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Spectral analysis for rank one perturbations

of diagonal operators in non-archimedean Hilbert space

TokA D1AGANA, GEORGE D. McCNEAL

Abstract. The paper is concerned with the spectral analysis for the class of linear
operators A = Dy + X ® Y in non-archimedean Hilbert space, where D) is a
diagonal operator and X ® Y is a rank one operator. The results of this paper
turn out to be a generalization of those results obtained by Diarra.

Keywords: spectral analysis, diagonal operator, rank one operator, eigenvalue,
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Classification: 44A35, 42A85, 42A75

1. Introduction

Let (K,|-|) be a nontrivial complete non-archimedean valued field. Classic
examples of such a field include, but not limited to, (Qp, | - |,), the field of p-adic
numbers, and (C,, | - |), the field of complex p-adic numbers [7], [14].

Fix once and for all a sequence w = (w;);en C K of nonzero terms. The space
co(w,N,K) is defined as the set of all u = (u;);en, u; € K for all j € N such that
wjuf tends to 0 in K as j — oco. Equivalently,

co(w,N,K) := {u = (uj)jen 1 u; € K, VjeN, lim ‘uijj‘lm = O}.
j—00

The space c¢o(w, N, K) equipped with the norm defined for each u = (u;)ien €
co(w,N,K) by
1/2
[ull = sup fu;[w;|
JEN

is a non-archimedean Banach space [7], [14].
Similarly, an inner product (symmetric, non-degenerate, bilinear form) is also
defined on ¢(w, N, K) for all u = (u;)jen, v = (vj)jen € co(w, N, K) by

o)
<’U,7 ’U> = ij ’U,j ’Uj.
JEN

It is routine to check that this series converges for all u,v € ¢o(w,N,K) and that
the Cauchy-Schwarz’s inequality is satisfied, that is,

| €y o) | < [fel] - [lol]
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for all u,v € ¢p(w, N, K).

The non-archimedean Banach space co(w,N,K) has a special base, which is
denoted by (e;);en where e; is the sequence whose i-th term is 0 if j # ¢, and the
j-th term is 1.

In the literature, the space co(w,N,K) endowed with its natural norm and
inner product is called a p-adic (or non-archimedean) Hilbert space [§8], [9]. One
must point out that in contrast with the classical Hilbert spaces, the norm on
co(w, N, K) does not stem from the inner product. In addition to that the space
¢o(w, N, K) contains isotropic vectors, that is, (x, ) = 0 while 0 # x € ¢p(w, N, K).
Indeed, an example of such vectors is given as follows: suppose that the field K
is algebraically closed and choose w = (w;);en so that

wo=1,w; =1, and |wj‘<1 for j > 2.
If we consider the nonzero vector Z = (z;);en € co(w, N, K), where
JJO:l, fElZV—lEK, {I;j:O,jZ27

then (z,Z) = 0, while |Z|| = 1.
For more properties on p-adic or non-archimedean Hilbert spaces and related
recent developments, we refer the reader to [6], [7], [8], [9].

Consider the linear operator B defined on ¢ (w,N,K) by

~ €;
(1.1) Bej:ejfzz,
i#]

under the following assumptions:

(i) wo =1 and |w;| > 1 for all j > 1;

(i) limjoo 77 = 0; and

(ili) (Jwj|)jen is strictly increasing, that is, |wjt1| > |w,| for all j € N.
Under assumptions (i)-(ii)-(iii), the spectral analysis for B was studied by Di-

arra [9]. In particular, Diarra has shown that B has cigenvalues of the form
A =14 «a, where «a runs over the collection of all zeros of the function defined by

1
=1- .
pl(a) > o,
JjeN

Finally, Diarra made extensive use of the classical p-adic analytic functions
theory to locate all the zeros of . In particular, it was shown that

o(B) = {1} Ua,(B),

where ap(ﬁ ) is the collection of eigenvalues of B also called the point spectrum.
The present paper is aimed at studying properties and the spectral analysis to
rank one perturbations of diagonal operators on c¢o(w, N, K), which turns out to
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be more general than that of B. More precisely, under some reasonable assump-
tions, we compute the spectrum for elements of the class of linear operators on
co(w,N,K) denoted Dper(co(w, N, K)), consisting of all bounded linear operators
on the non-archimedean Hilbert space ¢o(w, N, K) of the form

(1.2) A=Dy+XQY,

where D) is the diagonal operator defined by Dye; = Aje; with A = (Aj)jen C K
being a sequence and X @ Y for each X = (oj)jen, ¥ = (8))jen € co(w,N,K), is
the rank one linear operator defined by

(XR@Y)W = (Y,W)X

for each W € ¢p(w, N, K).
Namely, it is shown (Theorem 4.5) that if A = Dy + X ® Y, then its spectrum,
under some suitable assumptions, is given by

o(A) = {oj}jzo Uop(A)

where 0,(A) is the set of all eigenvalues of the bounded linear operator A and
0= (Gj)jeN with
0j = Aj + wjo‘jﬁj

for all j € N.

To deal with these spectral issues, we will make extensive use of the techniques
initiated and developed in Diarra’s work [8], [9] with some slight adjustments.

Note that the spectral theory of the class of linear operators appearing in (1.2)
in the classical context has been extensively studied by several authors, see. e.g.,
Ionascu [11]. In particular, in the recent paper by Foias et al. [10], the existence
of a hyperinvariant subspace for the class of linear operators appearing in (1.2)
has been established.

It should be noted that Ae; = Dye; + X ® Y (e;) can be written as

(1.3) Aej = (N +wja;B;)ej + w; B Zaiei-
i#]
for all j € N.

The operator B given in (1.1) is a particular element of Dper(co(w, N, K)).
Indeed, assuming that

take X =V = (2 )jen € co(w,N,K) and let

wj

~ 1
D)\ej—(l——>ej for jeN

Wi
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n (1.2). Doing so, one can see that B=D)\+X®Y with A = (1-L)jen.

Throughout the rest of the paper we omit most of the pathological ca]ses related
to the choices of the vectors X and Y. Precisely, we will only consider the case
when X = (aj)jen, ¥ = (8j)jen € co(w,N,K) with «;,3; € K — {0} for each
jeN.

2. Bounded linear operators on cy(w, N, K)

Following the work of Diarra [6], [7], [8], [9], it is well-known that under suit-
able assumptions, every linear operator A on c¢o(w, N, K) can be expressed as a
pointwise convergent series, that is, there exists an infinite matrix (ai;) (i, j)enxn
with coefficients in K and Ae; = Y.< aije;.

A linear operator A : c(w, N, K) — co(w, N, K) is said to be bounded whenever
its norm ||Al| defined by

)] i=sup 1201
wzo |[u

is finite. In that case, it can be easily shown that

A =
141= 52 Fean

The collection of all bounded linear operators on c¢y(w, N, K) will be denoted
by B(cp(w, N, K)).

An example of a bounded linear operator on ¢g(w, N, K) is for instance the rank
one operator X ® Y defined above. Indeed,

_ (X ®Y)(e;)ll
[Xev| = jeNTl/zJ
= IXTsuplesl 15
J
= x| -[]¥]
< 00.

3. Useful properties of elements of DY, (co(w,N,K))

per

Let DY, (co(w,N,K)) denote all elements A = Dy +X @Y of Dper(co(w, N, K))

such that X = (oj)jen, Y = (85)jen € co(w, N, K) with o, 8; € K— {0} for each
jEN.

Proposition 3.1. Let A= Dy+ X ®Y € DY, (co(w,N,K)). Then the following
hold:

(i) the adjoint A* of A exists and A* = Dy +Y ® X;
(ii) the operator A is self-adjoint, that is, A = A*, if and only if there exists
a nonzero r € K — {0} such that Y = xX.
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PROOF: (i) Since the operator X ® Y is bounded on ¢y(w, N, K), it is then clear
that if it exists, the adjoint A* = (Dy+XQY)* = Di+(XQY)* = Dy+(X®Y)*.
Now, it is routine to check that (X®Y)* = Y ®X, and therefore A* = Dy+Y ®X.

(ii) Wehave A= D \+ (X Y)=D)+ (Y @X)=A*ifandonlyif X @Y =
Y ® X, equivalently, X and Y must be linearly dependent. (I

Corollary 3.2. Suppose lim;_. W = 0. Then, the operator B given by

Bej=ej+ 3 &, j €N, is selfadjoint.

PROOF: Notice that B = Dy + X ® Y where X = Y = (L)jen € co(w,N,K).
J

Consequently, using (ii) of Proposition 4.2 it follows that B is selfadjoint. O

4. Spectral analysis for D) + X ®Y

Throughout the rest of the paper, if B is a bounded linear operator on
co(w, N, K), then the symbols o(B), 0,(B), N(B) = {z € ¢o(w,N,K) : Bz = 0},
and R(B) = {Bz : z € ¢p(w,N,K)} stand for the spectrum, the set of eigenvalues,
the kernel and image of B, respectively.

For X = ZjZO Q€ , Y = ZjZO ﬁj@j and \ = ()‘j)jENu we set 0 = (Hj)jeN
where 0; = A\j + wja;3; for all j € N.

The present setting requires the following assumptions:

(iv) |ao| = [Bo| = lwo| = 1 and woaoBo = 1; N

(v) Ao =0, A\; # 1 and there exist two constants m, M > 0 with 0 < m < 1
such that m < |A\;| < M for all j > 1;

(vi) 0 < mq = infjen|ay||wj|? < X — ageoll = sup;y [ayllw|*/? < 7,
where m is the constant appearing in (v);

(vii) the sequence (Jwj|);>1 is strictly increasing with |w;| > 1 for all j > 1;

and

(viii) sup;ey |1 — ﬁ| <1

Remark 4.1. (1) Note that from assumption (viii), |w;8;] = 1 for all j € N.
Using assumptions (iv)—(vii) it follows that
1/2 —1/2
[V = sup |85 || = sup ey |7 = 1.
JEN jEN

Similarly, from assumptions (iv)—(vi) it follows that | X|| = 1.
(2) From assumption (v) it follows that the diagonal operator Dy is bounded
and therefore, A = Dy + X ® Y is bounded with

Al < max (sup [x]L|1X] - v ]]).
Jj=20
(3) Assumption (viil) is compatible with the rest of the above-mentioned
assumptions and is satisfied in several cases. This is in particular the

case when 3; = i for all j € N.
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etting €; = ——L-, one can easily see that (€;),en is also an orthogona
4) Setting €; = 55 1 that (€;); 1 th 1
JM7
base for ¢o(w, N, K), as

sup'kj__ej”

<1
jen el

by using assumption (viii).
It should be noted that the above condition yields ||e;|| = |le;|| =
|w;[}/? for all j € N.

Proposition 4.2. Let A= D), + X ®Y € DY, (co(w,N,K)) and suppose that

per
assumptions (iv)—(v)—(vi)—(vii)—(viii) hold. Then A is invertible and its inverse
A~L is given by

A Y(@) = [1 -3 (1 - i—i)}a) +; (1 - i—i)@

and

A7) = ; O for j>1.
Moreover, the operator A is isometric if and only if |A\;| =1 for all j > 1.

ProoF: Utilizing the orthogonal base (€})jen, one can easily see that the operator
A is defined as follows:

Aej = 0e; + Z (6; — Xi)e; forall jeN.
i#j
Now from

Z (Hk - /\k)é\k = (Agj - Gjéj) - wiaiﬁié\i
k#i,j

(A’e} — Hié\i) —wja;Bi€;
for all 7, j € N it follows that

Ae; — Ae; = \ie; — \je;.
In particular, letting j = 0 in the previous equation and setting

€ — €o

El' =
i

for all ¢ > 1, we obtain that AE; = ¢; for all ¢ > 1. Furthermore, it is easy to see
that

eill

Ail

1B = '|| for all > 1.
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Taking into account the fact that 8y = Ag+woaoBo = 1 (assumptions (iv)—(v)),
one can easily rewrite Aey as follows

Ao =00c0+ > (0, = Nj)es =eo+ Y A[(6;, — \) E;].

7j>1 j>1

Now we claim that the series } .-, (0; — ;) Ej is convergent. To see that, using
assumption (v), it suffices to see that

w12 oy|
|A;]
w12 |oy|

~

m
— 0 as j — oo,

05 = \)E;|| =

A

as X = (a;)jen belongs to cp(w, N, K).
Consequently, setting Fy := €y — Ej>1(9j — Aj)Ej, one can easily see that
AEy = ey. Moreover,

|1 Eol| = max (J[eo], | 3 (65 = A)Es|)) = Ileo]| = 1.
j>1

as

HZ 0; — \))

|w; |12 |0y < I1X = aoeoll
LY - m

<1,

‘—sup
>1

by using assumption (vi).
In the new base (€;),en, the vector Ey can be rewritten as follows:

Ey = [1—;(1— %>}€°+§(1_ %)aj.

Note that the series > i>1 (1 — i—f) appearing in the expression of Fy is con-
= J

vergent. Indeed,

’1_& _ lwsouBil eyl (|wj|112|04j|) 0 as j— ool
Aj A A m
6

Similarly, the series >, (1 — A—i)’e} is convergent; indeed

1= 2] ol = B gy = ke Pl PRl g

Sl A m
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Let E; = Se; for each j € N. If 2 = 37, y2;€; € co(w,N,K), one has

lim;_, o ||xj€j|| = 0 and, thus,
St = ijng = Z{EjEJ
JEN JEN
is well-defined, because |z;|- || E;|| = |z;|- |‘/\ ‘l < % — 0 as j — oo. Moreover,

one can easily check that SA(e;) =¢€; = AS(€;) for all j € N, and hence SA(z) =
AS(z) = x for each x = Y. yz;€; € co(w,N,K), that is, SA = AS = I and
therefore, A=! = §S.

jEN

Now
. 1 1l ,
el = 1250 = il —eoll = 12 poran 521
j
and

1520 = [ £ol| = |[éo]| = 1.
Consequently, the operator A is isometric if and only if |A\;| =1 for j > 1. O

Proposition 4.3. Let A= D+ X ®Y € DY, (co(w,N,K)). Under assumptions
(iv)—(v)—(vi)—(vii)—(viii), A € op(A) if and on]y if

(4.1) 1—2 y _A
>0

Moreover, if A € 0,(A), then dimN(A—X) =1

PrROOF: Let z = Zj>0 z;€j € co(w,N,K). Computing A~z one can easily see
that N

Ay = Zx] €;

7>0

Z%{%Xfo}”o[

Jj=1 ;
SR ;%}mm (i)

Let A € 0,(A). Then there exists a nonzero z € cy(w, N, K) such that Az = Az;
equivalently, = AA~ 1z, that is,
{)\{xo[ > (1_>\_])] i1 f\_j} = Zo;
=x;

M5t +ao(l—5)}

and hence



Rank one perturbations of diagonal operators 393

(i) In (Aj), if 1 — )\i = 0 for some s > 1, then A = A,, which implies that
2o = 0 and ; = 0 for j # s. Using (A) it follows that 0 = —A;5* = z,. In view
of the above, x = 0, which is in contradiction with the fact z is an eigenvector,
that is, nonzero.

(ii) Note that A # 0, as A is invertible. If A = 1 is an eigenvalue of A, we
obtain from (A;) that (1 — &)z; = zo(1 — i—J]) for j > 1, that is, [;\]]%91]],@] =1

Aj
for j > 1. Using assumption (vii) it follows that
vl = ()
x| = — )z,
}()\] — 6‘]‘ J —wjajﬁj J
-1
= el
|l |12
max(l,]\//f) ~
= . [58]]-
Now || = lim; oo |(%)xj| =0, as lim; .o, ||2;&;]| = 0. Therefore, zg = 0

and z; = 0 for j > 1, that is, = 0, which is in contradiction with the fact z is
an eigenvector, that is, nonzero.

(ili) From the discussions in (i) and (ii) above, it follows that if A € 0, (A), then
A does not belong to the set {\; : j € N}JU{1}, thatis, A # A; for j € Nand A # 1.
If A € 0p(A) is associated with the eigenvector z = > .5, z;€; € co(w, N, K), it
then follows from (A;) that

AN — 0
:Cjz(/\ji_)j)xo for j7>1
with g # 0.
Thus from (Ag), we obtain
(]‘_A)IO = _)\‘IOZ )\] —\ ’
jz1
and hence
A = Aj—A
that is,
A — 0
1= J J
Z Aj— A7
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Ao—60p 1

as No—\ -

Conversely, if A # A; for j € N, A # 1, and (4.1) holds, then the nonzero vector
Z defined by

n=X (3735

Jj=0

belongs to ¢o(w, N, K). Moreover,

M3 =3 (%ﬂ‘j‘_iﬂ‘)A—laj

GRS
R s (e

[-E3eZ G

5t Z (358

A e

=Tx,

and hence AT\ = AZ,, therefore A € 0,(A).

To complete the proof, note that in view of the above, the eigenvector space
E) = N(A — \I) associated with the eigenvalue X is spanned by Z) and hence
dim Ey = 1. O

Suppose |Aj| =1 for all j > 1 and set D := {y € K: |y| <1}, and

A= D= ({A}5, U {0}).

Theorem 4.4. Let A= Dy + X ®Y € D), (co(w,N,K)). Suppose assumptions
(iv)—(v)—(vi)—(vii)—(viii) hold and |A\j| =1 for all j > 1. If A € K, then A € g,,(A)

if and only if A € A and d(\) = 0, where the function d : A — K is defined by

(4.2) A\ ==1-)" % :

>0 "J
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PrROOF: If A € 0,(A) then there exists « # 0 such that Az = Az. From the fact
that A is isometric it follows that |A\| = 1. Now if |1 — A\| =1 = |\ — A;|, then

3= < w3

I
]
=
e}
>
&
I
>
=

VANAN
[y

I
y‘

and hence 132 is not equal to ZJ>1 S=x that is, (4.2) is not satisfied.

Therefore, A does not belong to op(A) When [1 =X =1=|X\= )| according to
Proposition 4.3. In conclusion if A € 0,(A), then |A—1] <1, [A=X;| <1, A # )
for j > 1, A # 0 and d(\) = 0. The converse is also clear. O

Theorem 4.5. Under the previous assumptions, if
A=D,+X®Y € ’Dper(co(w, N, K)),
then the spectrum of A is given by
A) = {ej}jzo Uop(A).

PrROOF: First of all, note that if z = Zj>0 zje; € co(w,N,K), then the series
> j>0T;j converges because

|51 - &1l -
2] = == <l - lle |
’ €51 S

and |z;| - ||€j]| — 0 as j — oo.

Now

i>0

= le {91'/6\1' + Z (93’ - )‘j)/e\j}
i>0 J#i

= Y wbE+d @ {Z (65 — )\j)gj}
i>0 i>0 J#i

= ineia‘ + Z (91‘ - )\i) Z Tje;
i>0 i>0 J#i

= Z [.’L‘iei + (9i - )\i) Z%}a’v

i>0 G#i
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and hence for A € K,

(A=A =3" (0= 2) + (6: = \:) ng]a

If y = > ,50v;€; belongs to R(A — AI), then there exists v = >, z;€; €
co(w, N, K) such that (A — AI)z = y. Equivalently,

yi = 3i(0i—A)+ (0= X\) > _z; forall i >0
J#i
j>1
From above one easily deduces that
(4.3) wo(1=X)+ >z =10
j=1
and
(44) xl()\l - )\) + )\xo(@- - )\z) =Y; — yo(ﬁl - )\1) for all 1 Z 1.
The rest of the proof will follow along the same lines as the discussions appear-
ing in Diarra [8], [9].
(i) First of all note that N(A — 6,;I) = {0} for all j > 0. Thus to show that
0; € o(A) one must prove that A — 6,1 is not surjective. Indeed, note that

€n ¢ R(A—6,I) for all m > 1, j > 0. If not, then (4.3) and (4.4) can be
respectively rewritten as follows

3:0(1 — Gj) + Zflh = do,m

i>1
and
2 (N = 0;) + 020 (6 — Ni) = Gim — Gom (6 — N;) forall i>1.
Consequently,
(Ni = 0,); = Ss.m — So.m (0: = As) — 050 (0; — A;)  for all i > 1.

In the case j = 0, which corresponds to #y = 1, one can mimic what Diarra
did in [9]. Now if j > 1, letting j = ¢ # m in the previous equations, we obtain:
(A — 0:)xz; = 206;(N\; — 0;). Since \; — 0; # 0 for each i it follows that x; = z¢b;
for each ¢ > 1 and hence

%o [(1 — ;) +Zei] ~0.

i>1
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(ia) If 2o = 0, it follows that z; = 0 for each ¢ > 1 and hence x; = 0 for all
7 > 0, which does not make sense.
(ib) Now if g # 0, then

(1 —91-) —I—ZHk =0 foreach i2>1,
k>1

which makes sense only if 1 —6; is constant, say §; = 1+ c where ¢ € K. If
the series ), -, 0 does not converge, then we get a contradiction. Now
if the series 2k>1 0y converges, equivalently, limy_., 0 = 0, then one
must have ¢ = —1, which yields 1 + 0 = 0, that is a contradiction.

(ii) Suppose that A = X; for some j > 1. Since \; = A ¢ o(A) it follows that
N(A—=X)=N(A-XI)={0}.

Letting A = A; in (4.4) and solving for zo we obtain

Yi Yo .
o= —+>— — " for j>1.
Ai(05 = A5) A
Similarly,
i 0i — N\ S,
T = Y for i#£j, i,57>1.

_ v
Xi— X (A=) 0 — X))

From |0; — \i| = || < |evi||lwi|*/? and the fact X € co(w,N,K) it follows that

lim; o (6; — A;) = 0. Consequently, one can easily see that lim;_, x; = 0, that

is, the series },,; x; converges in K.
From (4.3) it follows that z; = yo — >, ;@i — zo(1 — A;) and hence using

the expressions of zy and x; given above and right after a few computations, one
obtains that

Yo Yi Aj—1 1 0; — A\
=N +y<[ + }

J

It can be shown that lim; .. z;¢; = 0 and hence x = .. z;€; € co(w,N,K).

Moreover, it is easy to see that (A—\;I)x = y and hence R(A—\;I) = ¢o(w, N, K).

(ili) Suppose A # A; for j > 1, A ¢ {0k}r>0 and A ¢ o(A). This is equivalent

to the fact that either

1-A Xi —6;
P Z Ai— A 70
i>1
or N(A—XI)={0}.
Now using (4.4) it follows that

1 i — 91' ()\z — 91))\

) , > 1.
/\i_/\yz'f‘)\i_)\yo N xo for i>1

Ty =
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SAetting a; = 525 and B = );_70; it follows that the series & := 37,5, @; and
B :=> .~ Bi converge in K and the following holds:

(4.5)

> @i =a+ Byo + ABzo.

i>1

Now using (4.3) and (4.5) it follows that

[1 - )\(1 - B)]LL‘Q = —&—i— (1 - @yo.

Using the fact that

1—)\ )\i—9i 1—)\ -~ 1_)\(1_3)
0 _ _
7 +;)\i—)\ P \

it follows that

and

o 1
"T1oa1-p)

[—a+(1-5)w]

v o Aiz0)le—adn) oy

A=A (=ML A1- D) -

Ty =

It can be shown that lim;_.cc [2;| - [[€;]| = 0, that is, ¥ = "5y 2:€; € co(w, N, K)
with (A — Al)z = y, therefore R(A — AI) = ¢o(w, N, K), which completes the

proof.

5.

O

Concluding remarks

(1) Note that the previous spectral analysis can be applied to all linear ope-

rators of the form A = B+ U ® V where B is not only selfadjoint but
also ‘looks like a diagonal’ operator on ¢o(w, N, K), that is, when

o(B) = 05(B) = {17}, 0

where p; € K for each j € N. Indeed, let (fj)jen be the sequence of
eigenvectors corresponding to the eigenvalues {u;} en, that is, Bf; =
w; f; for each j € N. For the sake of simplicity, let us assume that there
exists a nontrivial isometric linear bijection L such that Le; = f; for all
j € N. Consequently, (f;)jen is also an orthogonal base for ¢o(w, N, K)
with || f;]| = |le;]| = |w;]'/? for all j € N. Clearly, each x € co(w, N, K) can

be written as x = > x; fj with limjeo [2;[-[| f5 ]| = limj—c0 ;] [le; ]| =
0. Further, the operator B can be rewritten in the base (f;);en as follows:
Br=  pjz;f;

jEN
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forall z =3 jenTj f;. Under previous assumptions it easily follows that

Afj = pifi + (U @ V)(f5)

and so one retrieves the generic operators considered in our previous spec-
tral analysis. Therefore, the same very techniques can be utilized to com-
pute the spectrum of A=B+U®V.

(2) To locate all elements of o,(A) (and hence o(A) as o(A) = {0;},;>0 U
op(A)) where A is the linear operator appearing in Theorem 4.3, we need
to study the location of all the zeros of the function

0.
d(z)zl—ZL_J, z €A,

; z
§>0 A

appearing in (4.2). For that, the techniques developed in Diarra’s work
[8] can be utilized.

(3) It would be interesting to see whether the current spectral analysis can
be made in the case of a Krull valuation as it was done for the linear
operator B (see (1.1)) in Diarra [8]. Such a question will be investigated
elsewhere.
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