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Abstract. In the paper we study the equation Lu = f, where L is a degenerate elliptic
operator, with Neumann boundary condition in a bounded open set 2. We prove existence
and uniqueness of solutions in the space H(f2) for the Neumann problem.
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1. INTRODUCTION

In this paper we prove existence and uniqueness of solutions in the space H ()
(see Definition 2.2) for the Neumann problem

Lu(x) = f(x on €,
) { (@) = £(a)

(A(x)Vu(x),7(x)) =0 on 09,
where L is a degenerate elliptic operator
(1) Lu@) == 3 Dylay(@)Diu(@) + > bila) Diu() + g()ul) + u(w)v(x)

i,j=1 i=1

with D; = 0/0x; (j =1,...,n), 0 is a constant, the coefficients a;;, b; and g are mea-
surable, real-valued functions, the coefficient matrix A(z) = (a;;(z)) is symmetric
and satisfies the degenerate ellipticity condition

(1.2) [€lPw(z) < (A@)E,€) < [€*v(2)
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for all £ € R™ and almost every z € 0 C R™ where 2 is a bounded open set with
piecewise smooth boundary (i.e., 9Q € C%1), w and v are weight functions (that is,
locally integrable and nonnegative functions on R™), 7j(z) = (n1(x), ..., n.(x)) is the
unit outward normal to 9 at z, (-,-) denotes the usual inner product in R” and the
symbol V indicates the gradient.

In general, the Sobolev spaces W*P(Q) without weights occur as spaces of solu-
tions for elliptic and parabolic partial differential equations. For degenerate partial
differential equations, i.e., equations with various types of singularities in the coef-
ficients, it is natural to look for solutions in weighted Sobolev spaces (see [1], [2]
and [3]).

A class of weights which is particularly well understood, is the class of A,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [4]). These
weights have found many useful applications in harmonic analysis (see [5]). Another
reason for studying A,-weights is the fact that powers of distance to submanifolds
of R" often belong to A, (see [6] or [7]). There are, in fact, many interesting examples
of weights (see [8] for p-admissible weights). In this paper we will consider only A,-
weights.

The following theorem will be proved in Section 3.

Theorem 1.1. Let Q C R™ be a bounded open set with boundary 09 € C%!.
Suppose that
(H1) w € A, v € Ay and (1.2) holds;
(H2) f/ve L*(Q,0);
(H3) b;/we L>(Q) (i=1,...,n) and g/v € L*>(Q).
Then there exists a constant C > 0 such that for all > C the Neumann problem (P)
has a unique solution u € H(QQ). Moreover, we have

ey < 2|2
v llL2(0,v)

Example 1.2. Consider the domain Q = {(z,y) € R?: 2%+ y? < 1}, the weight
functions
wz,y) = (@ +y*) 77 and o(z,y) = (2 + )72
and the coefficient matrix
Awa) = (T L )
(% +y7)

For all £ € R? and almost every (z,y) € Q we have

1

I C—
(22 + y2)1/3 1/2

€ < (A(z, y)E,€) < @1 )2
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If (z,y) € 00 = {(z,y) € R?: 22 +y? = 1}, then 7j(z,y) = (x,y) is the unit outward
normal to 0€2. By Theorem 1.1 the Neumann problem
Lu(z,y) = (2 + y*)~*/® cos(xy) on Q,
(A(z,y) - Vu, 1) =0 on 00
where
0 1 ou 0 1 ou
L = - Y —
u(z,y) {3x<(x2+y2)1/3 5:0) * 3y((x2+y2)1/2 5‘y)]
sin(zy)  Ou cos(zy) Ou
(22 +y2)1/3 0z (22 + y2)L/% 9y

u(z,y) sin(ry) Lo u(z,y)
(22 + y2)1/3 (22 + y2)1/2

has a unique solution u € H(Q) (if 6 > 2).

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 <
w < oo almost everywhere. We say that w belongs to the Muckenhoupt class A,
1 < p < oo, or that w is an A,-weight, if there is a constant C' = C), ., such that

(o) o

for all balls B C R™, where |-| denotes the n-dimensional Lebesgue measure in R”. If
1< q<p,then A, C A, (see [5], [8] or [9] for more information about A,-weights).
The weight w satisfies the doubling condition if w(2B) < Cw(B) for all balls B C R",
where w(B) = [, w(x)dz and 2B denotes the ball with the same center as B which
is twice as large. If w € A, then w is doubling (see Corollary 15.7 in [8, p. 299]).

As an example of an A,-weight, the function w(x) = |z|*, x € R", is in A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [10, p. 236]).

Given an open subset €2 of R™, we will denote by L?(Q,w) (1 < p < 00) the Banach
space of all measurable functions f defined on €2 for which

1/p
1fllr(w) = (/QIf(:c)|pw(:c) d:c) < 0.

Ifwe Ay, 1 <p< oo, then w™ /=1 is locally integrable and we have LP(Q,w) C
Li .(Q) for every open set  (see Remark 1.2.4 in [10, p. 4]). It thus makes sense to
talk about weak derivatives of functions in L?(£2,w).
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Definition 2.1. Let 2 C R™ be open, 1 < p < o0, k a nonnegative integer and
w € A,. We define the weighted Sobolev space W"*?(Q,w) as the set of functions
u € LP(Q,w) with weak derivatives D%y € LP(Q,w), 1 < |a| < k. The norm of u in
WkP(Q,w) is defined by

21 lulweson = ([ u@Pe@ass ¥ [ DnuGpu )dx) "

1<|el<k

If w € Ay, then W*P(Q, w) is the closure of C*°(2) with respect to the norm (2.1)
(see Proposition 3.5 in [11, p. 416] or Corollary 2.1.6 in [10, p. 18]). The space
W(f’p(Q, w) is the closure of C5°(2) with respect to the norm

1/p
HUHW(iC’p(QUJ ( Z /|DO‘ |pw )d:c) .
1<l <k

The spaces WP (2, w) and WP (Q,w) are Banach spaces and for k = 1 and p = 2
the spaces W12(Q,w) and W,"?(€,w) are Hilbert spaces.

It is evident that the weight functions w which satisfy 0 < ¢; < w(z) < ¢g for
x € () give nothing new (the space WXP({),w) is then identical with the classical
Sobolev space W*P(Q)). Consequently, we shall be interested above all in such

weight functions w which either vanish somewhere in Q or increase to infinity (or
both).

Definition 2.2. Let Q& C R™ be a bounded and open set. We define the
space H(Q) as the closure of C>°({2) with respect to the norm

1/2
lull 02y = (/ |u|2vd:c+/<AVu,Vu> dx) ,
Q Q

where A = (a,;) is the coefficient matrix of the operator L defined in (1.1), (-,-) de-
notes the usual inner product in R” and the symbol V indicates the gradient.

The space H(?) is a Hilbert space with the inner product

a(u, @) = (/Q upv dr + /Q<AVU,V@> d:z:)l/Q.

Facts about H(2) are given in [1, p. 1115].

Remark 2.3. By the degeneracy condition (1.2) we have

/|Vu|2wdw</<.AVu Vu)d /|Vu|2vdx
Q

Therefore, W12(Q,v) C H(Q) C Wh2(Q,w).
Note also that since A is symmetric, |{(Az,y)| < (Az,z)V/?(Ay,y)/2.
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Remark 2.4. Let 2 C R be a bounded open set with boundary 99 € C%!.
Using integration by parts with u, ¢ € H(), if u satisfies the boundary condition in
problem (P), we have

/chudxf Z/QUD uchpderZ/ bipD; udx+/gugpd:c

3,7=1

+9/u<pvdac—|— Z/ a”@ mgpdac

3,j=1

=0

= B(u, ) + 9/ upv de,
Q

where

(u, ) Z/a”D ungadquZ/ b;pD; udx+/gug0d:c

3,7=1
is a bilinear form.

We introduce the following definition of solutions for the Neumann problem (P).

Definition 2.5. Let 2 C R” be a bounded open set with 9Q € C%! and suppose
that f/v € L?(Q,v). A function v € H () is a solution of the Neumann problem (P)
if

/ ZauDuD gpdx—l—/[ZbDu—i—gu}pdx—i—@/wpvdx—/fgpdac
Q Q

3,5=1 =1

for all p € H(R2).

Lemma 2.6. Suppose that w € Ay, v € Ag, bj/w € L*°(Q) (1 = 1,...,n) and
g/v € L*>(Q). Then there exists a constant C > 0 such that

1
B(u, U>+C||U||L2(Q w) Z HUHH(Q)

for all u € H(Q).
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Proof. Forall u € H(Q2) we have

(2.2) B(u,u) = Z /aijDiuDjudx—l—Z/biuDiudx+/gu2dx
Q = Ja Q

i,5=1

= /(AVU,VU> d:z:—l—Z/ ﬁquiudac—i—/ 9 u2v dz
@ = /oY

QU

b; n

w D; d

WHLOO(Q)) Z/Q|u|| u|lw dzx
=1

> /(AVU, Vu)dx — ( max
Q

1<ign

— HQH /u2vd:17
vilL=(Q) Jo
n 1/2 1/2
> /(AVU,V@dsz’l Z(/ u2wd:17> (/ |Diu|2wd:17>
Q — \Ja Q
—Cg/u2vdx
Q

1/2 1/2
> /(AVU,VU> dz — C4 (/ u?v dw) (/ (AVu, Vu) dx)
Q Q Q

- C2||u||2L2(sz,v)

where

(1 = max
1<i<n

wa 0= |

ol
w Lo () L=(Q)

Using the elementary inequality
2, 1o
ab < ea +4—b for all € > 0,
€

we obtain from (2.2)

1
(2.3) B(u,u) > /Q<AVU,VU> dz — Cy (5||u||%2(52)v) + ™ /Q<.AVU,VU> dx)

— Col|u|| 2(0,0)

Cl 2
-(1-3) /Q<AVu, Vu) dz — (Cic + Co)[ull a0

If C7 > 0, we can choose € > 0 such that

c; 1 Ch
1—-= =2, thati =,
de 2, at 18, g 9
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Thus, (2.3) transforms to

1 C? 5
B(u,u) = 5 /Q<AVU, Vu) dx — (7 + Cz)HUHLz(Q)

1 9 C? 1 9
5(/Qu vdz + /Q<.AVU,VU> d:c) - (7 +Cs 4+ §)H“HL2(Q,U)

1
= 5”“”?{(52) - CHUH%z(sz,v)a

where C = 1C? + Cy + 1 > 0. Therefore,
2 L2
B(u,u) + Cllull72(,) = §HUHH(Q)'
If C4 =0 (that is, b;(z) = 0,4 =1,...,n) then (2.2) reduces to
Bluw > [ (AVuVuhdo = Callul o,
Q

1 1
5 (/Q a0 de + /Q<AVu, V) d:c) - (c2 + 5) )220

1
5”“”%{(9) - C||U||%2(Q,u)-

\%

Therefore, we also have
2 Lo
B(u,u) + Cllul|72(q,,) = §||U||H(Q)

for all u € H(Q), where C = $C? + C; + 3.

3. PROOF OF THEOREM 1.1

We define a bilinear form

B: HQ) x HQ) — R, B(u,¢) = B(u, ) +0/ upv da
Q
and a linear mapping

T: HQ) — R, T((p):‘/ﬂfgpdx.

Then u € H(?) is a solution of the Neumann problem (P) if

for all p € H(Q).
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Step 1. If 6 > C then B is coercive, that is, there exists a constant ¢ > 0 such that
B(u,u) c||u||H(Q) for all u € H(Q). In fact, by Lemma 2.6 there exists a constant
C > 0 such that 1

Blu,u) + O3y > 5llull e

Hence, if 6§ > C, we have

B(u,u) = B(u,u) + 0/ v?vdr = B(u,u) + 0”“”%2(971))
Q

1
> B(u,u) + Cllul|72(q.) > HUHH(Q)
Therefore, for § > C we have that
- 1 9
(3.1) B(u,u) > 5”“”1{(52)

for all u € H(Q).
Step 2. B is bounded. In fact, using the fact that the coefficient matrix A = (a;;)
is symmetric, (H2) and (H3), we obtain

/ upv dx
Q

< / AV, Vi) dz + 3 / ball| [ Do de + /Q lgllel [u] dz + 6 /Q fulplo da
=1

|B(u, )| < |Blu,0)| +6

< /(AVu,Vu>1/2<AV<p, Vi)!/2 dx+Z/ |w—||g0||Diu|wd:E
Q =179

+ [ 90 ol o+ 6 [ tulletoda
Qv Q

< ( /Q (AVu, Vu) dx)1/2 ( / (AV, V) dx)1/2

i) S tae)(fooioas)
‘gHLm o (/ |u|2vdx>1/2 (/ |gp|2vd:17>

+9(/ |u|2vdx)1/2 (/ |<p|2vdx> v

< (1—1— max

1<ign

+ (max

1<ign

+ 9) lullzllellm@

;HLOO(Q) vllLe(@)

= Cllull mo el reo)

for all u, ¢ € H(Q).
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Step 3. The linear mapping T is bounded (that is, T € [H(2)]*). In fact,

T(p) < /Q |Fllpl dz = /Q oo ar

()] [

<. el

L2(Q,v)

for all p € H(Q).

Therefore the bilinear form B and the linear functional T satisfy the hypotheses of
the Lax-Milgram theorem. Thus, for every f with f/v € L?(2,v), there is a unique
solution u € H() such that

B(u,¢) =T(p)

for all ¢ € H(f), that is, u is a unique solution of the Neumann problem (P).
In particular, by setting ¢ = u, we have

B(u,u) = / fudz.
Q
Using the definition of B, we obtain

B(u,u)zB(u,u)—i—G/u%dxz/ iuvd:v
Q Q

v

< lullzzn | 5]

L2(,0)

f
< HuHH(Q)HZ‘ L2

Using (3.1), we obtain

A

1 2 N
3l o) < Blu,u) < ”“”H(Q)’ L2(Q)

Therefore,

L2(Q,v)

H

ey <2|

627



1]

2]

[10]

[11]

References

S. Chanillo, R. L. Wheeden: Harnack’s inequalities and mean-value inequalities for so-
lutions of degenerate elliptic equations. Commun. PDE 171 (1986), 1111-1134.
Zbl 0634.3503

S. Chanillo, R. L. Wheeden: Existence and estimates for Green’s function for degenerate
elliptic equations. Ann. Sc. Norm. Super. Pisa IV ser. 15, Fasc. II (1988), 309-340.

Zbl 0688.35002
B. Franchi, R. Serapioni: Pointwise estimates for a class of strongly degenerate elliptic
operators: A geometrical approch. Ann. Sc. Norm. Sup. Pisa C1 ser. 14 (1987), 527-568.

Zbl 0685.35046
B. Muckenhoupt: Weighted norm inequalities for the Hardy maximal function. Trans.
Am. Math. Soc. 165 (1972), 207-226. Zbl 0236.26015
A. Torchinsky: Real-Variable Methods in Harmonic Analysis. Academic Press, Orlando,
1986. Zbl 0621.42001
A. Kufner, O. John, and S. Fucik: Function Spaces. Noordhoff International Publishing,
Leyden, 1977. Zbl 0364.46022
A. Kufner: Weighted Sobolev Spaces. John Wiley & Sons, New York, 1985.

Zbl 0567.46009
J. Heinonen, T. Kilpeldinen, and O. Martio: Nonlinear Potential Theory of Degenerate
Elliptic Equations. Oxford Math. Monographs. Clarendon Press, Oxford, 1993.

Zbl 0780.31001
J. Garcia-Cuerva, J.L. Rubio de Francia: Weighted Norm Inequalities and Related
Topics. North-Holland Mathematics Studies 116. North Holland, Amsterdam-New
York-Oxford, 1985. Zbl 0578.46046
B. O. Turesson: Nonlinear Potential Theory and Weighted Sobolev Spaces. Lectures
Notes in Mathematics Vol. 1736. Springer-Verlag, Berlin, 2000. Zbl 0949.31006
V. Chiado Piat, F. Serra Cassano: Relaxation of degenerate variational integrals. Non-
linear Anal., Theory Methods Appl. 22 (1994), 409-424. Zbl 0799.49012

Author’s address: A. C. Cavalheiro, Department of Mathematics, State University of

Londrina, Londrina-PR, 86051-990, Brazil, e-mail: accava@gmail.com.

628



		webmaster@dml.cz
	2020-07-02T11:50:01+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




