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Abstract. Asymptotic error expansions in the sense of L°°-norm for the Raviart-Thomas
mixed finite element approximation by the lowest-order rectangular element associated with
a class of parabolic integro-differential equations on a rectangular domain are derived, such
that the Richardson extrapolation of two different schemes and an interpolation defect
correction can be applied to increase the accuracy of the approximations for both the vector
field and the scalar field by the aid of an interpolation postprocessing technique, and the key
point in deriving them is the establishment of the error estimates for the mixed regularized
Green’s functions with memory terms presented in R. Ewing at al., Int. J. Numer. Anal.
Model 2 (2005), 301-328. As a result of all these higher order numerical approximations,
they can be used to generate a posteriori error estimators for this mixed finite element
approximation.
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ized Green’s functions, asymptotic expansions, interpolation defect correction, interpolation
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1. INTRODUCTION

The aim of this paper is to discuss the asymptotic behavior of the mixed finite ele-
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ment approximation for a parabolic integro-differential equation with the Neumann
boundary condition: Find u = u(x,t) such that

(1.1) u=V-o+cu+f in QxJ,

¢
U:A(t)~Vu—/ B(t,s) - Vu(s)ds in Qx J,
0

%:O on 00 x J,
On
u = uo(x) x e, t=0,

where () is an open bounded domain in R? with Lipschitz boundary 950, and n is
the outward unit normal vector along 99, J = (0,T) with T > 0, A(t) = A(x,t) and
B(t,s) = B(xz,t,s) are two 2 x 2 matrices with A being positive definite, ¢, f and
uo are known smooth functions.

At present there is an extensive literature available for numerical approximations
of the problem (1.1). See, for instance, [6], [7], [17], [19], [20], [22]-[24], [27], [28],
[30]-[33] for the finite element method and the finite difference method. Recently,
mixed finite element methods have been investigated for (1.1) in [10]-[13], and [16],
in which optimal and superconvergent estimates in the L2-norm and the L>-norm
as well as Richardson extrapolation in L2-norm have been obtained by means of a
mixed Ritz-Volterra projection, regularized Green’s functions and an interpolation
postprocessing method.

In the present paper we study two numerical approaches of higher accuracy—the
Richardson extrapolation method of two different forms in the L°°-norm and an
interpolation defect correction method in the L?-norm and the L>®-norm. As an
efficient numerical method to increase the accuracy of approximations, Richardson
extrapolation has been demonstrated in [29] for the difference method, in [3], [5], [8],
[15], [19], [21]-[25], [26], [34], [35], [37], [38] for the (Galerkin and Petrov-Galerkin)
finite element method and the mixed finite element method, in [18] and [36] for the
collocation method and the boundary element method, respectively.

The defect correction of (Galerkin and Petrov-Galerkin) finite elements by means
of an interpolation postprocessing technique is another numerical method to obtain
approximations of higher accuracy, which has been probed for a wide variety of
models. See, for example, [2], [5], [19], [21], [24], and the references cited therein.

As we have done in [14], we employ the analysis for the “short side” in the FE-
right triangle plus the sharp integral estimates of the “hypotenuse” (see, for example,
[19] and [20]) to present an immediate analysis for the asymptotic expansion of the
error between the mixed finite element solution and the corresponding interpolation
function of the exact solution to (1.1) in the sense of L°°-norm on the basis of the
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estimates for the mixed regularized Green’s functions with memory terms introduced
in [13]. Thus, the asymptotic expansion of the error in the mixed finite element
solution is derived, by which the Richardson extrapolation of two different types and
the interpolation defect correction can be applied to generate mixed finite element
approximations of higher accuracy. In addition, by means of these approximations
with higher precision, a class of a posteriori error estimators are constructed for this
mixed finite element method.

This paper is organized as follows. In Section 2, the approximate subspace and
the variational formula of (1.1) are provided. Also, the asymptotic expansion of
the Raviart-Thomas projection is presented in this section for the future need. Sec-
tion 3 is devoted to investigating the asymptotic expansion of the error between the
mixed finite element solution and the Raviart-Thomas projection of the exact solu-
tion to (1.1) in the L°-norm. Finally, Section 4 deals with an interpolation defect
correction approximation in the L?- and the L>-norm based on the results given in
Section 3. Furthermore, at each end of Sections 3 and 4, a posteriori error estimators
are furnished as by-products of these numerical solutions with higher convergence
rates.

2. THE ASYMPTOTIC EXPANSION

In this section we first give the formula of the mixed finite element method for the
parabolic integro-differential equation (1.1). For the sake of simplicity of analysis,
we take the domain (2 to be a rectangle in this paper.

Let

W:=L*Q) and V:=H(div,Q) = {o € (L*(Q)*: V-0 € L*(Q)}

be the standard L?-space on 2 with norm |- || and the Hilbert space equipped with
the norm
lollv == (lellg + IV - o I3)/2,

respectively. Moreover, set
Vo:={c€V: o-n=0onzec i}

Then, from [10] we recall that the weak mixed formulation of (1.1) is given by finding
(u,0) € W x Vy such that

(2.1) (ug, w) — (V- o,w) — (cu,w) = (f,w), weW,
(a0, V) +/ (M(t,s)o(s),v)ds+ (V-v,u) =0, veVy,
0
u(0,2) = ug(z) in L*(Q),
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where o = A7L(t), M(t,s) = R(t,s)A~!(s), and R(t, s) is the resolvent of the matrix
A~Y(t)B(t, s) and is presented by

R(t,s) = A~Y(t)B(t,s) + /t ATY®)B(t,7)R(r,s)dr, t>s>0.

Let T}, be a finite element partition of Q into uniform rectangles and Vi %
Wi C V x W denote a pair of finite element spaces associated with this parti-
tion which satisfy the inf-sup stability condition of Babuska and Brezzi (see, for
instance, [1] and [4]), where h and k are the mesh sizes in - and y-axis, respec-
tively. Some spaces like that have been constructed and analyzed for rectangular
elements. However, here our analysis is concentrated on the Raviart-Thomas space
of the lowest order; i.e.,

(2.2) Vh,k = {Vh,k eV: Vh,k‘e c Q170(e) X Q071(6), e c Th,k}7
Wh,k = {wh,k eW: wh7k|e € Qo(@), e e Th,k},

where Q. n(€) stands for the space of polynomials of degree no more than m and
n in z and y on e, respectively. The extension to other stable rectangular element
spaces can also be made.

The corresponding semi-discrete version of (2.1) seeks a pair (up i, oh.1) € Wh i X
Vo CW x Vj to satisfy

(2.3)  (unpt>whk) — (V- Onpswni) — (cup gk, wnk) = (f,wnk), Wik € Whi,
t
(aon ks Vig) + / (M(t,s)onk(s), Vhi)ds + (unk, V- vhi) =0,
0
ik € Vonk, whk(0,2) = uon ks

where uonr € Why is some appropriately chosen approximation of the initial
data ug(z). Furthermore, o, (0, x) is also chosen to satisfy (2.3) at ¢t = 0; i.e.,

(2.4) (a(0)0h7k(0)7vh,k) + (u(),th, V- Vh,k) =0, vir€ Vonk-

In addition, from (2.1) and (2.3) one derives the following mixed finite element error

equation:

(2.5) (ut —ungt, whr) — (V- (6 —onk),wnr) — (c(u—uni), wnir) =0,

wpk € Wh i,
t
(o — oK) Vak) + / (M(t,s) (o —onk)(s),var)ds+ (v — unk, V- vig) =0,
0
Vik € Vonk-
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We recall that the Raviart-Thomas projection
H?L,k X P}?,k: VxW— VO,h,k X Wh,k

is defined by the following conditions:

(2.6) / (¢ —II) 40) -nds =0, i=1,234,

Si

/(u — P}?yku) =0,

€

where s; (i = 1,2,3,4) are the four edges of the rectangle e € T} ; and n is the

outward normal direction on the s;. This projection has the following properties [9]:

(i) Py, is the local L*(Q2) projection;
(ii) II) , and P, satisfy

(2.7) (V- (o — Hg,kd)7wh,k) =0, wnr€ Wi,

(V *Vhk, U — P}?’ku) =0, Vhk € Vh,k§

(iii) there hold the approximation properties,

(2.8) lo =11} yollop < CHllo||1.p,
IV (o =IO} o) |—sp S CHT|V o, 0<s<1,
lu = P | —sp < CH|Ju]1 0<s<1,

where H := max{h, k}.

Also, from [14] we recall the following two theorems to conclude the section.

—_ = =
NN
b~ < B -
NN
8 8 8

Theorem 2.1. Assume that o € VN (W*?P(Q))? for some p € [1,00]. Then, for

sufficiently smooth functions o;j(x,y) (1 <14, j < 2) we have

h2

(a- (o =10} 40), Vi) = — = [ [011(01)aa + 012(02)2a|v1,h.k

3 Ja

5 [l () am (o)l

k2
+ [(@11)y(01)y — a12(02)yylv1,nk
Q
k2
-3 [a22(02)yy + @21(01)yylv2,n,k
Q

+O(HY o |laplvakllo.q,

Vik € Vo,n ks

17



where o1, o9 and V1 p i, V2,h,k are the first components and the second components
of the vector-valued functions o and vy, i, respectively, and ¢ = p/(p — 1) is the
conjugate of p and o = (eij)ax2.

Theorem 2.2. Assume that u € WP (Q) for some p € [1,00]. Then, for a
sufficiently smooth function c¢(x,y) we have the following asymptotic expansion:

h? k2
(c(u— Py ju), wp k) = 3 /Q CallaWhk + 3 /Q cytiywp i + O(H)||ull3 pllwn kllo.q,

Wh.k € Wh,k,

where ¢ = p/(p — 1) is the conjugate of p.

From Theorems 2.1 and 2.2 we immediately obtain

Corollary 2.1. Ifo € VN (W?P(Q))? for some p € [1,00], then, we have for
sufficiently smooth functions a;; (1 <1, j < 2) that

(a- (o =11} o), vii)| < CH?|o|2pVakllog  Vik € Vo,
where ¢ = p/(p — 1).

Corollary 2.2. Ifu € W1P(Q), we have for a sufficiently smooth function c(z, )
that
[(c(u — Py ), wa k)| < CH?||ull1pllwnillog,  whr € Wik,

where ¢ =p/(p —1).

3. THE RICHARDSON EXTRAPOLATION

On the basis of Theorems 2.1 and 2.2, we discuss in this section the asymptotic
expansion of the error between the mixed finite element solution and the Raviart-
Thomas projection of the exact solution of (1.1) in the L*°-norm in order to establish
the asymptotic error expansion of the mixed finite element approximation in maxi-
mum norm. First, let us define the following two linear operators M* and M *x for
any smooth function f(¢) defined on (0,T) by

(M = f)(t) ::/0 M(t,s)f(s)ds and (M *x*f)(¢) ::/t M(s,t)f(s)ds.

Then, we have the following three lemmas according to [13].
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Lemma 3.1. We have

T T
/ M f(t)g(t) dt = / FOM %% g(t) dt.
0 0

Lemma 3.2. Assume that f(t), g(t) € L*(0,T*) and there exists C' > 0 such
that for an arbitrary non-negative p(t) € C*°[0,T],

T T
| soeoal <c| [Cawa ool o<T<r
0 0

7

Then, we have

f(t)|<C’g(t)+/0 g(s)ds|, Vte(0,T), ae.

Especially, if

)

JRECED al<c| " gt

then,
lF®I < Clgt)], Vie(0,T), ae.

Lemma 3.3. Suppose that the matrix A(t) is positive definite. Then, the norms
lollo := (o,0)/? and ||o|| 41 := (A~ e, a)'/? are equivalent.

Next we shall define two regularized Green’s functions with memory terms for
problem (1.1) in mixed form in the fashion analogous to that employed earlier for
finite elements methods of elliptic and integro-differential equations ([39] and [28])
as well as mixed finite element methods of elliptic equations [35], which will play an
important role in the analysis of L°°-norm estimates.

For an arbitrary point zo € € the first pair regularized Green’s function (G, A1) =
(G1(z, 20), M(z, 20)) with memory is defined by

(3.1) aGy +M#x Gy — VA =0 in Qx(0,7),
divGy = 6% (t) in Qx(0,T),
A =01 on 9Q x (0,T),

where ©(t) € C°°(0,T), and 07"F = 67*(z,2) € W) is the regularized Dirac
S-function at any fixed point zg € Q. Also, the second pair regularized Green’s
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function (Gz, A2) = (Ga(z, 20), A2(2, 20)) is defined such that

(3.2) Gy + M % Gy — Vg = 68pa(t)  in Qx(0,7T),
divGe =0 in Qx(0,7),
A2 =0 on 0N x (O,T),

where ©5(t) € C°°(0,T) and 62°F is either (62%,0) or (0,62%) with 62" being a
regularized Dirac d-function at zg. From [13] we know that

(3-3) [[wn, k[l oo

1vh.kll oo

Cl(wh g, 617, wn € Wi,

//\ //\

Cl(vhi, 0 )\7 Vik € Vik.

In addition, we have the following estimates for the regularized Green’s func-
tions [13].

Lemma 3.4. Assume that (G, 1), (Ga, \2) and (GF, A7) (GEF A2FY are
the true solutions and the mixed finite element solutions of (3.1) and (3.2), respec-
tively. Then, we have

IG}*[lo < Cllog H|M2(1 + ¢1(1)),
IVAT*lo < Cllog HIM2(1 + ¢1(2)),
IG5 [l1 < Cllog H|(1 + a(t)),

IS [lo < Cllog HIY2(1+ a(t)),
IVAS*llo < CHT' (1 + @a(1)).

3.1. The global Richardson extrapolation in two directions
We first discuss the extrapolation method of mixed finite element approximation
for (1.1) in both = and y directions as follows.

Theorem 3.1. Suppose that (u,o) and (unk,onk) are the exact solution
of (2.1) and its mixed finite element solution, respectively, with the chosen ini-
tial value upx(0) = P} yuo. Then, in the sense of L>°-norm we have the following
asymptotic expansions under the conditions that (u, o), ¢, & and M are sufficiently
smooth:

un — Pf yu = H¢y 1, + O(H*|log H|'/?),
onk — I} yo = H>ny i + O(H?),
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where (§h7k7nh,k) S Wh,k X VO,h,k and Pf?,k X H27k: W xVy— Wh,k X Vo,h,k is the
Raviart-Thomas projection operator.

Proof. Set
R _ PO d 6 R _ 179
Oh.,k ‘= Uh k h’ku an h,k = Ohk IIh’kU.

Then, it follows from (2.5) and (2.7) that

t
(3.4) (th,k, Vh,k) + / (M(t, 8)6h7k(8), Vh,k) ds + (Qth, V- Vh,k)
0

t
= (a(o — H%yka),vhyk) + / (M(t,s)(o — H?L’ka)(s),vhyk) ds, vpr € Vonks
0

(on,k,ts Whk) — (V- Ok, Wh i) — (CORKs Whk)

= —(c(u— P,?7ku),wh7k), wh i € Wh k.
Thus, from Theorems 2.1 and 2.2 we know that for v, € Vo 5, and wpr, € Wiy

(35) (o —II) 4o) + M (o — I} o), Vi) = H* Lk (Vak) + O(HY)[Vakllo.g
—(c(u = Py ju), wn i) = H*Ghp(wn i) + O(H)||wn kllo,q:

where o = (vj)2x2, M = (myj)ax2, and

ERERIE § TS

Ly i (¥) = ;( /{ [@11(01) 2z + 012(02)wz]t01 + [(@22)2(02) s — 021 (01) 5z ]t02}

~

/Q/{ m11(01)zz + M12(02) 22|t
+ [(Mm22)2(02)s — m21(01)aatb2} ds

+%<H /{ (11)y(01)y — @12(02)yylth1 — [a22(02)yy + a21(01)yylea}
1 k
g H /Q/{ m11 01 m12(02)yy]7f}1

= [ma2(02)yy + ma21(01)yylth2} ds
with 1) = (¥1,12) being a vector-valued function. Evidently,

(3.6) Lijony2(¥) = Lpk(¥) and  Ghjon2(p) = Grr(p).
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Let (§&,m) € W x Vg and ({6, k) € Wik X Vo i be the variational solution
and the mixed finite element solution of the auxiliary problem, respectively,

(3.7) (an,v) + (M xn,v)ds+ (§,V -v) = Ly x(v), v € Vy,
(gt’w)f(v'nvw)i(cé.?w) :Gh,k(w)7 weW,
£(0) = 0.

Then, from (3.4), (3.5), and (3.7) one finds that
(O — H*ni i) + M % 0 1.(5) — H* 0 1o (8), Vior) + (0n — H*En ey V- Vii)
= OHY|[Vikllogs Vi € Vonk,
(ongt — H*€n gty wnp) — (V- Ong — H*mite), wi i) — (clon e — H*Ep k), wh i)

= O(HY|lwnillo, whi € Wi

Let
Oz,k = Oh,k — HQ’I’)h’k and Qz,k = Oh,k — H2£h,k~

Thus, we have
(3:8) (@b} i+ M %6} 1, Vik) + (051 V- Vir) = O(H) [Vasllogs  Var € Vo
Moreover, in [16] we have proved that

(3.9) 167 kllo + lloi xllo < CH™.

Set vy i = Gi“k in (3.8). Then, it follows from Lemma 3.4 for ¢ = 2 that

(a8, i + M 05, 1, GI'™) + (0}, 1, V - GI™*) = O(H*[log H|'/*)(1 + 1 (t)),

and from Lemma 3.1 and (3.1) that

T
/ (aGP* + M+ G, 07 ) dt‘

T
| @™o dt‘ <
0 0

T
+ C’H4\logH\1/2/ (1+ p1(2)) dt
0

T T
/(w?’f,e;;k)dt’+0H4|1ogH|1/2/ (L+@1(t))dt.
0 0

Hence, from Lemma 3.4 and (3.9) we get

T T
/ <g;,k,5i”’“>ga1<t>dt\<mogH|1/2H4 [ 0+
0 0
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which, together with Lemma 3.2 and (3.3), leads to
(3.10) 05, &lloe < CH*log H|'/?.
Letting vix = G5 in (3.8), we have according to Lemma 3.4 that
(a8}, + M % 0], 1, Gy™) + (05, 5, V - Gy™™) = O(H*|log H|)(1 + 2 (1))

Since V - Gg’k = 0 by the mixed finite element approximation of (3.2), we further
obtain by means of Lemmas 3.1, 3.4, and (3.9) that

T T T
] / <0z,k76§=’f>m<t>dt]< / <w§=’20;,k>dt]+0H4|logH| | 0 gt a
0 0 0

T
< CH3/ (14 @a(t)) dt.
0
Finally, we get via Lemma 3.2 and (3.3) that
167kl < CH?

which, together with (3.10), completes the proof of Theorem 3.1. O

For the future need we shall next present a superconvergent estimate for the mixed
finite element solution of (3.7). For this purpose we first introduce the so-called mixed
Ritz-Volterra projection.

Definition 3.1. For (u,0) € W x V its mixed Ritz-Volterra projection
(@nk, &nk): [0,T] = Whi X Vonk
is defined by

(a(a — Eh,k) + M % (0’ — Eh,k),vh,k) + (u — U ks AV Vh,k) =0, Vhk € Vh,k,
(

V(0 —Fhi)whi)+ (c(u—apk),whr) =0, wpir € Whi.

In [10] it has been shown that the mixed Ritz-Volterra projection (4 k,&h k) €
Wik x Vi for an arbitrary pair (u,o) € W x V exists uniquely. In addition, we
have [10]

(3.11) 1P wu — tn k|l w + [T po — & illv = O(H?),

where
Jullw = [lullo and |ollv = (o]l + V- al[5)">.
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In order to obtain superconvergence of the mixed finite element approximation for
the variational equation (3.7), we choose the initial data approximation as the mixed
elliptic projection; i.e.,

(3.12) (a(0)(Mne —m(0)), vii) + (§nk(0) —£(0),V - vii) =0, Vuir € Vonk,
(V- (mn,%(0) = n(0)), wn k) + (c(0)(&n,k(0) — £(0)), wh,k) =0, wp € Wh .

Theorem 3.2. Assume that (§,m) and (&5, M k) are the exact solution of (3.7)

and its mixed finite element solution, respectively, and (£, ,(0), n,1(0)) is chosen to
satisfy (3.12). Then, we have

€m0 — P k€llo + 1€k — PrrEello + e — II) zmllo < CH?.

Proof. Let 7y := &g — P,%kﬁ and Yok = Npk — H?L’kn. Then, from (2.7)
and the mixed finite element error equation of (3.7) one derives that

(3.13) (ovh, e + M * v, Vh,k) + (Thi, V - Vh,k)
= (a(n =11} m) + M % (n — I} ;0), Vik), Vak € Vohk

(Th ety Whok) — (V- Yok, Wh k) — (CThok, Whok)
= _(C(g - P}?,kf)vwhk)v Wh,k € Wh,k)7

and by Corollaries 2.1 and 2.2 that

(hk + M %Y joy Vik) + (Thie, V- Vi) = OH?)[Vikllo.gs  Vik € Vonks

(Thotests Whik) = (V- Yhoks whk) — (€T, wik) = O(H?) |wikllogs  whk € Whk

Therefore, setting wp = Thr and Vi, = Yk in (3.13), we obtain from their sum
that

d
&HTh,kll% — (Thge Thok) + k5

DN | =

N

t

- / (M(t, 8)h,1(5), Yk) ds + CH* (| vnxllo + 75,110,
0

and by means of Lemma 3.3 and the e-type inequality that

d t
sl 4 lonsld < of [ InatoRas + a1

24



Integrating the above inequality from 0 to ¢ and noticing 74, 1(0) = 0 leads to

t t S
HMx%4l/|whA@%ds<c{/{um¢@m3+/"kavm3&}ds+CH4
0 0 0

which, together with Gronwall’s lemma, implies

Il + [ Trnats)lias < o
Thus,
(3.14) |7h,kll0 < CH?.
In order to get the estimate for 7y, 1, we first differentiate (3.13) to obtain

(e vh kb + Vgt + Mg+ Me % Yni, Vig) + (Thiets V- Vig) = O(H?) || vk llos

Vik € Vo ks

and then by setting v, = 5% in the above equation and wy, ; = 75 ¢ in (3.13), we

have from their sum that

(3-15) ||Th,k,t||3 + (Oﬂ’h,k,tﬁh,k) + (at’Yh,k7’Yh,k)
= —(Mynk + M * Yok, Yok) + (CTh ks Thokt)-

It follows from

a(ﬁ,k)t = (OZWQL,k)t - O‘t'Yi,k

that
1 d
(OVhkots Vhik) = / QYh,k,tVhk = B / aa(ﬁ,k)
Q Q

1 [d 1 2

=3 /Q &( Vik) — 5/9 XtV k
1d 1

= gl = 5(@mrmn)

which, together with (3.15) and the e-type inequality, produces that

1d 1 K
ggpmallios + 5@enin) < Clmal+ [ Tonatias| +Climalf,
0
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and then via (3.14), integrating from 0 to ¢ and using Lemma 3.3,

t
lonall < s + {1+ [ natas}.
To estimate ||v,%(0)]|o we set t = 0 and vp, i = v1,%(0) in (3.13) to gain that
(a(0)71,%(0), ¥1.£(0)) < CH? ||y (0)]lo,  where 74(0) = 0 is used,

and by Lemma 3.3 that
[74,%(0)]l0 < CH?.

Thus,
t
Il < c{H4 + ||wh,k||3ds}
0

which, together with Gronwall’s lemma, demonstrates
(3.16) lyn.sello < CH?.

Hence, only ||7h k,t]lo remains to be estimated to finish the proof of the theorem.
We differentiate (3.13) to obtain

(v + Vgt + Mg+ Me % Yni, Vig) + (Thiets V- Vig) = O(H?) || vk llos

(Thokests Whik) = (V- Yhokeits Whik) — (CeThk + CThkts whk) = O(H?)|lwh ko,

and thus, letting vy, 1 = yp k¢ and wp r = Th k¢ yields from their sum, Lemma 3.3,
the e-inequality, (3.14) and (3.16) that

d
Ellmmll% < C{H* + ||mh k.t l5}

or

t
(3.17) Ireall2 < 7 )13 + O{H4 -/ ||rh,k,t<s>||3ds}.
0

From Definition 3.1 and (3.12) we derive that

(@0)Tne — M1k)(0), Vi g) + €k (0) = Enk(0), V- vhi) =0, Vii € Vonk,
0\(E

Jr
(V- (e — 0,0)(0), wi i) + (€(0)(Enk — Enk)(0), whn i) =0, wh i € Wh i,
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where (€41, k) € Wh g X Vo.n i is the Ritz-Volterra projection of (¢, 1). Therefore,
the uniqueness of the solution to (3.12) implies

7,k (0) = 11,1:(0) = €1 (0) — &,k (0) =0
which, together with (3.11), indicates that
IV - 0x(O)lo = IV - (s =TI, x0)(0)lo < CH.
Thus, it follows from (3.14), setting ¢t = 0 and wp, x = 7h,%,(0) in (3.13) that
172401 < CH|[7h1,£(0)llo

or
17,6 (0)llo < CH?.

This, together with (3.17) and Gronwall’s lemma, claims that

7k k.t llo < CH?.

Theorem 3.3. We have under the conditions of Theorem 3.2 that

log H|'2(|&x — Py illos + mni =TI} y11l| oo < CH?|log H|.

Proof. Set vy = G"" in (3.13) and follow the steps for (3.10) to get
(3.18) 175k ]loo < CH?|log H|*2,

It follows from Theorem 3.2 and (3.13) that

[(V - Y W) | < N1 Thkstllollwnkllo + Cllira kllollwn.kllo + CH?([wh klo
< CH?|lwh ko,
which implies
(3.19) IV - Ynrllo < CH?.
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Let vi 1, = Gg’k in (3.13) to obtain according to Lemmas 3.4 and 3.1, Green’s
formula and (3.19) that

T
| s ireat0) dt]
0

T T
< ‘/ (Ag”f,v.%k)dt‘+CH2|1ogH|/ (14 pa(t)) dt
0 0

T T
< CH?|log H\W/ (14 po(t))dt + CH?|log H| / (14 p2(t)) dt.
0 0
Thus, Lemma 3.2 and (3.3) lead to
Vh.klloo < CH?|log H|, where V- Gg’k = 0 has been used.

This, together with (3.18), completes the proof of the theorem. O

As we have done in our previous work [10], we now utilize an interpolation postpro-
cessing method to gain the global extrapolation approximations of higher accuracy
for the pressure field and the velocity field. For this end, we need to define two
postprocessing interpolation operator H%h,Bk and Pj’h’ 41 to satisfy

(3~20) th,:ﬂkng,k = th,Bkv
IS, vk llop < Clivakllop ¥ Vak € Vonk, 1< p< oo,
IT13), 50 — ollop < CH? o3, Vo e (WH(Q)?, 1<p< oo,
Pfh,z;kplg,k = Pfh,zm
P arwnkllop < Cllwnillop  Ywnik € Wi, 1<p< oo,
||Pfh,4ku —ullop < CH|ullsp Vue WHP(Q), 1<p<oo

We assume that the rectangular partition 7},  has been obtained from T3y, 35 with
mesh size 3H and T}y, 45, with mesh size 4H by subdividing each element of T3y, 35, and

9
Tup, 4 into nine and sixteen small congruent rectangles, respectively. Let 7:= |J ¢;
i=1

16

and 7 := |J é; with e;, é; € T}, . Then, we can define two projection interpolation
i=1

operators II3, 5, and P}, ,, associated with T5 3 and Typ ax of degree at most 2

and 3 in x and y on 7 and 7, respectively, according to the following conditions:
(3.21) I3, 3,0l € Q32(7) X Q23(7),  Piy apuls € Qs3(7),

/ (0 -3, 3,0) - nds =0, i=12,...,24, and
/ (u— Pthku) =0, i=1,2,...,16, respectively,

€
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where s; (i = 1,2,...,24) is one of the twenty-four sides of the nine small elements e;
(i=1,2,...,9). It is easy to check that the two operators H?’)h,?)k and Pfh,4k defined
by (3.21) possess the properties described in (3.20).

We are now in a position to assert our main result in this section. In fact, using
Theorems 3.1, 3.3, (3.20) and following the procedure for Theorem 4.2 in [16] we can
establish:

Theorem 3.4. Under the conditions of Theorem 3.1 we have in the sense of
L*>°-norm that
P}, e —u= H?¢+ O(H*|log H|/?),

I3, 500k — 0 = H*n+ O(H?),
where (§,m) € W x V| is the variational solution of (3.7).

On the basis of Theorem 3.4 we can generate the approximations of higher precision
for problem (1.1) by Richardson extrapolation. For this end, in addition to W}, , X
Vo,nk, we employ another Raviart-Thomas mixed finite element space W}, /3 1./2 X
Vo,n/2,k/2 of the lowest order gained by subdividing each element e; € T}, & into four
small congruent elements é; ; € Tho/2 (J = 1,2,3,4). Let (up/2,k/2,0n/2,6/2) €
Why2k/2 X Vonj2,ks2 and P o) X th/2,3k/2 stand for the mixed finite element
solution and the Raviart-Thomas projection operator with respect to this new par-
tition, respectively. Then, we know from Theorem 3.4 that

HA\2
P23h,2kuh/2,k/2 —u= (5> &+ O(H"|log H|1/2)7
which gives by applying once the Richardson extrapolation that

3 3
4P2h,2kuh/2,k/2 - P4h,4kuh7k
3

(3.22) = u+ O(H*|log H|*/?).

Similarly, we have

2 2
4H3h/2,3k/2‘7h/2,k/2 — 1035, 5.0n,k

(3.23) 3

= o+ O(H®).

An important application of the approximations of higher accuracy given by (3.22)
and (3.23) is that they can provide efficient a posteriori error estimators to assess the
accuracy of the approximate solutions in applications. In fact, following the same
way as that for Theorem 5.3 in [16] we are led to
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Theorem 3.5. Under the assumptions of Theorem 3.1, we have

1
[ — P, optin/2,0/2]l00 = §||P§’h,2kuh/2,k/2 — P}, arun koo + O(H*|log H|'/?),

1
lo = T3 2 34 /20n /282l 00 = §||H§h/2,3k/2ah/27k/2 —TL3), 3,0,k [l o + O(H?).

Moreover, if there exist positive constants C1, Cy and sufficiently small e1,22 € (0,1)
such that

(3.24) [lu — Pg’h’%uh/g’k/gnw > C H* = [log H\1/27
(3.25) o — th/2,3k/20h/2,k/2”00 > CoH? %2,

then we have

3u— P23h,2kuh/2,k/2||oo

lim =1
H=0 || B3y, yptiny2,k/2 — Piy artn ko 7
3|l — H2 OhL/2.k/2
lim [ 3h/2,3k/29 h/2,k/ oo —1

2 _ 2
H=0 [[TX3, 5 54 190 h/2,072 — 115, 50 k0

From Theorem 3.4 we know that the optimal convergence rates of

[ = Py optinsanselloe and  |lo—TI3, 5 510052 k/2]l00

are O(H?). Therefore, the assumed conditions (3.24) and (3.25) seem to be reason-
able.

3.2. The global Richardson extrapolation in one direction

It is clear according to (3.22) and (3.23) that this extrapolation approach requires
a global refinement to generate an approximation of higher accuracy, which wastes
computing time and memory. Therefore, it is natural for us to develop a new type of
extrapolation to overcome this shortcoming. In fact, here we shall construct a new
extrapolation formula of a partial refinement, in which the meshes are refined just in
one direction, z- or y-direction, such that it is more efficient and more suitable for
parallel computations.
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Theorem 3.6. Under the conditions of Theorem 3.1 we have in L°°-norm that

un e — Py =02, + K€ + O(H*|log H|Y?),
Ohk — H?L,ka = h277111,k + k2ni21,k +O(H?),

where (&) 1M 1) (€5 1M 1) € Whk X Vou.

Proof. Let (£',n"), (£, n%) € W x Vg and (&, 1, M 1), (& x> M i) € Wik X
Vo i be the exact solutions and the mixed finite element solutions of the following

two auxiliary variational problems, respectively:

(3.26) (an* + M xn',v)+ (¢, V-v) =Li(v), v &V,
(€g7w)7(v'n1aw)7(cglaw):L3(w)7 weW,
51(0) =0,
and
(3.27) (@1 + M+, %) + €,V -v) = Ln(v), ve Vo,
(€2, w) — (V-1 w) — (c€?,w) = Ly(w), weW,
52(0) =0,
where

Li(v) = /{ [011(01) 3 + 12(02)zz]v1 + [(@22)(02)s — q21(01)gz]v2}

/ﬂ/{ m11(01)ze + Mi2(02)zz](s)01
+ [(m22)2(02)z — m21(01)zz)(s)v2} ds,

Ly(v) = %/{ (11)y(01)y — r2(02)yylv1 — [a22(02)yy + a21(01)yylva}

3 [t =t

— [ma2(02)yy + ma1(01)yy](s)v2} ds,

Li(w) = — §/ch;ug;w7

1
Ly(w) = — 5/9 CyUyW.
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From (3.4), Theorems 2.1 and 2.2 one finds that

(3.28) (Oni + M *0p 1, Vii) + (0hk, V- Vi)
= h2L1(Vh7k) + k2L2(Vh7k) + O(H4)th7k

lo.gs Vi € Vok,
(on,k,ts Whk) — (V- Ok, Wi i) — (CORKs Whk)
= hQLg(whyk) + k2L4(wh7k) + 0(17'14)||11/;17k||()’q7 Wh i € Wh,k-
Let
Oni = Onr — h°np g — KPNjk g Ok o= Onk — W& — K°E5 .

Then, it follows from (3.26)—(3.28) that

(3.29)  (@Bni + M %O 1, vir) + (001, V - Vir) = O(HY) ||V 1

(0n,k,ts wWhk) — (V- éh,kawh,k) — (conpswn k) = O(HY |wnrllo.g Wi € Wik

lo,gs Vhk € Vo,nk,

It has been shown in [16] that
(3:30) [onkllo + (161 kllo < CH.

Thus, we can also obtain by using (3.29)—(3.30) and following the procedure for the
estimates of ||, /oo and |0}, ;|| in Theorem 3.1 that

lonklloo < CH*[log H|*? and |[0n1]le < CH®.
O
Also, we can get the analog of Theorem 3.4 by means of the analog of Theorem 3.2.

Theorem 3.7. Under the conditions of Theorem 3.1 we have in the L°°-norm
that

szh,zlkuh,k —u=h¢" + K+ O(H4\logH\1/2),
thygkah,k — 0= h2771 + k/’2772 + O(H3)7

where (£',1"), (£2,1°) € W x V.

Like (3.22) and (3.23), from Theorem 3.7 we can obtain the following unidirectional
Richardson extrapolation in the L*° norm:

A(TI3), jg 34 Tns2,n + 103, g4 90 k/2) — SIIE, 5.0k
3
4(P23h,4k“h/2,k + Pfh,zk“h7k/2) - 5Pfh,4k“h,k
3

(3.31) —o+ O(H3),

=u+O(H'[log H'?),
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where (up/2.1Th)2.k), (Unk/2:OThky2) and (up g, Oh, k) are the mixed finite element
solutions corresponding to the meshes T}, /5 1, Th /2 and T}k, respectively. Here,
Th 2,1 and T}, 1, /o are the meshes gained by subdividing each element of T}, x into two
small congruent rectangles in - and y-direction, respectively.

Similar to Theorem 3.5, a posteriori error indicators can also be constructed by
virtue of (3.31). In fact, we have:

Theorem 3.8. Under the conditions of Theorem 3.1 we have
[|w — Pgh,4kuh/2,k||oo
= %HPQ?)hAkuh/Q,k + 4Pfh,2kuh,k/2 - 5Pfh,4kuh,k||oo + O(H*|log H|'?),
o — th/z,gkah/lkuoo
= éllngh/z,skah/z,k +ATLS, 51 90 k/2 — STI5), 350 k|loo + O(H?),
llu — Pfh,zkuh,km”oo
= %||4P§h,4kuh/2,k + Pfh,zkuh,k/z - 5Pfh,4kuh,k||oo +O(H*[log H|'/?),
lo = TI3), 31 /20h /2l
= %||4H§h/2,3kah/27k + th,3k/2"'h,k/2 - 5H§h,3k‘7h,k||oo +O(H?).

In addition, if there exist positive constants Cy, Cy, C3, C4 and sufficiently small €1,
€9, €3, €4 € (0,1) such that
lu = Py apuinjaplloo = CLH* " |log H|'/?,
lo =113, /o 340 h 2kl 00 = C2H? ™2,
[u — Pj aptin ky2llos = C3H* % [log H|'/2,
lo =13, 31 /20 h k/2llc0 = CaHP 54,
then

3w — P23h,4kuh/2,k||00

lim =1
3 3 3
H—0 ||P2h,4k“h/2,k + AP, o) tn /2 — 5P4h,4kuh7k||00

)

3”‘7 - H?,h/z,gkdh/zk”oo

fl}go ||H§h/2,3k‘7h/2,k + 4H?2>h,3k/20.h7k/2 - 5H§h,3k‘7h,k||oo -
lim 3w — Pj’h,gkuh,k/zllm —1
H=0 |[4P3), yuns2k + Piy optink/2 = 5Phy aitn ikl 7
3llo — thygk/gah,k/QHOO 1

lim =
2 2 2
H=0 ||4H3h/2,3k°'h/2,k + th,gk/z"'h,k/2 - 5H3h,3k0'h,k||0
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4. INTERPOLATION DEFECT CORRECTION

In this section we propose and investigate an interpolation defect correction
scheme (see, for example, [19], [21], [22]) applied to the mixed finite element solu-
tion (un,k,ohk) € Whi X Vo to obtain approximations with higher convergence
rate. Also, these new approximations are naturally used to form a posteriori error
estimators in order to estimate the actual accuracy of the mixed finite element
solutions.

First of all, for the future need we construct two projection interpolation opera-
tors P21h’2k and Héh’% associated with the mesh T5j, o1 to satisfy

(4~1) H%h,QkH%,k = H%h,ka

TS, 0 Vakllop < Cllvikllop  YVar € Vig, 1< p< oo,

I, 040 — llop < CH?||o]l2, Yo € (WP(Q))?, 1< p< oo,
P21h,2kplg,k = P21h,2k7

| Py, orwn kllop < Cllwnllop  Vwnk € Whk, 1<p<oo,

| Py v — ullop < CH?|lull2,  Vu € WHP(Q), 1< p< oo

Then, like that seen in the last section, it is assumed that the rectangular par-
tition T}, has been obtained from 75 2, with mesh size 2H by subdividing each
4
element of Ty, o1 into four small congruent rectangles. Set é := |J e; with e; € Th, .
i=1
And thus, the two interpolation operators H%m% and P21h72,f of degree at most 1 in x
and y on é, respectively, are defined as follows:

I3, 0,0 lc € Q2.1(8) X Q12(€), Py gpule € Q11(é),

/(O'fﬂéh,%aynds:o, i=1,2,...,12,

Si

/ (uip21h,2ku) :07 1= 1a273a47

€4

where s; (i = 1,2,...,12) are the twelve edges of the four small elements e; (i =
1,2,3,4). We can also check that H%h’% and P21h72k defined above possess the prop-
erties indicated in (4.1).
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In addition, we also need a pair of mixed finite element projection operators Ry, j, X
Sh,ki W x Vo — Wh,k X Vo,h,k defined by

(Rnpw)e — up, wn k) = (V- (Shpo — o), wn k) = (c(Rppu — u), wh i) =0,
wpk € Wh i,
(a(Spro— o)+ Mx* (Sppo —0), Vi) + (V- vk, By ru—u) =0,
Vik € Vohks
Ry, ju(0) = Py u(0).
Then, (Rp ku, Sh o) is the solution of (2.3) if (u, o) is the solution of (2.1).

First of all, we discuss the interpolation defect correction method in the L?-norm.
To this purpose, let us recall the following lemma from [16].

Lemma 4.1. Assume that (u, o) and (upk, on k) are the exact solution of (2.1)
and its mixed finite element solution, respectively, with the chosen initial value
unk(0) = Py yuo. Then, in the sense of L*-norm we have under the conditions
that (u, o), ¢, & and M are sufficiently smooth that

(4.2) P apung —u=H?¢+ O(H"),
(4.3) 03, yonk — o = H?n+ O(H?),

where (§,m) € W x V| is the variational solution of (3.7).

Theorem 4.1. Suppose that the conditions of Lemma 4.1 are fulfilled. Then,
we have

i = ullo + llos . — ollo < CHY,

where

* e 3 1 1 3
up, k= Pip agn,k + Pop opn,ke — Pop o) Bh kP agth, ks

x . 113 1 1 3
Opk = H4h,4k°'h,k + th,zko'h,k - H2h,2ksh,kn4h,4ko-h7k'

Proof.  Multiplying (4.2) by the operator (I — Py, o Rn k), where I is the
identity operator, results in

(I - leh,szh,k)(Pthkuh,k —u)
= H*(I — Py 5, Rp1)é + O(H*)
= H*(¢ - P21h,2k§) + HQ(P21h,2Ie§ - P21h,2k§h,k) +O(H")
= H2P21h,2k(Pi?,k§ —&ni) + O(HY),
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since

€ — leh,zkaO < C’H2||f||2 and P21h,2kpi?,k = leh,zk

according to the properties of the operator P21h72,f described in (4.1). Furthermore,
it follows from Theorem 3.2 and the inequality

| Popy or (P k€ — Eni)llo < ClIPR 1€ — Enkllo

that
(I - leh,szmk)(Pthkuh,k —u) = O(H4)7

and the left-hand side is nothing but
(- leh,szh,k)(Pthkuh,k —u) = Uz,k - u.
Similarly, we can gain in terms of (4.3) that
los x = allo = O(H?).

O

In the same way we can also obtain from Theorems 3.3 and 3.4 the following result.

Theorem 4.2. We have under the conditions of Theorem 3.1 that

H*[log H|'/?,
H3

dnk —ulle < C
61k — 0ol <C
where

Up,f = Pfh,4kuh,k + leh,zkuh,k - P21h,2th,/€P£h,4kuh7k7

-~ R 2 2
onk = U5, 3100k + hk — Shkllsy 51,08 k-

Analogously to Section 3 we can utilize the superconvergent approximation pro-
vided in Theorems 4.1 and 4.2 to establish a posteriori error estimators for the mixed

finite element solution of problem (2.1). In fact, we have
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Theorem 4.3. If the conditions of Theorem 4.1 are satisfied, then

lu = unkllo = [[uj 1 — unxllo + O(H?),

lo = onkllo = oy, — onkllo+ O(H?).

Furthermore, if there exist positive constants C1, Cy and sufficiently small €1,e5 €
(0,1) such that
w — uppllo = CLH*®,
o — onillo = CoHY =2,
we then have
lim ||j:t —unkllo _
H—0 ”uh,k — uh7k||0
. lo—onrllo
im ———— =
=0 ||o}, . = onkllo

)

Theorem 4.4. We have under the conditions of Theorem 4.2 that

I — unklloo = llitnx — tnkllco + O(H*[log H['/?),

lo = onilloe = Gnk = Tnilloc + O(H?).

In addition, if there exist positive constants C1, Cy and sufficiently small €1,e2 €
(0,1) such that
llw = un.kllo H*!|log H|'/?,

> C
o — onilloo = CoH? 52,

then
lim —Uu — tnklloo =1,
H—0 ||Uhk - Uh,k”oo
lim —HU —Onillos 1.

H=0 ||6hk — Onilloo
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