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Abstract. In the note we are concerned with higher regularity and uniqueness of solu-
tions to the stationary problem arising from the large eddy simulation of turbulent flows.
The system of equations contains a nonlocal nonlinear term, which prevents straightfor-
ward application of a difference quotients method. The existence of weak solutions was
shown in A. Swierczewska: Large eddy simulation. Existence of stationary solutions to the
dynamical model, ZAMM, Z. Angew. Math. Mech. 85 (2005), 593-604 and P. Gwiazda,
A. Swierczewska: Large eddy simulation turbulence model with Young measures, Appl.
Math. Lett. 18 (2005), 923-929.
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1. INTRODUCTION

The equations considered are a dynamical version of the classical Smagorinsky
model

(1) v+ Vo —div(ce(y)|Dv|Dv) —vAv+Vg=f in Q,
divv=0 in Q,

where Q = (0,L)3, L > 0, is acube in R?, v is a positive constant, Dv = %(VU—I—VTU),

¢ is a continuous function of y = (&, vv, Dv, | Dv|Dv) and by ~ we mean a convolution,
which will be specified later. Given the external force f we are looking for the
velocity v: 2 — R3 and the pressure ¢: 2 — R. The above equations arise
from large eddy simulation of turbulent flows. The idea of this approach consists
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in decomposing the velocity into a part containing large flow structures and a part
consisting of small scales. These scales are separated by averaging the velocity, the
so-called filtering, namely convoluting it with an appropriate function—filter. The
equations for filtered terms are derived from the Navier-Stokes equations. By adding
an additional constitutive relation, which models the contribution of small scales into
the flow, we may obtain the classical Smagorinsky model, i.e. system (1) with ¢ = ¢,
¢s > 0 being a constant. The improvement of the Smagorinsky model consisting in
finding the so-called Smagorinsky constant cs; dynamically is the Germano model,
cf. [4], [11]. System (1) is a stationary case of a slight generalization of the Germano
model. For more details on derivation of the model we refer to [9], [13]. We will
equip (1) with periodic boundary conditions (i = 1,2, 3)

(2) v(x + Le;) = v(x),
q(z + Lei) = q(x),

where {e;}3_; is the canonical basis of R®.

In Section 2 we introduce the notation, collect the properties of a turbulent term
¢(y)|Dv|Dv and recall the existence result from [14]. Some conjectures concern-
ing higher regularity are also formulated. Section 3 consists of the proof of W?2?2-
regularity of solutions for more regular data and function ¢ than in the existence
result. We will prove the following theorem.

Theorem 1.1. Suppose that f € L*(Q) and ¢ € WH(R3? xS3x §3x §3) satisfies
conditions (C1)—(C2) below. Then every weak solution v € V to problem (1), (2)
satisfies

v e W(Q).

The fact of higher regularity enables us to show the uniqueness for small data,

namely

Theorem 1.2. Let f € L?(Q) with L?>-norm sufficiently small. Let the function
c € WHe(R3 x S3 x §3 x §3) satisfy conditions (C1)—(C2) below. Then the weak
solution v to (1), (2) is unique.

The proof of this theorem is contained in Section 4. All the notation for the
function spaces used in the above theorems appears in Section 2.
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2. PRELIMINARIES

2.1. Notation

By S® we mean the set of 3 x 3 symmetric matrices. Let us introduce spaces
of divergence free periodic functions. By Cg2.(R®) we denote the set of functions
from C'*°(R?), which are periodic in each ith direction with a period L > 0, i.e., u(z+

Le;) = u(z), i = 1,2,3. Further let

Vz{u: uecggr(uﬁ, divu =0, /

udr = 0}
Q

and let V' be the closure of V with respect to the norm [ully = ([, |Vul®dz) .

Its dual space will be denoted by V’. For the dual pairing between V and V' the
notation (-,-) will be used. All LP- and WP~ functions are meant to be periodic in
each ith direction with period L and with vanishing mean on 2. We will often use
b(u,v,w) to denote the trilinear form

Ov;
b(u, v, w ::/u-—lwidx.
( ) O Jawj

Note that b is well defined, continuous on V x V x V and b(u,v,v) = 0, b(u, v, w) =
—b(u, w,v).

2.2. Filtering and properties of the turbulent term

We choose as filter a non-negative C52,(R®)-function ¢ with a period L > 0 such
that [, odz =1, where Q = (0, L). Filtering of v, denoted by @, is now equivalent
to the standard convolution (over the whole R?). The filtered values will be defined

for all z € R by

o(r) = /Qv(y)wa(:v —y)dy, ws(y) = 5%@(%), yeR®

where ¢ is a positive, constant filter width. We recall the facts concerning convolu-
tions which we will use later (see also [8], [2], [1]).
(i) Let f € LP(R"), g € LYR"). If 1 < p,g < oo and 1/r = 1/p+ 1/q — 1,
1 <r < oo then f*g exists for a.a. x € R, f+xg e L"(R") and

1f*gllzr < I flzellgllza.

(i) V*o(z) = [, V¥@(z—y)v(y) dy, where Vv = o1l [0z 0252 0xy® with multi-
index o = (a1, w2, ai3), || = a1 + ag + as.

631



By the turbulent term we mean the operator ¢(y)|Dv|Dv with the notation for
nonlocal (filtered) variables y = (o, vv, Duv, |5;|_5v) The properties of the operator ¢
are the following:

(C1) c: R xS?xS?xS? — R is a continuous function with respect to y;
(C2) c satisfies the condition

(3) 0<a<cly) <B <o

for all y € (R® x S3 x S3 x §3).

For later use we assemble also the properties of the operator n — |n|n for n € S3.
There exists a scalar function U € C%(S%), U(n) = |n|* such that for all n,¢ € S3,
1,j=1,2,3

oU (n)
4 — »
and
92U (n)

> [n]|¢).
o Olrs Emnbrs |77||§|

Moreover, |n|n is strongly monotone, i.e. there exists a positive constant K such that

(6) (Inlnij — |€1&;5) - (mij — &i5) = Kaln — €

for all n,& € S3.

2.3. Existence of weak solutions

We start with recalling the definition of weak solutions.

Definition 2.1. A function v € V is a weak solution to problem (1), (2) if the

equation

(7) /Q(v~Vv-<,0+c(y)|Dv|Dv-Dcp+1/Vv-Vga)d:17: {f, o)

is satisfied for all ¢ € V.
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Theorem 2.1 (Existence). Let f € V' and let ¢ satisfy conditions (C1)—(C2).
Then there exists a weak solution to (1), (2).

2.4. Do the solutions have a chance to be more regular?

The equation contains a strongly nonlinear term; thus before applying the differ-
ence quotients technique, which will be relatively technical here, we prove an a priori
estimate for v € W22(Q). This allows to inquire whether such regularity can be ex-
pected. Therefore let us assume that v is smooth enough, such that all derivatives
have classical sense, more precisely v € C3(Q).

A priori estimate. In (7) we insert as a test function —Av and obtain
(8) - /Q c(y)|Dv|Dv - D(Av) dz + v(Av, Av) — b(v, v, Av) + (f, Av) = 0.
We start with the first integral

- /sz c(y)|Dv|Dv - D(Av) dx = /Q[Vmc(y)]|Dv|Dv -V (Dv)dz
+ /Q c(y)% -V(Dv) - V(Dv)dz.
Since ¢ € W1, all the derivatives

% oc oc oc
ov’ 6(%), 6(D1~)), 6(|5;)\|51))

are bounded in the L>°-norm. Thus recalling that Dv € L3(Q) and using the prop-

erties of convolutions we conclude for

Gl (D008 de O)  oc DY) e (| Dv[Dv) \?
the existence of a positive constant m such that

9) IVacl[ Lo (o) < m.

Next, using (5) we obtain

02U (D) 5
/Qc(y)WV(DU) -V(Dv)dz > /Qc(y)|DU||V(Dv)| dz

> a/ | Dv||V(Dv)|? dz
Q
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and

‘/Q Vac(y)| Dv|Dv - V(Do) dz

< Vel /Q Dul*/2(|Do[V2 V(D)) de

Youn
< gm<ﬂ/ |Dv|3dx+3/ |Dv||V(Dv)|2d:1:>
40( Q m Jjo
<Koty +a [ DD de.
Q

Now we estimate all the other terms:

/’U'VU'AUdSE
Q

Moreover, in the space of periodic functions we have

< / |Vo|? de +
Q

/U~V2v~Vvd:c
Q

= / |Vv|? d.
Q

(Av, Av) = || V20|72 (0

Now we estimate the term containing f and get

Young ] v
I(f, Av)| < ||f||L2(Q)||V2U||L2(Q) < EHfH%%Q) + §HV2’U||2L2(Q)-

All the above information yields the a priori estimate
1
(10) VIVPollai0) < 20k + DIVUlzs) + ~ [ fllZ2)-

Hence v has a uniform estimate in W??2(Q) given bounds for || f|| 20y and || Vv]| 13 (q).
The a priori estimate for the latter was provided in [14]:

3/2
(11) ol + vl Voll7e < £

Galerkin approximation. It is worth noticing that the second energy esti-
mate (10) is another method for showing the existence of solutions. We can show that
for the sequence of Galerkin approximations (v™) also estimate (10) holds and hence
v™ is bounded in W22(Q). Next we conclude that for a subsequence, Vo™ — Vv
strongly in LP(£2) and a.e. in 2. Once we have obtained the a.e. convergence of the
gradients we can also conclude

c(y™)|Dv"|Dv™ — ¢(y)|Dv|Dv  ae. in Q.

We complete the proof by showing uniform integrability of the turbulent term and
applying Vitali’s Theorem, cf. [12] for the case of non-Newtonian fluid.
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3. W22_REGULARITY

For showing higher regularity we use the method of difference quotients. We
cannot repeat the proof of higher regularity for a class of non-Newtonian fluids
n [10]. The term produced by the gradient of ¢ will demand our special attention.
First let us collect general facts concerning this technique, for details see [5], [3], [6].

We denote

v(x + hex) — v(x)

dlo(z) = A , k=1

where e, denotes the kth unit vector and

N

d"v = (dM,...,d").

n

We consider the case of periodic boundary conditions and all the functions are meant
to be periodic. Then, if v(x) is defined in Q, so is v(x + hey), and therefore also d}'v.

The following assertions hold:
(i) If v € WHP(Q) then di'v € WHP(Q) and di' Vv = Vd'v. The difference quotient
also commutes with the symmetric part of the gradient, i.e., dZDU = DdZv,

since
Do = Lot (2 +§§z>fé<d rit2)
;(az v + aa k”ﬂ) C

(ii) If either w or v have compact support, then

/udgvdx: —/vd;hudx.
Q Q

(iil) df(wv)(x) = u(z + hey)div + v(z)dju.

Proposition 3.1.
(i) Let Q= (0,L) and 1 < p < oo. Then

(12) ”dthLP(Q) HVUHLP(Q)

for allv € WHP(Q) and h € R.
(i) Ifv e LP(Q), 1 < p < oo and if there exists a constant k independent of h such
that

(13) l[d"v]| o0y <k,
then v € W22(Q) and || Vv sy < k-

per
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Proof of Theorem 1.1. By virtue of (7) it can be shown that for all ¢ € V' the
equation for the difference quotients holds, namely for Kk =1,...,n

ov; ddv;(x)
/sz (dZUJ(,T)aT(.’L') +v,(x+ hek)gixj)goi(x) dz

+ /Q(dZC(y(z))le(I)lDijv(x) +c(y(z + he))dj (| Dv(2)| Dijo(x)) Dijo(w) do

+ V/ng(avi(w))w dx

(3'17]' 6SCJ'

— [ difiaoita)da,
Q
Choosing as a test function ¢ = dZU € V and summing over k£ one obtains

ov; (’)dhvi x

)dZvi(ac) dz
J

j
+/QdZC(y(z))|DU(I)|DiJU($)Dia‘(dZU(I))dz
+ [ elute + he)dL(Du@)| Do) Dyg(dfota)) da+ v [ |dhve(o)f? do
:Adei(x)dZvi(x)dx.
It is easy to observe that [, v;(0dlv;/0x;)d}iv;dz = 0 and the first term on the

right-hand side can be estimated with help of Holder’s inequality and condition (12)
as

(14)

3vi
[ dhos() 52 @) (o) da| < ol s IVologey 4ol o]
J

3
< HVU||L3(Q)-
Next we concentrate on the turbulent term. The first term is estimated using Young’s

inequality. The choice of a constant K appearing in the following estimates will be
specified later,

(15) \ | dhetw(e)IDete) Disol) Dy (@) da

< dkell=io) [ 1DePIDs (do(a))|da
1

< IVacllno (g5 [ Do) e+ K [ (DutaiD(ao?as )
1

< IVaclmoy (g 1910y + K [ IDe@I Do) da ).
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Note that ||V c||(q) < oo, cf. (9). We will use the term

J = / c(y(z + hek))d},;(|Dv(z)|Dijv(:17))Dij(d},;v)d:z:
Q

to cancel the term [, [Dv(z)||D;;(djv)[* dz from the right-hand side However, it is
not as straightforward as it was in the formal a priori estimate. The shifts produce

some different terms, therefore, an additional estimate using strong monotonicity of

the operator |Dv|Dv has to be used to obtain the desired inequality. Notice that

due to (4) we have

(16)  dp(|Dv(x)|Dsjv(x)]) = +

1 [t d 9U(Dv(z) + s(Dv(x + hey) — Dv(z)))

h 0 ds 8Dij1)

_ /1 0?U(Dv(x) + s(Dv(z + hex) — Dv(z)))
0 9(Dijv)0(Dimv)
" Dy (2 + hey) — Dymo(x)
. .

From (5) and (16) one obtains

J > a/ﬂ/o |Dv(z) + s(Dv(x + hey,) — Dv(z))| ds | D(dIv)|* dz

204/
Q

1
_ §a/ \Du(z) + Do(a + heg)|| D(d) 2 da.
Q

/0 Duv(z) 4 s(Dv(x 4 hey) — Dv(x)) ds||D(dlv)|? dz

On the other hand, the strong monotonicity (6) implies that
7> a [ d(IDe(a)Dyjota)) Do) do
Q
1
> aK; /Q ﬁ|Dv(:17 + hey) — Dv(2)|® dz
= ak; / |Dv(x + hey) — Dv(z)||d} Dv|? dz.
Q

Thus the above estimates for J yield two inequalities

(17) J > % / |Dv(x) + Dv(x + hey)||D(div)|? dz
Q
and
(18) 7> ak: / |Do(z + hey) — Do(x)||dl Dol da.
Q

ds
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After summing (17) and (18) we obtain a further estimate

2K; +1

O[Kl

> /Q(|Dv(gc) + Du(x + heg)| + |Dv(z) — Dv(z + hey)|) - |D(dZU)|2dx

J

> /Q |Dv(z) + Dv(z + hey) + Dv(x) — Dv(x + hey)||D(dlv)|? dz
=2 [ 1Do@)I Do) da

which finally yields

20[K1 2
Du(z)||D( .
72 g [ Deta)|D(dota))? do

Now the constant K in inequality (15) can be determined, namely

(19)

2CYK1
(2K1 + 1)||vaHLoo(Q) ’

(20) K =

Next we concentrate on the term fQ dZ fidZvi dx. Since

ldiflla-r) = sup  [{dfs )]

el g1 o)<t

and according to Proposition 3.1 one has ||dl;hS0||L2(SZ) < IVellL2(q), we estimate

[ 1diselda = [ 17l da < 1z 196l < Ifl1o0o
Thus, finally, with use of Young’s inequality we arrive at
(21) /Q|d2fid vil de < ||d} fll -1 ldivll ) < kI fllze | Vol zeo)
< oo By + 51k Vel s

Combining (14), (15), (19), (20) and (21) yields

v k|| VacllL=(0) 1
5 /Q 4 (Vo2 de < (=52 +1) Vol + 5o l1 1320

As was recalled in (11), v € V and we assumed ¢ € Wh>®, f € L?(Q). Hence
d(Vv) is uniformly bounded (w.r.t. h) in L?(Q2) and Proposition 3.1 allows to con-
clude that Vo € W12(Q), thus v € W22(Q). O
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3.1. Uniqueness

Higher regularity of solutions enables us to prove uniqueness of solutions for a
small right-hand side f. The crucial points in estimating the nonlinear turbulent
term will be the facts that the solution is in W22(Q) and that W22(Q) c W14(Q).

Proof of Theorem 1.2. Let v!, v? be two solutions to problem (1), namely they
satisfy the equations

(23) b(v', v, ) +/ c(y")|Dvt|Dvt - Do da + v(Vol, Vo) = (f, ),
Q

(24) bR p) ¢ / ()| DD - D da + v(Ve?, Vo) = (£, )
Q

for all ¢ € V where
yt = (v}, 00!, Dol, | Dvl|Dvt),  y* = (v2,0%02, Du2,|Dv2| Dv?).

Subtracting equation (24) from (23) and choosing as a test function w = v! —v? we

obtain
b(v!, v, w) — b(v?, v?, w) + /Q c(y")|Dv|Dv' - Dwdz
- /Q c(y?)|Dv?|Dv?* - Dw dx + V||Vw||%2(9) =0.
Notice that the difference of the trilinear forms b can be transformed to
b(vt, v w) — b(v?, v, w) = b(v',w,w) + b(vt, v w) — b(v?, v, w) = b(w,v?, w)
and then estimated by
[b(w, v*, w)| < [[w]|Zs (o) IVV? | L3() < k1l Vwl|7ei) V0?30
Transforming the difference of the turbulent terms into two integrals, i.e.,
/Q{c(yl)|Dvl|Dv1 — ¢(y*)|Dv?|Dv?*} Dw dz:
= /Qc(yl)(|Dvl|Dv1 — |Dv?|Dv?)Dw dx + /Q(c(yl) — ¢(y?))|Dv?| Dv? Dw dx,
we estimate the first using the strict monotonicity (6) and Korn’s inequality:
/Q c(y")(|Dv*' | Dvt — |Dv?|Dv?) - Dwdz > ak:2||Vw||‘zg(Q).
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As ¢ is Lipschitz continuous, the properties of convolutions allow us to claim that
for small data

le(y!) — ()| < k(0" = *| + |D0" — Do?)) < Kl|v" — v*|[Ls(e-

Then Holder’s inequality and the embeddings W12(Q) C L3(Q), W22(Q) c WhH4(Q)
yield

/Q(C(yl) — ¢(y?))|Dv*|Dv? - Dwdx

< k”w”LS(sz)/ |Dv?|? - |Vw| dx
Q

kI Vwl| 2o VO? || 24 o) IVl L2 (0

<
< Es(IV202 122 ) + VO 122 @) IVl (g)-

Collecting all the above estimates we obtain

(25) ak2||vw||Ls(Q)+V|\Vw||L2(Q) k([ V2 2||L2(Q)+||VU ||L2(Q))vaHL2(Q)
+k1vaHL2(Q)”vv ll22(0)-

From the first and second energy estimate (11) and (10) we know that there exist
positive constants ky4, ks, k¢ such that

3/2 3/2
IVl 3s iy < RallFIF2 119202 Fe0) < k5(||f||Lz<sz + £
and | Vo?|Z2(q) < kol £117/°

The same estimates hold also for v!. Thus inserting the latter estimates into (25)
we get that

aks||[Vwl|3s + [v = kiky | IV — skl £1307 = ksks (| F1122 + L1152 Vw] 22 < 0

Choosing f small enough in the L2-norm (hence also in V') such that the factor next
to [|[Vw||2. (o) Temains positive we can satisfy the inequality only if w = 0, which

implies v2 = v!. Thus the solution is unique. O

640



1]
2]

[10]

[11]
[12]
13]

[14]

References

R. A. Adams: Sobolev Spaces. Academic Press, New York-San Francisco-London, 1975.

Zbl 0314.46030
H. Brezis: Analyse Fonctionelle. Théorie et Applications. Dunod, Paris, 1994. (In
French.) Zbl pre 0086.5216
L. C. Evans: Partial Differential Equations. AMS, Providence, 1998. Zbl 0902.35002
M. Germano, U. Piomelli, P. Moin, and W. Cabot: A dynamic subgrid-scale eddy

viscosity model. Phys. Fluids A & (1991), 1760-1765. Zbl 0825.76334
M. Giaquinta: Introduction to Regularity Theory for Nonlinear Elliptic Systems.
Birkh&user-Verlag, Basel, 1993. Zbl 0786.35001
D. Gilbarg, N.S. Trudinger: Elliptic Partial Differential Equations of Second Order.
Springer-Verlag, Berlin-Heidelberg-New York, 1977. Zbl 0361.35003
P. Gwiazda, A. Swierczewska: Large eddy simulation turbulence model with Young
measures. Appl. Math. Lett. 18 (2005), 923-929. Zbl pre 05001491
L. Hormander: The Analysis of Linear Partial Differential Operators I. Springer-Verlag,
Berlin-Heidelberg-New York-Tokyo, 1983. Zbl 0521.35001

V. John: Large Eddy Simulation of Turbulent Incompressible Flows. Analytical and
Numerical Results for a Class of LES Models. Lecture Notes in Computational Science
and Engineering. Springer-Verlag, Berlin, 2004. Zbl 1035.76001
P. Kaplicky, J. Madlek, and J. Stard: Full regularity of weak solutions to a class of
nonlinear fluids in two dimensions—stationary, periodic problem. Commentat. Math.
Univ. Carolinae 38 (1997), 681-695. Zbl 0946.76006
D. K. Lilly: A proposed modification of the Germano subgrid-scale closure method.
Phys. Fluids A 4 (1992), 633-635.

J. Madlek, J. Necas, M. Rokyta, and M. Riuzicka: Weak and Measure-Valued Solutions

to Evolutionary PDEs. Chapman & Hall, London, 1996. Zbl 0851.35002
P. Sagaut: Large Eddy Simulation for Incompressible Flows. Springer-Verlag, Berlin,
2001. Zbl 0964.76002

A. Swierczewska: Large eddy simulation. Existence of stationary solutions to the dy-
namical model. ZAMM, Z. Angew. Math. Mech. 85 (2005), 593-604.  Zbl 1070.76036

Author’s address: A. gwierczewska, Institute of Applied Mathematics and Mechanics,

Warsaw University, Banacha 2, 02-097 Warsaw, Poland, e-mail: aswiercz@mimuw.edu.pl.

641



		webmaster@dml.cz
	2020-07-02T11:50:29+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




