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ON CONVERGENCE OF GRADIENT-DEPENDENT INTEGRANDS*

MARTIN KRUZIK, Praha

Dedicated to Jiri V. Outrata on the occasion of his 60th birthday

Abstract. We study convergence properties of {v(Vuy)} ey if v € C(Rmxnz7 lv(s)] <
C(1+]s/?), 1 < p < 400, has a finite quasiconvex envelope, u, — u weakly in WP (Q; R™)
and for some g € C(Q) it holds that [, g(z)v(Vug(z))dz — [, g(z)Qu(Vu(z))dz as
k — oo. In particular, we give necessary and sufficient conditions for L'-weak convergence
of {det Vuy }ren to det Vu if m =n =p.

Keywords: bounded sequences of gradients, concentrations, oscillations, quasiconvexity,
weak convergence

MSC 2000: 49J45, 35B05

1. INTRODUCTION

Oscillations and/or concentrations appear in many problems in the calculus of
variations, partial differential equations, or optimal control theory, which admit
only LP but not L apriori estimates. While Young measures [31] successfully
capture oscillatory behavior (see e.g. [17], [23]) of sequences they completely miss
concentrations. There are several tools how to deal with concentrations. They can
be considered as generalization of Young measures, see for example Alibert’s and
Bouchitté’s approach [1], DiPerna’s and Majda’s treatment of concentrations [7], or
Fonseca’s method described in [10]. An overview can be found in [25], [28]. More-
over, in many cases, we are interested in oscillation/concentration effects generated
by sequences of gradients. A characterization of Young measures generated by gradi-
ents was completely given by Kinderlehrer and Pedregal [14], [16], cf. also [23], [24].
The first attempt to characterize both oscillations and concentrations in sequences

* This work was supported by the grants IAA 1075402 (GA AV CR) and VZ6840770021
(MSMT CR).
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of gradients is due to Fonseca, Miiller, and Pedregal [11]. They dealt with a special
situation of {gv(Vuy)}ren where v is positively p-homogeneous, uj, € WP (Q; R™),
and ¢ continuous and vanishing on 0{2. Later on, a characterization of oscilla-
tion/concentration effects in terms of DiPerna’s and Majda’s generalization of Young
measures was given in [13] for arbitrary integrands.

The aim of our paper is to point out a few consequences of this characterization.
This leads to a slight generalization of Kinderlehrer’s and Pedregal’s results on weak
convergence of integrands [15]. They proved that if 0 < v < C(14|-|?) is quasiconvex,
up — u weakly in WHP(Q; R™), and [, v(Vuy)dz — fQ (Vu) dx then possibly for
a subsequence v(Vug) — U(Vu) weakly in L'(€2). Here we show that if we instead
assume that |v| < C(14|-|P) and a condition on {uj} which is too involved to be
stated here but which is fulfilled e.g. if uy = w on the boundary we get v(Vuy) —
v(Vu) weakly* in measures on €2; cf. Theorem 2.3 and Corollary 2.4. We also give
necessary and sufficient conditions under which a nonnegative sequence of {det Vuy}
converges weakly to {det Vu} in L' if uy — u in WH(Q; R™) for a smooth bounded
domain in R™. Proposition 2.7 generalizes some results by Miiller [22] and Hogan et
al. [12]. Finally, we show that while u — [, v(Vu) dz does not have to be sequentially
weakly lower semicontinuous on WHP(Q; R™) if || < C(1 + | - |P) is quasiconvex,
the weak lower semicontinuity can be recovered by removing an arbitrarily thin
“boundary layer” of €; cf. Theorem 2.11. The main tool of our analysis is a recently
proved characterization of generalized Young measures generated by gradients [13].

1.1. Basic notation

Let us start with a few definitions and with the explanation of our notation. Having
a bounded domain Q C R" we denote by C(2) the space of continuous functions:
) — R. Then Cy(?) consists of functions from C(£2) whose support is contained in 2.
In what follows “rca(S)” denotes the set of regular countably additive set functions
on the Borel o-algebra on a metrizable set S (cf. [8]), its subset, rca; (), denotes
regular probability measures on a set S. We write “y-almost all” or “vy-a.e.” if we
mean “up to a set with the y-measure zero”. If v is the n-dimensional Lebesgue
measure and M C R" we omit writing v in the notation. Further, WP (Q; R™),
1 < p < 400 denotes the usual space of measurable mappings which are together
with their first (distributional) derivatives integrable in the pth power. The support
of a measure o € rca(f2) is a smallest closed set S such that o(A) =0if SN A= (.
Finally, if o € rca(S) we write o4 and d, for the singular part and density of o
defined by the Lebesgue decomposition, respectively. Finally, we denote by “w-lim”
the weak limit.
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If not said otherwise, we will suppose in the sequel that 2 C R" is a bounded
domain with a Lipschitz boundary. Some generalizations to less regular domains are
possible, however they seem to be technically much more involved.

1.2. Quasiconvex functions
Let 2 C R™ be a bounded regular domain. We say that a function v: R™*" — R
is quasiconvex [21] if for any 5o € R™*™ and any ¢ € Wy ™ (Q; R™)

v(s0)|?] < /Qv(so + Vo(z)) dz.

Ifv: R™*™ — R is not quasiconvex we define its quasiconvex envelope Qu: R™*™ —
R as
Qv = sup{h < v; h: R™*"™ — R quasiconvex}

and if the set on the right-hand side is empty we put Qv = —oo. If v is locally
bounded and Borel measurable then for any so € R™*™ (see [6])

1
(1.1) Qu(sg) = inf —/ v(so + V() dz.
PEW ™ (4;R™) 12| Jo

1.3. Young measures
For p > 0 we define the following subspace of the space C'(R™*™) of all continuous
functions on R"™*":

Cp(R™*™) ={v € C(R™*"); v(s) = o(]s[") for |s| — oo}

The Young measures on a bounded domain Q C R"™ are weakly* measurable
mappings x — v,: Q — rca(R™*™) with values in probability measures; and the
adjective “weakly* measurable” means that, for any v € Co(R™*™), the mapping
Q— R: z— (V2,0) = [gmxn V(A)Vz(dN) is measurable in the usual sense. Let us
remind that, by the Riesz theorem, rca(R™*™), normed by the total variation, is a
Banach space which is isometrically isomorphic with Co(R™*™)*, where Co(R™*"™)
stands for the space of all continuous functions R™*"™ — R vanishing at infinity.
Let us denote the set of all Young measures by Y(Q; R™*™). It is known that
Y(Q; R™%™) is a convex subset of L°(Q; reca(R™*™)) = L1(Q; Co(R™*™))*, where the
subscript “w” indicates the property “weakly* measurable”. A classical result [27],
[30] is that, for every sequence {yx}ren bounded in L°(£2; R™*™), there exists its
subsequence (denoted by the same indices for notational simplicity) and a Young
measure v = {v; }req € V(2; R™*™) such that

(1.2) Vv e Co(R™™): klim voy, =, weakly™ in L>(Q),
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where [v o yi](x) = v(yr(z)) and
(1.3) vo(z) = /[Rmxnv()\)ugg(d)\).

Let us denote by Y°°(Q; R™*™) the set of all Young measures which are created
in this way, i.e. by taking all bounded sequences in L (Q; R™*™). Note that (1.2)
actually holds for any v: R™*"™ — R continuous.

A generalization of this result was formulated by Schonbek [26] (cf. also [2]): if
1 < p < +oo, for every sequence {yi}ren bounded in LP(; R™*™) there exists its
subsequence (denoted by the same indices) and a Young measure v = {v; },cq €
Y(Q; R™*™) such that

(1.4) Vv e Cp(R™™): klim voyg =, weakly in L'(9).

We say that {yx} generates v if (1.4) holds.
Let us denote by YP(; R™*™) the set of all Young measures which are created in
this way, i.e. by taking all bounded sequences in LP(; R™>*™).

1.4. DiPerna-Majda measures

Let us take a complete (i.e. containing constants, separating points from closed
subsets and closed with respect to the Chebyshev norm) separable ring R of con-
tinuous bounded functions R™*™ — R. It is known [9, Sect. 3.12.21] that there
is a one-to-one correspondence R — [rR™*™ between such rings and metrizable
compactifications of R™*"; by a compactification we mean here a compact set, de-
noted by BrR™*™, into which R™*™ is embedded homeomorphically and densely.
For simplicity, we will not distinguish between R™*™ and its image in SBrR™*".
Similarly, we will not distinguish between elements of R and their unique continuous

extensions to Gr R™*™.

Let o € rca(Q) be a positive Radon measure on a bounded domain Q C R".
A mapping ©: = +— 7, belongs to the space LX°(Q,o;rca(BrR™*™)) if it is
weakly* o-measurable (i.e., for any vy € Co(R™*™), the mapping Q — R: z
fﬁRRmxnvo(s)f/m(ds) is o-measurable in the usual sense). If additionally o, €
rcaj (BrR™*") for o-a.a. = € Q the collection {#;},cq is the so-called Young
measure on (2, o) [31], see also [2], [25], [27], [29], [30].

DiPerna and Majda [7] showed that having a bounded sequence in LP(€); R™*"™)
with 1 < p < +o0o and Q an open domain in R™, there exists its subsequence

(denoted by the same indices) a positive Radon measure o € rca(f)) and a Young
measure 7: x — i, on (£, o) such that (o, ) is attainable by a sequence {yx }ren C
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LP(Q; R™*™) in the sense that Vg € C(Q) Yvg € R:

(1.5) lim g(@)v(yk(x))dx = /Q/ Rmxng(z)vg(s)ﬁm(ds)a(dx),

k—oo [9)

where
ve YL (R™") == {vo(1+4]-|"); vo € R}.

In particular, putting vo =1 € R in (1.5) we can see that
(1.6) klim (14 |yx?) = ¢  weakly* in rca(Q).

If (1.5) holds, we say that {y; } ren generates (o, ). Let us denote by DML, (Q; R™*™)
the set of all pairs (o, ) € rca(Q) x L(, o;rca(Bzr R™*™)) attainable by sequences
from LP(€); R™*™); note that, taking vg = 1 in (1.5), one can see that these sequences
must inevitably be bounded in LP(€2; R™*™). The explicit description of the elements
from DM, (Q; R™*™), called DiPerna-Majda measures, for unconstrained sequences
was done in [19, Theorem 2].

Let us recall that for any (o,7) € DM (Q; R™*™) there is precisely one (c°,0°) €
DML (Q; R™*™) such that

(1.7) /,/Rmm $)0z(ds)g(x)o(dx) //[Rmxn vy (ds)g(x)o®(dx)

for any vy € Co(R™*™) and any g € C(Q2) and (0°,7°) is attainable by a sequence
{yk}ren such that the set {|yx|’; & € N} is relatively weakly compact in L'(Q);
see [19], [25] for details. We call (¢°, ©°) the nonconcentrating modification of (o, 7).
We call (0,0) € DML (Q; R™*™) nonconcentrating if

/ / U, (ds)o(dx) = 0.
Q ﬁR[Rm,Xn\[Rm,Xn

There is a one-to-one correspondence between nonconcentrating DiPerna-Majda
measures and Young measures; cf. [25].

We wish to emphasize the following fact: if {yx} € LP(Q2; R™*™) generates (o, 7) €
DML, (Q; R™*™) and o is absolutely continuous with respect to the Lebesgue measure
it generally does not mean that {|yx|P} is weakly relatively compact in L' (). Simple
examples can be found e.g. in [20], [25].

Having a sequence bounded in LP(€); R™*™) generating a DiPerna-Majda measure
(0,0) € DM%(£; R™*™) it also generates an LP-Young measure v € YP(; R™*™).
It easily follows from [25, Theorem 3.2.13] that
v2(ds)

for a.a. x € ().
1+ [s[?

(1.8) vy (ds) = dyo ()

533



Note that (1.8) is well-defined as ©¢ is supported on R™*™. As pointed out in [19,
Remark 2] for almost all © €

e (L8

In fact, that (1.7) can even be improved to

(1.10) /Q/Rm $)is (ds)g () (dz) /Q/R 5 (ds)g(x)0° (dz)

for any vy € R and any g € C(Q). The one-to-one correspondence between Young

and DiPerna-Majda measures, in particular (see (1.8) and (1.10))

/Rmxnv(s)um(ds) =d,(z) /Rmmvo(s)ﬁm(ds)

whenever v € T4 (R™*"), finally yields that Vg € C(Q) Vv € Y (R™*"):

(1.11) . Qg(x)v(yk(:c))dxz /Q/[Rmx" %ﬁw(ds)da(x)g(x)dx
) el (de
+‘/5]‘/5RR7”X”\[RWLX71 1+|5|P w(d )g( ) (d ),

where v € YP(;R™*") and (0,0) € DML (Q; R™*™) are Young and DiPerna-
Majda measures generated by {yx}ren, respectively. We will denote the elements
from DM, (§; R™*™) which are generated by {Vuy}ren for some bounded {uy} C
WP (Q; R™) by GDME, (Q; R™>™).

The following proposition from [19] explicitly characterizes elements of DM, (2;
Rm>m).

Proposition 1.1. Let  C R™ be a bounded open domain, R a separable
complete subring of the ring of all continuous bounded functions on R™*"™ and
(0,0) € rca() x L2(Q,0;rca(BrR™*™)) and 1 < p < +oo. Then the following
two statements are equivalent to each other:

(i) the pair (o,7) is a DiPerna-Majda measure, i.e. (o,0) € DM (Q; R™*™),

(ii) the following properties are satisfied simultaneously:
1. o is positive,
2. 05 € rca(Q) defined by 05(dz) = ([fmxn V2(ds))o(dz) is absolutely contin-
uous with respect to the Lebesgue measure (d,, will denote its density),
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3. for a.a. x € ) it holds

[ >0, do @) (/ ﬁ“ds))_l/ 72 (ds)
Uz (ds , doy(x) = — Uy (ds),
RmXn RmXn 1 + |S|p RmXn

4. for o-a.a. x € Q it holds

Dy >0, / Dy (ds) = 1.
BR[RM'Xn

The following two theorems were proved in [13].

Theorem 1.2. Let 2 C R™ be a bounded domain with Lipschitz boundary,
1 < p < 400 and (0,0) € DMY (; R™*™). Then then there is u € WhP(Q; R™)
and a bounded sequence {uy, — u}ren C Wol’p(Q; R™) such that {Vug}ren generates
(0,7) if and only if the following three conditions hold:

S

(1.12) for a.a. x € Q: Vu(z) = dg(x)/ U, (ds),

ﬁRRnlxn 1 + |S|p

for almost all x € Q and for all v € Y%, (R™*™) the following inequality is fulfilled

(1.13) Qu(Vu(z)) < dy(z) / v(s)

ﬁRRnlxn 1 + |S|p

U, (ds),
and for o-almost all x € Q and all v € Yh (R™*") with Qu > —oo it holds that

(1.14) og/ﬁ _US)_ (ds).

RRnLXn\[Rm,Xn 1 + |S|pyz

The next theorem addresses DiPerna-Majda measures generated by gradients of
maps with possibly different traces.

Theorem 1.3. Let Q) be an arbitrary bounded domain, 1 < p < +oo and
(0,0) € GDME(Q; R™*™) be generated by {Vui}ren such that w—kErgo up = u
in WHP(Q; R™). Then the conditions (1.12), (1.13) hold, and (1.14) is satisfied for
o-a.a. ¢ € (.

Remark 1.4. (i) It can happen that under the assumptions of Theorem 1.3 the
formula (1.14) does not hold on 9. See an example in [3] showing the violation of
weak sequential continuity of WH2(Q; R?) — LY(Q): u s det Vu if Q = (—1,1)2
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(ii) On the other hand, having 1 < p < 400 we can ask what condition besides
quasiconvexity must v € C(R?*?), |v| < C(1+]-|P) satisfy so that W1P(Q; R?) — R:
u — I(u) := [ov(Vu(z))dz is sequentially weakly lower semicontinuous. Suppose
that v € C(R?*?) is positively p-homogeneous, i.e. v(As) = A\Pv(s) for all s € R2*?
A > 0, and take arbitrary u € W, "*((—1,1); R?) and extend it by zero to R*. Define
further for all k& € N uy(x) = k2/?~'u(kx). Then Vug(z) = k*/PVu(kz). Clearly,
up — 0 weakly in WHP((—=1,1)%;R?). Take Q := (—1,0)2. A simple calculation
shows that if I is weakly lower semicontinuous then for all u € Wy ((—1,1)% R?) it
holds

(1.15) /(_1 o v(Vu(z))dz > 0.

2. CONVERGENCE OF INTEGRANDS

We start with a remark on (1.14).

Remark 2.1. Condition (1.14) for x € dQ is satisfied if {u —u} C WyP(; R™)
but the same trace for all terms in the sequence is far from being necessary
for (1.14) to hold on 9. As  is supposed to be Lipschitz {uy} can be extended to
{tg}ren € WHP(B; R™) for some ball R* D B D €. Moreover, {iy} is uniformly
bounded in W1P(B; R™). Then (1.14) holds if {|Vig|P} is weakly relatively compact
in L1(B\ Q). If {Vu,} satisfies this condition for some ball B C R" we say that it
has a p-equiintegrable extension.

We put
(2.1) Vo ={ve C(R™"); 3C >0: || <C(1+]-P), Qu > —occ}.
As shown in [18] if v € V], then Qu € V,, as well.

Theorem 2.2. Let v € V,, and u;, — u weakly in WLP(Q; R™), 1 < p < +o0.

Suppose that there is go € C(Q), go(x) = 0 if x € 9N and go(z) > 0 if x € § such
that for k — oo

(2.2) /ng(x)v(Vuk(x)) dz — /ng(x)Qv(Vu(x)) dz.

Then there is a subsequence of {uy}ren (not relabeled) such that for k — oo
(2.3) v(Vug) — Qu(Vu)  weakly™ in rca(Q),

i.e., we can replace go in (2.2) by all g € Cy(Q2).

536



Proof. We take a separable subring R such that v/(1+ ] -|?) € R. As
noted in [13], this is always possible. Taking a subsequence of {Vuy} generating
(0,0) € GDM% (2; R™*™) and exploiting Theorem 1.3 we have by (2.2) and (1.11)
that for go

/ 9o(@)Qu(Vu(z)) do = i go(z)v(Vug(z)) dw

Q o Jo
_ U9 e ()ao (o) da
B ‘/Q‘/[RMXn 1+ |3|P m(d )dU( )g()( )d

v(s)
" [) ‘/BRRMX"\[RWXTL 1+ $|p Vw(ds)go(x)a(dx)

> /QQU(Vu(z))go(x)dx

v(s)
+/ / T, Ve ds x)o(dx
Q JBrRmXn\RmM X" 1+ |5|p ( )90( ) ( )

> /Q 90(2)Qu(Vu(z)) dz.

Hence,

u(s) . ~
/Q/RRW"\RW" 1+ 3|p”w(d3)go(fc)a(dx) =0

and because gg > 0 in 2 and for c-a.a. x € Q)

/ﬁ ) ds) > 0

R[anxn\[anXn 1 + |S|p

by (1.14) we get that for o-a.a. © € Q

(2.4) /B _U8)_ (ds) = 0.

RRMXnRmxn 1 + |S|py

Moreover, as gg > 0 in 2 we get that for a.a. z € )

(2.5) dy (@) /RM %ﬁw(ds) = Qu(Vu(z)).
The assertion (2.3) follows by (2.4), (2.5), and (1.11). O
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Theorem 2.3. Let v € V,, and u, — u weakly in WHP(Q;R™), 1 < p < +oc.
Suppose that there is go € C(), go > 0 such that for k — oo

(2.6) /ng(x)v(Vuk(x))dx—>‘/ng(x)Qv(Vu(x))dx.

Suppose further that {Vuy} generates a DiPerna-Majda measure (o,0) € GDMY, (Q;
R™*") such that for o-a.a. © € O

u(s)
(27) /ﬁRRmxn\Rmxn Wyw(ds) 2 0.
Then
(2.8) v(Vug) — Qu(Vu)

weakly* in rca(Q) if k — oo, i.e., (2.6) holds for all g € C(2) in place of go.

Proof. The proof is almost the same as the proof of Theorem 2.2. Notice that
due to (2.7) and Theorem 1.3 formula (1.4) holds for o-a.a. = € Q. O

In view of Remark 2.1 and Theorem 1.2 we have the following consequence of
Theorem 2.3.

Corollary 2.4. Let v € V,, and u, — u weakly in WHP(;R™), 1 < p < 400,
{ur, — u}ren C Wy P(Q; R™). Suppose that

(2.9) / v(Vug(z)) de — / Qu(Vu(z)) dz.
Q Q
Then there is a subsequence of {uy} (not relabeled) such that

(2.10) v(Vug) — Qu(Vu) weakly* in rca(Q).

The convergence in rca(§2) can be strengthened if v(Vuy) > 0 for all k € N. The
following theorem was proved for v > 0 quasiconvex and gg = 1 in [15].
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Theorem 2.5. Let v € V), uy, — u weakly in WHP(£; R™), 1 < p < +o0, and for
all k € N let v(Vug) > 0 almost everywhere in €. Suppose that there is go € C(Q),
go > 0 such that for k — oo

(2.11) /ng(x)v(Vuk(x)) dz — /ng(x)Qv(Vu(x)) dz.

Then there is a subsequence of {Vuy} (not relabeled) such that

(2.12) v(Vug) — Qu(Vu)

weakly in L*(Q) if k — oo, i.e., (2.11) holds for all g € L>°(Q) in place of go.

We will need the following lemma.

Lemma 2.6. Let f € V,,, f >0, and f/(1+|-|?) € R. Let further {yi}ren C
LP(Q; R™*™) generate (0,0) € DML (Q; R™*™). Then {f(yx)}ren Is weakly rela-
tively compact in L'(Q2) if and only if

(2.13) / / 1), (as)o(de) = 0.
0 Jprrmxmgmxn 1+ |s[P
Proof. This lemma was proved in [25, Lemma 3.2.14 (i)] for f =1+ |P. The
proof for general f is analogous. O

Proof of Theorem 2.5. As v(Vuy)
that |v|/(1+ |- |P) € R. Moreover, Q|v|
We have for a subsequence of {Vuy} (not relabeled) generating (o, 2):

0 we can replace v by |v| and take R such

VA%

Qu because |v| = v

/go(x)Qv(Vu(x))dx: lim /go(x)|v|(Vuk(x))dx
Q

/Q/Rmm1+| Ds(ds)dg (2)go(z) do
_vl(s)
»/Q /BRR"‘X”\[RM xn 1+ | |p (ds)go(f)d(dx)

Qu(Vu(z))go(x) dz
Q

[vl(s)
" /Q ‘/BRRMX"\[RWXTL 1+ |$|p Vw(ds)go(x)a(dx)
> /ng(x)Qv(vu(x))dx_

Taking into account that go > 0 and Lemma 2.6 we get that {|v|(Vug)} = {v(Vug)}
is weakly relatively compact in L1(£2). Applying [24, Theorem 6.2] we conclude that
a subsequence has the weak limit Qu(Vu). O

539



2.1. Applications to determinants

Suppose now that p = n > 1 and consider v = det. Clearly, v € V,, and because
the determinant is quasiaffine (i.e. det as well as — det are both quasiconvex) (1.13)
as well as (1.14) hold as equalities.

Combining (1.14) with Lemma 2.6 and Theorem 2.5 we have the following propo-
sition.

Proposition 2.7. Let up — u weakly in Whm(Q; R"), let {Vuy}ren generate
(0,0) € GDM™(Q; R"*™), and let det /(14 |-|™) € R. Let for all k € N det Vug, > 0
almost everywhere in Q. Then {det Vuy }ren is weakly relatively compact in L'(Q)
if and only if

det
(2.14) / / C0° 5 (ds)o(dz) = 0.
o0 RRnxn\Rnxn 1 + |$|n

If (2.14) holds then

det Vuy — det Vu  weakly in L' ().

Notice that (2.14) is satisfied if o(9Q) = 0, if up = u on 99, or if {Vuy} has a
p-equiintegrable extension; cf. Theorem 1.2. Hence, Proposition 2.7 generalizes [15,
Theorem 4.1] and [22, Corollary 1.2].

Dropping the requirement det Vuy > 0 we have the following consequence of
Theorem 2.3.

Proposition 2.8. Let uy — u weakly in Whm(Q; R"), let {Vuy}ren generate
(0,0) € GDM™(Q; R**™), and let det /(1 + |- |[*) € R. If (2.14) holds then

(2.15) det Vuyp — det Vu  weakly”™ in rca(Q).

In particular, (2.15) is satisfied if up = u on 0%, if 0(9Q) = 0, or if {Vui} has a
p-equiintegrable extension.

Finally, we may even give up (2.14) to hold and by Theorem 1.6 with gy =
dist(-, 92) we obtain the following fact mentioned already in [3].

Proposition 2.9. Let u;, — u weakly in W1 (Q; R*). Then possibly for a
subsequence it holds

(2.16) det Vup — det Vu  weakly™ in rca(€2).
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2.2. Biting lemma for quasiconvex integrands

It is well known that boundedness of a sequence in L*(Q; R™) is not sufficient for
the existence of a weakly converging subsequence. Nevertheless, Brooks and Chacon
showed that removing nested sets of vanishing Lebesgue measure we can recover
weak L' convergence.

Lemma 2.10 ([5]). Let {yx} C L'(Q;R™*") be bounded. Then there is y €
LY(Q; R™*™) and measurable sets {§;}jen, Q41 C Q; C Q, j €N, |Q;] — 0 such
that for k — oo

yr —y weakly in L*(Q\ Q;) for every fixed j € N.

Ball and Zhang [4] showed that if v € C(R™*"™), |v| < C(1 + | - |P) is quasiconvex
and uj, — u weakly in W1P(Q; R™) then there are measurable sets {€2;}jen, Q41 C
Q;,CQ,5€N, Q] — 0 such that for any j € N

liminf/ v(Vug(z)) dz 2/ v(Vu(z)) de.
koo Ja, Q;

The next theorem shows that €; can be chosen as arbitrarily thin “boundary
layers” of €.

Theorem 2.11. Let Q@ C R™ be a bounded domain with a Lipschitz boundary
such that 0 € Q. Let uy — u weakly in WP(Q; R™) and let v € V,,. Then for every
0 < e < 1 there is a subsequence of {uy} which we do not relabel and € < § < 1 such
that

(2.17) klingo " v(Vug(z))dz > /59 Qu(Vu(z)) dz,

where 6 = {y € R™; y/d € Q}.

Proof. Take ¢ € ]0,1[. We will assume that {Vuy} generates (o,0) €
GDMY% (; R™*™).  Notice that 62 C Q. Using [13, Lemma 3.6] we get that
(002) > 0 only for at most countably many values of §. Thus we take § > ¢
such that o(962) = 0. Then using [13, Lemma 3.2] we have that the restriction
of {ug} on 6Q has the property that {Vug|sq} generates (o, 7)|sq. Then (2.17) fol-
lows by (1.11) in view of Theorem 1.2. O

Acknowledgment. I am indebted to Agnieszka Kalamajska for fruitful discus-
sions.
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