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Abstract. A general concept of two-scale convergence is introduced and two-scale com-
pactness theorems are stated and proved for some classes of sequences of bounded functions
in L? (©) involving no periodicity assumptions. Further, the relation to the classical notion
of compensated compactness and the recent concepts of two-scale compensated compactness
and unfolding is discussed and a defect measure for two-scale convergence is introduced.

Keywords: two-scale convergence, compensated compactness, two-scale transform, un-
folding
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1. INTRODUCTION

In 1989 Nguetseng [15] presented a new approach for the homogenization of partial
differential equations, the so-called two-scale convergence method. The name two-
scale convergence was introduced by Allaire in [1], where the method was applied to a
variety of problems. Nguetseng’s method has been widely used and developed in var-
ious ways. A careful treatment of the theoretical fundaments of the method is found
in the recent survey [12] by Lukkassen et al. Let us also mention [4], where Amar
proved two-scale compactness for a sequence of functions defined on BV. The ex-
tension to the almost periodic case is found in Casado-Diaz and Gayto [7], and in [6]
Bourgeat et al develop a stochastic two-scale convergence (in the mean). Further,
in [3] two-scale convergence is extended to the linear stationary multiscale case by
Allaire and Briane, and in [11] by Lions et al to the monotone stationary multiscale
case. In [10] a multiscale homogenization theorem is proved for parabolic prob-
lems. The two-scale convergence method relies on the sequential matching between
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a bounded sequence {uy} of functions in L?(Q2) and a sequence {u;} of functions
defined through s, (z) = v(2,z/ep), v € L*(Q2 x Y), where Y is the unit cube in RY
and Q an open bounded set in RY. The original result by Nguetseng says that
for v sufficiently smooth and Y-periodic in the second argument it holds up to a
subsequence that

lim uh(ac)v<x, i) dz = / / wo(z, y)v(z,y)dy dz
h—oo Jo €n QJy

for €5, — 0 when h — oco. The purpose of the present paper is to state and prove
general compactness results that do not depend upon any periodicity assumptions
on the test functions. We discuss it in the context of the classical compensated
compactness by Murat and Tartar and the recent concept of two-scale compensated
compactness by Birnir, Svanstedt and Wellander. In particular, we will discuss the
fact that the additional scale appearing in the two-scales limit allows for a relaxation
of the regularity needed in order to obtain results of compensated compactness type.

Remark 1. In the sequel we denote spaces of functions periodic with respect to
the unit cell Y as

Fy(Y) = {u: u € Fioc(RY), u is Y-periodic},

where F may be, for example, L?, WP, C or C*°.

2. WEAK CONVERGENCE AND GENERAL TWO-SCALE CONVERGENCE

Let us first recall the usual weak compactness in L?(Q2). For a bounded se-
quence {up} in L2(2) it is well-known that, up to a subsequence, {u;} converges
weakly, i.e., for some u € L2?(2) it holds that

[ @@ s = [ u@yn(e)dz

for all 4 € L?(2). Replacing u with a bounded sequence {y} in L?(2) the situation
gets less obvious. Depending on in which way the involved sequences of functions
are chosen it may or may not hold that, still up to a subsequence,

(1) /Q wn(@)pn () dz — / u(@)u(x) de,

where u and p are the weak limits for {u} and {un}. The easiest way to make
sure that (1) holds is of course to make the stronger assumption that {up} converges
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strongly. However, the notion of two-scale convergence provides an alternative. For
suitable choices of v we have already noticed that

(2) Léwwm@wmaémewmﬁw@m,

where i, (z) = v(z, 2z /ep) is bounded in L?(£2) but not necessarily strongly conver-
gent to any limit in L?(Q). It seems like the extra scale supports the convergence in
cases where neither {up} nor {up} are strongly convergent.

A natural question to ask is whether there are other ways to generate weakly
convergent sequences {1, } such that (2) is true. To find out we investigate sequences
of integral expressions of the type

Amwm@m:/m@mmwa

Q

where

e X — L3(Q)

and X C L?(Q x A), where Q@ C RV and A C R™ are open and bounded. We
prove that results of the same kind as (2) hold under general assumptions on the
operators 7, and the admissible set X. One of the advantages with two-scale con-
vergence is that all the properties one seeks for in the sequence {uy} are lifted out
by a suitable choice of test functions. Therefore the characterization of admissibility
of test functions is one of the key problems in two-scale convergence. We will prove
two theorems, Theorem 3 and Theorem 6, where the admissible set of test functions
belongs to two different subsets of L?(2 x A). One is based on separability and the
other is characterized by its geometrical cone properties (Hahn-Banach). First we
define two-scale convergence in a general setting:

Definition 2. A sequence {u;} in L?*(Q) is said to two-scale converge to ug €
L?(Q x A) with respect to {7} if 7,: X — L?(Q) and

h—o00

lim Quh(ac)fhv(w)dx:/Q/Auo(x,y)v(m,y)dydx

for all v € X.

We have the following compactness result:
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Theorem 3. Let Q) and A be bounded open subsets of RN and RM | respectively,
and assume that {uy} is a bounded sequence in L?(2). Further, assume that X C
L?(Q x A) is a separable Banach space and that

e X — L3(Q)
satisfies
(3) Jim ([ 7hvll ) < Clloflzzxa)
and
(4) I7hvllL2() < Cllvllx.

Then there exists ug € L?(2 x A) and a subsequence h — oo such that

/Quh(x)rhv(:c)dxH/Q/Auo(:z:,y)v(x,y)dydz

for allv e X.

Proof. By the Schwarz inequality and (4)

(5)

< lunll2@llmnvllz2@) < Cllvllx.

/Q up(z)mhv(z) da

This means that we can identify u;, with an element F}, in the dual X’ via

(Fn,v)xr x :/Quh(x)nbv(x)dx.

The sequence {F},} is bounded in X’. By (5) we get

(6) [Frllx = sup [(Fn,v)x x| <C.

vl x=1

Now X’ is the dual of the separable Banach space X and then the bound (6) means
that there exists a weaklyx convergent subsequence of {F}} in X’ such that

(Fr,v)x,x — (F,v)x/, x
for all v € X. Further, (3), (5), and a passage to the limit yields

[(Fyv)xr x| < CllvllL2axa)
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and thus, by using the Hahn-Banach theorem, there exists a bounded linear func-
tional G € (L*(2 x A)) such that
(Fiv)x,x = (G,0)(12(Qx ), L2(Qx A)

for all v € X. Finally, according to the Riesz representation theorem (L2-duality),
there exists a unique ug € L%(Q2 x A) such that

(va)(Lz(QxA))’,LZ(QXA)://AUO(I»y)U(xvy)dydz
Q

and the proof is complete. O

Below we prove that the second scale in the two-scale limit is lost if we assume
that {u;} converges strongly in L2(f2).

Proposition 4. Let {7,} be as 1'11 Theorem 3 with the additional condition that
pn = Thv converges weakly to p(x) = [, v(z,y)dy in L*(Q). Assume further that
{un} converges strongly to u in L2( . Then

/uh( 2)mho(z dxﬂ// (z,y dydx—/ﬂu(x)u(z)dz

for all admissible v.

Proof. The “weak-strong” convergence immediately yields

/uh( x)Tho(x dx—>/ [/ v(x y)dy} dx—/ﬂu(x)u(m)dx

and the proof is complete. (Il

For the proof of the second compactness result (Theorem 6), we first recall the
following version of the Hahn-Banach theorem.

Lemma 5 (Hahn-Banach). Let X be a normed linear space and 'Y a subset to X.
Further, assume that f: Y — R is linear and that

Z Cif(’Uz‘)

i=1

n

g CiU;

i=1

<C

X

for some C and all v; € Y,¢; € R.
Then there exists a linear functional g with ||g||x- < C that extends f from Y
to X.

Proof. Put p(v) = C|v| x in Theorem 2.3.1 in Edwards [9]. O

We are now ready to state and prove a second two-scale compactness result which
holds under somewhat different assumptions than in Theorem 3.
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Theorem 6. Let Q and A be bounded open subsets of RN and RM | respectively,
and assume that {uy} is a bounded sequence in L?(2), X a subset contained in
L?(Q x A) endowed with the norm of L*(2 x A), and

T X — L*(Q)

a sequence of linear maps such that, for some C' independent of h,

n

g CiThU;

i=1

(7)

<C
L2 ()

CiUj
i=1

L2(Qx A)

for all v; € X, ¢; € R. Then, for some ug € L*>(Q x A) and up to a subsequence,

lim uh(x)Thv(:c)dx://uo(x,y)v(z,y) dydz
h—oo Jo aJa

holds for all v € X.

Proof. We introduce
(Fh,v)xr x = /Quh(x)rhv(:c) dz.
Clearly, by (7) and the Holder inequality,
éci/ﬂuh(x)(rhvi)(x) dx

n

g CiThV4

i=1

n

ZCi(Fh7Ui)X’,x’ —

i=1

(8)

<C <D

L2(Q)

CiU;
i=1

L2(@xA)
Equation (8) and Lemma 5 yield that there exists an extension G" of F" such that
9) (Ghyv) (L2 (x )y, L2 (@xA) < D] L20x 4)-

The inequality (9) and the separability of L2(2x A) imply that there exists a weaklyx
convergent subsequence of {G"} in (L?(Q x A))’ such that

(Gh, U)(L?(QxA))/,m(QxA) — (G, v)(L2(Q><A))/,L2(Q><A)

for allv € L2(2x A). Finally, due to L?-duality, there exists a unique ug € L2(2x A)
such that

(G,v)(L2(xA)y,L2(0xA) = / /AUO(%Z/)U(L?J) dydz
Q
and therefore, for the restriction F' of G to X,
(Fvv)X’,X :/ / ’U,O(.T,y)’U(CL‘,y) dydl‘
QJa

for any v € X. O
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Remark 7. All results in this chapter are easily generalized from L? to the
LP-case when p > 1. The case p = 1 has to be handled in a somewhat different
manner. Since L!() is not reflexive, we cannot apply weak sequential compactness.
We can however argue as follows. Let Cy(2) denote the set of continuous functions
with compact support in 2. Then it is well known that its dual is (Co(Q2))" = M(Q),
i.e., the space of Radon measures on ). Let us now as usual identify L!(Q) with a
subspace of M (). It follows that, if {uy} is a sequence which is uniformly bounded
in L'(Q) and if

Th: Co(2 x A) — Co(Q)

is a sequence of maps such that
(10) Jm ITnvllco@) < Cllvlleg@xays

then there exists a Radon measure pg € M(2 x A) and a subsequence, still de-
noted {u}, in L'(Q) such that

i A up () ho(z) de = (po (2, y), v(x, y)) m@x 4),Co(0x 4)-
If the limit element po belongs to L'(€2 x A), then the two-scale convergence is
compact in L'. Weak two-scale compactness in L! can also be proved using the
usual Dunford-Pettis characterization. For a complete exposition of periodic two-
scale convergence of Radon measures we refer to [4] by Amar; in [13] Mascarenhas
and Toader introduce a concept called “scale-convergence” for Young measures.

Remark 8 (Periodic case). Let mpv(z) = v(z,x/ep), where v(z,y) is periodic
(unit period for instance) and continuous in the second argument, and where {¢,} is
a sequence of positive numbers tending to zero as h tends to +0o0. Then (3) becomes

T
v|lx, —
Eh

and, if {uy,} is bounded in L?(f), it holds up to a subsequence that

(11) lim

h— o0

L) < Ol z2axy)

lim uh(x)v(x, i) dz = / / uo(z,y)v(z,y) dy da
Q Eh QJYy

h—o00

for some ug € L2(Q x Y), where Y = (0,1)"V. Typical examples of admissible test
functions as above are those in L*(Q; C4(Y)) and, for € bounded, L;(Y;C(2)). In
fact, for these function spaces, (11) holds with equality and with C = 1.
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Remark 9 (Periodic multiscale case). Let t,v(z) = v(z,z/e},. .., x/e}), where
v(x,y1,...,Yq) is periodic (unit period for instance) and continuous in y1,..., ¥y,
and where ¢;, is a sequence of positive numbers tending to zero as h tends to +oo.
Then (3) becomes

. x x
hh_}H;OHU(IE? ga ey £>’ LQ(Q) < CHU||L2(Q><Y1><...><Yq)7
and, for {u;,} bounded in L?(Q),
x
I (= ) d
A R P

/A / U/O:Eyla"'ayq) (LL' yla'-'ayq)dyl dyqu
1

up to a subsequence, for some uy € LP(Q2 x Y1 X ... x Y,), where Y; = (0,1)V
i=1,...,q. See [3].

3. TWO-SCALE CONVERGENCE AND COMPENSATED COMPACTNESS

In Theorems 3 and 6 we did not ask for anything more than boundedness in L?((2)
of {up}, while we made more specific assumptions on the sequence {u} generated
by functions v = v(z,y). A famous result by Murat and Tartar, the div-curl lemma,
addresses a similar situation under somewhat different assumptions. In their ap-
proach they impose certain differential constraints on sequences {up} and {up} in
addition to boundedness in L?(2). In [16] Tartar utilizes this study and proves gen-
eral compactness results for quadratic forms @(uy) under the name of compensated
compactness. The div-curl lemma reads:

Theorem 10. Let {u;} and {u} be bounded sequences in [L?(Q)]V and u and
u the weak limits of suitable subsequences. If, in addition, {divup} and {curl up}
are compact in W~=12(Q) and [W~12(Q)]N*N | respectively, then

(12) lim | wn(a) - n (@) p(a) do = / u(a) - pla)p(e) da

h—oo Jo Q
for any ¢ € C§°(f2).

Recently a version of Tartar’s compensated compactness result has been developed
in connection to the method of two-scale convergence in [5] by Birnir, Svanstedt and
Wellander. The two-scale version of the div-curl lemma reads:
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Theorem 11. Suppose that {uy} and {u} are bounded sequences in [L*(Q)]™
and denote by ug and vy their weak two-scale limits, respectively. If, in addition,
{divuz} and {curl u} are bounded in L?(Q)) and [L?(Q)]V*¥, respectively, then

(13) hllngo A uh(x)gp<gc, %) .uh(:c)g0<x, %) dz

— /gz/yuo(:c,y)@(x,y).vo(x,y)@(m,y)dydx

up to a subsequence for any ¢ € C§°(€; C°(Y)).

Remark 12. The relationship between the convergence (12) in Theorem 10
and the convergence (13) in Theorem 11 deserves some attention. One immediately
observes that, by choosing ¢ = (), (13) leads to (12) and, consequently,

(14) mewm@m@:mewmﬂm@ww

If, for example, ug(z,y) = u(z), the identity (14) follows immediately from the fact
that the weak limit u is obtained from the two-scale limit ug through

u(x) z/Yuo(:c,y)dy.

It is well known that the loss of the second scale occurs when {uj} is strongly
convergent. However, for this case (12) holds trivially by elementary functional
analysis. An important question in this connection is whether the second scale may
vanish under some conditions not including strong convergence. We demonstrate
such a situation below. By the assumption that {curl s} is bounded in [L%(Q)]V*V
we conclude from the two-scale compactness that curl, vy = 0. Classical vector
calculus arguments then say that there exists a function ¥ such that

vo(z,y) = p(x) + Vy¥(z,y).

Moreover, div, ug = 0 and this together with integration by parts applied to the
second term yields

/sz (/y uo(,y) - (u(@) + Vy ¥(z,y)) dy) ©?(z) dz

= ([ otz an) - nto)e?a) s

u(z) = /YUO(w,y)dy,

Thus, by letting
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we get the identity

/Q</YU0($,?J)'vo(fl?,y)dy)cf(x)dx/Qu(x

for all ¢ € C§°(2).

- ulw)p? () da

~

4. GENERAL TWO-SCALE CONVERGENCE AND DEFECT MEASURES

In this final section we exhibit an explicit example of a sequence {73} of opera-
tors of the type introduced in Theorem 3 and investigate the relationship with the
well-known cases. Outgoing from this we introduce an approach that can be seen as
a type of unfolding (see [8]), where both scales are visible all the time. This special
case indicates the relation between two-scale convergence and unfolding in a way
easier to understand. We also make some observations concerning how to introduce
a defect measure for general two-scale convergence. Below we will discuss the conse-
quences for the compactness if the conditions on sequences {up} and {uy} no longer
are strong enough to guarantee, e.g., “weak-strong” or compensated compactness.
We discuss properties of {uy} and {u;} beyond the point of breakdown for this type
of convergence that still allow for some related kind of convergence and provide an
example, where the switch between these two modes is visualized. For this purpose
we construct a simple prototype for two-scale convergence and study the relationship
between two-scale convergence in a general sense, some more traditional weak com-
pactnesses and the recent concept of periodic unfolding, also known as the two-scale
transform method, see [14].

Let us consider again the expression

/ up(x)pn () de.
Q

Now let {un} appear through a sequence of Hilbert-Schmidt operators {74}

w@:mmm:/w@wmw@,

Y

where {wy,} is weakly convergent in L?({2) and v is regular enough. By the reflex-
ivity of L2(£2) and the compactness of the Hilbert-Schmidt operator, it follows that
{un} converges strongly in* L2(€2) (see [2, 8.9]). Consequently,

/Q wn (@) () da — /Qu(ac)u(x)dx.
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For the corresponding operator with two scales given by

n(z) = Tyo(a) = /Y wi(z, y)o(e, ) dy,

where {wy, } is bounded in L2(£2 x A), the strong convergence for {u,} does not hold
in general. If we choose, e.g.,

wi (2, ) = wi (2)w (y)

with {w}} bounded in L?(Q2) and w? € L?*(A), the convergence of {uy} in L*(Q)
will not be stronger than that of {w}}. However, by imposing conditions not much
stronger than these, we will prove compactness for general two-scale convergence in
the sense of (15) below.

For two-scale convergence in the traditional setting the operators 7, are of the
type Tho(z) = v(x,wp(x)) where wp(x) = xz/ep. Consequently, it is natural to
require that the admissible test functions in the periodic two-scale convergence are
of Carathéodory type. However, for other choices of operators 7, it turns out that
the Carathéodory continuity condition can be removed. We are now ready to show
that, under assumptions including neither strong convergence in any Lebesgue space
nor differentiability or continuity requirements on the functions involved, it holds up
to a subsequence that

h—o00

(15) i [ sl do = [ [ wolay)ote,y) dyda,
Q aJa
where 1y € L*(Q x A) and
(16) up — U= / uo(-,y)dy weakly in L?(Q).
A
This is true if {u} is bounded in L?(12),

un(z) = To() = /A wn(,y)(z,y) dy

for some v € L4(Q x A), and {w;,} is a bounded sequence in L*(Q2 x A) such that,
up to a subsequence,
wp, —w  weakly in L*(Q x A)

and
wi — W weakly in L?(Q x A),
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where W € L>°(Q2 x A). We also normalize the sequence {wy}, i.e. we let

/wh(x,y)dy: L.
A

The reason for this last normalization condition is that the average over A for the
two-scale limit up must coincide with the corresponding weak limit u. If we can show
that

(17) hh_{go [Tnvll L2 () < Cllvll L2 (ax 4)
and
(18) [TnvllL2(0) < CllvllLaaxay,

then (15) will follow by Theorem 3.
By using the weak convergence of w? in L*(Q x A) and the Jensen inequality we
obtain (17):

2
ol = H [ oo ay

L2(Q)
= [ [ et an?as
QJa
<Co//w%(w,y)vQ(x,y)dxdyHCo//W(w,y)vQ(x,y)dydx
QJa QJa
< Cl”””%%szxA)-
Clearly,
||ThUH%2(Q) éCO/Q/Aw%(x,y)UQ(x,y)dyd:c
< CollwallFaax 10l 7a@xay < CallolZaax a

and hence also (18) is proven. For any v = v(x) € L?(2) we obtain

lim [ wp(z)pp(z)de = lim uh(x)/ wp(x, y)v(z) dy dz
Q A

h—oo Jo h—o0

= lim [ wup(z)p(z)d
h—oo Jo

_ /Q/Auo(a:,y)v(:c)dzdy
_ /Q(/Auo(:r,y)dy)v(x)dz
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and thus (16) is proven. Moreover, if we assume that w = 1, it is easy to show that
— / y)dy weakly in L%(Q).

Remark 13. Changing the order of integration it is now possible to reformulate
the left-hand side of (15) into weak convergence in L7 (€2 x A):

(un, ThV) L2(0) :/ﬂuh(x)Thv(x)dz:/SZAuh(x)wh(x,y)v(z,y) dy dzx,

where v € L*(Q x A) and {upwy} is bounded in L3 (€ x A). We can look upon this
as if we had “unfolded” wj, by means of the adjoint operator

Thun(z,y) = up(@)wn (T, ).

It is now possible to perform the two-scale convergence process in the equivalent
form:

(Thun, V)2 (Qxy) = //T;uh(x,y)v(x,y)dydz
QJa

- /Q /AUh(x)wh (z, y)v(z,y) dzdy
- /Q /A uo(z,y)v(z,y) dy dz.

Note that the limit ug € L?(Q x A) even though it is the weak limit of a sequence
that is just bounded in L7 (€2 x A)

The remark below provides us with a link between the type of two-scale conver-
gence introduced in this section and the traditional periodic two-scale convergence.

Remark 14. Let v € C*°(9; C°(Y)), where Y = (0,1)", i.e. the set of smooth
functions with (unit) period in the second argument. We can construct the usual set
of periodic oscillating test functions v(x,x/ep) by setting

on(@) = Tl / 5o jen W)0(2,y) dy = vz, 2 /en),

where ¢, is the usual delta distribution. We can think of this like when the dual
space of functions is expanded to contain distributions which are not represented by
functions in any ordinary sense then the space of admissible functions shrinks, which
usually means stronger regularity assumptions.

259



Let us close this section by proposing a way to characterize a defect measure for
the two-scale convergence. A general complication with two-scale convergence is that
the sequence to be analyzed and the corresponding two-scale limit live in completely
different spaces. The operator 77 helps us to overcome this problem. Among other it
makes it possible to introduce a defect measure ¢p for two-scale convergence. Below
we suggest a defect measure and show how it can be simplified when the two-scale
limit ug belongs to the admissible space X. We compare 7, u;, with the two-scale
limit in the norm topology of L?(2 x A) to define a defect measure as follows:

so({un},uo) = lim [|75iun = o[ T2axa)

h—o00

= lim //(T;uh(x,y))Q—i—ug(ac,y)dydx
QJa

h—o0

= lim //(T;uh(:c,y))Q—2T;uh(:c,y)u0(ac,y)+u(2)(x,y)dydx
aJa

— lim [ 2up(z)mhue(z)de
h—oo Jo

lim //(T;uh(x,y))2dydx—//u%(w,y)dydx
h—oo Jo Ja ala

if ug € X and all the involved limits exist. In this case we have

i [ [ )P ayde - [ [ o) dyds
h—oo Jo JA 0Ja

as a measure of what is missing to obtain strong convergence.

We close this section by presenting an explicit example of unfolding operators in
the periodic setting.

Example. This example is studied independently by Cioranescu et al. in [§]
and by Nechvétal in [14]. In [14] Nechvatal compares usual the two-scale conver-
gence and the unfolding and proves a compactness result for the sequence defined by
unfolding (or the two-scale transform) which shows that the limit coincides for the
two sequences. Let Y = (0,1)" and let {e5} be a sequence of positive real numbers
tending to zero as h — oo. For any z € RY we write

=G a )

where [2]y = k denotes the vector of the greatest integers k; less than or equal to z;
and {z}y = z— [z]y denotes the remainder. We have used the fact that for any
x € RN and h € N there exists a unique number k € Z” such that

x
_:k+y
€h
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for some y € Y. If we define 7,v(z) = v(z,z/ep) (cf. Remark 14), then for any u €

L?(Q2) we now define the corresponding unfolding operators in the periodic setting

as

e L2(Q) — L2(Q xY)

T, U\ =ul\e€ — g .
h Y h enly hY

Periodic two-scale convergence can now be viewed as weak convergence of the se-

quence {7;fup} as in Remark 13.
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