equilibrium T
)= [ (a0 + [ halts)vadds)
0 R™2
(RG){ — o(t, s1,52) Vz't(d82)l/1,¢(dsl)) dt
d R™ JR™2
subject to bt G(t,y) + Hy(t,s) vi4(ds) + / Hoy(t, s) va4(ds)
dt R™1 R™2
¥(0) = wo,
supp(v1,t) C S1(t) , supp(v2,:) C Sa(t) for a.a. te(0,7T),
\ yeWLP(0,T;IR™), v; € Y(0,T;IR™), v, € Y(0,T;IR™?).

To investigate the structure of the relaxed game (RG) more in detail, let us define
the extended payoffs ®;,®, : Uy x Us — IR by

é1(”1)'/2) = JI(VI,VZ,ZU(VI,VZ)) ) = 1)27 (23)
where y = y(v1,v2) € WHP(0,T;IR™) denotes the unique solution to the initial-value

prublem

i—’t’ —_-G(t,y)+/]RMXH1(t,S)V1,:(dS)+/Rm7H2(i,S)V2,t(dS), ¥(0) =yo. (24)

Obviously, (RG) just represents a Nash equilibrium search over Uy X Uy of the
extended payoffs ®; and ®3; this means we are to find (v, v;) € Uy x Us such that

&)1(111, V2) mlll_}l &’1(171, V2) and &’2(1/1, Vg) = .mlg (i>2(l/1, 172). (25)
1 v2

- e €Uz
The main results about (RG) and relations between (RG) and (G) are supported by

the properties stated in the following four lemmas.

Lemma 2.1. Let (1.le) be valid. Then, for I = 1,2, the set of admissible re-
laxed strategies U; defined by (2.1) is convex and weakly* compact, and contains
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densely the set of original strategies U; imbedded into L (0, T;rca(IR™")) via the
imbedding 1;.

Proof. See Sainte-Beuve [17; Corollary 4] for a general case. For a special S;
such result can be also found e. g. in Gamkrelidze [6; Theorem I1.2] or in Warga [21;
Theorem IV.2.6], or also in [15; Theorem 3.1.6 and Remark 3.1.10]. o

Lemma 2.2. Let (1.1a-d) be valid. Then, for I = 1,2, the extended payoff &,
from (2.3)-(2.4) is a separately (weak* xweak*)-continuous extension of the orig-
inal payoff ®; from (1.2)-(1.3). Moreover, ®; + ®, : U; x U — IR is jointly
(weak* x weak*)-continuous.

Proof. The (weak* weak)-continuity of the mapping Y(0,T; IR™) — L?(0, T;
IR™) : vy (t = [gm, Hi(t,s)v,¢(ds)) for I = 1,2 is obvious. From this one gets by
standard arguments, including also the compactness of the imbedding W1#(0, T'; IR")
C L*(0,T;IR"™), the (weak* x weak* ,weak)-continuity of the mapping Y (0, T'; IR™* ) x
Y(0,T;R™) —» WhP(0,T;IR") : (v1,v2) — y = y(v1,v2) from (2.4). As this map-
ping (v1,v2) — y(v1,v2) is continuous to the norm topology of L*(0,T;IR™) and
also the Nemytskii mapping y — [t — aqi(t,y(?))] : L=(0,T;IR*) — L'(0,7T) is
continuous, the functional

T
(v1,v2) / ai(t, (1, v2)) dt (2.6)

is (weak* x weak*)-continuous, too. Also

T
(Ul, Vz) — /0 A{m' h[(t, S) I/])g(dS) dt (27)

is obviously continuous. The remaining term in the payoff functional, i.e.

T
(v1,v2) — / / / o(t,51,52) va,1(ds2) vy 1(dsy) dt (2.8)
0 R™1 JIR™2

is, however, not jointly (weak* x weak*)-continuous in a general case, cf. e.g. Warga
[21; Sections IX.2 and X.0.1] or also [15; Example 3.6.18]. On the other hand, by the
Fubini theorem, one can show that the functional (2.8) is separately (weak* x weak*)-
continuous; cf. [15; Lemma 3.6.14]. Altogether, the continuity of (2.6)—(2.8) imply
the separate (weak* x weak*)-continuity of each payoff ®; and ®,. Moreover, by the
continuity of (2.6) - (2.7), ®1 + @, is jointly (weak* x weak*)-continuous because the
critical term (2.8), which is possibly not jointly continuous, disappears in the sum
of payoffs. O

To investigate the geometrical properties of ® with | = 1,2, we will have to
calculate its Gateaux differential with respect to the geometry coming from the
linear space LL(0,T;rca(lR™)) containing U;. This is, in fact, a standard task
undertaken within derivation of the maximum principle for the relaxed strategies.
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The needed Fréchet differentiability with respect to y can be guaranteed by the
following assumptions on the partial derivative of g; and G with respect to the
variable r, denoted respectively by gj(¢,7) and G'(t,r):

Ja € L'(0,T) 3b: R — IR continuous : |gj(t,7)| < a(t) + b(|r|), (2.9a)
l91(t,71) — gi(t, r2)| < (a(t) + b(Ir1]) + b([r2])) I — 2],

Ja € LP(0,7) 3b: IR — IR continuous : |G'(t,r)| < a(t) + b(|r]), (2.9b)
1G'(2, 1) = G'(2, r2)| < (a(t) + b(|ra]) + b(|r2])|ry — 72l

where [ = 1,2. The maximum principle involves the so-called adjoint terminal-value
problem

D MO ) - i), M) =0 .10

Under the assumption (2.9), the problem (2.10) possesses precisely one solution \; €
W11(0,T;IR™). Following a procedure by Gabasov and Kirillova [5; Section VII.2] or
{for the general integral processes) by Schmidt [18] developed to prove sufficiency of
the maximum principle for optimal control problems, we can establish the following
increment formula. Let us formulate it for &)1(~, v2), the other needed case @2(1}1, )
being entirely analogous.

Lemma 2.3. Let (1.1a-d) and (2.9) be valid, let v;,7; € U; and v, € Uy, let
v = y(v1,va) € WHP(0,T;IR") be defined by (2.4), and let A\, € Wh1(0,T;IR™)
solve (2.10) with [ = 1. Then

T
61(171,1/2) - él(l/l, Uz) = / / Hlll2')‘l(t, S)[i;l,g - Vllg](ds) dt
0 JR™ (2.11)

T
+ [ 1800+ MOAc(N
0
where the “Hamiltonian” 'H'll"'\ is defined by
HE2 (8, 51) == A(2) Hl(t,sl)+h1(t,sl)+/ p(t,s1,82) v2,1(dsz) , (2.12)
R™2
and the second-order correcting terms Ay, and Ag are defined by

Ag, (t) == g1(t, §(t)) — g1, w(2)) — 91 (2, y(1)) (F(1) — ¥(2)) , (2.13)
Ag(t) == G(t,5(t)) - G(t,y(@)) — G'(t, y(1)) (§(t) — ¥(2)) , (2.14)

with § = y(#1,v2) € WHP(0,T;IR") being the solution to the initial-value problem
(2.4) with &, in place of v.
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Proof. Using successively the formula (2.12), the equation (2.4) both for v; and
for U1, the by-parts integration and the adjoint equation (2.10), we can calculate:

T
&)1(171, l/2) - &)1(1/1, Vz) - ./0 A‘m, H‘;Z"\l(t, S)[I./'l‘t - Vl,t](ds) dt

T

= / D6 HO) =0 (6v®) = [ MO B o) - ml(dor) de
0 R™
T -

= [[ e300y 42000 (600,50 - ey - LD
T

= [ [0 50)=01(0,400) + 2400 G0, 70) - 616, w000 + St at0) - o]
T

- | [ 016, 5(0)) — g1 (8, 9(0)) — 0, (8, (1)) (§(0) — w(0))

+ M (1) (G, (1) -G (¢, y(1)-G'(t, (1)) (ﬂ(i)—y(t)))] dt

: /T Ag, () + M(t)Ag(t)dt. o

The formula (2.11) enables us to investigate convexity of the extended cost func-
tional ®,(-,v,). Of course, analogous considerations apply also to ®3(vy,-). Let us
take Br:= {r €R"; |r|< R} a sufficiently large ball so that [y(u, u2)](t) € Br for
any u; €Uy, u2 €U, and any t€(0,T), where y(u1,uz) € WHP(0,T;IR") denotes the
unique solution to (1.3); this means we can put R:= sup, ¢y, SUPy,eu, ll¥(u1, u2)||
C(0,T;IR™). Furthermore, let

ar(t) = sup gL )], aa(t) = sup lgh(t, M), A(t) = sup |G'(t,)]. (2.15)
IrI<R IrlI<R Ir|I<R

Note that (2.9) ensures certainly ay, a2, 4 € L!}(0,T). Thus we may put

T

T T
bi(t) ::/; ai(r)dr, ba(t) ::/t ax(t)dr, B(t) ::/z A(r)dr.  (2.16)

Lemma 2.4. Let (1.1) and (2.9) be valid, and let G(t,-) be twice continuously
differentiable, and let g;(t, -) be uniformly convex on Bp in the sense

Vr,7 € Br: qi(t,7)—qi(t,r)—gi(t,r) (F=7) > a(t)|F - r|? (2.17)

with a modulus ¢ satisfying

a(t) > %b((t)eB(t) sup |G"(t,r)| (2.18)
IrI<R

for I = 1,2. Then, for any v € U; and v, € Uy, the extended payoffs ®,(-,1s) :
U; = R and ®3(vy,-) : Uz — IR defined in (2.3)-(2.4) are convex.
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Proof. Let us show the case ®)(-,v2); the opponent’s case ®(v1, ) being anal-
ogous.

From the adjoint equation (2.10) with [ = 1, we can estimate d|A;|/dt < |dA,/dt|
< A()|A1(t)] + a1(t) so that by the Gronwall inequality one gets

MOl < </:Ta1(r)e‘ LTA(M‘”) oJiae, (2.19)

To simplify the notation, using (2.16) we can also (a bit more pessimistically) esti-
mate

IM(0)] < by(t)eBP®. (2.20)

By the Taylor expansion, we can estimate
- - 1 -
Gt (1)) = G(¢, y(1)) = G'(t, (1)) (5(t) — ()] < 5 sup 1G"(t, )] 13(t) - y(t)I>.
Then (2.17) with (2.18) and (2.20) ensure

Ag () + M(MAG() 2> a(®)lgt) - yt)* - %p‘l(t)l P IG"(t, )| 13(t) — y(t)?

v

(cl(t) - -;—bl(t)eB(t) sup |G”(t,r)|) l5(t) — y(®)|> > 0
IrI<R

so that the second right-hand term in (2.11) is non-negative; note that by Lemma 2.1
and by the continuity of the mapping (v1, v2) — y(v1,v2) we have |[y(v1,12)](t)] < R
for any (v1,v2) € U; x Uz, which makes (2.17)-(2.18) effective. By [15; Sec-
tion 4.3], the first right-hand term in (2.11) represents just the Gateaux differential
of &)1(',1/2) . Ul — IR, i.e.

lim @1 (1 + €(i — v1),v2) — @1 (v1,v2)
e\0 €

T
= / HY M (¢, ) [P, — v, (ds) dt
o JrRm

[Vh(i’l(Vl, Vz)](l71 - l/1) :

with vy, € U; arbitrary and with the adjoint state A\; and the Hamiltonian 'H'{"A
defined respectively by (2.10) and (2.12). Therefore we obtained

&)1(171,112) - él(lll, V2) - [V,,l(i)l(lll, Vz)](ﬁl - l/1) 2 0 , (221)

for all vy, 71 € Uy, which just says that ®;(-, 1) is convex on U;. o

3. MAIN RESULTS

We are now ready to formulate the main achievements: existence of the Nash equi-
libria for the relaxed game (RG), relations between (RG) and the original game
(G), as well as existence of equilibrium sequences for (G). We will use the Nikaidé
and Isoda generalization [11] of the classical Nash theorem [10]; this generaliza-
tion admits only separately continuous payoffs and is equivalent with the Brouwer
fixed-point theorem, as pointed out by Kindler [7; Remark 1.2].
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Theorem 3.1. Let (1.1),(2.9) and (2.17) —(2.18) for { = 1,2 be valid. Then:
(i) The relaxed game (RG) possesses at least one Nash equilibrium.

(i1) Every Nash equilibrium of the relaxed game (RG) can be attained by an
equilibrium sequence for the original game (G) imbedded via #; x ip into
LY (0,T;rca(IR™)) x LY (0, T;rca(IR™?)).

(iii) Conversely, every equilibrium sequence for the original game (G) (imbedded
via i; X i) has a weakly* convergent subsequence and the limit of every such
a subsequence is a Nash equilibrium for the relaxed game (RG).

Proof. By Lemmas 2.1, 2.2 and 2.4, we can see that the relaxed problem (RG)
represents a game over the convex compact sets U; and U, for the separately con-
tinuous payoffs ®; and ®, whose sum is jointly continuous and such that ®;(-, v2)
and ®,(vy, -) are convex. This just guarantees, by Nikaidé and Isoda [11], that (RG)
has got at least one Nash equilibrium, as claimed in (i).

The points (i) and (iii) follow by Lemmas 2.1 and 2.2. In fact, ¥; : U; — IR and
U, : Us — IR in (1.6) are defined by

Uy =®1(,m)oir & Vo= (v, )0iy, (3.1)

for details see [15; Proposition 7.1.1] and realize the metrizability of the weak*
topology on U; and U,, which allows us to work in terms of sequences instead of
nets. o

Corollary 3.1. Under the assumptions of Theorem 3.1, the original game (G)
possesses an equilibrium sequence, i.e. a sequence {(u¥, u%)}ren satisfying (1.6).

Proof. It follows straightforwardly by the points (i) and (ii) of Theorem 3.1. O

Corollary 3.2. Let the assumptions of Theorem 3.1 be satisfied and let ¢ = 0.
Then the original game (G) possesses an asymptotically Nash equilibrium, i.e. a
sequence {(u¥,u)}ren satisfying (1.7).

Proof. Take v; € U; and vy € U, arbitrary. Furthermore, take a sequence
{ut}rew C U, generating vo € U, in the sense i(uk) — v, weakly* in L (0, T;

rca(lR™?)) and put y = y(vi,v2) and y* = y(v1,i2(uf)). In view of (2.4), we can
estimate

%Iy’“—yl < !;—t(y"~y)‘ < |G, ¥* (1) - G(t, y(t))|

+

Hz(t,ug(t))—/mm’ Ha(t,s) va,(ds)| < a()ly*(t) — y(®)| +c* (1),

where a € L!(0,T) comes from (1.1c) and ¢* € LP(0,T) abbreviates c*(t) :=
|Ha(t, u§(t)) — [rma Ha2(t, s) v24(ds)|. Likewise (2.19)-(2.20), we can estimate by
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means of the Gronwall inequality

v (t) - (t)] < ( /0 t ck(T)e-fo'aw)dodT) ofyatdr o ( /Otck(,r) dT) i atryar

3.2

Since ip(uf) — v, weakly*, we have c* — 0 weakly in L?(0,T) and there(fore?

using also the compactness of the imbedding W'P(0,T) C L*(0,T), we have got

SUPte(0,7) fot ck(r)dr — 0. In view of (3.2), this shows that y* — yin L>(0,T;IR")

and this convergence is uniform with respect to vy € U;. This also imply the

convergence f(;r gi(t,y* () dt — fOT g1(t, y(t)) dt uniformly with respect to vy € U;.
Assuming ¢ = 0, this shows (1.6a) uniformly, i.e.

. k _ -
Jim, Sup |®1(u1, uz) = U1 (u1)| =0 (3.3)

with ¥; defined in (3.1).

Just analogously, we can also show that (1.6b) holds uniformly provided {u¥}ren
is such a sequence that {i1(u¥)}ren weakly* converges.

In view of Theorem 3.1(i-ii), there is an equilibrium sequence {(u%,u%)}ren for
(G) such that both {i;(u¥)}rem and {iz(u})}ren weakly* converges. Then, by the
above arguments, (1.8) holds so that by Proposition 1.1 the sequence {(u¥, u$)}rew
represents an asymptotically Nash equilibrium. O

Remark 3.1. If the controlled system is linear with respect to the state, i.e. G(t,-)
is affine, then obviously G” = 0 and one can take ¢; = 0 in (2.17) which then just
requires g1(t,-) and g3(t,-) to be merely convex; cf. e.g. Balder [1], Bensoussan [4]
or Nowak [13], or also [15; Section 7.3].

Remark 3.2. The assumption ¢ = 0 in Corollary 3.2 is inevitable because oth-
erwise the uniform convergence (3.3) cannot be expected. Indeed, one can use
the example ¢(t,s1,52) = s152 which induces by the formula (2.8) a separately
(weak* x weak*)-continuous functional U; x U — IR which is, however, not jointly
(weak* x weak*)-continuous; cf. [15; Example 3.6.18].

Remark 3.3. If the multivalued mapping S; : (0,7) = IR™ acting as strategy
constraints in (G) is not bounded, several sophisticated approaches based on Cha-
con’s biting lemma and the Dunford—Pettis theorem must be still incorporated. For
details we refer to [15; Section 7.3] where only systems linear with respect to the
state are considered, however.

(Received March 2, 1998.)
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