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KYBERNETIKA — VOLUME 34 (1998), NUMBER 3, PAGES 289-308

MAXIMUM LIKELIHOOD PRINCIPLE
AND [-DIVERGENCE:
CONTINUOUS TIME OBSERVATIONS!

JIR{ MICHALEK

The paper investigates the relation between maximum likelihood and minimum
I-divergence estimates of unknown parameters and studies the asymptotic behaviour of the
likelihood ratio maximum. Observations are assumed to be done in the continuous time.

INTRODUCTION

This is a continuation of the previous paper by Michalek [6], dealing with the same
problem, but in the case of discrete time observations. Here we consider Gaussian
random processes that differ in the mean value. We also investigate the autoregres-
sive Gaussian processes. It is shown that under the stationarity assumption the role
of I-divergence is substituted by the corresponding asymptotic I-divergence rate.

1. A SIMPLE REGRESSION MODEL FOR GAUSSIAN PROCESSES

Let on the interval (0, T) be given a real Gaussian process {z(t)} which satisfies the
following conditions

Ea{z(t)} = ap(t), t€(0,T)
cova{z(s), z(t)} = cove{z(s), z(t)},

where ¢(+) is a known function and «a is a real parameter which should be estimated.
The coincidence of covariance functions means that

Ea{z(s) z(t)} = Eo{z(s) z(t)} + a® (s) 9(2).

For more details about this statistical model we refer to Héjek [3]. We assume, of
course, that ¢(-) is not the identical zero on (0, T).

On the basis of results presented in Hajek [3] we know that in the case of the
existence of a random variable v € W, where W is the closed linear hull over the

1This work was supported by the Grant Agency of the Czech Republic under Grant 201/96/415.
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values z(t), t € (0, T) with respect to the probability measure Py, i.e. for a = 1, the
regular case occurs, i.e. P, ~ Pp for each o € R; and there exists the best linear
unbiased estimate of a. Under such a situation the variable v satisfies the relation

EO{z(t) v} = So(t)r te (O,T),

and the unbiased estimate with minimal dispersion is given by

U= —o
- Eo{vz}'

The variable u is also a sufficient statistic for the system {Pq}.
Using the existence of v, the cortesponding Radon-Nikodym derivative has the

form 4
Pa__ 1 2 2
-&—E_exp{av—ia Eo{v }}

We will investigate how the relation between the MLE of a and the I-divergence
looks in this case. It is easy to verify that the MLE of « is given by

LA
llolls

Further, we can easily calculate the I-divergence between measures P, and P,

namely
chv _ 1 2 2
Ea {lnm} —Ea {QU—EC! ”‘U”o}

1 1
@?lJulf - 5?llulE = Sa?loll,

a=

I(Py : Po)

because & is an unbiased estimate. Then

dP, T
m:).xlnm = m:.x{av—-ia ||v||0}

| P
S (@2 Il = I(Pa : Py).

In this way we have proved that in this model the relation studied in Michalek
[6] and connecting the likelihood ratio maximum and the I-divergence is valid, too.

We can immediately utilize this relation in constructing a test based on the like-
lihood ratio.

Let us consider a real Gaussian process {z(t),t € (0,T)} satisfying the above
regression model and we want to test the hypothesis Hy : a € (a,b) against the
alternative hypothesis H; : a ¢ (a,b). The test will be based on the statistic T°()
given as the ratio

SUPue(a,b) %ﬁ“{z()}

)= (20}

SUPqaeR,; dP,
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From the previous results about the likelihood ratio we can expect the relation
InT(z(-)) = I(Ps, : Po) — I(Ps : Py),

where &g is a local MLE obtained by maximizing over the interval {a, b) only while
& is a global MLE. We must verify whether really

= I(P&o . Po).

dP,
sup 1
a€(a,b)

One can easily find out that
=a for &€ (a,b)

argsu {av - lr.v2||v||(";} =a for G<a
a€fa,b 2

=b for a>b.
Let us define a local MLE, namely

aG=a for ae (a,b)

for a<a

a
dog=0b for a>b

then

1 2 2
= sup {av—Ja?lul}
a€(a,b) dPO a€(a,b) 2

1 A 1.
= Joax {av - §a2|IvII§} = Go v = Saollvllg-
Using this relation we can write together
|2
T(a()) = e 3 (00,

As ||v|)2 = a" , see Hajek [3], finally

1 (&=&9)?

T(z())=e¢ > 103
Then the critical domain of the proposed test has the form
{=(-): T(=()) < K},

where K < 1 as follows from the character of the test because the hypothesis Hy is
not rejected if T'(z(-)) is close to one. The value of K will be determined from the

behaviour of the first kind error. We demand

sup P{a(): T(a()) < Kr} = 7
a€(a,b)



292 J. MICHALEK

where v € (0, 1) is given beforehand. The previous inequality is equivalent to

sup P{z():InT(z(")) <InK,}=1.

a€(a,b

To find the right value of K., it is necessary to know the distribution of InT'(z(-))
under Hy. Surely, for each s < 0

P{InT(z(-)) < s} = P{InT(z(-)) < s| & € (a,b)) P(& € (a,b)}
+P{InT(z(-)) < s|& > b} P{a > b} + P{InT(z(-)) < s|& < a} P{& < a}
and for s =0
P{InT(z()) =0} =P{a € (a,b)}.
If we put ||&||2 = 1 for simplicity, then -~

Fa(s) = P{nT(a()) < s} = ®(a— ) [®(a—a - v/2s]) + Ba —a - /2Js])
+ ®(a—b) [0(a—b— /sl + BB - a— VD),
for each 5 < 0 and
P {InT(2(")) = 0} = B(b — a) — (a— a),

where ®(-) is the distribution function of N(0, 1). The distribution function F,(s) is
derived from the fact that & is Gaussian with mean « and unit dispersion. To find
the value K., defining the critical region of the proposed test it is necessary to study
the behaviour of Fy(s) under the hypothesis Hy a € (a,b). It is easy to check that
the function Fy(s) is symmetric at the point "—',",'—'1, ie. ifa; = %’-’1+m, ag = %‘—b -z
then
Foy (5) = Fay(s)

for each s <0 and each > 0. After calculating the derivative 2 Fy(s) we can find out
that it is vanishing at the point %i and positive for each a; = %’—"—i—z, >0, s< —i;-,
and similarly negative for each ay = -‘5—;—" —z,z>0,s< —%, where § = "‘T“ It
means the function Fo(s) attains its minimum at the point %‘—" for each s < —%
and its maximum is at the points a, b satisfying the condition

Fa(s) = Fy(s)

for each s < 0.
We immediately see that

Fos) = [@ (~V/20s])| +@(a - ) [ (a— b= V2s]) + @(b — a) - /2] .

For s = 0 we have

Fi(0) = 5 +%(a—b)> > (1)
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As we demand sup¢(as) P{InT(z(-)) < In K,} = 7, where 7 is close to zero, we see
that
Fu(lnK,) = Fy(ln K,) < v

must be valid, too. But with respect to the inequality (1) this cannot be satisfied for
K, close to one. Hence, the restriction s < —% in the behaviour of the derivative
Q%Q is irrelevant because for s = —% we have

F, (_%3) =R (—g) = B(=26) [B(~36) + $(-)] + 5 > 5.

It follows from here that the critical value K for ¥ < 1 must satisfy

2

K, < e 7.
On the basis of the properties of %ﬂ for s < —% we can assert that

sup P {InT(z(-)) < s} = Fa(s) = Fi(s).

a€(a,b

This fact ensures the existence of a suitable critical value K, and its uniqueness.
As for the second kind error we can say that in the alternative set o ¢ (a, b)

é?fb) Fo(InK,) = Fo(In K,) = 7.

2. GAUSSIAN STATIONARY AUTOREGRESSIVE PROCESSES

In this part we will deal with Gaussian stationary autoregressive processes, which
are defined on (0,T) with the zero mean value for simplicity. These stochastic
processes belong to the most important cases frequently applied in practice. In
order to calculate the maximum value of a likelihood ratio we need to know the
corresponding Radon-Nikodym derivatives. Here we mainly use the results given in
Hajek [4].

We will start with a general form of a Gaussian autoregressive process, which is
given by solving a linear differential equation with constant coefficients with Gaus-
sian white noise having dispersion o2 on the right hand side. The equation coef-
ficients must satisfy the condition of stability, i.e. all zeros of the characteristic
polynomial are located in the left half-plane. The corresponding spectral density
function has the form

M=
R SRR T

where ap = 1. A dominating measure @ defined on (0,T) is given by a Gaussian
process {y(t), t € (0,T)} with a zero mean and with independent increments of its
(n — 1)st derivative satisfying

E{ldy" D)} = o2t



294 J. MICHALEK

with the initial condition (y(0), ¥(0), . .., ¥ ~1)(0)) to be independent on y(»~1)(¢)—
y(»=1)(0). For more details see Hajek [4]. Then the appropriate Radon-Nikodym
derivative is given by the following formula

n-1 T
dQ; z = |Djk|1/2exp{%a1T——;-l§An_k‘/o lx(k)(t)l2dt
n—-1 n=1
2 N [90=00) +290)2®(0)] Dy
j+k
even

where z())(s) is the jth derivative of .r() at s and Dji, j, k = 0,1,...,n— 1 are
defined as
min(j,k)
Dj, = 2 E (=1Y~%an_ianyi—j—k—1 for j+k even
i=max(0,j+k+1-n)
Dj, = 0 for j + k odd.

We have put ¢ = 1 for simplicity. In other words the matrix {D; k)] r= !, is the

inverse matrix to the covariance matrix of z(0), z'(0), . .., z(»~1)(0). The coefficients
Ay -k are defined in the unique way by

n

2
D an k(@ =

k=0

zn: An—k /\2)‘:;
k=0

which gives
min(k,n—k)
Anx = z An—k—j Gn-k4j (—1).
j=0

Thanks to the stability condition the polynomial Y ;_; @n— z* has all the roots
situated in the left half-plane. This condition together with Ag = 1 determines a
one-to-one correspondence between {an—k}p-o and {An—r}p_o. At the first sight
we see that any explicit formula for the MLE is almost impossible in a general case
because of the presence of the determinant |D;k|. For a better orientation we will
now concentrate ourselves to the simpliest cases n =1 and n = 2.

First, we will investigate a Gaussian autoregressive stationary process of the first
order. Such a process possesses the covariance function of the form

R(t) = Celt,
where C = R(0) > 0, a > 0. Its spectral density function is then

2Ca
#(A) = 27(A? + a?)’
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for detail see e.g. Andél [1]. To express the likelihood ratio we must find out the
Radon—Nikodym derivative
dP(z(), B, D)

dP(z(-),e,C)

on (0,T). In order to keep the measures P(z(-), 3, D) and P(z(-), @, C) equivalent,
these parameters must satisfy some conditions. Here we can refer to Pisarenko [8]
and Héjek [3].

Let us rewrite the spectral density function into the following form

O = 5 e = 5o
PN =0r lao(iX)? 4+ a1| ~ 2m(a2X + a?)’

Then we obtain

1 ay
2(10 aj ’ ap
and, vice versa,
at = L a?= 2
T 2aC° 'T2C

A necessary and sufficient condition for equivalence of the corresponding probability
measures is given by

ag = bo <> a2 = b2 <= oC = D.

As we can put C = 1, we obtain D = % Using the coefficients (a0, a1) and (bo, b1)
we can express the Radon-Nikodym derivative as follows (ag = bo)

dP(z(),bo,b1) _ (b_l)%ex {ynT 1aT
dP(z(),a0,a8) _ \a1 P

_ %bf/:x?(t)dm%angzZ(t)dt}
(g)%exp{TQﬁ_%g_%ﬁZ/ 20y dt+ 2 / 2(t)dt}

when we used the parameters o, 8 with C = 1. Then, easily

x 8 T2
R - o [ s [ o

Now,

8 1. 1T B [T,
bﬁ_ﬁ-{.a——%/o z*(t) dt.

This fact gives us the MLE of the parameter 3, namely

-1—+T-—/ 22(t)dt = @)
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Let us substitute this relation into the logarithm of the likelihood ratio. In this way
we come to

dP(:B(-),,B,D) _ 1 B T, - 1 2 A\ 2 T 2
?3§lnm_§ln;+i(ﬂ—a)+ E(a -(B) )/0 z*(t) dt.

If we express

T myae = 2 42T
0= g5

using (2) then

maxln L&), 8, D) _
>0  dP(z(-),a,1)

1, 8 T, o2 1 T(a?-(8)?)

4B 4 4 B

This result can be easily rewritten into the form

ax ndP(:c(-),ﬂ,D) :l a? —1In o’ _ T_(B—a)z
B AP0, ) 4(@2l(m21)+4 5

At the first sight we see that this maximum is formed by two parts, namely

a? a?
——,.'; —In —,r; -

) (8)
which is the expression of I-divergence between two Gaussian random variables with
dispersion o2, (3)?, respectively. The other part can be expressed via an integral

because i/oo (ﬂ e 1) D M )
4 —00 \Pa Pa ﬂ '

when

Dpg ) = Ca
orrgy W ey

As we have D 8 = C a for the equivalence of the corresponding probability measure,
then the left hand side of (3) is nothing else but the asymptotic I-divergence rate
between two Gaussian stationary processes of the first order, for more details see
Michélek [5]. In this way we have just proved a close connection between the MLE
and the I-divergence again. The contribution .

wp(A) =

a? a?

ﬁ —In -EE -1
can be also understood as the asymptotic I-divergence rate of two Gaussian white
noises having dispersions a2, 2 respectively, which form inputs into a linear filter
whose output is created by a stationary autoregressive process of the first order. We
can immediately state the following
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Theorem 1. Let on (0,T) be given a stationary Gaussian autoregressive process
of the first order and let Br be the corresponding MLE. Then

.1 dP(z(),8,D) _ 1 [ (‘Pn p )
lim —supln ——22 172 = 22 _In 22 —1)d),
T—oo T p>I(’) dP(z(-),e,1) 47 J_o \ ¥a Pa

where fp is a true parameter, i.e. fr =2 fo a.s.

Proof. It immediately follows from the previous text and the properties of sta-
tionary processes. ]

In the next part we will concentrate to the case of autoregressive process of the
second order. Its spectral density function is of the form

W = L o’
P = 90 TGNZ + (a1 + ) (iN) + a1 ao)?
1 o2

21 A2 +ad) (A2 +ad)’

Here we have three parameters aj, az, o? that in the unique way determine this
density function. As we want to consider a class of mutually equivalent Gaussian
probability measures we are obliged to fix o2 because for different values of this
parameter the corresponding measures are orthogonal, see Hajek [4]. Without loss
of generality we put 02 = 1. For future purposes it is reasonable to introduce new
parameters, namely

a; = oy + a2, az = o asz.

Let us start with the Radon-Nikodym derivative of the measure P(z(-), a1, a2) on
(0,T) with respect to the measure Q(z(-)), which was described at the beginning of
this part (for more details see Hajek [4]). Then the corresponding derivative has the
form

dP(Z(), a, ag)
dQ(=(-))

1 T 1, (T
X exp {—E(a'f - 2a2)/0 |&(t)[2 dt — 5(13/0 |z(£))? dt

= 2a; aé exp {02_1 T}

~ 501 (GO + (GI)P) - Jo1 ax(z?(0) + (T}

From this we can derive the set of equations for the MLE of the parameters a;, as,
namely

1 T 1 a

e P — P2, =

01+2 a1 P, 2<I>3 2<I>4 0
1

ay _
5a; + 9 a2<I>2——§—<I>4_0,
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where

T T
<I>1=/0 |£(t)|? dt, <I>2=/0 |z(¢)|? dt,
®3 = ((0))’ + (#(T))*, @4 =22(0) +2*(T).

In next we will utilize these equations to eliminate the terms ®3, ®4 from the ex-
pression for the Radon—Nikodym derivative.
Multiplying the first equation by a; we obtain

ay az
2

Similarly, the other equation can be multiplied by a; and we get to

1
1+a2—1T—a'fT—af<I>1—§a1<I>3—

(I>4 =0. (a)

1 aya
§+a2¢1—a§<1>2— L2

Now, the likelihood ratio maximum is given by

~ Al -
dP(.’L'(-),bl,bg) _ bl b22 + (bl —al)T

max In =In
(b1,82)  dP(z(:),a1,a2) ay 02% 2
_(5%—232;a§+2a2) &, — Bg;a% &y — I;l ;al By — 8182—2-111(12 3,

where I;l, 132 are the MLE’s of unknown parameters by, bs.

At this moment we can use the equations (a), (b), which the MLE’s must satisfy.
After simple but tedious calculations we obtain the formula

dP(I('),bl,bz) _ 1 ai ai
SN " TP ara) ~ 2\

.- <a1a2 —In2 1) + ((81 —a)? | (o) (G _“‘))

2 \ b, by by by 2 by
. b b
+q)2(b2 - (12) (l{ 2 + g2 1 b2 .
b, 2

In order to compare this result with the I-divergence of corresponding Gaussian
measures, it is necessary to calculate this I-divergence, i.e., the integral

dP(m(~),b1,b2)
/ln m dP(SL‘(~), bl; bg)

It is easy to find that

A2d)
+83) (O + 83)

T (o]
E(blbz){¢1} = [) E{li:(t)lZ}dt = 217‘.-/— (/\2
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_r _T
2(81 + B2) ~ 2by’

T [ dx T T
Epion){®2} = 27/_00 A2 +82)(N2+62) ~ 2B+ P2)B1 P2 2b1 by’

Ewion){®3) = Eoan {180 +18(T1%} = ¢-,
1
Epioa){®a} = E(bxb:){|£(0)|2+|$(T)|2}:m.
Then

1
bibi | T(bi—ar) T(b—2b—af+2a
I(P(bl ba) * P(a;a;)) = ln T~ + ( 1 1) _ ( 1 2 1 2)

ayal 2 4b,
bf—a%T bl—al b1b2——a1a2
4by by 2b, 2b, by

1/a; a, 1 (a;ay aia; T ((by —a1)? (bz—dz)z)
S e S N S TPy (B L) ) R D .
2<b1 g 1>+2 (1>1b2 by )+4( 5 b1 s

From this result, as a byproduct, we obtain the existence of the limit

[(bl - a1)2 (b2 — a2)2] ,

llm — I(P((,l bz) P(al az) b1 b1 b1 bz

which is precisely the integral

1 / (S"(blbg) Py b3) > -
—In —1) dA=T(Pp, 1, : Playay),
47l' Qo(al a.;) ‘P(alaz) ( (b ) ( ))

the asymptotic I-divergence rate. When we return to the likelihood ratio maximum
and the I-divergence, we see that their expressions are equal in two terms

1/a; a 1 (aja, aj az

—|{—=-In—-— d -(—=-Inh—=-1

2 <b1 In 37 1) ad S \oh o
respectively. In order to achieve the equality between these expressions, it suffices
to establish the relation

S, - .
(b1 —a1) + (b2 022 (b1 — ay) By + (by — a2) arby ba arby oz + b &,
2 by by 2
_ T [(1—a1)’ + (b2 — az)?
4 by by by '

The left hand side of this equality can be transformed into a more acceptable form,
namely

2

a1 bz b2 ¢2

(by — a1)2 L0
2

(®1— by @)+ — (1724’2—@ 1)+(52—¢12)<I>1+
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Comparing this with the right hand side of the previous equality, we see that the
equality holds if

by @2 = @y,
in which case the left hand side equals
(b1 — a1)? &, + (b2 — a3)? 3

D) 1 D) 2,
i.e. coincides with the right hand side.

Look in more detail when the equality ®; = T'/2 b, takes place. It is evident that
if the MLE’s 51, b, are used then this equality cannot be satisfied because of the
conditions (a), (b) imposed on the MLE’s. But, there exists a very interesting
possibility to modify the equations (a), (b) slightly, in such a way that their solution
will meet the demands. Thanks to stationarity of the investigated process we know
that

. @1 _ . 2
T]erolo—f- = E{|z(0)]*} a.s.

By ,
7‘11_{1:0?[1— = E{|z(0)]*} a.s.

@y @y
T T orekT =0

If we neglect in the equations (a), (b) the terms of order o(T") for T — oo, then we
obtain “approximate” equations, which are linear, namely

T
-2——b1<1’1=0, $1— by @2 =0.

Their solution is very simple and we see that the new estimates

T o o

Y = — = —
1 2¢1’ 2 ¢2

are precisely those satisfying the basic relation between the likelihood ratio maximum
and I-divergence discussed earlier.

Look in more detail how we could obtain these estimates from the corresponding
Radon-Nikodym derivative.

Let us consider the logarithm of Radon-Nikodym derivative and neglect all the
terms behaving o(T) when T — co. The rest of the derivative will be called the
principal part of the derivative and in our case equals

(bl - al)T b% - 2b2 - a% + 202 b% - a%
2 2 O =T 0

For a better orientation, this principal part will be denoted by

dP(Z'(-),bl, bz)

PP ip(20),a1,a2)
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At this situation we can easily show that the estimates b9, b3, which are obtained by
maximization of the principal part play a similar role as the Yule-Walker estimates
in the case of a discrete time, see e.g., Dzhaparidze [2]. Simultaneously, we can
express the principal part maximum via the asymptotic I-divergence rate
dP(z(-),b1,b
supIn P P (2(), 61,6)

IP(=() ar a) T ° ‘La,a
b1,b2 dp(”('),al,az) T (Pbl'bg P 1 2)’

where

—_ 1 oo
I(Py,s, : Payas) = 4= (%—ln%—l) d.
—o00

On the other hand, it is also very interesting that the estimates b, b3 can be obtained
by the method of moments. Thanks to stationarity we have

Ro(0) = E{[z(0)]} = /_Zgo,,(,\)d,\

(o]
RO) = E(HOP = [ Xam)ar
- 00
Now, if we substitute the precise values Ro(0), R1(0) by their estimates, namely
. 1 . 1
RO(O) = —7-1-@1, Rl(O) = Tq)z
and we take into account these facts

/w (,\)d,\—L /m,\2 (A)d,\—i
oo(pb T 2y by’ —oo o T 2b,’

then solving the following equations

Ro(0) = / ” es(N)d),  Ry(0) = /_ St wp(2) dA

for unknown b;, b, we immediately get the estimates b9, b3. There is no problem to
prove the consistency of the proposed estimates because

A 1
Ro(0) — Ro(0) = T
. 1

where b7, b3 are “true” parameters. The above obtained results we can summarize
into the following theorems.

Theorem 2. Let b9, b3 be estimates obtained by maximization of the principal
part of the Radon-Nikodym derivative. Then

. 1 dP(Z(), bl, bz)
Am 'f(ff‘,,‘:)lnp P 5(20), a1, 2)

where b}, b3 are true values of unknown parameters.
A similar assertion we can state about the MLE’s of b,, bs.

= I(P@; b3) : Payas)
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Theorem 3. Let 51, by be the MLE’s of unknown parameter by, by. Then

lim 1 sup In dP(2(),b1,b3)

Toeo T iy - AP(z("), ax, az) = I(Pyb3) : Payas)-

Proof. It is well known, e. g. see Rozanov [9], that the MLE’s in autoregressive
cases are strongly consistent and asymptotically normal, i.e.

lim b, =8, lim ;=8 a.s.
T—o0 T—o0

The rest of the proof follows from the continuity of the Radon-Nikodym derivative
in unknown parameters. )

The above described situation for n = 2 gives a hint about the general case. If
we drop in the Radon-Nikodym derivative all terms of order o(T') for T' — oo then
the principal part satisfies the relation

dP, 1 13 T By
In}’lPdQ (z(-)) = EalT—EZA,,_k A |®)(2)|2 dt.
k=0

This is a quadratic form in the coefficients (a1, a3, ..., a,) and we can find its min-
imum. Applying partial derivatives to the logarithm of the principal part we get
a system of linear equations for unknown parameters a;, as,...,a,. Estimates ob-
tained in this manner were first described in Rozanov [9] or Pisarenko [8]. One can
easily check that the system of linear equations has a unique solution with proba-
bility tending to one if T' — oco. It follows from the fact that

n— 00

T
% / lz®MORdt — Ri(0) = E{lz®(0)]*} a.s.
0

These estimates are asymptotically normal and efficient. It is worth noting that
these estimates can be obtained also by a different approach. First, we will show that
these estimates of autoregressive coefficients can also be obtained by the method of
moments. As seen from the form of the principal part of Radon-Nikodym derivative
there is an “asymptotic” sufficient statistic given by sample characteristics

L[ ewra £ [ ora, .k [Ceiora
T Jo T Jo T o

derived from the underlying process {z(t), t € (0,T)}. Let us investigate the map-

ping o \ab
Ti(a1,aq,...,a =—/ dA
@002 s00) = o e T an s OPT

k=0,1,...,n—1 with ap = 1, which is defined on the stability domain of the poly-
nomial 3 }_q @n—k 2*. There exists a one-to-one mapping between a1, az, ..., an and
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the roots a1, @y, ...,an. The spectral density function ¢()) can be then expressed
as ,

1 1

27 | ko an-k (N[’
where Rea; < 0, i = 1,2,...,n. This immediately implies that the stability domain

is open. Let us prove that the mapping T = {Tx(a1,a2,...,an)} is one-to-one.
Let us assume there are (aj,as,...,a,) # (b1,bs,...,b,) such that

p(A) =

= 3 IT{0 - tma)" + (Reay)?) ™
j=1

Tk(al,ag, . .,a,.) = Tk(bl,bz, .o .,b,.)

for each k =0,1,...,n. It means

00 (o]
/ Ao,V dr = / AZE oy (A) d.
—00 - 00

Let us introduce the function

Pa (’\) —1In Pa (A)
©b(A) ()

From the inequality £ —Inz — 1 > 0 and properties of spectral density functions of
autoregressive processes we can state the existence of

hap(A) =

/ hap(A)dA > 0.
—00
Analogously we can show that
oo
/ hsa(A)dA > 0.
—00

Then the sum of both the integral exists and equals

/ B (A dA + / " hea(2)dA

R (o) )

B /_oo (‘Pb(’\) T 2) “

= [ (o5 o) (0o = o) 02

= /°° (2": Bk A% - ZAn k)‘%) (a(A) — ps(2)) dA
—® \k=0
oo [n-1 n-1

= ( Bp i X =) An- N") (a(X) — wb(2)) dA
e k=0

I
o
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because By = Ao and Ti(ay,...,an) = Tk(by,...,bs) as we assumed. But it gives

/ has(A)dA =0,

—00

which implies h4p(A) = 0 a.s. [Leb]. Hence we have obtained the fact

va(A) = @s(A) a.s. [Leb],

it means nothing else but a; = b, a3 = bs,...,a, = b,. The mapping T is one-to-
one and we can define estimates

(&1)62) . ';an) = T_I(RQ,RI, o -;Rn~1)

if (Ro, Ry,..., Rn_1) € RangeT and (&1,ds,...,dn) = (0,0,...,0) otherwise. The
statistics Rg, k =0,1,...,n — 1 are defined as

s _ L [T ke
Rk=T/0 leB)(t)|? dt.

As with T — oo, Ry — J22 A% g, (A)dX where ap = (af,a3,...,al) are true
autoregressive coefficients, we can assert that for large T with probability close to
one (Ro, Ry,..., R,,_l) € RangeT'. It remains to prove that these estimates obtained
by the method of moments are identical with those given by minimizing the principal
part of the Radon-Nikodym derivative. Let @,, dy,...,a, be the estimates obtained
by minimizing the quadratic form of the principal part then this minimum equals

Lra - li,«in_k/T | ®)(8)2 dt.
2 e 0

Let a},a3,...,a}, be the estimates given by the method of moments, i.e.

L / le®)(t)|2 dt = / A% oo () dA.

Then we can write

1 dP, = 1
TlnPPw = (al-—al)— ;)An_kRk-l-—al

1
= i(al a}) 2244,.-/ gp,,.()\)d/\+—a1

L[ () pa() 1
= 73 (soa(x) o)) 1)"”21

- 1
= —EI(%' tpa) + 5 ai,
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where I(ipqe : @a) is the asymptotic rate of I-divergence. For details see Michalek
[5]. We immediately see that

dP, 1 . = 1 .,
mf‘XInPPdél(m(')) = _EngnI(‘Pa‘Woa)‘Fial

- *
= _al

because I(pq+ : Pa) > 0 and equals zero if and only if a* = a. This fact proves the
coincidence of both the estimates.

There is another possibility how to construct these estimates as minimal distance
estimates. Let @q(-) be a spectral density function belonging to an autoregressive
random process of the nth order again, a = (ay,az,...,a5), let f() be another
spectral density function, for which the functional ’

F(pa()) = 41 / - (Sf(a)) I sof((AA)) - 1) “

—0Q

is finite. We wish to find the minimum of F(a(-)), if exists, over all spectral density
functions @g4(-). This functional can be expressed as

F(pa()) = %/m (i MEA _ f(A) —In (mf(x)i,q,._k ,\2’°) - 1) dX.

— \k=0 k=0

Further, let us assume the existence of
/ A2 f(A)dA.
-0

Then we can calculate the partial derivatives %,- F(pa(?), 7=1,2,...,n by chang-
ing the ordering between the integral and derivatives. After simple calculation we
get to the following system of non-linear equations, namely

[ 0An-k =™ 04
n—k 2k — n—k y2k
E/_m 'W'\ f)dx = Z/_w W'\ fa(A)dA
k=0 k=0
7 =1,2,...,n. This system can be rewritten as follows

n—-1
S 205k (R - Ralyla) =0,
k=0

where Ry, k=0,...,n — 1 are sample characteristics

. 1 /T
Ra=a / IK®8)? dt
T Jo
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derived from the observed process {z(t), t € (0,T)} and Rx(¢(a)), k=0,1,...,n—1
are exact values for dispersions of derivatives of an autoregressive process with the
spectral density function ¢,(-). Although the above described system of equations
is very difficult to solve in general there exists an elegant solution if we solve the
system R
Ri = Ra(p(a))

k = 0,1,...,n — 1, which is precisely the method of moments described earlier.
We see that at least one solution of the underlying system exists. Let us prove
that moment-method estimates determine the minimum value of F(¢,(+)). For this

calculate the difference
= (), fo)
/_oo~'(<pb(/\) " ) 1) “
= (J0) )
-/ (soa-(/\) S ey 1) “

= /Z((s‘oﬁ soa.(A))f” ﬁ((;)))d*

= > (Baok = An_y) Re(0) + b1 — af

47 (F(ps(+)) = F(pa+(+)))

n (o]
= Y (Ba-k— A5y) / A% ooe(A)dA + by —
k=0 —o°

/ (@—1— S”"‘)d,\zo.
-0 \ Pb Pb

This evidently shows that F(ps(-)) > F(a+(»))-

In this way we have proved that the estimates determined by the method of
moments are also estimates minimizing the asymptotic I-divergence rate. We see
that in the case of a continuous time there is an analogy with the discrete time
case where the Yule-Walker estimates of autoregressive coefficients minimize also
the asymptotic I-divergence rate. The property of the moment-method estimates to
minimize the asymptotic I-divergence rate can be described as follows, too. Let us
imagine we observe a quite arbitrary stationary Gaussian process with a zero mean
and with at least the nth derivative on the interval (0,7). Now, we are looking for
the most similar autoregressive Gaussian process of the nth order to our underlying
process {z(t), t € (0,T)}. The similarity is measured via the asymptotic rate of
I-divergence, i.e. via the functional F(p4(-)) where the spectral density function
f() based on observations z(t), t € (0,T) is determined by

T 00
Re(0) = % /0 le®)(t)|? dt = / FO) A ),

k=0,1,...,n. In other words speaking the underlying process z(t), t € (0,T) and
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the approximating autoregressive process must have the same dispersions of their
derivatives up to the order n — 1.

This part will be closed by two theorems whose proofs can be dropped and which
deals with autoregressive processes.

Theorem 4. Let @ = (@1,@3,...,dn) be estimates of autoregressive coefficients
obtained by minimizing the principal part of the corresponding Radon-Nikodym
derivative. Then

dP;
Jim. a1 - Pag)  a.s.,
where a; = (al,a},...,al) are true autoregressive parameters.
The same theorem is valid for the MLE’s.
Theorem 5. Let @ = (G1,@2,...,3n) be the MLE’s of autoregressive coefficients
then
.1
lim —maxln = (z(}) = llm ln (.’L‘( ) =I(Ps, : Pa,) a.s.,
—ooT a dP,,0
where a; = (a},al,...,al) are true autoregressive parameters again.

The quantity I(Pa, : Pa,) is asymptotic rate of I-divergence between two Gaus-
sian autoregressive stationary measures and equals

7 . 1 Pa, (A) $a, (A)
e r =g [ (G ey )

For more details about I(P;, : Pa,) see Michdlek [5].

(Received November 7, 1996.)
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