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UNILATERAL CONTACT PROBLEMS WITH GIVEN FRICTION
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Abstract. A unilateral contact 2D-problem is considered provided one of two elastic
bodies can shift in a given direction as a rigid body. Using Lagrange multipliers for both
normal and tangential constraints on the contact interface, we introduce a saddle point
problem and prove its unique solvability. We discretize the problem by a standard finite
element method and prove a convergence of approximations. We propose a numerical
realization on the basis of an auxiliary “bolted” problem and the algorithm of Uzawa.

Keywords: unilateral contact, Tresca’s model of friction, mixed variational formulation,
Uzawa algorithm
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INTRODUCTION

Unilateral contact of elastic bodies has been modelled in terms of displacements
by many authors (see e.g. [9], [14], [16], [12] and the literature therein). The weak
variational formulation leads to elliptic variational inequalities. If a given friction
(Tresca’s model) has to be considered, a non-differentiable term appears in the in-
equality, making the approximate solution more complicated. A remedy can be
a mixed variational formulation of the problem which employs Lagrange multipli-
es ([8], [9], [10], [11], [12], [17], [2])-

Piecewise linear finite elements are used for the approximation of displacements, as
a rule. Lagrange multipliers, which can be interpreted as components of the contact

The research was supported by the grant 201/04/1503 of the Grant Agency of the Czech
Republic, the grant FT-TA /087 of the Ministry of Industry and Trade of the Czech
Republic and by the Academy of Sciences of the Czech Republic, Institutional Research
Plan No. AVOZ 10190503.
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stress vector, are approximated either by piecewise constant functions ([8], [9], [10],
[11]), or by piecewise linear functions as in [2].

The present paper seems to be the first attempt to analyse the mixed variational
formulation of semi-coercive unilateral contact problems with given friction. Indeed,
any of the papers mentioned above deals with either a primal formulation (i.e., in
terms of displacements) for semi-coercive problems ([9], [14], [12]) or mixed formu-
lation for a coercive problem ([8], [10], [11], [12], [17], [2]). The only analysis of
the mixed finite element method of semi-coercive problems was presented in [15] for
a contact with zero friction. In [3] numerical experiments were displayed for a re-
lated semi-coercive problem, though the theory was restricted to coercive frictionless
unilateral contact problems.

Section 1 of the present paper is devoted to a primal variational formulation of
a semi-coercive unilateral contact problem with given friction, following [14]. We
deduce sufficient conditions for the existence and uniqueness of a weak solution. A
mixed variational formulation of the same contact problem is introduced in Section 2
in the form of a saddle point problem.

In Section 3 we propose and analyse a discretized saddle point problem. Standard
spaces of linear shape functions on regular triangulations are used for displacements.
Traces of these spaces on the contact interface are employed for the first Lagrange
multiplier (normal contact force), following [2], [3], whereas piecewise constant ap-
proximations are used for the second multiplier (tangential contact force), as in [8],
(9], [10], [11], [17].

Proofs of existence and uniqueness of a saddle point are given on both the continu-
ous and the discretized level. Section 4 contains a convergence analysis for the mesh
sizes tending to zero. We prove that the approximate displacements converge in the
H'-norm, the approximate tangential Lagrange multipliers converge in L> weakly
star, whereas the approximate normal multipliers converge in a functional sense. We
do not use any additional assumption about a regularity of the exact solution.

To establish an effective numerical realization of the discretized saddle point prob-
lem, we introduce an auxiliary contact problem in Section 5, assuming that the two
bodies under consideration are “bolted” together at a suitable nodal point of the
interface (see [7], [15]). Then we propose and analyse an algorithm of Uzawa for
the “bolted” saddle point problem. We show in Section 6 that the iterations of the
algorithm can be constructed for every single elastic body separately, as in [15].
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1. PRIMAL VARIATIONAL FORMULATION

Let us consider two elastic bodies occupying bounded domains Q! and Q2 of R?
with Lipschitz boundaries 9QM, M = 1,2. We assume the stress-strain law
Tijy :ci\;’[kmgljc\{na ivjakam: 1,2,

where 1
ai‘fn = 5(81},@”/8:1:7” + 8Un]‘f/8$k),

v,i” are components of the displacement vector,

M oM M _ M  _ M
Ciskem € LX), Cjkm = Chmij = Cjikm

M
Ciikm&igkm = c0&ij&ij

holds for a.a. z € QM and for all symmetric matrices (¢;;). Henceforth we use the
summation convention (any repeated subscript implies summation within {1,2}).
Let

Tu(v) = 7 ()3, T(v) = 7 ()ni"15

denote the normal and tangential components of the stress vector TM(v) =
i (v)nd.

Let the body Q! be fixed on a closed part I, C 9Q', where measI,, > 0. The
body ©? has bilateral contact conditions v;n? = v-n? = 0, Ty(v) = 0 on a (closed)
part Ty C 092 with measIy > 0. Let Iy be contained in straight lines parallel with
the xo-axis. We denote by

L. = 90! N oN?

the common part of the boundaries and assume that measT. > 0 and I. N T, = (.
Let surface loads P!, P? be prescribed on the remaining parts of Q! and 902,
respectively.
On T, we consider a unilateral contact with given friction (i.e. Tresca’s model of
friction) as follows:

[vn] <0, Tn(v) <0, [v,]Th(v)=0,
Ti(v)| < g, [Ti(v)] <g = [vi] =0,
|T:(v)| = g = there exists © > 0 such that [v¢] = —OT}(v),

where

nt 402 on? v =0t -t 0?12
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nM and tM, M = 1,2, are unit outward normal and tangential unit vectors, respec-
tively; g is a given slip limit.

Next, we introduce a variational formulation of the equilibrium problem, i.e.,

ot (v)/ox; + FM =0 i QM M=1,2,
TMw)y=pP" on L}, M=12,

where I} = 901\ (I, UT.), T2 = 992\ ([, UT,) and i = 1,2.
We define the spaces of virtual displacements:
Vi={ve [H'QY)?*: v=00nT,},
Vi={ve [H (Q*]*: v-n®*=0onTp},

V=V!xV?
the bilinear forms
aM(u,v) = cf\fkmsff(u)eﬁfn(v)dz, M=1,2,
Q

a(u,v) = a' (u,v) + a®(u,v)

and the functionals

s = Y s¥o= ¥ ([ mettans [ patas),

M=1,2 M=1,2

j(v) = / gl[vr]| ds.

c

Let us define the following set of admissible displacements:
K={veV: [v,] <0onT.}.
We say that u € K is a weak solution of the primal problem, if
(1.1) a(u,v—u)+jw) —j(u) =2 Swv—u) Vvelk
Let us introduce the subspace of rigid bodies displacements

R ={ve [H' Q)] x [H'(Q*): Jv|' =0},

(1.2) ] = ( > /Q eM(v)el (v) d:c)l/Q.

M=1,2



By assumptions on I', and I}y, we infer
(1.3) RNV ={o=(c"0"): o' =(0,0), 0> = (0,a), a€ R'}.

Obviously, we have

(1.4) RNK={o= (0", 0%): o' =(0,0), 0> =(0,a), a >0}
provided
(1.5) ny >0 holds on T..

Throughout the paper, we assume that

FMerr@), pMerL*r)), gelL>I.), g

WV
o

Theorem 1.1. Assume that
(1.6) S(y) <ijly) YyeRNK\{0}.
Then there exists a weak solution of the primal problem. If
(1.7) [S(w)| > j(w) VweRNVA{0},
there exists at most one solution.

Proof is based on a slight generalization of Theorem 1.4 of [16, Chapter 13].
(See also [14, Theorem 4.1].) O

Corollary 1.1. By the above assumptions on I'y, Iy and by (1.5) we infer that
(1.6) is satisfied if and only if

V%E/ F22d$+/ P22d5</ glta| ds.
Q2 r2 T.

Condition (1.7) is satisfied if and only if

V2| > / glt2] ds.

c

As a consequence, there exists a unique solution, if

Vi< —/ glta| ds.

c

Remark 1.1. Domain decomposition method and piecewise linear triangular
finite elements have been applied to the solution of the primal problem in [4].
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2. MIXED VARIATIONAL FORMULATION

The main goal of computational mechanics in contact problems is the displacement
field and the stress field. In particular, the normal and tangential components of the
stress vector on the contact are of great importance. To this end, a mixed variational
formulation of the contact problem may serve, which has both the displacements and
the stress vector components on the contact involved as the pivot variables. At the
same time, the mixed formulation transforms the non-differentiable term j(v) into a
differentiable functional by means of Lagrange multipliers. A mixed finite element
analysis of a coercive Signorini problem with given friction was presented in [8], [9],
17, [10], [11], [2)-

In the present paper, we analyse a suitable variant of the mixed finite element
method for a semi-coercive unilateral contact problem of two elastic bodies, consid-
ered in Section 1.

First, we have to introduce some auxiliary definitions and lemmas.

Definition 2.1. Let us define a mapping §: V — L*(T.) x L*(T%.) by

v = ([vn], [v4]).
We denote W =W x W = §(V) so that [v,] € W, [v] € W, 0v € W. To define the

norm in W, we introduce

1/2
(2.1) mw[w +§jvwmw]

(see (1.2) for the seminorm |v|") and

2.2 = inf .
(22) Il = ,_jnt__ el

Remark 2.1. If the intersection I, = 90! N 90?2 is sufficiently smooth, then
W = H'/2(T,.) x H'/2(T..). If the arcs of T. are polygonal, these spaces are not equal,
but only isomorphic.

Definition 2.2. Let us define the space
H(div, Q) = {(3)2,-1 € [LX@]* x [LX(@)]*: o3 = 0,
dive™ = (of] ;031 5) € [L*(QY))?, M =1,2}
with the scalar product

2

(2.3) (0, ") @, = O od 75 o.am + (05 Tk )o.an]
M=1

where o)} = 0o} /0x; (and Q = Q' UQ?).
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Remark 2.2. The space H(div,Q) with the scalar product (2.3) is a Hilbert
space.

Lemma 2.1 (Green’s formula). Let W denote the dual space with respect to W.
There exists a unique mapping T = (T,,,T}) € L(H (div, @), W') such that

M

(2.4) (75 i (0™))o,0r + (751, 01 o, 0] = (T(7), 60)

=
o

(T, [on]) + (T, [ve]) V7 € H(div,Q), Yv € V.
Moreover, T maps H (div, Q) onto W' .
Proof is aslight generalization of those in [1] or [8]. O

Lemma 2.2. Given any p € W, let u(u) denote the solution of the following
auxiliary problem: find u = u(u) € V such that

2
(2.5) Z [(ei; (UM)»Eij (UM))O,QM + (Uy»UzM)o,szM] = (u,6v) Vv eV.
M=1

Then
(2.6) l[allwe = fluC)ll-
Proof. Let 7 € H(div,Q) be such that ;x = T(7). By Lemma 2.1 we have
Z[(Tglagij(vM))o,QM + (T%j’viM)O,QM] = (u,6v) YveV
M

so that
(1, 0) < 7l E(aiv.@ V]l

holds for all v € V such that v = ¢ € W.
Making use of the definition (2.2), we obtain

(27) ||,U,||W/ < ||T||H(div,Q) V1 e H(le,Q), —U—(T) = W

Let u = u(p) be the solution of problem (2.5). Then

o =e(u(p) € H(div, Q),

1/2
(2.8) |o|H<div,Q>=( [(#(uxa%(u»o,w+<u£”,u£”>o,m4) — Ju(w)]
M=1

31



follows from Green’s formula (2.4) for v € [C§°(21)]2x [C§°(92?)]? and (2.5). Inserting
v = u(p) into (2.5), we infer

(. 8u(p) = lu()I* = llo | maiv.@ el = lloll .o l0u(w)lw.,

using also (2.2). As a consequence,

(2.9) lellw = lloll #aiv,Q)-

The assertion (2.6) follows from (2.7), (2.8) and (2.9), since pu = T (o). O
For a suitable mixed variational formulation of the contact problem under consid-

eration we shall need the set of Lagrange multipliers M = M,, x M, where

My, = {pn € W pp >0 on I},
My = {p € L*(T.): |u] < 1 ae. on suppg, ¢ =0 on I\ supp g}.

Let us define
b(p, v) = (pn, [vn]) + (gp2e, [ve])o .
and the Lagrangian

L(v,p) = %a(v, v) —S(v) + b(w,v).

Instead of the primal problem (1.1) we will solve the following saddle point prob-
lem: find a couple (w, \) such that w € V, A € M and

(2.10) L(w, 1) < L(w,\) < L£(v,\)
holds for all 4 € M and v € V.

Theorem 2.1. Let assumptions (1.6), (1.7) be fulfilled. Moreover, let —T,(u) €
M., hold for the solution u of the primal problem, T.NT, =0 and T, N Ty = §.
Then there exists a unique saddle point (w, A) € V x M, w coincides with u and

An = —Tn(u), gh =—-Ti(u).

Proof. An equivalent formulation of (2.10) is represented by the following
problem: find (w, A\) € V x M such that

(2.11) a(w,v) +b(A\,v) =Sv) Vvey,
(2.12) blp—Xw) <0 YyueM.
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Let us observe that Green’s formula from Lemma 2.1 can be extended to cover the
whole boundaries 9Q' U 9902, by replacing V by [H'(21)]? x [H'(2?)]?, as follows:

2
(2.13) DL e M))oan + (7 Mo, 0m]
M=1
2
Z noam + (TM (1), v ) oqm]

M=1
V7 = H(div,Q), Yo e [H'(QY)]? x [H'(9?)]?,

where
M7y e W(0QM), TM(r) e W'(QM), oM M c W (oOM).

Equation (2.11) can be rewritten as

(M (w), e (0M))o.00 + (A [vn]) + (g [0e] o,

M=1

2
= Z [(FM, v})o,0m + (PiManM)o,F;W]-
M=1

Setting 7 = 7(w) in (2.13), we obtain

2
(2.14)  a(w,v) = — Z (T%j(w),vy)oﬂM
+ ) UL (w), vphaanm + (T (w), v} aau] Vo e V.

Let us insert (2.14) into (2.11). Choosing v™ € [C5°(2M)]2, we obtain
0

7wy =FM in QM M =12

2 1 .2 1
—vs, vy = v; = 0 on I'. and suppwv,, C I,

If we choose v € V such that vy =
0, so that T}(w) = T2(w) follows. We infer

we obtain (T} (w) — T2 (w),v})
THw) = T (w) likewise.
If we choose v € V such that v™ =0 on I‘;V[ and v = 0 on I}, we obtain

1
n

(215) )\n = —Tn(w), g)\t = —Tt(w).
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Choosing pr = A+ and p, = 0, p, = 2A, in the inequality (2.12), we arrive at
(2.16) Ay [wn]) =0, (i, [wn]) O YV, € M,

As a consequence, [w,] < 0 on I, so that w € K. The choice p, = A, in (2.12)
yields
(gpe, [we))or, < (gAe, [we])or, Ve € M.

Choosing p; = signfw;], we obtain

(2.17) Jw) = (9. Do, < (@he fwdlor..

Using (2.16), (2.17), (2.11) and the definitions of M,,, M}, we arrive at
a(w,v —w) +j(v) = j(w) = S(v-w) Vvek

As a consequence, w is a solution of the primal problem and since this solution is
unique, w = u. Using also (2.15), we conclude that there exists at most one saddle
point (w, A).

Conversely, let u € K be the solution of the primal problem and —T),(u) € M,,.
Then u € V, (=T, (u), —T(u)) € M,, x M;. Indeed, following the arguments of [8],
we infer

|T:(u)] < g ae. on ..

Let us verify conditions (2.11), (2.12). By the formula (2.14), where w is replaced
by u, we obtain

(2.18) —rw)y=F" QY M=12,

setting v = u £ ¢, M € [C5°(QM)]2. Choosing v = u + 2z, where 2! =0 on T, UT.
and z? = 0 on Iy UT, and using (2.18), we arrive at

(2.19) T (u)=P" on LM, M=1,2.
The choice v = u & 2 such that 2! =0, 22 = 0 on I}, 22 = 0 on I, yields
(2.20) T?(u) =0 on Ty.

Finally, inserting (2.18), (2.19) and (2.20) into (2.13), we infer that condition (2.11)
is satisfied.
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Next, let us verify condition (2.12) for A\,, = =T, (u) and g\ = —T3(u). Making
use of the variational inequality (1.1), formula (2.13) (with « instead of w), (2.18),
(2.19) and (2.20), we arrive at

(2.21)  (Tn(w), [vn] — [un]) + (Ti(w), [vs] — [us]) + 5 (v) —j(u) =20 for all v e K
Let {1*}, k — oo, be a sequence of functions such that ¢* € V, [¢/*] =0 on T and
(6] = —[w] i LML) as k— oo
Then v* = u + % € K and
(Ty (), [f]) + (9 [[ur + 971 = |[ue] o,r. = 0.

Passing to the limit with £ — oo, we are led to

—(Ti(w), [ua]) = (g, [[uel)o,r. = 0.
Since
(2.22) Ti(u)[ue] + gl[ue]| = 0
follows from the bound |T3(u)| < g on I, we infer
(2.23) Ti(uw)[u] + gllue]] =0 a.e. on T.
Next, we may write

b — A u) = (pn — An, [un]) + (g(ue — M), [ue])o,r.
= </"m [un]> + (g,ut + Tt(“)’ [ut])OIw YueM,

since

(T (u), [un]) = 0

follows from (2.21) and (2.23) by setting v = 0 and v = 2u.
The first term is nonpositive by the definitions of M,, and K, and

(ghee, [ued)or. < (g, [[uell)or. = (=T (u), [ue])or. Ve € My

follows from (2.23). As a consequence, condition (2.12) is satisfied and (u, (An, At)),
where A, = =T}, (u), g\t = —T¢(u), is a saddle point. O
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3. FINITE ELEMENT APPROXIMATION

In the present section we propose and analyse a variant of mixed finite element
approximation, based on the saddle point formulation (2.10). We use the standard
spaces of linear elements on regular triangulations 7, = 7;! U 7,? of polygonal do-
mains Q! and Q2.

We assume that I, is a straight line segment. If a frictionless problem is considered,
we need not restrict ourselves to straight segments (see [3] and [15]). We define spaces

VAT = {on € [CEOP VY upy € PR Vi € TV,
where r denotes any triangle of 7, and
Vy = Vi x V2,

Assume that the triangulation 7; is compatible with the end-points of [, Iy and
I.. Moreover, let the nodes s; of 7;! and 7,2 coincide on I, and form a uniform
partition

Nip = (80,51,---58m), m=m(h)

of I'.. We define
Whn = {tn: there exists vy, € V}, such that ¢y = [vp,]}

and assume that g, € Wp,, is a non-negative approximation of the slip limit g.
Instead of the set M,, we define

(3.1) Mpy, = {lthn: lnn is a real function defined on N}, such that
hn(s;) 20, i=0,1,...,m}.

Let {7y} be a partition of I, whose nodes will be denoted correspondingly by z;
(cf. [2], [17)):

1 .
20 = 80, Zm+l = Sm, Zitl = 5(81 +sit1), 1=0,1,...,m—1
We introduce

Ly ={pmr € L(I0): prliz, 2000 € Po(zi, 2ziv1), 0 <i<m}

(3.2) Mpy ={pmg € Ly |pm| <1, pg =0 on I} \ supp gn}-



Finally, we define
Mo = Mpn X M.

Instead of problem (2.10) we will solve the following saddle point problem: find a
pair (up, Apm) € Vi X Mg such that

(3.3) Lo (un, prm) < Low(up, Anm) < Lo (v, Awm) Y (v, prne) € Vi X Mpg,

where
1
(3.4) Lorr (vn, ) = 5a(vn, vn) = S(vn) + bur (pn, vn),
bhH(MhHa Uh) = {ﬁhn, [Uhn]}h + (gh,th» [Uht])o,l“c
and
(35) {ﬁhna [Uhn]}h = Z MiHiVia
i=0
where

Hhp = ZMﬂl)i, [Vhn] = ZVﬂﬁi,
i=0 i=0

M; = ppn(s;) and {¢o, 91, ...,¥m} denotes the standard 1D-basis of Wp,,; Ho =
H, = %ho, H; =hofori=1,2,...,m—1, hg = s;4+1 — 8;- That is, {-, -}, denotes
the numerical integration by the trapezoidal rule on the partition 7, N T%.

The last term in (3.4) is piecewise quadratic and can be evaluated by Simpson’s
rule exactly.

To verify the existence of a saddle point (3.3), we can employ the following abstract

theorem.

Proposition 3.1. Let V and Y be two real Hilbert spaces, A CV and B C Y
nonempty, closed and convex subsets. Assume that
Y€ B, v— L(v,u) is convex, weakly lower semicontinuous,
Vv e A, u— L(v,p) is concave, weakly upper semicontinuous,

(3.6) sup L(v,pu) — 400 as v € A, |v||lv — oo;
neB

there exists vg € A such that
(3.7) L(vo,p) = —o0 as p€ B, |plly — oc.

Then there exists a saddle point of L(v, 1) on A x B.

Proof. See [5, Proposition VI.2.4 and Remark 2.4], or [9, Theorem 3.9] and its
counterpart. O
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Next, let us define
(3.8) Ky, = {vn € Vi: {Tnn, [Vhn)tn <O Y ppn € Mpy}.
From definitions (3.1), (3.5) and (3.8), we infer that
(3.9) Kn=Vynk

Lemma 3.1. Let uy € Ly, pg = 0 on T, \ supp g5 and

(3.10) (,UHqu [Uht])O,FC =0 Vo, eV,
Then
(3.11) g =0 on I..

Proof. Let G; and M;, i =0,1,...,m, denote the nodal values of g, € Wy,
and [up], respectively, on Nj,. Then the proof of (3.11) leads to a linear system for
unknowns M;, with a tridiagonal matrix A = {a;;}, such that

a; =14G; +2G;_1 +2G;11, t=1,...,m—1,
Gi—1;=Gi—1+2G;, i=1,...,m,
aiit1=2G;+Giy1, i=1,...,m—1,

ago = 7Go + 231,

Amm = 1Gm +2G 1.

As a consequence, the matrix A is diagonally dominant. By [6, Theorem 5.17] the
matrix A is regular and every of its principal submatrices is regular, as well. This
implies that (3.11) holds. O

Theorem 3.1. Let assumptions (1.6), (1.7) be fulfilled. Then there exists a
unique solution of the saddle point problem (3.3).

Proof. (i) Existence. Using Proposition 3.1, we set
A=V, V=V, B=Myg, Y =R"" xL*T,).

It is readily seen that it suffices to verify conditions (3.6) and (3.7).
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To verify (3.6), we first consider vy, € Kp,. Then

(3.12) sup  bpm(am,vn) =  sup (g, [Vne])o,r.
hH EMp wEHtEMprt
m Zit+1
= Z/ gh[vht] ds EjH(vh).
Zi

=0

Second, we consider vy, € K. Then there exists u?m € My, such that

{Fhns [onn] }n > 0.

Setting pipn = tud,,, t — 400, we infer that

sup {ﬁhn7 [Uhn]}h = +00.
Hhn€Mpn

On the other hand,

(3.13) (gnpezres fonelor. | < / gn[one]] ds < +oo

c

holds for any pug: € My, so that

(3.14) sup  bpp (fth,vn) = +00
HhH EMpH

follows for vy, & Kj,.
As a consequence of (3.12) and (3.13), we have

Ju(vp) if vy € K,
(3.15) sup  Lpg(On, thy) =
phi €My b +00 if vy € Vi \ Kp,
where 1
Ju(vp) = 5a(vh,vh) = S(vn) + ju(vn).

By assumption (1.6) the functional Jg(-) is coercive on Kp,. Indeed,
(3.16) Ju(vp) — +o00  as vy, € Kp, and |jop]] — o0

can be deduced by a slight modification of the proof of Theorem 4.1 in [14], where
we replace j(v) by ju(vy) and use the fact that

(3.17) jH(yh) = ](yh) for y, € RNVy.
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Then (3.6) follows from (3.14) and (3.15). To verify condition (3.7), we can find
vg € K}, such that

rsnea}f[von](s) =w<0.

Then we may write

7{ﬁhn7 [UOn]}h P *how Z |M1|
i=0
so that

(3.18) {Fonns vonl}n — =00 as [|[Mlmyr = [lpnnllmer — oo

As a consequence of (3.18) and (3.13),

Lno(vo, ping) — —00  as |prully — 00, pna € Mum,

so that condition (3.7) is satisfied. By Proposition 3.1, there exists at least one saddle
point (3.3).

(ii) Uniqueness. First, we will show that the component uy of the saddle point
coincides with the solution uj; € K, of the variational inequality

(319) a(uh,vh — uh) +jH(’Uh) *jH(uh) > S(’Uh — Uh) Yo, € Kp,.
Indeed, by virtue of (3.15) we have

EhH(uh,)\hH): min sup LhH('Uh,NhH): min JH(vh).
vREVY 1n i EMy, 5 v EKp

The latter minimization problem is equivalent with the variational inequality (3.19).
Let uw;, and uy, be two solutions of (3.19). Then

a(un, Up — up) + ju(Un) — ju(un) (Tn — un),

n) =S
a(@n,up —Tn) + ja(un) — ju(@n) = S(un —Tn),

so that
co([@n — un|')® < a(@, — up,up —up) <0

and w: up —up € RNV, follows. Since inequality (3.19) implies

up = arg vhmeinh Ju (vr),
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we have
(320)  Ju(wn) = Ju(un) = [S(w)| = [ju(un +w) — ju(un)| < ju(w) = j(w)

using also (3.17).
On the other hand, assumption (1.7) implies

(3.21) 1S(w)| > j(w) Ywe RNV, \ {0},

since RNV, = RNV. As a consequence, (3.20) and (3.21) imply w = 0, so that the
first component of the saddle point is unique.
Next, let Az and Ay be two second components of the saddle point. Since

a(up,vp) + brg (Anm,vn) = S(vy) Yop € Vy
and a parallel condition for A\pz holds, we obtain
b (Mner — Mz, vn) =0 Yo € V.
Denoting fingr = Amr — Anr, we have punm = (fnn, pare) and
{Tonns [Vnnl}n + (gnpime, [vae))or. =0 Yoy € V.

Choosing [vp:] = 0 and [vpn] = gy, We obtain ppy, = 0. Let [vp,] = 0 and using
Lemma 3.1 we conclude pgy = 0. (]

4. CONVERGENCE ANALYSIS

We are going to prove convergence of saddle-point components up, Apn, and Ay
as the mesh sizes h and H (H = hg < h) tend to zero. To this end, we shall need
the following lemma.

Lemma 4.1. Let assumptions (1.6), (1.7) be fulfilled. Then the sequence {up},
h — 04, is bounded in V.

Proof. From the proof of uniqueness in Theorem 3.1 we know that u; € K}, is
a solution of inequality (3.19). Setting vy, = 0 and v, = 2uy, we obtain

(4.1) Ju(up) + %a(uh,uh) = a(up,up) + ju(up) — S(up) = 0.

Assume that ||up|| — oo as h — 04. Using (3.16), we infer Jy(up) — +o0o. We
arrive at a contradiction with (4.1) so that {up} must be bounded in V. O
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Theorem 4.1. Let the assumptions of Theorem 2.1 be fulfilled. In addition to
that, let there be only a finite number of points I, N1, I}, NIy, and let supp g consist
of a finite number of segments G,, p < D, such that the endpoints of G, coincide
with some nodes of T, N T, for all 7, under consideration. Let g € Hl(Gp), p < D.
Assume that gy, is the Lagrange linear interpolate of g on T, N T,.

Then

(4.2) up —u in 'V,
Age — A weakly® in L°°(T,),
An — \n  weakly* in H*1/2(FC)

ash — 04, where (u, ), A = (An, A¢) is the saddle point of L(v, u) on Vx M, i.e., the
solution of problem (2.10).

Proof. By virtue of Lemma 4.1 and the definition of Mpy:, one can find
subsequences of {uy} and {Ag:} (we will denote them by the same symbols) such
that

(4.5) up, — u*  weakly in V,

(4.6) At — A weakly* in L*°(T.),

where u* and A} are some elements of V and L>°(I}), respectively.
Let us show that A\ € M;. Since

(4.7) IAmellose <1 forall H — 0y,

1A llo,00 < lminf [|Arreffo,c0 <1
—0

follows from (4.6).
It is readily seen that supp gn = supp g. We observe that

)\Ht =0 on FC\OH(Suppg)v

where

1
Opn(suppyg) = {5 € I.: dist(s,suppg) < §H}

Assume that |[\}| > 0 on a set Ty such that Ty C I \ supp g and measTp > 0. Then
(4.6) implies

/ (A2 = AmeAf]ds — 0 as H — 0.
To
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On the other hand,

/ AN, ds:/ AmA; ds — 0
To ToNOm (supp g)

and we arrive at a contradiction. As a consequence, A\ = 0 a.e. on I} \ suppg.
Combining this result with (4.7), we conclude that A} € M;.

Next, we show that u* is a solution of the primal problem (1.1). Since up € K C K
by (3.9) and K is weakly closed, u* € K follows.

From (3.3) we infer

(4.8) bra (the — i, un) <O Ypng € M.

Setting prr = Aty phn = 0 and pp, = 2Apy,, we obtain

(4.9) {Xnns [unn]}n =0,
(4.10) {Bhns [unnltn <O Vung € Mpy.

Since Kj, C Vy, (3.3) yields
(4.11) Lyw (wny i) < Lrm(n, Anwr) YV on € Kp.
If vy, € K}, then (4.9) and the definition of M}, imply

(4.12) b (Ant, v — un) = { s [Vnn] Yn + (Gn\are, [ne] — [une])o.r

< (gnAmt, [Vnt] — [une])o,r, -

From (4.11) and (4.12) we infer
(413) a(uh,vh — uh) + (ghAHh [vht] — [uht])o,rc — S(Uh — Uh) >0 VYo, € Ky,

The set
Ko = KN ([C®@)]? x [0 (@)]?)

is dense in K by virtue of the assumptions of Theorem 4.1. (For a proof we refer
to [12, § 2.3.3, Lemma 3.2] and [8, Remark 3.2].) For any v € K we may therefore
find a sequence {v,}, h — 04, such that

(4.14) vp € Ky, v, —ov in V.
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Passing to the limit in (4.13) and using (4.5), (4.6), compactness of the trace
mapping and (4.14), we obtain

(4.15) a(u®,v) + (g7, [ve] — [uf])or. — S(v —u*) = a(u®, u”).
Making use of (4.8) with ppy, = A\pn, we infer
(4.16) (gnperes [un)or, < (grrae, [und)or, Y umr € M.

Since My, is dense in M, with respect to the L?(I.)-norm, we can construct a
sequence {p g} such that pgyy € My, and

pwre — sign[uf] in L3(suppg) as H — 0.
Then using (4.5), (4.6), we infer from (4.16) that

(4.17) J(w®) = (g; [[ug]])o,r. = (gsignlug], [uf])o,r.
< (9A%, [ug])o .-

Here we have employed also the well-known estimate for the Lagrange linear inter-

polate of g:
lgn = gllor. < Cho Y _ llgllv.c,-
p<P
On the other hand,
(4.18) (9L, [ve)o,r. < (g, [[velDo,r. = 5 (v).

Combining (4.15), (4.17) and (4.18), we arrive at
a(u ;v —u")+jw) =S —u") = ju") VYvek

As a consequence, u* is a solution of the primal problem. By Theorem 1.1 the
solution is unique, so that u* = u follows. Moreover, the whole sequence {u} tends
weakly to u in V.
Next, we prove the strong convergence in V. By virtue of inequality (3.19), we
have
Ju(up) < Jg(vn) You € Ky,

where

Jag(v) = Jo(v) + ju(v), Jo(v) = %a(v,v) — S(v).
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Employing Taylor’s formula, we obtain
Jo(vn) + ju(vn) = Jo(u) + Jo(u, up, — u) + %a(uh —u,up —u) + ju(up),
so that
(4.19) %co(|uh — a2 < Jo(on) — Jo(u) — (s un — u) + jr(vn) — jur(un).
We also observe that
(4.20) |ja (vn) = jir (un)| < Cllfond] = [une]llo.r..

Let us choose vy, € K} such that v, — u in V and use the continuity of Jy, weak
convergence of {up}, (4.20) and compactness of the trace mapping to deduce that

(4.21) lup —ul"—0 as h— 0y
follows from (4.19). The weak convergence uj, — u in V yields that
(4.22) up’ = u™|gou — 0 as h— 04, M=1,2,

by the Rellich theorem. From coerciveness of strains (i.e., 1st Korn’s inequality) we
obtain

2
(4.23) (fun —ul)? + 3 llup” = wM|f qu = Cllun — ul?
M=1

(see [16, Chapter 6, Theorem 3.4]).

Combining (4.21), (4.22) and (4.23), we infer the strong convergence up — u in V
as h — 04.

Let us recall (4.15) with u* = u, i.e.,

a(u,v —u) + (gA;, [ve] — [ue))or. = S(v —u) Yve kK

Using Green’s formula, (2.13) and (2.14), we deduce that gA\} = —T;(u) by an argu-
ment similar to that in the proof of Theorem 2.1. As a consequence, A} = A; and
the whole sequence {Ag} tends to Ay weakly™ in L>°(T,).
To verify (4.4), we first show that the sequence {Ay,} is bounded in H~1/2(T}).
By Lemma 2.2 the norm of g = (Apn,0) € [H~Y/2(T.)]? is equal to the norm
lz(AR)|l, where z(Ap) € V is the solution of the problem

(4.24) [z(An),v] = Ahn, [Un]) Vv EV,
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where

[2,v] = Z ((ei5(z™), €05 (0™))o.0m + (2,01 )o 00r)

M=1,2

and 2] = [, 2]'/2.

Instead of problem (4.24) we will solve the following approximate problem: find
zn(An) € Vp, such that

(4.25) [zh(An)svn] = {Ahns [Vrn)}n Von € V.

Making use of definition (3.3) and of the boundedness of {uy} and {Am:}, we may

write
(4.26) {Xnn, [onn]tn = S(vn) — alun, vn) = (gnAme, [ne))o,r. < Cllonl.

Inserting vy, := zp(\n) into (4.25), (4.26) and using the coerciveness of strains, we

obtain

Iz AP < Cllzn(An)ll < Cllzn ()l
so that
(4.27) lznAn)l < C Vh— 0,

From (4.24) and (4.25) we infer

(4.28) [2(An) — zn(An),vp] =0 Vup € Vp,
provided we set

(4.29) Nnns [onn]) = { X, [Vrn] }a-

Then (4.28) implies that
IzAn) = zn(An)ll = inf [lz(An) = vnl]-
v EVy,

Obviously, the infimum tends to zero as h — 0,. Using this and (4.27), we are led
to the estimate
Iz < C+1 for h < hy,

so that
Al =120, = Izl SC+1 Vh < by
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Since the space H'/2(T,) is reflexive and separable, its dual H~1/2(T,) is separable
as well.

There exist a subsequence of {\4,} (we will denote it by the same symbol) and
M\ € H~'/2(T,) such that

(4.30) A — A* weakly* in H™V/2(,) as h — 0.

Let v € V be an arbitrary element. There exists a sequence {v,}, h — 04, such
that v, € Vp, and v, — v in V. Let us consider the equation in (4.26) and pass to
the limit with A — 04. Using (4.2), (4.3), (4.29), the convergence

[onn] = [oa] i H'3(L.)
and (4.30), we arrive at
(A% [onl) = S(v) = alu,v) = (g, [vi])o r.-
Comparing this equation with (2.11), we infer
N = A, [vn]) =0 Vovevy,

so that A* = A\, follows. Since the saddle point is unique by Theorem 2.1, the whole
sequence {\n,} tends to \, weakly* in H~1/%(T.). O

Remark 4.1. If I, consists of more than one straight segment .S, (FC =U Si>,
i<I

we have to replace H—/2(T,) by [] H~'/2(S;).
i<I

5. AN ALGORITHM OF UZAWA TYPE
We will propose an iterative algorithm for the search of the saddle point (up, Ang),
i.e., for the solution of problem (3.3). To establish an effective realization of such an

algorithm, we will use a method of Uzawa, combined with the idea of an artificial
bolt (see [7] and [15]). The latter idea is based on the following observation.
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Lemma 5.1. Let assumptions (1.5), (1.6) and (1.7) be fulfilled. Then there exists
at least one node s, € N}, such that

[upn](sa) = 0.

Proof. By (3.9) we have up € K; C K so that [up,] < 0 holds on T.. Let us
assume that

(5.1) U= gg}c([uhn](s) <0.

Setting
i =un+y, y=W"yY, y' =(00), y*=(0mn),

we observe that
y € RNVy.

Using (1.5), we obtain
[tihn] = [unn] +Tn3 <T(1+n3) <0 on I,

so that 4 € Kj.
By (3.19) we may write

(5.2) a(up, vy —up) + ju(vn) — ja(up) = S(op, —up) Yo, € Kp,.
We also have the estimate (3.20), i.e.,

(5:3) [ (un +y) = Jr (un)| < j(y)-

Since —y € RN K\ {0}, assumptions (1.6) and (1.7) imply

(5.4) S(=y) < —i(=y) = =i (v).

Combining (5.2) with (5.3) and (5.4), we obtain

a(tn, v — n) + ju(vn) — ju(in)

WV

a(un, vp — up) + ju(vn) — ju(un) — j(y)
S(Uh - uh) + S’(—y) = S(Uh — ah).

WV

Consequently, @y, is another solution of inequality (3.19). In the proof of Theorem 3.1
we concluded that (3.19) has a unique solution, so that we are led to a contradiction
with (5.1). O
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Next, we introduce an auxiliary “bolted” saddle point problem. We choose a suit-
able nodal point s, € N}, and assume that the bodies 2 and Q2 have a “bolted joint”
at s,. This “bolted” problem is coercive so that we overcome the difficulties con-
nected with semi-definiteness of the stiffness matrix corresponding to problem (3.3).
The “bolted” problem will be solved by a method of Uzawa. If the resulting normal
contact force at the “bolt” is positive (i.e., tension), we replace s, by a neighbouring
nodal point and repeat the algorithm. If the normal contact force is non-positive,
we stop the procedure.

Definition 5.1. Let us define the following spaces and forms:

\/(f: = {’Uh eVy: [’U}m](sa) = 0},
Mg = {phn: prn is defined on Ny \ {sa}, trn(s;) =0 Vi#a}
he = My, X M,

bhrr (fnm s Vn) = {fthn; [Vnal} i + (gnieme, [vne])or.

where

{tthn, [Vnn] }, = Z MiH V.

i#a
Let (uf, AYy) € VY x M%,; be such that
(5.5) Qg on) + B g o0) = S(en) Von €V,
(5.6) bpp (e — Aysup) <OV ung € My

Then we say that (uf, Ay ) is a solution of the “bolted” saddle point problem.

Theorem 5.1. Let (1.5) be fulfilled. Then there exists a unique solution of
problem (5.5)—(5.6).

Proof. We use [9, Theorem 3.8] to prove the ezistence of a saddle point
(U, AYy) € Vi x M9y, of the functional £8y (vn, prer). In the theorem mentioned
above we set

V=V, A=V Y =R"xL*T.), B=M,.
Choosing pra = 0 € M§}; and v, € VY such that ||vs|| — oo, we first infer that

1
(5.7) Ly (v, 0) = §a(vh7’0h) — S(vp) — 400,
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since
(5.8) a(vp, o) = cllvn|*> Yon € V5.
Indeed, (5.8) follows from assumption (1.5) since the latter implies that
Ve NR ={0}.
Second, we can find vy € V¢ such that [vo:] =0 on I', and
VO = [von](si) Sw <0 Vs; € N\ {sa}.
Then
(9 Lo, ) = 500, ) ~ S(w0) + {inn [oon] 1 — —o0
as frn € MP, ||thnl| — oo, since

{tthn, [von]}5 = ZMiHiV? < Z |Mi|How,
iFa iFa

where Ho = n;léin H; > 0 and M; = ppn(sq).

To prove uniqueness, let us assume that (u,)\) and (@, \) are two solutions of
problem (5.5)—(5.6). Let us denote

w=u—T, p=X=XA = (n, )
From (5.5) we deduce (dropping the subscripts and superscripts)
(5.10) a(w,w) + b(p, w) =0
and (5.6) yields
(5.11) b(p, w) = 0.
Using (5.8), (5.10) and (5.11), we arrive at
cllwl* < a(w,w) <0,

so that u = w.
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From (5.5) we infer that
b(u,v) =0 YoveVy.
Choosing v € V§ such that [v;] = 0 and [v,] = L,,, we obtain

{Nnvﬂn}% =0

so that p,, = 0 follows.
Now, let us choose v € V¢ such that [v,] = 0 and use Lemma 3.1 to conclude that
Mt = 0. O

In what follows, we define iterations for £ = 0, 1, .. ., of the algorithm of Uzawa. We
will identify the functions \¥ € M with vectors M* € R™ (with components M?F,
i#a,0< i< m); for \F € My, we introduce vectors A¥ € R™+! such that

m
A=) A,
i=0

where y; denotes the characteristic function of the interval (z;, zi4+1).
We also write

[u'ﬁ] = Zuikl/)ia Zk = / Xigh[uf] ds, 0<i<m.

i#a Le
In every iteration step k = 0,1,... we solve the following problem: find u* € V¢
such that
(5.12) a(uf,v) + 085 (AN v) = S(v) Vo€ Ve,

We set MY =0 for all i # a and M = V3/(Hn3),

A=0, 0<i<m, on€eR', g, >0,
(5.13) M = (ME+ qUUf)T Vi#a,
(5.14) AT =7(AF + 0 TF) Vi=0,1,...,m.

In addition to that we define M%**1 by the following equilibrium condition:
(5.15) (M’;“Ha + ZM?*lm)ng + 2 Z/ At xignds = V3.
i#a i=0 VTe
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Here 7(-) denotes the one-dimensional projection of R! onto the interval [—1, 1],

ie.,
1 ifz>1,
mx)=¢z if |z <1,
-1 if x<-1

and V3 has been defined in Corollary 1.1.

Theorem 5.2. Assume that oy, belong to a suitable interval [0min, Omax], Omin > 0.
Then algorithm (5.12)—(5.14) converges in the first component, i.e.

ub —u®  as k — oo.

Proof. Let us denote

;zxn = {M?}ifa’ [ugn] = Zuﬂ/}l
i#a

Condition (5.6) implies that the vector U is a normal to the closed convex set M}",.
Indeed,

(5.16) {M =M oUY <0 YMe M, Vo R, 0>0,
so that M® is a projection of (M® + o) in R™ onto the set M} with respect

to the scalar product {X,Y}#. It is easy to see that the projection is determined
componentwise by the non-negative parts , i.e.

(5.17) M = (MG + o)™ Vi a
Second, (5.6) implies that

(5.18) (gn (e = Agpe), [ugil)or. <O Vpw € M.

Inserting
m m
pe=Y_ Mixi, M= Afxi
i=0 i=0

into (5.18), we obtain

(5.19) 0> (Z(Mz A9, gh[um) =S (ME - AT,
i=0 0,I%. =0
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where

(5.20) T = / Xignluplds, 0<i<m.

FC

From (5.19) we infer that the vector 7 is a normal to the closed convex set My of
“nodal parameters” of My, with respect to the standard scalar product in R™+!,

As a consequence, we may write
(5.21) A =7(AS +0T;), YoeR, 0>0, i=0,1,...,m.

Using the norm
1X1n = (£X, X}33)12,

from (5.13) and (5.17) we infer
(5.22) [MFHE— M| < IMF = M+ op(UF = U) -
In what follows, we denote
rE = MF — M® and 7F=AF - A
Then
(5.23) sl < Nl + o @ = U) |-
From (5.14) and (5.21) we infer
(5.24) 15 ot < Ik + 0(T* = Tl

k

If we set v, = u®—uf in (5.5) and drop the superscripts “a” and the subscripts “h, H”

for the time being, we obtain
(5.25) a(u,u® —u) + b\, u* —u) = S(uF — ).
Setting v = u — u* in (5.12), we get
(5.26) a(uf,u —uP) + (N, u — uF) = S(u — u®).
The sum of (5.25) and (5.26) becomes

a(u —uf uF —u) + b\ = N ub —u) =0.
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By virtue of (5.8) we may therefore write

(5.27) cljuf — ul|? < a(uf —u,u* —u) = bA = A\, uF — w)
= —{m.u" ~uyy - ()" (T" - 7).

Inequalities (5.23) and (5.24) yield

(5.28) 1
(5:29)

‘Tth—*—QQk{rn?uk u}g‘f‘gi”uk _uHi?

|
78171 + 206 ()T (TF = T) + 0} 1T = Tl7 41

N //\

Let us introduce the following norm of the pairs r = (7, r):
Il = Hlrnllf + ll7ell7ga-
Using (5.27), (5.28) and (5.29), we arrive at
I 12 < 1P + 200 (—ellu® = ull®) + gR(led” = U} + 1T = T|7,41)-
On the other hand,

(5.30)  [u* —Ull; + T = T34,
C(lun] = lunlllg r, + N[wf] = [uedli§ ) < Cllw® = .

As a consequence, we have
(5.31) I+ + (2e0r — Cop)llu —ul® < >

There exist an interval [gmin, Omax] and a positive constant 8 such that 0 < gpin <
Omax and
0k € [Omin, Omax] = 2cor — Coi = B.

Then
I+ 1% + Bl = wf? < Ir* )

follows. The sequence ||r*| is non-increasing, so that
Ir¥l — 1, 0<1< 4oo,

and
|u* —ul| =0 as k — oo.

54



Theorem 5.3. If g, belong to a suitable interval [0min, Omax], @min > 0, then
algorithm (5.12)—(5.14) converges in the multipliers (M¥ AF), i.e.,

MF S M® and AF =AY as k — oo.

Proof. Using (5.31), we observe that
IME = Ml < P < 1)
so that
(5.32) IM* Il < M n + 1)

holds for all £ =0,1,....
By virtue of (5.14) we have
IAF| <1 VEk

Since {M*}, {A*} and {ox} are bounded sequences, we can find subsequences (and
denote them by the same symbols) such that

(5.33) MFS M, A* AKX and o, — o0 as k— oo.

From (5.13) and (5.14) we infer

(5.34) {MF o U* — MU M — MFHYY <0 Y M e M,
and
(5.35) (A* 4+ 0, TF — AFHT(A — AP <0 VA € My,

respectively. We also have
U*—-uU and T —>7T as k— oo

by (5.30) and Theorem 5.2.
Passing to the limit in (5.34), (5.35), we obtain

(5.36) {IM+oU] = M, M — M} <0 VM e M,
(5.37) ((A+0T]—NT(A=A) <0 VA€ Mgy

In addition to that, (5.12), (5.33) and Theorem 5.2 imply
(5.38) a(u,v) +b(\,v) = S(v) YveVy,

where A = (A, \¢) corresponds to (M, A).

Summarizing (5.36), (5.37) and (5.38), we infer that (u,)) is a solution of prob-
lem (5.5)-(5.6). Since this problem is uniquely solvable by Theorem 5.1, A\ = A%y,
and the whole sequences {M*} and {A*} tend to M and A%, respectively. O
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6. SOLUTION OF PROBLEM (5.12)

The process of Uzawa requires to solve the linear problem (5.12) for any iteration
step k = 0,1,... on the set Q! U Q2. We will propose an effective algorithm for the
solution, employing some ideas of [15, Part III].

First, we decompose problem (5.12) to two separate problems P! and P? solved
on the domains Q' and 2, respectively. The decomposition is made possible by
the introduction of the “contact force in the bolt” MY*! by the equilibrium condi-
tion (5.15).

We define the following problem:

(Ph) find u' € V! such that

(6.1) al(ut,v) = S*(v) — bar(\F,v) Vv eV,

where MF is inserted into the complete form {Xi,vi} n. On Q2 we will first solve
the following auxiliary problem:

(P?) find w € V;? such that (w-n?)(s,) =0 and

(6.2) a*(w,v) = S%(v) — bpr(V\F,v) Vv e V2 (v-n?)(sq) =0,

where M¥ is again inserted.
Second, we find a rigid displacement y € R NV}, such that

(6.3) (u' n' 4+ (w+y) n?)(sa) =0

and define u? = w +y.
Finally, we set u* = (u',u?). It is readily seen that (u',w + y) is a solution of

problem (5.12). Indeed, we infer
a(u®,v) = S(v) — bpr(\F,v) Vv e V¢
and
b (A", 0) = b (A, v),

due to the condition [v,](se) = 0 for v € V.
Solutions of problems P! and P? can be constructed as follows. We define u! =
ul® + u'  where

(6.4) u* € V!,
at(u'®,v) = S'(v) VYoveVh
(6.5) u'™ e V!,
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Likewise, we define

w=w®+ wb*,

(6.6) w® e V2, (w*-n?)(sa) =0,
a?(w®,v) = S%(v) Vv eV (v-n?)(sq) =0;
(6.7) Wk e V2, (W n?)(sq) = 0,

a®(W v) = b (W, v) Yv e V2 (v-n?)(ss) = 0.

Since u'* and w*® do not depend on A*, they can be computed once only and remain
unchanged during iterations. For problems (6.4) and (6.6) a domain decomposition
(e.g. FETI) can be employed.

For an effective solution of problems (6.5) and (6.7) a pre-elimination can be
recommended. To this end, we renumerate the nodal points of 73 in such a way that
the last numbers of the numbering belong to the nodes of the contact line I'.. Then we
can eliminate components of the solution vector which do not belong to I'. by partial
Gauss elimination. For a detailed procedure we refer to [12, p. 203]. In this way the

number of unknowns is reduced and the computing time saved is considerable.
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