Commentationes Mathematicae Universitatis Carolinae

Maysam Maysami Sadr
Pseudo-amenability of Brandt semigroup algebras

Commentationes Mathematicae Universitatis Carolinae, Vol. 50 (2009), No. 3, 413--419

Persistent URL: http://dml.cz/dmlcz/134913

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2009

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/134913
http://project.dml.cz

Comment.Math.Univ.Carolin. 50,3 (2009) 413-419 413

Pseudo-amenability of Brandt semigroup algebras

MAYSAM MAYSAMI SADR

Abstract. In this paper it is shown that for a Brandt semigroup S over a group
G with an arbitrary index set I, if G is amenable, then the Banach semigroup
algebra £1(S) is pseudo-amenable.
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1. Introduction

The concept of amenability for Banach algebras was introduced by Johnson in
1972 [6]. Several modifications of this notion, such as approximate amenability
and pseudo-amenability, were introduced in [2] and [4]. In the current paper we
investigate the pseudo-amenability of Brandt semigroup algebras. It was shown in
[2] and [4] that for the group algebra L!(G), amenability, approximate amenabil-
ity and pseudo-amenability coincide and are equivalent to the amenability of
locally compact group G. In the semigroup case we know that, if S is a discrete
semigroup, then amenability of £*(S) implies that S is regular and amenable [1].
Ghahramani et al. [3] have shown that, if £1(.S) is approximately amenable, then
S is regular and amenable. The present author and Pourabbas in [9] have shown
that for a Brandt semigroup S over a group G with an index set I, the following
are equivalent.

(i) £*(S) is amenable.
(i) ¢1(S) is approximately amenable.

(iii) I is finite and G is amenable.

This result corrects [7, Theorem 1.8]. In the present paper we show that for a
Brandt semigroup S over a group G with an arbitrary (finite or infinite) index
set I, amenability of G implies pseudo-amenability of £*(S).

2. Preliminaries

Throughout ® denotes the completed projective tensor product. For an ele-
ment z of a set X, d, is its point mass measure in £1(X). Also, we frequently use
the identification ¢}(X x V) = £1(X)®¢(Y) for the sets X and Y.

A Banach algebra A is called (approximately) amenable, if for any dual Banach
A-bimodule E, every bounded derivation from A to FE is (approzimately) inner.
It is well known that amenability of A is equivalent to existence of a bounded
approrimate diagonal, that is a bounded net (m;) € A®A such that for every
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a€ A a-m; —m;-a— 0 and m(m;)a — a, where 7 : AQA — A is the
continuous bimodule homomorphism defined by 7(a ® b) := ab (a,b € A), and
called the diagonal map. The famous Johnson Theorem [6], says that, for any
locally compact group G, amenability of G and L'(G) are equivalent. For a
modern account on amenability see [8] and for approximate amenability see the
original papers [2] and [3].

A Banach algebra A is called pseudo-amenable ([4]) if there is a net (n;) €
A®A, called an approzimate diagonal for A, such that a -n; — n; -a — 0 and
m(n;)a — a for each a € A.

Let I be a nonempty set and let G be a discrete group. Consider the set
T:=1xG x1I,add a null element ¢ to T', and define a semigroup multiplication
on S :=TU{g}, as follows. For i,4,5,7 € I and g,¢' € G, let

i gg i) if j=i'
i\g,j il, /7 N (27997]) 1 )
(4,9,9)(". q",5") o it it

also let (i, 9,7) = (i,9,7)¢ = ¢ and ¢¢6 = ¢. Then S becomes a semigroup that
is called Brandt semigroup over G with index I, and usually denoted by B(I,G).
For more details see [5].

The Banach space ¢*(T), with the convolution product,

(ab)(i,g.5) = Y ali,gh™ ", k)b(k,h, j),
kel heG

for a,b € £1(T), i,j € I, g € G, becomes a Banach algebra. (Note that if G is
the one point group, and I is finite, then ¢!(T) is an ordinary matrix algebra.)
We have a closed relation between the Banach algebra ¢*(T) and the Banach
semigroup algebra ¢1(S):

Lemma 1. There exists a homeomorphic isomorphism ¢*(S) = (Y(T) @ C of
Banach algebras, where the multiplication of ¢*(T) @ C is coordinatewise.

PRrOOF: Consider the following short exact sequence of Banach algebras and con-
tinuous algebra homomorphisms:

0 — (MT) — (S) — C — 0,

where the second arrow ¥ : ¢Y(T) — ¢1(S) is defined by ¥ (b)(t) := b(t) and
W(b)(0) == — > ,eqrbls), for b € £1(T) and t € T C S, and the third arrow
® : ('(S) — C is the integral functional, ®(a) := > g a(s) (a € £}(S)). Now,
let © : £1(S) — ¢Y(T) be the restriction map, ©(a) := a |r. Then O is a
continuous algebra homomorphism and ©W¥ = Idg, (7). Thus the exact sequence
splits and we have ¢1(S) = ¢}(T) @ C. O

Lemma 2. If ¢*(T) is pseudo-amenable, then so is ¢*(9).

PROOF: Suppose that ¢1(T) is pseudo-amenable. Then by Lemma 1 and [4,
Proposition 2.1], £1(S) is pseudo-amenable. O
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3. The main result

Let S, T, G and I be as above. We need some other notations and computations:
For a € (*(T) and every u,v € I, let a,.) be an element of /' (G) defined by
A(u,w)(9) = a(u,g,v) (g € G). Note that

lallery = D lawwllee):
u,vel
For b € (1(G x G), ¢ € £*(G) and any 1, j,i',j' € I, let Eé’i)jﬂ.,)j,) and H(; ;) be
elements of /(T x T') and ¢*(T') respectively, defined by

b(g,g') if u=1i,v=ju =i v =3
Eb- N ,’U,’LL/, /,’Ul — ’ ’ ’ ’ ’
(4,4,4" .3 )( g g9, {0 otherwise,

C(g‘) if ’U,:i,'U:ju
Hf (u,g,v) =
(4,4) (v, 9,0) {0 otherwise,

where u,v,u’,v" € I and g,g¢’ € G. Also note that
(1) IEG i iyl @oxry = 1blleraxe)s IHG ) ey = llellera)-

For u,v € I and g € G, the module action of £}(T") on ¢}(T x T') becomes

) . .
Ee. ., ., if i=wv
2 5u ) * Eb, N — (u.4,4,3") ?
(2) (u,9,v) (4,3,4",5") {0 it i,
b6 . .
E 9. if j/=u
3 Eb o gy = (4,5, v) ’
( ) (%,3,4",3") (u,g,v) {0 if j/ 7& w.

For the multiplication of £}(T) we have

dgc if 1 cé . .
£ Hyy ibi=v, c H, i j=u,
(4) 5(U797U)H(i,j) = (u,5) o H(iﬁj)é(u,g,v) = (i,0) o
0 if i #w, 0 e
And finally, the diagonal maps 7 : ¢1(T'xT) — ¢1(T) and 7 : (1 (GXxG) — (1(G)
have the relation

(b . . .
HEG) it =1
0 if j £

We are now ready to prove our main result:

(5) W(E&,j,i',j/)) = {

Theorem 3. Suppose that G is amenable. Then ¢1(S) is pseudo-amenable.
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PROOF: Let (ma)xea € £1(G x G) be a bounded approximate diagonal for the

amenable Banach algebra ¢1(G). For any finite nonempty subset F of I and
A €A, let

Wr = #FZ (UJZ)’

1,JEF

where #F denotes the cardinal of F. We show that the net (W) € ¢1(T x T)
over the directed set I" X A, where I is the directed set of finite subsets of I ordered
by inclusion, is an approximate diagonal for ¢1(T).

For any u,v € I and g € G, by equations (2) and (3), we have,

dg-m .
1Zj€FE9.5 if veeF,

6 w.qg.v) W = W (u,j,J,U)
(u,9,v) F\ {0 ver
mx-8g .
WE - 5 v) = #F EjeF E(u,j,j,v) if uekr,
e 0 if uwé¢lkF,
and thus,
S BT i e Fly e F
#F jEF gu,g,“,) 7 ’
if veFué¢F,
Stwar Wi~ Wen B = | FF0er iy ¢
#F E]GF wigufa) if ue Fv¢F,
! if v¢ Fug¢F.

Then, for a =3, 1 gec @8, 9,0)0(u 4,0) In (T we have

a(u,v)'mx*mxa(u,u)
a - — Q= — ..
Wi — Wi # 7 O Busy

Ju,veF
1 a RSN
— E
+ #F Z (u,5,5,v)
j,veFuel—F
_ L S Em e
#F (w,3,3,0)

jyueFvel—F

and thus, by (1),

la- Wi =Wen-al < D7 [lae) - ma—ma - aq)|
u,veF

(6) + D e mall

veFuel—F

+ Y Imaaq]|

ueFvel-F
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Now, suppose that M > 0 is a bound for the norms of my’s. Let ¢ > 0 be

arbitrary, and let Fy be an element of I such that

Yoo latwgo)l= Y Jawwl <e
(u,v)€Jo,9€G (u,v)EJo
where Jo = (I x (I — Fp)) U ((I — Fp) x I). And choose a A9 € A such that for
every A > Ao,
Y Nague - ma—ma - ap | <e
u,veFy

Now, if (F,\) € T x A such that Fy C F, A > Ao, then we have,

D oy - ma=ma-a@anl| < Y g - ma —ma - ay|

u,veFy

+ Y [ague -ma]

(u,v)e Jo

+ D Imaaq||

(u,'u) S Jo

<e+eM+eM,

u,veF

and analogously,

> N - mall < eM
veFuel—-F

and

Z Hm,\ . a(uﬂ,)H < eM.
ueFvel—F

Thus by (6), we have ||a- Wgrx — Wg - al| < e+ 4eM.
Therefore, we proved that a - Wg x — Wg ) -a — 0, for every a € 2 (T).

Now, we prove that m7(Wp )a — a for any a € £*(T).
By (5), we have

m(Wra) = #F Z (7;(:)“ :ZHZ;E;;U)'

i,jEF ieF

Thus, (4) implies that

WF )\ Z H(‘f;(:;x)a(i,v) :
i€eFvel
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HZE”;)J). Then we have,

Ir(Wen)a—al| < 7 [HGN 0700
i€Fvel
|

a(u,v)

+ Z HH(U,U)
veluel—F

Let € > 0 be arbitrary, and let Fy and Jy be as above. Choose a A\; € A such that

for every A > Aq,

since a =), c;

|
(7)

Y Immaagy) —aay| <«
i,j€Fy
Now, if (F,\) € T x A is such that Fy C F, A > Ay, then by (1) we have,

S JEEY T | < ST wma)ag,) — agp |

icFvel i,j€F,
+ > Irmawwll+ - e
(u,v)€Jo (u,v)eJo
<e+eM +e,

and

S ES = Y lawl <

veluel—F vel,uel—F
Thus, by (7) we have

|7 (Wra)a —al| < 3e+eM.
This completes the proof. (I

We end with a natural question:

Question 4. Does pseudo-amenability of ¢*(B(I,G)) imply amenability of G?
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