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Abstract. The paper deals with asymptotic motions of 3-parametric robot manipulators
with parallel rotational axes. To describe them we use the theory of Lie groups and Lie
algebras. An example of such motions are motions with the zero Coriolis accelerations.
We will show that there are asymptotic motions with nonzero Coriolis accelerations. We
introduce the notions of the Klein subspace, the Coriolis subspace and show their relation to
asymptotic motions of robot manipulators. The asymptotic motions are introduced without
explicit use of the Levi-Civita connection.
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1. INTRODUCTION

In this paper we deal with the properties of 3-parametric robot manipulators (in
short robots) with parallel rotational axes. We describe motions of the robot effector
by using the theory of Lie groups and Lie algebras which is applied to the Lie
group E(3) of all orientation preserving congruences of the Euclidean space F3. By
the concept of an n-parametric robot we will understand the map Y 4, : R — E(3),
see [3], where the robot Y 4, is viewed as an immersed submanifold T 4 of the Lie
group E(3). We classify 3-parametric robots into four classes. The classification
criterion is the spherical rank of the robot, which is the number of independent
directions of revolute joints axes. Robots of the spherical rank 1 are robots whose
axes of revolute joints are mutually parallel and different.

The main aim of the paper is to introduce asymptotic robot motions. The notion
of asymptotic motions is connected with the theory of connections. On a pseudo-
Riemannian manifold (E(3) has pseudo-Riemannian structure), there is a canonical
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connection called the Levi-Civita connection. As a connection on the tangent bundle,
it provides a well defined method for differentiating all kinds of tensors. The Levi-
Civita connection is a torsion-free connection on the tangent bundle and it can be
used to describe many intrinsic geometric objects. For instance, a geodesic path, a
parallel transport for vector fields, a curvature and so on.

On the Lie group F(3) there is the Levi-Civita connection V induced by the Klein
form KL. If the restriction KL|y , is regular then there is the Levi-Civita connection
VonY A, such that V4 = %ﬁ"y—i—V, where V lies in the KL-orthogonal complement
to the tangent bundle 7Y 4, . If V = 0 then the motion on Y 4, is asymptotic, see [5].
We will introduce asymptotic robot motions without explicit use of the Levi-Civita
connection. A robot motion is asymptotic, if the Coriolis acceleration is tangential
to T.Y 4, . Obviously, robot motions with zero Coriolis accelerations are asymptotic.
We will introduce the notion of the Coriolis and Klein subspaces and show that they
are closely associated with asymptotic motions.

2. ASSUMPTIONS AND DEFINITIONS

Common commercial industrial robots are serial robot manipulators consisting of
a sequence of links connected by joints, see Fig. 1. Each joint has one degree of free-
dom, either prismatic or revolute. For a robot with n joints, numbered from 1 to n,
there are n+1 links, numbered from 0 to nn. The link 0 or n will be called respectively
the base or the effector of the robot. The base will be fixed (non movable). Joint ¢
connects links ¢ and i+1. We view a link as a rigid body defining the relationship
between two neighbouring joints. In the concept of the Denavit-Hartenberg conven-
tions, see [1], the base coordinate system Sy is firmly connected with the base. The
base axis zg is the axis o; of the 1st joint. The effector begins in the nth joint and

is firmly connected to the coordinate system S,,.

link 4—the efektor

joint 0—the base

Figure 1. n-parametric robot, n = 4.
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A congruence in the Euclidean space E3 is determined by the base coordinate
system Sy and by the effector coordinate system S,, in each position of the robot
(i.e., at time t). Therefore a motion of the effector determines a curve on the Lie
group E(3). We assume a fixed choice of the base orthonormal coordinate system
So = {050, Jg, ko} with respect to which we will relate all elements.

Let us recall basic facts about the Lie group F(3) and its Lie algebra e(3). Elements
of the Lie group F(3) will be considered in the matrix form 4 x4, which will be written

A P
in the form ( 0 1 ), where A is an orthogonal matrix of the form 3 x 3, det A =1

and P is a column matrix of the form 3 x 1 (a translation vector).

Let V3 be the vector space associated with the Euclidean space E'3 and let y(t) =
H(t) be a curve on F(3) which is going through the unit element I of the group E(3);
i.e., H(tp) = I, where I is the unit matrix. Then the motion of the effector point £
determined by the curve «(t) can be expressed by

S IS

where (z,y,2,1)T are the homogeneous coordinates of the point £ at to and
(z(t),y(t),2(t),1)T are the homogeneous coordinates of the point £ at any t.
The coordinates of the point L are related to the base coordinate system Sy.
A(t) is an orthogonal matrix; i.e., A(t)AT(t) = I, where AT(t) is the trans-
posed matrix to the matrix A(t). The inverse matrix to the matrix H(t) is

AT(t) —AT(t)P(t
H7 () = ( O( ) (1) ( )> We suppose A(tg) = I. The derivative of the
equation A(t)AT(t) =T at t = tgis A(to) = —AT (to); i.e., A(to) is a skew-symmetric
0 —ws3 w2
matrix. All skew-symmetric matrices have the form A(ty) = ws 0 —w
—Ww?2 w1 0
and we can associate them with vectors @ := (wi,ws2,w3) € V3. If we denote
PT(to) := b= (1, B2, F3), then the tangent vector
0 —ws w2 G
. A(to) Plto) w3 0 —wi fo
1 to) = H(tog) = =
W = = (57 e

0 0 0 O

of the curve (t) at t = to can be associated with the element (,b) = X € V3 x 13
and we call it the twist, see [7]. Hence the Lie algebra e(3) can be represented in
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the matrix form (1) or by twists in V5 x V3, where addition and the Lie bracket are
defined as follows:

k1(@1,b1) + ko (@, b2) = (k1w1 + koo, k1by + kabs),

[(@1,b1), (@2, b2)] = (T1 X W2, X by — Wy X by),

where (@,Ei) € Vs x Vs, ki € R, 2 =1,2 and X denotes the vector product in V3.
The line p determined by the point C, OC = (1/@?)w x b and by the direction ©
will be called the axis of the twist X = (@,b), @ # 0. If @ = 0, then the axis of the
element X = (0, b) is the line at infinity of the plane in the projective space Ps (Ps is
Es5 together with the points at infinity) which is perpendicular to the vector b.

In the algebra V3 x V3 we have the Klein form given by

def

KL(X3, Xo) : ~by + W - by,

where X; = (@y,b1), X2 = (@a,bs) are twists from V3 x V3 and the dot - denotes
the scalar product in V3. If KL(X7, X3) = 0, then the twists X7, X5 will be called
KL-orthogonal. The Klein form is a symmetric regular bilinear form.

A subspace A C V3 x V3 is called KL-orthogonal to a subspace B C V3 x V3,
if KL(X,Y) = 0 for every X € A and every Y € B. There is a unique subspace
AKX C V3 x V3 which is KL-orthogonal to the subspace A C V3 x Vz; i.e., if any
arbitrary vector subspace B is KL-orthogonal to A, then B Cc AX.

Definition 1. Let A C V3 x V3. The subspace K dg AN AX will be called the
Klein subspace of the space A. If K = A, then A is isotropic.

Let us recall that the matrix form of the exponential map from the Lie algebra e(3)
to the Lie group E(3), exp: e(3) — E(3), is given by exp(S) = Z =58", where

S € e(3) is the matrix of the form (1) and S™ is the nth power of the matrlx S. The
matrix exp(S) is a regular matrix, (exp(S))~! = exp(—S), for further properties
see [2]. For the motion determined by the curve v(t) = exp(t(@, b)), where (@,b) €
e(3) and exp is the exponential map, see [3], we have:

(1) If @ = 0, then the curve v(t) = exp(t(0,b)) determines a translation with
velocity b.

(2) If @ # 0 then the curve (t) = exp(t(, b)) determines a uniform screw motion
in E3 with the axis p of the twist (I, b), the angular velocity @ and with the
translation hw, where h = (@ - b)/@?, see Fig. 2.

If h =0 (i.e., w-b=0) then it is a rotational motion.
From the mathematical point of view, we can define a robot by the exponential
map which is applied to the elements of the Lie algebra e(3), see [3], as follows:
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Figure 2. Screw motion determined by exp (@, b).

Definition 2. Let X; € e(3), i = 1,2,...,n. Then a robot with n degrees of
freedom is a map Yx, .. x,: R® — E(3) given by

Tx,,...x,(U,uz, ..., uy) =expus Xy expuzsXa...expupXnp.

Let us deal with the velocity and the acceleration of an effector point £. Let
Tx,
of the effector be given by a curve y(t) = expu(t) X1 expuz(t)Xa ... expu,(t) X,

x,, be any n-parametric robot given by twists X1, Xo, ..., X,,. Let the motion

.....

H(t) and let L(to) be the homogeneous coordinates of the effector point £ at tg.
Then the homogeneous coordinates L(t) of the point £ at any ¢ are given by L(t) =
H(t)L(to). So its velocity is given by L(t) = H(t)H ' (t)L(t). The element H(t) de-
termines the tangent vector at H(t) and H(t)H~!(t) is a right translation by H~(t).
Then Y (¢) o H(t)H~(t) belongs to the Lie algebra e(3). The velocity of the mo-
tion L(t) = H(t)L(tyg) determined by H(t) at t; and the velocity of the motion
L(s) = exp(sY(to))L(to) determined by exp(sY(tp)) at s = 0 are the same. The

twist Y'(¢) is called the velocity operator or shortly the velocity twist.
Remark 1. For simplicity we will use u instead of w(t).

As H =expu1 Xy ...expu,X, we get

(2) Y = HH ' = inYi4+usYo+ ... + unY,

see [6], where Y7 = X1, V; = gi_lXigi:ll, gi—1 = expu1 X1...expu;_1X;_1 and
91:11 is the inverse element of g;—1, ¢ = 2,...,n. Elements Y; belong to the Lie
algebra e(3). The space A, (u) oo span(Yy,Ys,...,Y,) will be called the space of
velocity twists, where (u) = (u1,ua,...,u,). If dim A,(u) = n then we call the

point (u) regular or we say that the robot is in a regular position. If dim A, (u) < n
then we call the point (u) singular or we say that the robot is in a singular position.
If every point of the curve v(t) = H(t) C YTx,,. x, is singular then this motion
of the robot determined by the curve «(t) = H(t) will by called singular. A robot
Tx,,. . x, is of rank m if m is the maximal dimension of the velocity twists spaces;
ie, m= n(la)x{dim A, (u)}.

u
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Remark 2. In what follows we confine ourselves to n = m. Without loss of
generality we will assume that A, := span(X1, Xs,...,X,,) and dimA,, =n =m
is the rank of the robot. Then there is a neighborhood €y C R™ of the point
0 =(0,0,...,0) € R* that Tx, . x,lo, =t Ta, is an immersed submanifold of the
Lie group E(3) and (uq,usz,...,u,) is a local coordinate system of Y 4, .

Let us consider the acceleration of any effector point £. The velocity of the point £
at a time ¢ is determined by L(t) = H(t)H ' (t)L(t) = Y (t)L(t). Let us differentiate
the last equation. We get the relation for the acceleration of the effector point £
at the time t: L(t) = Y()L(t)+Y (t)L(t) = (Y (t)+Y (t)Y (t))L(t). The derivative

. n . . i—1
of the equation (2) is Y (¢t) = > 4, Yi+ > ;Y;, where Y; = > (9Y;/0uy)iy. All
i=1 i=1 k=1

elements Y; are in the matrix form, therefore we can use the Lie bracket in the matrix
form: [A,B] = AB — BA. Then we get Y, =0,7 = [Y1,Yi]u1+[Y2, Yi]de+ ... +
[Yio1,Yi]d;—1, i = 2,...,n. The acceleration of the point £ at any ¢ is of the form

L(t) = (Z it [Yi, Vi) + D iiaYi + YY)L(t), ki=1,...,n,

k<i i=1

n

see [6]. The expression Y. i;Y; represents the acceleration caused by joint accel-
i=1

erations ;, the expression Y'Y represents centrifugal or centripetal components of

acceleration and the expression Y, d;f > gt [Yr, Yi] stands for the so-called Coriolis
k<i
acceleration.
Definition 3. The subspace CA e span([Y1, Ya], [Y1,Y3], ..., [Yn-1,Ys]) of

the space e(3) will be called the Coriolis subspace.

Definition 4.
(1) If CA C A, (u) then the point (u) of the robot Yx, . x, will be called flat.
(2) If every point of the robot is flat then the robot will be called flat.
(3) If Yeo(u(to)) € An(u(to)) for a point u(tg) then the motion of the robot deter-
mined by the curve v(¢t) = H(¢t) will by called asymptotic at the point u(to).
(4) If Y,(t) € A,(u) for every t then this motion of the robot determined by the
curve (t) = H(t) will by called asymptotic.

Examples.
I. Robot motions with zero Coriolis acceleration are asymptotic. Then:
a) If only prismatic joints work then the robot motion is asymptotic.
b) If only one joint works then the robot motion is asymptotic.
II. If A, (u) is a subalgebra; ie., iff CA C A,(u) then (u) is flat and thus every
motion is asymptotic at (u).
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If A, (u) is a subalgebra or only translational joints work or just one joint works
then these motions will be called trivial asymptotic motions. In the next part we
will deal only with nontrivial asymptotic motions.

The base coordinate system Sy is connected with the 1st joint. Its axis zg is the
axis o of the first joint of the robot. The axis of the twist Y; = (@, b;) is the axis o;
of the ith joint. If the ith joint is revolute or helical then its axis is the axis of Y;. If

it is prismatic then the direction of its axis is b;, ¥; = (0, b;).

Remark 3. If X = (0,b) is translational then b is orthogonal to the plane (O, o)
where O is the origin of the coordinate system Sy and o is the axis of X.

We will deal with robots which have no helical joints. The capital letter R will
indicate a revolute joint, T a translational (prismatic) joint. Then, for example,
RRT denotes a 3-parametric robot the first and second joints of which are revolute
and the third is prismatic.

Definition 5. A robot T 4, is the robot of spherical rank r if r is the maximal
number of linearly independent directions of revolute joint axes.

It is obvious that 3-parametric robots have spherical rank 0, 1, 2 or 3. In the next
part we will deal with 3-parametric robots of spherical rank 1.

Remark 4. It is interesting to deal with the problem whether 3-parametric
robots Y 4, of spherical rank 1 lie within any subgroup of the Lie group E(3) the
dimension of which is less than 6. Common knowledge is that there is only one
connected 4-dimensional Lie subgroup Hy of E(3) (up to conjugacy), see [4], [8].
The subgroup H, is the group generated by a one parametric rotation around the
straight line (SO(2)) and all translations (R?), (i.e., Hy = SO(2) x R?). Hence
three parametric robot manipulators of spherical rank 1 belong to 4-dimensional Lie
subgroups. This fact does not affect our own work except that we know that all
Coriolis space elements of the 3-parametric robots of spherical rank 1 belong to the
Lie algebra hy of the Lie group Hy.

3. THREE PARAMETRIC ROBOTS OF SPHERICAL RANK 1

Now dim A3 = 3 and the revolute joint axes are parallel at any position u. There-
fore Y; is of the form Y; = (k;w,m;) where at least one of the k; is not zero.
We assume ||@]| = 1 and k; € {0,1}. We can always choose twists B; = (@, b1),
By = (0,b2), B3 = (0,b3), @- by = 0 in the space A3(u) = span(Yy, Y2, Y3) such that
As(u) = span(By, Ba, B3).

309



Remark 5. The robot T 4, is in a singular position iff dim As(u) < 3 and this
occurs iff by x bg = 0.

Let us determine conditions for an arbitrary twist B = t1 By + t2 Bs + t3B3 of the
space As(u), t1,ta,t3 € R to be a rotational or translational twist. A twist B is
rotational or translational iff KL(B, B) = 0 and this is equivalent to t;(t2(@ - by) +
t3(@ - b3)) = 0.

A twist B is translational iff t; = 0; i.e., iff B € span(Bs, Bs) def 7. Therefore
dim 7 < 2. In singular positions, dim7 = 1.

A twist B is rotational if and only if to( - by)+t3(@

b3)=0,t, #0. If@-by =0,
@ - by = 0 then there are no screw elements in Az(u); i.e.

, A, (u) — 7 is the space of
all rotational twists. If at least one number of w - 52, @ - by is not equal to 0 then
there is a two-dimensional space of rotational twists.

For example, if @- by # 0 then B = (t,,t1b1 + (bs — (W - b3 /@ - ba)ba)t3). The axes
of rotational twists generate a bundle of parallel lines with the direction @.

The matrix of the Klein form has the form

- by 0
by 0 0

KL|A3(u) =

w
w

in the basis By, Bz, B3. The rank of the Klein form is 0 or 2; i.e., KL| 4, is
singular.

The rank is 0 if and only if T-by = 0, T-bs = 0; i.e., if the vector @ is perpendicular
to def Span(gg,gg); i.e., if there are no screw elements in As(u). In this case the
Klein space is K = As(u); i.e., Ag(u) is isotropic and the robot is planar.

The rank is 2 iff the direction of the revolute joints axes is not perpendicular
to 79; i.e., at least one number @ - by, @ - bz is not equal to 0. Let us determine
the Klein subspace K. The twist B = t1B1 + to By + t3B3, t1,t2,t3 € R is KL-
orthogonal to As(u) if and only if KL(B, As(u)) = 0 and this is equivalent to t; = 0,
ty = k(W - b3), t3 = —k(@ - by), k € R. Therefore the Klein subspace is determined
by the element ¥ = (0, (@ - b3)by — (@ - b2)b3) (i.e., K = span(Y) C 7), its direction
is perpendicular to w and it belongs to 5.

Let us summarize the above considerations.

Proposition 1. Let T 4, be a robot of spherical rank 1. Then

a) if the direction @ of revolute joints is perpendicular to the space 1o of transla-
tional elements directions then the rank of KL| 4, is 0, the Klein space K is
K = As(u); i.e., A3(u) is isotropic and the robot is planar;
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b) if @ is not perpendicular to the space T then the rank of KL| 4, is 2 and the
Klein space K is K = span((0, (@ - b3)by — (@ - b2)bs)), K C 7 and its direction
is perpendicular to .

The Coriolis subspace is CA = span([B1, Bz], [B1, Bs), [Bz, Bs]), where [B;, Bs] =
(0,@x by), [B1, B3] = (0, x b3), [Bz, B3] = (0,0). It means that the elements of C A
are translational and their directions are perpendicular to @ and dim CA < 2. The
following cases are possible:

(1) dim CA < 1 if and only if (@ x by) x (@ x b3) = ((@ x by) - b3)w = 0 and this is
equivalent to @ - (by x b3) = 0. We have the following cases:

a) by x b3 = 0; i.e., the robot is in a singular position, dim7 = 1.

Let b3 = kby, k € R. Then Az(u) N CA # 0 if and only if @ x by = cby and
T X by #0, ¢ € R. Tt is impossible. Therefore A3(u) N CA = 0.

b) by x by # 0 and @ € span(bs, b3); i.e., the robot is in a regular position and
the vectors w, 52, 53 are linearly dependent. We can write w = 02524—0353,
c2,c3 € R. Then CA = span((0,b2 x b3)). The vector by x by does not
belong to T2, therefore CAN Az(u) = 0 and dimCA = 1.

(2) dim CA = 2 if and only if the position of the robot is regular (i.e., by x bz # 0)
and the direction w of the revolute joints axes is not complanar with the space 2.
It means that the vectors @ x by, @ X bs are linearly independent. The twists
[B1, Ba], [B1, B3] determine the basis of the Coriolis space C'A. This basis will
be called the canonical basis of the space C'A. In this case the space C'A is the
space of all translational elements, whose directions are perpendicular to the
direction of the revolute joints @. We have the following cases:

a) CA = 7. In this case, the vector @ is perpendicular to the space 7o;
ie.,w-by =0, w-bs =0 and the rank of the Klein form is 0. If CA = 1
then CA C As(u); i.e., As(u) is a Lie subalgebra. A reverse assertion is
also valid. If As(u) is a subalgebra then CA C Az(u), dim CA = 2 and the
elements of C'A are translational, therefore CA = 7.

b) CA # 7. In this case at least one of the numbers @-bo, @-b3 is not equal to 0
and the rank of the Klein form is 2. Now K = span((@-bs)Bs—(w-by)Bs) =
CAN As(u).

Let us summarize the above reflections.

Proposition 2. If a robot of spherical rank 1 is in a singular position or the
direction of the revolute joint axes is complanar with the space T2 in a regular position
then dimCA = 1 and CA N As(u) = 0. There are asymptotic motions with zero
Coriolis acceleration only in these positions.

If a robot of spherical rank 1 is in a regular position and @ ¢ 7o then dimCA = 2
and there are two cases.
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a) IfCA =15 C As(u); i.e., if @ is perpendicular to To; i.e., if Az(u) is a subalgebra
of e(3) then all motions are asymptotic in this position. The point (u) is flat.

b) If CA # 1 then CAN As(u) = span(Y') = K and there are asymptotic motions

with nonzero Coriolis acceleration in this regular position.

Revolute joints axes of spherical rank 1 robots are in all positions parallel, therefore
perpendicularity of revolute joints axes and prismatic joints is preserved. Therefore
if A3(u) is a subalgebra in one regular position then it is a subalgebra in all regular
positions. Then A3(u) is a subalgebra in a regular position iff A3 = span(X7, Xs, X3)
is a subalgebra.

3a. Robots with 2 prismatic and 1 revolute joints
There are the following possibilities with respect to the configuration.
a1) For RTT we have Y7 = (w,0), Y2 = (0,/m32), Y3 = (0,m3). Now B; = Y;,
Y;,Y;] = [Bi, By], i, = 1,2,3 and 7 = span(ma, m3).
ag) For TRT we have Y7 = (0,71), Yo = (w,ma), Y3 = (0,m3) and By = Y,
By = Y1, Y3 = Bs. Therefore [Yi,Ys] = —[By, Bs], [Y1,Y3] = [Ba, Bs),
[Y2,Ys] = [B1, Bs] and 1o = span(my,ms).
ag) For TTR we have Y; = (0,71), Yo = (0,m2), Y3 = (0, m3) and By =
Y3, By = Ys, By = Yi. Now [Y1,Ys] = —[Bs, B3], [Y1,Y3] = —[By, Bs],
[Ys,Y3] = —[By, B3] and 79 = span(mi1, Ma).

A singular position exists only in the case TRT provided there is us(tg) = Uz such
that oy (to) || 03(to), i.e., ba(to) x bz(to) = 0. This is possible iff Z(01,09) = Z(02,03).
As(u) is a subalgebra iff CA = 75 in a regular position is valid and this is possible
iff T-by =0, w-bg = 0 in a regular position, so we have the following statements.

Proposition 3. All positions of robots RT'T, TTR are regular.

There are singular positions in the case of TRT iff /(01,02) = / (02, 03).

As(u) is an algebra iff the axis of the revolute joint is perpendicular to the axes
of the prismatic joints in a regular position.

Remark 6. Robots RTT, TTR are homogeneous spaces, see [4]. In the
case TRT, this robot is a homogeneous space if As is a subalgebra (the planar
robot).

Let us investigate asymptotic motions of robots RTT, TRT, TTR. In the case
when As(u) is a subalgebra then all motions through the point (u) are asymptotic.
We have the following cases:

(1) In a singular position; i.e., only for TRT, when M3 = ¢y, ¢ € R, the sub-
space CA is defined by [Y7,Ys] = (0,—w x m1), [Y1,Y3] = (0,0), [Y2,Y3] =
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(0, co x m1) and the Coriolis acceleration is

Vo= iy[Y;,Yj] = (—iiz+civnivs) (0,0 x 1),
1<J

where @ x i # 0.
A motion is asymptotic at a singular point u(tg) if and only if

ug(to)(—ﬂl(to)—f'cag,(to)) = 0;

ie., U2(tg) = 0 so that the revolute joint is not working at ¢y or the joint
velocities of the prismatic joints satisfy the relationship 1 (to): us(to) = c.

If every position of the robot motion is singular (i.e., u2(t) = tia = const, iy = 0)
then this motion is the trivial asymptotic motion (only prismatic joints work).

Proposition 4. A motion of the robot TRT is nontrivial asymptotic in singular
position u(to) iff all joints work and the joint velocities of the prismatic joints satisfy
the relationship 11 (to) : 4s(to) = c¢. The singular motion of the robot TRT is trivial
asymptotic.

(2) Let us investigate asymptotic motions of the robot in a regular position
when the subspace C'A is one-dimensional. We know that w = Cobatcsbs
and CANAz(u) = 0. A motion is asymptotic when the Coriolis acceleration
Y. = 3 4,;1[Y;, Y] = 0 and this occurs
ap) if u1u2(0, —cgTia X M3) +1113(0, cofie X Mg) = 0; i.e., U (—uacsz+izce) =0

in the case of RTT,
ag) if u1u2(0, 3y x M3) + tet3(0, oy X M3) = 0; i.e., t2(t1c3+izes) = 0
in the case of TRT,
ag) if 1103(0, —c3my X Ma) + U3 (0, comy x Ma) = 0; i.e., uz(t1c3—tuace) =0
in the case of TTR.
In the cases of RT'T, TTR, if the equation & = cybo+c3bs is valid in one position
then it is valid for all positions.
In the case TRT, the equation @ = coby + c3bs, co-c3 # 0 is valid only if the
3rd axis turns around the axis 02 to the position complanar with the axes o1,
02 (i.e., the directions of the joint axes are linearly dependent). If ¢5 - c3 = 0;
i.e., 03 || 02 or 01 || 02 then the equation @ = cobs + c3b3 is valid for all positions
of the axes.
Let us recall that we are interested only in nontrivial asymptotic motions. Then
the Coriolis acceleration is zero in the case RTT if —oc3 + ti3co = 0, in the
case TRT if ©1¢3 + 1t3co = 0 and in the case TTR if —t1¢3 + tioco = 0. We have
the following cases:

313



a) Let c3 - c3 # 0 at (u). Then a motion through the point (u) is nontrivial
asymptotic iff all joints work and the joint velocities of the prismatic joints
satisfy the relationship cs : c¢3 in the cases RTT, TTR and —cs : c¢3 in the
case TRT.

b) Let ¢2-c3 = 0 at (u). Then a motion through the point (u) is nontrivial
asymptotic iff the revolute joint and only the prismatic joint whose axis is
parallel to the axis of the revolute joint, work.

Proposition 5. Let Y 4, be a robot of spherical rank 1 with two prismatic joints

and let the directions of the joint axes be linearly dependent at u(to); i.e., @ =
0252 + 0353. Then:

a)

b)

The zero Coriolis acceleration is a necessary condition for the motion to be
asymptotic at u(ty).

In the case that no two axes of joints are parallel at (u): a motion through the
point (u) is nontrivial asymptotic iff all joints work and the joint velocities of
the prismatic joints satisfy the relationship co : c¢3 in the cases RTT, TTR and
—cg : c3 in the case TRT.

In the case that the axis of the revolute joint is parallel to one axis of a prismatic
joint: a motion is nontrivial asymptotic iff the revolute joint and only the
prismatic joint whose axis is parallel to the axis of the revolute joint work.

Let us investigate asymptotic robot motions in a regular position, when

dimCA = 2 and As(u) is not a subalgebra. Then CANAz(u) = K =

span(((@W-b3) By — (w-bo)B3)); i.e., the equation (@-b3)by — (W-ba)bs = ka(@ x

ba) + k3(@ x b3), ko, ks € R, is valid.

In this case the motion is asymptotic at the point (u) if and only if

ay) for RTT 4q12(0, @ x M) +u113(0, 0 x m3) = A0, ke (w0 xT2) + k3 (@ x m3)),
A€ R ie., Ut = ko, U1tg = k3,

ag) for TRT 4y12(0,w x M)+ 2130, xm3) = A0, ka(w x 1) + k3 (@ x m3)),
A€ R; e, @t = ko, Gotis = k3,

ag) for TTR w113(0,w x 1) + otz (0,0 x M) = A0, ko (w0 x 1) + k3 (@ x Ma)),
A€ R ie., U1tz = ko, Gatis = k3.

We summarize the previous results.

Proposition 6. Let Y 4, be a robot of spherical rank 1 with two prismatic joints

and let the directions of the joint axes be independent at tg; i.e., W #* Coba+csbs.
Then:

A motion is nontrivial asymptotic at tg iff joint velocities at ty satisfy w1ty = ko,
w1tg = ks for RT'T, w119 = koA, totis = ks for TRT and 113 = ko, gtz = ks
for TTR, where A € R and ko, k3 are the coefficients of the linear combination of
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Y = (0, (@ - b3)by — (@ - by)bs) in the canonical basis of the Coriolis space. If these
relations are true for any admissible t then the motion is asymptotic.
In this case there are nontrivial asymptotic motions with nonzero Coriolis accel-

eration.

3b. Robots with 1 prismatic and 2 revolute joints
Let £ be the plane determined by the axes of the revolute joints. There are three
possibilities with respect to the configuration.
b;) RRT: then Y7 = (@,0), Yo = (w,m2), Y3 = (0,Mm3), where ma # 0 and
@-my =0. Now By =Y; = (©,0), By = Yo—Y; = (0,by = T2), B3 = Y3 =
(0,b3 = 3). We know (see Remark 3), that the vector 75 is perpendicular
to the plane £&. We have [Y1,Ys] = [B1, Bo|, [Y1,Ys] = [B1, Bs), [Y2,Y3] =
[B1, B3] and 15 = span(z, ms).
by) RTR: then Y; = (0,0), Yo = (0,m2), Y3 = (0, m3), where Tz # 0 and @ -
m3 =0. Now By = Y] = (@,0), By = Yo = (0,72), By = Y3—Y; = (0,b3 =
m3). The vector M3 is perpendicular to the plane £. We have [Y7,Ys] =
[B1, Bs, [Y1,Y3] = [B1, B3], [Ya,Y3] = —[Bi1, Bs] and 72 span (g, ms).
bs) TRR: then Y; = (0,m1), Y2 = (w,ma), Y3 = (0, m3), My # M3, @ -
me =0, w-m3 =0. Now By = Yo, By = Y7, Bg = Y3—Y5. It is easy
to show that the vector ms — my is perpendicular to the plane £&. We
have [Y1,Ys] = —[B1, Ba], [Y1,Y3] = —[B1, B2, [Ya,Ys3] = [B1, Bs] and
To = span(my, M3 — Ma).

So we have

Proposition 7. Let £ be the plane determined by the axes of the revolute joints.
The space 1o of the directions of the translational velocity elements is generated by
the direction of the prismatic joint and the normal vector of the plane €. If the axis
of the prismatic joint is perpendicular to the plane £ then the robot is in the singular
position. The robot has a singular position iff Ag is a subalgebra.

The subspace As(u) is a subalgebra iff the axes of the revolute joints are perpen-
dicular to the axis of the prismatic joint in a regular position.

In the next part we will investigate asymptotic robot motions of RRT, RTR, TRR.

If A3(u) is a subalgebra then all motions through the point (u) are asymptotic. Let

7¢ be the normal vector of the plane £. By our previous considerations we have the
following cases:

(1) Let u(to) be a singular position (As is a subalgebra). Then 7 = span(7¢) and

As(u(to)) is not a subalgebra. We have at to: for RRT, M3 = ¢, 0 # ¢ € R,

Y. = (a1t + c(nis + tois3))(0,@ X My), @ - My = 0 for RTR, M3 = cmo,
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0#ceR, Y, = (tty + ciyis — tis)(0,T x My), @ - Mo = 0; and for TRR,
Ts—Tmy = ¢y, 0 # ¢ € R, Yo = (1 tio 41113 —ctintiz ) (0, T x 71 ), @-71y = 0. We
know that a motion is asymptotic at a singular position u(tg) only if the Coriolis
acceleration is zero. A singular motion (u2(t) = uz2(tg) = const, us(t) = 0) can
be only trivial asymptotic when only one joint works. Thus we get

Proposition 8. Let T 4, be a robot of spherical rank 1 with two revolute joints.
Then a motion is nontrivial asymptotic at the singular position u(ty) iff at to all
Jjoints work and for RRT, RTR, TRR we have (t1ts + c¢(u1ts + tatg)) = 0, (w12 +
clntz —Uotiz) = 0, (01U +1U1us — cligts) = 0 at tg, respectively. The singular motion
is trivial asymptotic.

(2) Let us assume that u(tp) is a regular position, @ € 7o and As(u) is not a
subalgebra. Then w = cim + cafig, c1, c2 € R, ¢1 # 0, where m is the direction
of the axis of the prismatic joint and n¢ is the normal vector of the plane &.
The axis of the prismatic joint is parallel to the axes of the revolute joints iff
ce = 0. This position does not vary to time. If the axis of the prismatic joint
is not parallel to the axes of the revolute joints then always us = w2, when
W = c1m + cale.
b1) For RRT: if @ = 3 then Y, = t112(0,@ x My), @ - M = 0 for every (u).
If @ # m3 then there is the position so that the axis o3 turning around
the axis 0o gets into the position complanar with the space span(w,ms);
ie., Mz = 1@ + cofitg. Then Y, = (tyty 4 ¢tz + cotiotiz)(0,T X a).

b2) For RTR: if @ = 7y then Y, = 0113(0,@ x 7i3), @ - g = 0 for every (u).
If @ # o then there is the position so that the normal 773 of the plane £
is complanar with the space span(w,ms); i.e., M3 = 1@ + coma. Then
Y, = (it + cotiytis — t903) (0, X ).

b3) For TRR: if 7i; = @ then Y, = upu3(0,T x (3 — M), for every (u). If
M1 # w then there is the position so that the normal 773 —79 of the plane £
is complanar with the space span(w, m ); i.e., i3 —Ma = c1w+comy. Then
Y, = (G110 4 1173 — ¢20213) (0, @ % 771 ). We know, see Proposition 2, that
in the case when @ € 7 the motion is asymptotic iff Y, = 0. We get

Proposition 9. Let T 4, be a robot of spherical rank 1 with two revolute joints
and let the axis of the prismatic joint is complanar with the space span(w, ig) at to,
i.e. m = c1w + cong. Then we have:

a) The zero Coriolis acceleration is a necessary condition for a motion to be asymp-
totic at tg.
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b) A motion of the robot Y 4, is nontrivial asymptotic at the point u(to) iff in the
cases of RRT, RTR, TRR the equalities (i1 + cal1ts + catiatiz) = 0, (U172 +
Colipuy — Ugtg) = 0, (U1t + U113 — catiotiz) = 0 are valid at tg, respectively.

¢) A motion of the robot Y 4,, whose all axes are parallel to each other (ca = 0),
is nontrivial asymptotic iff the prismatic joint and only one revolute joint work.

(3) Let dimCA = 2 and let As(u) be not a subalgebra. Then CAN Az(u) = K is
the Klein subspace, K = span(Y), Y € 7 and the direction of " is perpendicular
to @. A motion is asymptotic at the point (u) iff @1as[Y7, Ya| + @1us[Y1, Y3] +
UgtisYa, Y3 = AY, A € R. We get
by) for RRT: [Ya, Y3] = [Y1, Y3] and [Y1, Y2], [Y1, Y3] are the basis elements of the
space CA and Y = ko [Y1,Y2] + ks[Y1,Y3), ko, ks € R. Then the motion is
asymptotic iff 1102 [Y1, Ya|+ (t10s+ious)[Y1, Ya] = A(ke[Y1, Ya|+ks3[Y1, Y3])
and this occurs and only if @1ty = Aka, (11 + U2)us = Aks.

bse) for RTR: [Ya,Y3] = —[V1,Y2] and [Y3,Ys], [Y1,Y3] are the basis elements
of the space CA and Y = ko[V1,Ys] + ks[Y1,Ys], ko, ks € R. Then the
motion is asymptotic iff (g te —tots)[Y1, Ya]+a103[Y1, Y] = A(k2[Y7, Ya]+
k3[Y1,Y3]) and this occurs if and only if 4s(iy — @3) = Aka, Uyus = Aks.

bs) for TRR: [Y1,Y3] = [Y1,Y2] and [Y3,Ya], [Y2,Y3] are the basis elements
of the space CA and Y = ky[V1, V3] + k3[Ya, V3], ko, ks € R. Then the
motion is asymptotic iff (i te+uq103)[Y1, Ya]+02ts[Yz, Y] = A(k2[Y1, Y3]+
k3[Ya,Ys]) and this occurs if and only if 41 (g + 13) = Aka, Gots = Aks.

So we have

Proposition 10. Let Y 4, be a robot of spherical rank 1 with two revolute joints
and let the axis of the prismatic joint be not complanar with the space span(w, 7¢)
at to, i.e. M # c1w + caMe. Then a motion is asymptotic at tq iff the joint velocities
at to satisfy u1te = ko, (11 + G2)tg = ks for RRT, ug (g — tg) = Ak, tyus = Aks
for RTR and @ (tg +13) = Aka, ti2tis = Aks for TRR, where A € R and ko, k3 are the
coefficients of the linear combination of Y = (0, (- b3)by — (@- by)bs) in the canonical
basis of the Coriolis space C A. If these relations are true for any admissible t then
the motion is asymptotic.

In this case there are nontrivial asymptotic motions with nonzero Coriolis accel-

eration.

3c. Robots with 3 revolute joints
These robots have the axes of the joints parallel and different from each other (the

robots are planar). The elements Y; satisfy Y7 = (,0), Yo = (&0, m2), Y3 = (&, m3),
W-me =0, w-m3 =0, My # M # 0. Let us denote the planes & = (01,02) and
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& = (01,03). Then T is the normal vector to the plane ¢ and 73 is the normal
vector to the plane £35. For the elements B; we have By = Y1, By = Y, — Y] =
(0,by = T2), By = Y3 — Y1 = (0,b3 = Ti3). Because 72 = span(ma,m3), @- 1 = 0
and [Y1,Ys] = (0, x ma), [V1,Y3] = (0,0 x m3), [V1,Y2] = (0,0 x M3 — @ X M2)
we conclude that As(u) is a subalgebra in a regular position. If the plane £3 turning
around the axis 0y coincides with the plane &5 then the robot is in a singular position
at to; i.e., m3 = ¢ma, ¢ € R. In regular positions we have dim CA = 2 and all motions
are asymptotic while dim CA = 1 in singular positions and the Coriolis acceleration
satisfies Yo = 1y (1 + ciiz)(0, T x ).

Proposition 11. Let RRR be a robot the revolute joint axes of which are parallel.
Then its position u(ty) is singular if all axes of the joints lie in a plane. As(u) is a
subalgebra in the regular position and K = As(u). As(u) is not a subalgebra in the
singular position. A motion through the singular position uz(ty) = i is asymptotic
at ua(tp) = o

a) if the 1st joint does not work or
b) the ratio of the joint velocities of the 2nd and 3rd joints at to is —c.

A singular motion (uz(t) = ti2) can be only trivial asymptotic.

Let us present a survey of all nontrivial asymptotic motions of the robots of spher-
ical rank one.
1. The robots with one revolute joint (RTT, TRT, TTR).

a) Let the directions of the joint axes be dependent (i.e., @ = coby + c3b3) and
let cocs3 # 0 in the cases RTT, TTR. Then a robot motion is nontrivial
asymptotic iff all joints work and the ratio of the joint velocities of the
prismatic joints is ¢ : c3.

b) Let the axis of the revolute joint be parallel to one axis of the prismatic
joint (i.e., cacs = 0). Then a robot motion is nontrivial asymptotic iff the
revolute joint and only the prismatic joint whose axis is parallel to the
revolute joint axis work.

¢) Let the directions of the joint axes be independent (i.e., @ # coba + c3b3).
Then a robot motion is nontrivial asymptotic iff the joint velocities satisfy
for any admissible t: 1t = koA, uituz = ks for RTT, wius = ko,
otz = ks for TRT, @1t = ko, 1otz = ks for TTR, where ko, k3 are the
coefficients of the linear combination of the Klein direction in the canonical
basis of the Coriolis space.

2. The robots with two revolute joints (RRT, RTR, TRR).

a) Let the joint axes be parallel. Then a robot motion is nontrivial asymptotic

iff one revolute joint does not work.
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b) Let the axis of the prismatic joint be not complanar with the space
span(w, 7). Then a robot motion is nontrivial asymptotic iff for the joint
velocities and any admissible ¢t we have: d1te = Ak, (U1 + G2)ts = Aks
for RRT, (i — ug) = Aka, G103 = Aks for RTR and uq (4g + i3) = Aka,
gtz = Akz for TRR, where ko, k3 are the coefficients of the linear com-
bination of ¥ = (0, (@ - b3)by — (@ - by)b3) in the basis of the Coriolis
space.

3. The robots with three revolute joints (RRR).
In this case, there are only trivial asymptotic motions.
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