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KYBERNETIKA — VOLUME 34 (1998), NUMBER 3, PAGES 265-288

MAXIMUM LIKELIHOOD PRINCIPLE
AND I-DIVERGENCE:
DISCRETE TIME OBSERVATIONS!

JIRI MICHALEK

The paper investigates the relation between maximum likelihood and minimum
I-divergence estimates of unknown parameters and studies the asymptotic behaviour of the
likelihood ratio maximum. Observations are assumed to be done in the discrete time.

INTRODUCTION

In the monograph by Kullback [4] one can find an interesting relation between the
maximum likelihood estimate of an unknown parameter and the I-divergence of two
probability measures where one of them is determined by the value of the MLE in
question. It will be best to describe this relation by a simple example used in the
monograph mentioned above.

Let z,2,...,Z, be a sample from the Gaussian family N(y,0?), where the
parameter (p,0?%) is unknown. Let T be the arithmetic mean and

1 n
2—__ ._—2
8= ‘E:l(:c, T)°.

Further, let (1o, 03) be an arbitrary element of the parametric space © = R; x RY.
At this moment it is necessary to mention the notion of I-divergence. Let P, Q
be two probability measures defined on a measurable space, let fp, fo be their
corresponding Radon-Nikodym derivatives with respect to a dominating o-finite
measure g. Then the I-divergence between P and @ is defined as

I(P:Q)=1I(fp: fq)= /fp(z) In ;};E:; p(dz).

Let now fq be fixed and let us look for the minimum of I-divergence over fp under
the constrain

0= [ 1) fr(2) utd),

1This work was supported by the Grant Agency of the Czech Republic under Grant 201/96/415.
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where T(z) is a statistic, 8 is a fixed value from the parametric space ©. In our case
T(z1,---,%n) = (%,5%) and 0 = (p,0?%). The optimal density function f*(z) is of
the exponential type, namely

‘(g) = e1'(0)1’(1:) fQ(x)
A V(=)

where M(7(0)) = [ e"®)T() f5(z) dz is assumed to be finite. As we do not know the
true value of 6, it is reasonable to substitute it by its maximal likelihood estimate
and in this way to obtain an estimate I(f*, fg) of the minimum of I-divergence
I(f* : fo)- In our example with fg ~ N(uo,03)

) n(T —po) n [ s? s?
I(f fQ)z_%g__*-a('OTg—ln}E—l .

But this estimate is nothing else but the I-divergence between two Gaussian mea-
sures, namely

I(N(z,5%) : N(o, 03))

multiplied by n. Here we can see a very close connection between the MLE and the
I-divergence. Kullback shows also in Chapter 5 of his monograph that the estimate
for the minimum of I-divergence can be expressed as

I(f* : f@) =6 7(6) —log M(7(§)) =In supy f*(z)
fo(=)

where § is the MLE for the parameter § and f*(-) is the density of the exponential
type derived from the under!ying density function fg(-). Kullback uses this relation
in the case of in discrete time observations only. Motivating by this interesting
example we will state the aim of the paper. The main goal of this paper is to study
this relation between the MLE and the I-divergence in the general case of dependent
observations. Some results discussed in the papér are not principially new and they

are presented in order to see the relation between the maximum likelihood method
and minimal /-divergence method.

1. EXPONENTIAL FAMILIES

In this part we will restrict ourselves to the case of i.i.d. random variables generated
by the exponential family, i.e. with the density function

f(z,6) = C(8) h(z) '@ TE),
where 0 is a parameter from ©. We assume, of course,

oo}
/ C(0) h(z) e™®TE@) gg =1

for each 6 € ©. We will consider the case © C R; only.
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If z1,z9,...,2, is a sequence of observations coming from this family then the
logarithm of the likelihood ratio equals

n n n
In [] £(zj,0) = nInC(6) + D _ h(=z;) + 7(0) D _ T(x;).
j=1 j=1 j=1
The MLE 6, must satisfy the following condition

n n
In | f(zj,0n) = Farleag(lnn f(z;,0).
ji=1 j=1

Under the existence of appropriate derivatives, the MLE 0, is given by

1 ¢ 1 a1
; ZT(:L'J') = C(én) Cc (oﬂ) Tl(én) :

This relation says that 0, exists if and only if
1 i T(xz;) € Range =(0),
n 1 €0

where m(0) = [InC(0)])' [r'(6))~!. Therefore it is necessary to assume 7/(§) # 0 for
each 8 € ©. The law of large numbers immediately gives

1 n
=~ ZT(xj) =2 Ee-{T(z)} a.s.
1
where 6* is a true parameter value. As for each 6 € ©

Eo{T()} = =(9),

then the strong consistency of {1 37 T(:r:j)}:o=1 implies

1 n
P =) T(x; R 0 — 1.
{w n; (2j(w)) € Range n( )} =

Now we mention a close connection with the I-divergence. Let 0, € ©. Then

1(0 : 6) = Eo {m ,{ ((:’:0))} = 1In g((:o)) +(r(6) = 7(60)) T,z—o)[ln co).

We can continue and prove the following relation

LS f(en ) = 1 Cn) , C'(Bn) (7(6) = 7(0n))
"21:1 72::0) "TO T Ol G



268 J. MICHALEK

+InC(6,) + %Zh(%) + T(én)%ZT(-”:J’)

= —I(6n:0)+InC(6,) + % zn:ln h(z;) + 7(6n) —71; iT(a:j)
= —I(6n :0)— H(b,),

where H(0) = —E¢{In f(z,0)}. In the case of § = §, the corresponding mean value
is calculated with respect to the empirical distribution function F'(-), i.e.

E; {Inf(z,0,)} = / ” (150(9,,)+1nh(z)+r(é,,):r(z)) dF (z)

- 00

n 13
InC(0) + - Z:T(z,-).
Using these facts we see that

1 ¢« . ) .
r&%;;ln H(z,60) = —minI(bn : 6) = H(6n) = ~H(0n).

if 6, € ©. In this way we have proved that the MLE O equals the estimate of
unknown parameter 6 obtained by minimizing the corresponding I-divergence. Fur-
ther, we can assert

1 - : 5
nango;r&ag;lnf(xjﬁ) = = lim H(f,)

/ " 0 f(2,0.) f(z,0.)dz = —H(8,) a.s.,

—-00

if 0 is a true value and H(6.) exists. When we evaluate the likelihood ratio we can
write

ilnm =—nI(0n:0)+nl(0, :06).
j=1

f (zj ,00) B
This relation immediately gives
1¢ f ('rJ' ’0) )
- 0, :
B 7 2 f(ay 0 = 1O 100

Using the properties of MLE we can similarly state that

: 1¢ f(=;,0) — .
nll.r& rapeag(n;ln (560 — I(6. : 6p) a.s.
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Now, let us write C(0) = eA(®), then

- f(=;,9) -n q o\ _ AP 'T(én)_r(ao)
:ggln; a0y = (A(o..) A(80) — A'(6n) TS )

Using Taylor’s expansion we can express
A(80) — A(Bn)

7(60) — 'r(é,.)
Then

A(8n) 00 = 0+ 2202) (g, — 3,7 1 o((0p - 0.)?)
T,(én) (6o — én) + o(|60 — én')

Y iy = {_(o,, 000 A (Gu) + of10 - é,.n} |

0@
When 6, — 0, a.s. then we obtain the following behaviour of the likelihood ratio
maximum

j=1

. 1 - f(xj ) 0) (9* - 00)2 "
lim —supln = A"(6.) + o(|6. — 6o)).
oo 7 5eo jz:=1 (z;,00) 2 (6.) + o] ol)

This result implies that the rate of the loglikelihood ratio maximum behaves like the
Euclidean distance and if the MLE 6, is asymptotically normal then this rate will
be asymptotically a noncentral x2-distribution with noncentrality depending on the
difference (6. — 6o)2.

Hence the statistic I(f, : 6p) can be used for testing the null hypothesis 6 = 6,
against the alternative hypothesis 8 # 6. If the value of I (én : Bp) is far from zero
then the null hypothesis is rejected. But it is necessary to have in mind that our
decision is strongly dependent on the distance I(f. : 6p). About the asymptotic
behaviour of I (én : 04) in the i.i.d. case the reader can be referred to Kupperman
(5] where under some regularity conditions

2n1(6, : 6.)

behaves asymptotically with x?(1) distribution if the parameter 6 is one only and
the null hypothesis is true. Extension of this result to multivariate parameters, and
also to divergences different from the I-divergences, can be found in Morales et al
[9].

In the case where the observations z,, 3, ..., z, are from a discrete distribution
function we can say even more about the relation between the MLE and I-divergence.
Suppose that f(z,0) is a density on a finite set X, i.e.

Py{X =z} = f(z,0).

For simplicity let f(x,8) > 0 for each z € X and each § € ©. Then the joint
distribution function

f(z1,...;2n,0) = Hf(x,-,G) = exp {nz N—’n(‘i)—lnf(a,ﬁ)}

aeX
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B R;(a)
= exp {—n (— Y R.(a)ln R,(a)) } exp {‘” 2 Be(a)ln f(a,9)} ’

aeX aeX

where R.(), € = (z1,%2,...,,) is the empirical probability mass function defined
by the relative frequencies

R,;(a) = N_xrf_a_)_, aeX

where N(a) counts the number of occurrences of a € X' in the sequence z1, z3, ..., Z,.
Then we get to the expression

L S 10 f(e5,0) = ~I(R()10) — H(RL(),
j=1

where I(Rz(+)|0) is the I-divergence information between the empirical mass function
R;(-) and the theoretical f(-|0). The quantity H(R:(-)) is the Shannon entropy of

R;(-). By continuity, we set in the above formulas ln% =0,nlnf =00, 0In0=0.

The above expression gives immediately that the MLE of € is nothing else but
the estimate minimizing the distance I(Rz(-)|#). We see that in a discrete case of
an exponential family we can write

3 In f(2,0) = ~I(Re()16) ~ H(Ra()) = ~T(al6) ~ H(G)
ji=1

Hence

I&%%Zln f(z;,0) = —H(0,) = —min I(Rz(1)|0) — H(Ra()).
j=1

As I(Rz(-)|8) > 0, we have X X
H(Rz (")) < H(0n).
If there exists 6(x) € O satisfying

.f(': 0(3)) = RKB()’
then mingee I(Rz(-)|0) = 0 and

H(6n) = H(Ra()). (*)

This property leads us to the following definition.
We say that an exponential family {f(z,0),0 € ©} is complete if there exists
6 € ©, 0 = 0(x) such that
f(z,0) = R(z) a.s.
Under this property the equality () holds. Unfortunately, this relation cannot be

extended to continuous models because of the absence of analogy with the empirical
mass function in the discrete case.
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The following example shows that the relation connecting MLE and I-divergence
need not be valid in general. As a counter-example we can take the Cauchy distri-
bution function with density

1 6

p(:l:) = ; 62+ (x___u)z
where § > 0 and p € R;. For the sake of simplicity we put p = 0. Then the MLE
4, must satisfy the equation
n 2 _ 52
] =
— z- + 82

Further, we need the correspondmg I-dlvergence

I(p(-,6) : p(-,1))=In { (1 166)2 } .

It is sufficient to show that the considered relation is not valid for n = 2. Then the
MLE 6, satisfies the equation

2 —-§2 z%-4§°

230 T2y

which gives 2 23 = 6%, i.e. 83 = \/|z1 z3|. If we substitute this expression into the
formula of likelihood ratio we obtain

st o BF0hesh |
>0 2 p(zj, 1) ((32)24-:2%) ((52)2+z%)

If we use &, for I(6 : 1), we get

XU —In (1+(§2)2
I(p(-,82) : p(-, 1)) =1 (——452 )

At the first sight we see that these expressions are not proportional each other.
When we drop the independence among observations we obtain the family of
random sequences and processes with the exponential type Radon-Nikodym deriva-
tives. We say that a random process {z(t),t > 0} has an exponential family of
distributions if there exists a dominating measure P such that for each ¢ > 0

dP,(a)

M
() = a(t,0) q(t,w) exp {ij(t»")BJ’(t,w)},

ji=1

where 0 is k-dimensional parameter, random processes ¢(t,w) and B;(t,w), j =
1,2,..., M are Fi;-measurable, {F;} is a system of nondecreasing o-algebras. The
measures P(f) and P are defined on o (U, F:) and P, is the projection on F;. For
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more details, see Kiichler and Sorensen [6]. We will again consider for simplicity the
one-dimensional case k = 1. We start with

M
d?}go) Ina(t,0) +Inq(t,w) + Y 7(t,0) Bj(t,w).

i=1

In

If the appropriate derivatives exist, then the MLE 6; must satisfy the equation

a(t,6,)

a(t, ) +Z (0 Byty) = 0

because for each § € ©

M
Ep {Z (,6) B,-<t,w>} = —(ina(t,0))"

ji=1

The entropy H:(6) = E {ln d—g—‘},(‘ﬂ}, if exists, has the following form

M
Hy(0) = Ina(t,0) + Eg{q(t,w)} + er (t,6:) Eo{B;(t,w)}.

j=1

For 0 = 6, we have

M
Hi(6:) = Ina(t,6;) + Inq(t,w) + Z 7i(t,0;) Bj(t,w).
i=1
It is easy to show that
dpi(6) _
dpP,
which is a similar relation as in the i.1.d. case.

This relation immediately yields that the MLE 6, is also an estimate minimizing
the corresponding I-divergence and

In —I1(b; : 0) + H(6:)

dP(0) _ .5
1'01'163.(3)(111 —aﬁ = H(0,)

because I(f; : 6;) = 0.

The most important case occurs if the parametric functions are not depending
on time, i.e. 7j(t,0) = 7;(0), j = 1,2,...,M only. Then we will speak about
the time-homogeneous exponential family and we can say more about the corre-

sponding I-divergence. In many cases under time-homogeneity the logarithm of
Radon-Nikodym derivative can be expressed as

dP,(6) M
In+ Pi(do) K(0) — K(60) +t(Q(8) — Q(60)) + Y _(7(0) — 73 (60)) Bj(t) + o(t).

ji=1
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If for each j = 1,2,..., M there exist limits
.1
Jim 2B;(t) =mj(9) a.s. [P(O)],

then there exists

1, dP(8) wl
. t
- = - i(6) — (6 i(9).
Am 310 Th ey = (Q0) Q(Bo))+j§=1:(71( ) = 75 (60)) m; (6)
This limit is called the asymptotic I-divergence rate I(P(6) : P(6y)) and then we
can write 1. dP(o)
- ! = -7 8) : P(0 .

The estimates obtained by minimizing T(P(6) : P(6o)) are called asymptotic MLE’s
and in many cases they have similar asymptotic behaviour as the original MLE’s.
The main advantage of them is computational simplicity very often. The random
processes {% Bj(t), =1,2,...,M} then form an “asymptotic” sufficient statistic.

2. THE CHANGE POINT PROBLEM AND I-DIVERGENCE

Let us start with the simplest case of change detection in mean value of a normal
population with constant and known dispersion. This problem was firstly studied
by Page [10] and its solution is known as the Page-Hinkley test.
Hence, we have observations yi,¥2, ..., ¥, mutually independent and satisfying
the relation
Yi = pj + €5, ej~N(0,0'2), i=12,...,n

where .
pj=po for j=12,...,r—1

pj=pm for j=rr+1,...,n

In the simplest case we assume the knowledge of ug, u;, 02 and the task is to estimate
an unknown moment r of a change. When we accept the maximum likelihood

principle then
r—1 n
n = argmax i i) ¢
n= argma J_IzllPu(y:)jI;[rm(yJ)

where p;(-) is the density function of N(¢i,0?), i = 1,2. This approach gives the
well-known detector of a change

— >
gn 1rsrlragcﬂ51'(#0,/11) 2z

where S7*(to, p1) are the so called cumulative sums

S;l(“oil‘l) = (Pl - PO)Z (yj _HTh ;— I‘O)

j=r
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with 02 = 1 for simplicity. A more realistic case occurs if we know a value g
before a change but we do not know p; after the change. This case can be solved
in two ways. The first one means to substitute the unknown jump p; — o in the
Page-Hinkley test by a maximal acceptable jump, the second one means to use a
maximum likelihood estimate f1; of ;. In this case the change detector has the form

max (maxS;‘(pg,pl)) ZA
23}

1<r<n
It is easy to prove that

n—r+1

v o_ 2
9 (Yr /"0) ’

max 7 (o, ) =
with
Y, = n—r+lzy]’

which is the arithmetic mean of observations after the change. But, this maximum
can be rewritten in a more interesting form, namely

—r+1 —=n
max 57 (o, p1) = ——5—— I(p(, 77) : p(-, o)),

where p(-,0) is the density function of N(6,1). Then the proposed detector of a
change works in such a way that a change is detected with a high probability in that
instant 7 where the largest discrepancy exists between probability density functions
p(-, o) and p(-, Y, ) measured via I-divergence.
Similarly for illustration we can proceed in the case when the observations yy, v, . . .
.., Yr—1 before a change are from the population N(po,0?) (we assume the knowl-
edge of 6y = (po,02)) and the observations yr, Yr41,- - ., Yn are from N(p, o) after
a change, but we know neither p nor 2. A test of a change will be based on the
statistics

max S*((1, 02), (o, 02)), r=1,2,...,n,
(w,0?)

where SP(+,-) is a cumulative sum derived from the maximum likelihood principle,
hence

St ((wy0?), (uo,ao))——(n+1-r)1 +Z{(y; Ho)? (i;zﬂ)z}'

As familiarly known the MLE’s of (y, 02) are for a fixed r

A 1 .2
#r——n_l_l_rjz:;y,, ar—n+1 E(y, — fir)?

When we substitute these values into S7(, ) instead of unknown (g, 0%) we obtain

2 2y _ =T +1 ((in = po)® ‘73 o _
max S7(n, ), (o, o) = 5 ( -
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This result is very interesting because the maximum of the cumulative sum S* (-, -)
after the change at the instant r can be expressed using I-divergence again. If we
summarize, the test of change detection is given in the form

' n+r—1 .
gn = max T 1, 62) 5B o, o),
where (fi,,60) are MLE’s based on the observations yr,yr41,---,Yn-1,Yn after a

possible change.

Especially, a very interesting result arises when we consider a change in variability
only, i.e. po = p = 0 for simplicity. In this case the detection of a change is based
on the statistic of the form

Then the estimate 7 of the time of a change is given by

_ ~2 ~2
f= argmax {"_“fl(”_;_lns'_;_l)}.
1<r<n 2 o o

A maximum likelihood test for the inspection of the behaviour of variability in the
case of i.i.d. Gaussian random variables can be found in Krishnaiah and Miao (3],
but without any remark about its close relation to the I-divergence.

On the basis of these particular cases one can suggest a test inspecting changes
in unknown parameters based on the maximum likelihood principle as follows. Let
p(+,0) be a probability density function depending on a parameter § € ©. Let
€1,Z3,...,Lr~1 be observations from the population generated by P(:,6o), where
0o is known; further, let z,,z,41,...,2n-1,2, be observations of the distribution
p(,01), where 6; € ©, but unknown. We will assume that p(-, 8) is of the exponential
type family, then on the basis of the previous results

n .
p(zj,0) n+1l-r -
su E In = I(p(-,6,) : p(-,0
oegj=, 2(z;,00) - (p(-,0r) : p(+, 60))

for each r = 1,2,...,n. Hence, the maximum likelihood detector has the form

o= g {000 2000

where 6, = @, (zr,Tr41,-..,2n) is a maximum likelihood estimate of 6 after a pos-
sible change at the time r.

At this moment we can, of course, proceed further by considering stochastically
dependent variables in general. Let z;,zs,...,z, create a random sequence whose
evolution can be described by conditional probability densities

p(zj41 |25, 25-1,...,21, 0),
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6 € ©. Then the detection of a change in the parameter  at the time r € {1,2,...,n}
is based of conditional cumulative sums

§7(60,00) = 3 In 2 1Zicn: 121, 0)

j=r p(zjlzj..l,--.,Zhoo)

and the corresponding generalized MLE has the form

o = S7(6,60) b,
n= g (o)

(for more details, cf. Basseville and Benveniste [2]). If the collection of conditional
density functions satisfies the relation between maximum likelihood estimates and I-
divergence then the estimate 7, can be expressed using I-divergences. In the case of
Gaussian stationary sequences the detection of a change can be based on I-divergence
asymptotic rate as used in Michélek [8]. But, this case must be investigated more
carefully because this is one of the possibilities how to come closer to dependent
variables cases. A further possibility how to utilize the relation between MLE and
I-divergence is a construction of a change detector based on I-divergences although
the corresponding likelihood ratio does not satisfy the mentioned relation. Hence
we can consider the detector

. n—r+1 -
fn = argmax {——2— I(p(-, 6r) :p(-,ﬂo))}

without any reference to the likelihood ratio.

Next we will use this approach showing a simple test concerning a change at a
time instant r, against the alternative hypothesis that the change occurred at r;.
For simplicity let r; < ro. We will investigate the simplest case when observations
before the change are generated according to N (0, 1) and after the change according
to N(p,1), when p is not known beforehand. Let us denote by

ot U S G
fj(-’cl,zm'--,zn): H me_ 3 —72—;6_ 2 )

i=1 i=r;

j=1l2)

the joint density functions. Then I(f; : f2) = “2—2 (r2 — 1), as we have put r2 > ry,
otherwise

2
I(fi: fa) = %l‘rz -7

The proposed test is based on the estimates I(* : f1) and I(x : fa), respectively,
where rq, 71, respectively is substituted by the maximum likelihood estimate of a
change 7. The hypothesis H; (i.e. the change at r3) is rejected when

I(x: )= I(x: fi) > C,
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l.e.
2 2
Elra—il-Ein -2 C,

or, equivalently,

2C

|T2—F|“|T1-f‘|ZF

where the constant C' is chosen in such a way that the first kind error would be
smaller or equal to a prescribed level a that is

P{i(x: fo)—I(x: fi)>C}<a

under H.
In general, we have three possibilities, namely

a) > ry>ry, b) ro > 7 — 1y, c)rg>ry > 7

In the case a) then |r; — #| = # — vy and |ry — #| = # — r; and the hypothesis Hs
cannot be rejected. In the case b) the hypothesis Hs is not rejected if # > 5%11
Otherwise, all the remaining possibilities depend on the value of C. The case c)
means that the left hand side of the inequality equals 7, — r; and the test depends
on ry — ry, 4 and C whether the hypothesis Hj is rejected or not. For a better
illustration the chart in Figure 1 presents all three possibilities.

I(x:2)

reg —7"r;
I(*:1)

0 r ritra T2 n
2

Fig. 1. Testing changes in mean using I-divergences.
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Now, let us investigate the behavior of the first kind error, i.e.

P{I(x: f2) —I(x: /i) > C/fa} =

. . 2C
P{|"‘"‘2|—|7‘—T1|Z ;:;/fz}=

2C 1+ 72 R C
A R T

+P{7‘2—1‘12-2—§:}.
L

As rg — 7y > 0, 1t holds P rl—r2é i—f} = 0. But, in the case ro — r; > ”,,the
third term would be 1 which is impossible because we demand the first kind error
to be less or equal to «. Hence, it remains the case ry — r; < 20 Then the first

kind error equals

4 ; A + C
r{ng e G/ nher{reig- 5/ n)

This result immediately implies that the following inequalities must hold simultane-
ously

re—r _C re 41 S c
D) ek 9 u?
If P{# < r1/f2} < a then the first kind error will be less than a.

_ At this moment can be answered the question why we have chosen the statistic
I(*: f2) = I(*: f1). This is closely connected with the test based on the likelihood
ratio (cf. the well known Neyman-Pearson lemma). The logarithm of likelihood

ratio has the form
r2— 1

p Z i — —(7”2—7'1)

_Tl

This implies that the Neyman-Pearson lemma suggests the test based on the statistic
p(ra — 1) (T73 — )
with the condition
P{u(ro—r) (@2 —p) > C/fa} <a,

i.e.
o
plans_C 4 } <a,

{ 1 = /1(7'2_7'1) l“/f2 >
which can be easily satisfied because Z72 has the distribution N ( 7”1—_”-) under

the null hypothesis with £ > 0. In case p < 0 the situation is quite analogous. When
the density functions satisfy the relation between the likelihood ratio maximum and
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the I-divergence using the MLE’s then the statistic I(* : 2) — I(x : 1) is nothing else
but the likelihood ratio because

supln f(z,g) :supl f(z’a) +ln f(zyel)

sco f(x,02) oeenf(w,el) f(=,07)

so that F(.0,)

T 7 Z, Uy

I(*:2)—I(*:1)=In EXD)
This proves that the Neyman—Pearson test can be expressed as the difference of the
corresponding I-divergences. But if the density functions do not satisfy the above
mentioned relation then both the tests can be quite different. This is the case with
the detection of a change time. Namely,

sup In f(z,r)
re{1,2,..n} (=, 72)

n n
1 1
= sup {p E :c;—ipz(n——r+1)—u E :c,-+§p2(n—r2+l)}
r ra

re{1,2,...,n}

max(r,r2)—1

* 1 2
= sup pt D) mi+spi(r—r)
. re{1,2,...,n} min(r,r3) 2

max(f,rz)—1 1
=@ ) m+ §ﬂ2(f —T2),

min(7,r2)

where p* = psign(ry — 7).
At the first sight we see that the final result contains

~ 1 .
I(x:7r9) = —2-p2(r —r3),
but, in addition, also the statistic of the type
F-1
w3
T2
is present. i R
The reason why it is useful to use the statistic I(* : 2) — I(* : 1) is evident in
testing composed hypotheses. Let us consider the simple hypothesis that a change

occurred at the time r5 but the alternative hypothesis is composed a change occurred
after the time r5. Then

2
f(+:2) = £‘2—|r2-f-|

but (x: 1) is substituted by infrs, “2—7|r - 7.
C3 3 2 . . .
It is evident that I(* : 1) = 0 if # > r3 and I(* : 1) = &-|ry — 7| otherwise, i.e. if
F < rg.
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Then the test statistic equals
f(+:2)— inf f(x:1) = B (F—rp) for #>r
r>r2
= 0 for 7 < rs.

The simple hypotheses is rejected if “2—2(7" — 1) > C, which gives

2
f‘Z'I‘z-{-—f—
U

where the constant C is determined so that

”2
P{7|r2 - f'i 2 C/Hg} S 47

Now, we can use this approach in a general scheme. Let 21, zs,...,2, be an n-
tuple of observations of mutually independent random variables which are generated
by a density function f(-) before a change and by a density g(-) after a change at
an instant r € {1,2,...,n}. Let r; < ry and let us calculate I-divergence of the
corresponding density functions. It is easy to prove that

Ln(ry:ire)=(ra—r) Li(f : g).

Let 7 be the MLE of the change time, hence

i.e. foreach r # 7

g(xl) g(z:)
Z' =) Z‘ @)

Then i )
r(Z1,. _ 2 n A
rE{rlr,12a,'.).(.,n}1 fn+1(-’L’1, . .,In) - (n +1 7') Mr (g ’ f),
where
n g\Zi
MP(g: )= — ngx.)

3. LIKELIHOOD RATIO TEST AND I-DIVERGENCE
The classical likelihood ratio test is based on the statistic

SuPoeeo H;:l p(zj) 0)
SUPgeo H?:l p(z;,0) ’

T(z1,22,...,Zp) =
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where O is a parametric space and Oy is a subset of © corresponding to the hypoth-
esis Ho. Thanks to properties of the function In(-) one can write

In | sup Hp(:vj,ﬂ) —In (sup Hp(:cj,f)))
j = 060]':1

]n(T(zl, To,..., .‘D"))

96601_1
n n
= supln z;,0) — supln z;,0
sup 1n [[p(e5,0) - sup JIECHY

= sup Zln p(z;,9) — sup Zln p(z;,9)

seco sy Pz 00) sco’s  P(z;,00)’

where 6 is an arbitrary element of ©. Now, let us assume that the density functions
{p(-,0), 6 € O} satisfy the basic relation between the likelihood ratio maximum and
I-divergence (e.g. p(-,0) belongs to the exponential family of densities). Then we
can express the test statistic T'(z, z2,...,,) in the form

T(zy,z2,...,Zn) = €xp {-—g([(p(-,é) :p(+,00)) — I(p(',éo) :p(-,eo))}

where 6 is a global MLE over all the space © and 6 is a local MLE over the
hypothesis domain ©g only. At this moment it is evident that there are many
important questions about the existence of these estimates.

The following examples serve as an illustration of the situation.

Example 1. Let z1,z3,...,z, be an n-tuple of mutually independent observa-
tions coming from N(p,1), where the parameter p is unknown and set up the hy-
pothesis u € (a,b) against the alternative hypothesis y ¢ (a,b). The test statistic

T(z1,x32,...,%,) has in this case the form
1 n
InT(z 1&£2y -+, Tn - -9 (IL‘, l‘) — Sup §—3 (zi_#)z}
(21,22, -, Tn) ,,e(a,,,{ E AP
lﬂ
=0 if E:;Ex.-e(a,b)

=—-Z(z,—a)2+ E(:z:,—:c:)2 if T<a

i=1

1 2, 1 N2 ip =
=—§Z(zi—b) +-2—E(:c,'—:c) if Z>0.

i=1 i=1

Using these relation we can state that
T(z1,22,...,2Zn) =1 for %€ (a,b)
T(z1,Z2,...,2n) = exp {—2(Z—a)?} for T<a
T(xl,:cz,...,zn)=exp{—%(i"—b)2} for 7> b.



282 J. MICHALEK

Let us denote by

To=ZF for T € (a,b)
To=a for T<a
To=b for T>b,

then n
T(z1,22,...,Zn) = €xp {—5(':1? - Eo)z} ,

which in the sense of I-divergence means
i n
T(a1,23,..,2n) = exp { =3 I(p(, 7o) : p( )} .

There is no problem to show that

- p(xjnu) — _T_l_ T . . T
ﬂog(lfb) {useu}{)l Z}P(”J:I‘ )} T2 1ol o) - p(, 7).

From here we see again a close relation between MLE and I-divergence. It is quite
natural to ask how this relation can be generalized. We can, of course, write imme-

diately
T(:L‘l,l‘z,...,xn) =—exp{ — inf sup Zn:l P(.’EJ,/J)
#o€(a,b) | pueR, j=1 P( ,7:/‘0)

This follows from the relation

”s:gli_jl Pl 2100 7) 0o ) = 57 = o)’

Now, inf,,e(a,0) {(Z — ft0)?} either equals 0, if Z € (a,b) or equals a if T < a and
equals b if T > b. These facts establish the formula for T'(z;, z2, ..., ,).

Example 2. Let us have observations z;, zs, ..., z, from the population N(0,0?)
and test the hypothesxs Hp : 0 < 0% < K against the alternative hypothesis H; : .
ol > K.

In this case we can easily calculate that the likelihood ratio has a form

lp(:z:cr)__lla["; l(x z).

9 "2 52 52

p(z,02) 252"} o} o}

This gives

. p(:l:j,a'z) n g
nPBEHT) Ry %0 2
= np(xj,ag) 2]11 2+ 2 0’262 Ez
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Let us use the relation

p(zj,0%) _n (52 s )
su In —|—==-ln—=-1),
a’>p()2_; p(:c_,, ) 2 5

where s2 = %Z};l(%’ -7)2.
Next, let us calculate

2 2
inf {2(%-15—-0}
0<oi<K (2 \ o} o2

Using properties of the function z —Inz — 1 we can find out that this infimum equals
s% in the case 0 < s2 < K and equals K if s2 > K, because

2 2
Hm(i—mi—0=+w
z\,0+ \ T T

In this way we have proved that

p(z;,0%) =0 for 0<s?<K
inf sup Y In—-21 2
0<o3<K o’>0; p(zj,08) [ = 2 (;—:— —In "K—z - 1) for 52> K.

This result is also very closely connected with the I-divergence, as seen at the first
sight. Similarly, we can proceed in the case of the hypothesis Hy : Ko < 0% < K;
against the alternative hypothesis Hy: 0% ¢ (Ko, K1). Then the resulting test is
based on the following statistic

si(z1,22,...,20) =82 for 5% € (Ko, Ki)
s2(z1,%2,...,25) = Ko for s% < Ky
sg(zl,xz,...,xn)zKl for s?> Kj.

Here, we can see again an interesting relation, namely

. P(”’J’” ) n 2 2
inf su E In ——"—£ » = — I(p(-, s*) : p(-, 85))-
02¢(Ko,K1) 026211_1 P(Z], 2) 9 (p( ) p( 0))

Then the test statistic T'(z;, z3, ..., Zn) equals

2 2
T(:t:l,:l:z,...,:l:,.):exp{——E (sz lns 1)}
2 \s5 55

Example 3. Let us consider an n-tuple x;,x,,...,x, of observations from a two-
dimensional population N(0, R), i.e. =; = (zj1,z;2), with the density function

1 1 -
p(E,R) = WCXP {—izR lz} .
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Here the parameter space O contains all the positive definite symmetric matrices IR,
i.e.

0={R:R= (5 %), R>0}.

The hypothesis is given by O : {Ro IRy = ({f‘ Rg), Ry > 0}.

This means that the subset ©¢ characterizes the stochastic independence of the
coordinates of observations. If we calculate the MLE over all © we obtain the
following estimates

1 n 1 n 1 n
R, — E 2 P, — E 2 R. — E Lo
R] = ; Ijll R2 = ;1" sz, R3 = ; Lj1Tj2.
i=1 ~ i=1 j=1

By a similar calculation we can find out that the MLE over the hypothesis ©g equals

1 1 ¢
> § : 2 » E : 2
Rl = - :L‘J-l, R2 = - .’L'J'z.
n < n“
ji=1 j=1

In both the cases the MLE’s belong to the parameter space ©, ©g, respectively with
probability 1.

The corresponding I-divergence between two-dimensional Gaussian population
with vanishing mean and the covariance matrices IRy, IR; equals

I(p(, Ry) : p(-, Ro)) =
_ % (tr Ry Ry" —Indet{Ry R3'} - 2).

If we choose for simplicity Ry = IF = ((1) (1)) then

I(R:F)= -;—(trR-— Indet R — 2).
Using this we can write

T(z1,z2,...,Zn) = €xp {—g(tr Ry —Indet R; — 2+ tr Ry + Indet IR, +2) ,

where . .
> Rl) R3 o Rl) 0
B = (Ra, Rz)’ Ro = (0, Rz)'
Then
T(zy,z2,...,%n) = €Xp {—% In det(ﬁio R;l)}
. . 2
n  detlR; detIR; " 2 n/2
= expqg In R = Y = [1 = r*(z1,22,...,2a)]"?,
0 0
where

Rs

T(I],:Bz,...,zn) =
VR R
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In this way we have got that the test statistic T'(zy, 2, ..., zn) equals
n
T(z1,z3,...,2n) = (\/1 - r2) ,
where r is the sample correlation coefficient between z; 1 and zj2, j=1,2,...,n.

4. THE CASE OF DEPENDENT VARIABLES - AUTOREGRESSION

First, we will investigate in detail the most elementary case, i.e. the autoregressive
sequence of the first order. Let us have observations

Tiy1+azj=ejy1, j=0,1,...,n-1,

zjiy1+bzj =ej41, j=0,1,...,n—1, respectively,

where for simplicity ej41 ~ N(0,03), N(0,0%) respectively. We will look at the
behavior of

max f(xo,a:l,...,xn,b,a'i").
beR, f(zo,Z1,...,2Tn,a,d?)
It is easy to prove that
-1 n-1
f(zo,z1,...,Zn,b,0%) n, o2 1 % 1
In e e In1l-— zin+bz) i+ — zjp1+az;)?
f(zo,z1,...,Zn,a,0%) 2 o 20? ;( it ) 20 zo:( it i)

if for simplicity zg ~ N(0,1). Then the MLE of the parameter b equals

n-1
b= _Zo Ti+1Tj
- n-1_o9 °
I
0 J

When we substitute b for b in the likelihood ratio, we obtain

f(zo,z1,...,%n,b,0%)
beR,  f(zo,Z1,...,Zn,a,08)

2 ~
n. o n - il
—~lh—=2t+ -—a"Ra- —

2 2 2
2 0§ 20f 20

>IN | n-1_2 p _p _1 n-1 p 1 n—-1_2
where Roo = v 30 27, Rt = Rio= )0 %jZj41, Ru= 43¢ i, and

n
- Roo, R
R = N n
(Rm, Ry

), al =(l,a), b =(1,D).

The form of the likelihood ratio maximum which shows a close connection with
I-divergence can be expressed as follows

f(zo,z1,...,2n,0,0}) _ n[a” Ra
o3 0

maxIn = 3
beER, f(-'cOyzl:--':Ima)ag) 2

n (8 Rb o?

oy 51

o
—In=—
(o4
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This result strongly reminds the asymptotic I-divergence rate between two Gaussian
autoregressive sequences, see Michélek [7].

A quite similar situation occurs in the case of a general autoregressive sequence
of the pth order with parameters (ay, as, ..., ap,02) and (b1,bs,..., by, 0%), i.e.

. p
Tip1 + Z Ak Ti—k = 00 €it1,
k=1
p

Tit1+ Z by xi_r = 01€i41, Trespectively.
k=1

Then the logarithm of the likelihood ratio is given by

In f(xO)xl)"')znyb)Uf) — Elnﬁ+l§(.’l:.'+1+a1z2+~--+apx,-_p)2
f(zo,z1,...,2Zn,a,03) 2 0} 24 o3

n-1

1 (:C;'+1 +byzy+ -+ bp .’t,‘_p)2
) Z o? '

i=0

Now, we must find the MLE of b’ = (b1,b2,...,bp). We obtain a system of linear
equations k =1,2,...,p

a n n n
0= %: = ij Tji—k +b12.’8]‘_11}j_k +~-'+prxj_pzj_k.
1 1 j=1

The matrix of the system is positive definite with probability 1 and the matrix
of second partial derivatives is negative definite, which means there is the only
solution of this system and this solution gives the maximum of likelihood ratio. If
we substitute the maximum likelihood estimate b into the logarithm of the ratio we
get

~ AT ~ A
maxlnf(:c,b,af) :Elni‘i-}-zaTRa—E Rb
b f(z,a,08) 2 o} 2 o} 2 o}’

where

N . . 1
R = {Rfj}f,j=1) Rij = o kz—:ll'k—izk—j-

More interesting situation arises if we consider the whole parameter, i.e. including
dispersion o?. Then the maximum likelihood estimate of o equals

. 1 — - .
7= LS e by ),
j=1

l.e.

-
I
>
5
[« 0

QP
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and hence, the expression of the likelihood ratio maximum over (b, o) is given as

f(x,b,063) n (aT Ra oi?
B fwa) 2\ ")

) 0

Now, the expression within parentheses would be identical with the asymptotic I-
divergence rate between two Gaussian autoregression sequences if the Toeplitz ma-

trix T = {T;}?;=, with
. 1«
Ty = ;wk Th4izj]

were used instead of the matrix IR.
We can state the following theorem dealing with the asymptotic behaviour of the
likelihood ratio maximum in the case of Gaussian autoregressive sequences.

Theorem. Let {x;};2;, be an stationary autoregressive Gaussian sequence of the
pth order with parameters (b, bs,...,bp,0%). Let (a1,as,...,ap,0%) be parameters
of another Gaussian autoregressive stationary sequence. Then the likelihood ratio
maximum satisfies

.1 p(z,b,07) )
lim —
n—00 N by,bs,...,bp,03 p(:z: a 00)

= 3 7((b‘, o*) : (a,00)),

where (b*,0*) are true parameters and

- 1 P(b,0)(M) P(b,or) M)
I((b,07) : (a,00)) = 4= / (‘P(a,ao)()\) In PGy —1] dx

and ?b ox)(')’ ¥(a,00)(*) are the corresponding spectral density functions.

Proof. It follows almost immediately from the strong consistency of maximum
likelihood estimates in a stationary case, e.g. see Anderson [1]. O

(Received November 7, 1996.)
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