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Abstract. We deal with a class of Penrose-Fife type phase field models for phase tran-
sitions, where the phase dynamics is ruled by a Cahn-Hilliard type equation. Suitable
assumptions on the behaviour of the heat flux as the absolute temperature tends to zero
and to +oo are considered. An existence result is obtained by a double approximation pro-
cedure and compactness methods. Moreover, uniqueness and regularity results are proved
as well.
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1. INTRODUCTION

In this paper we address a well-posedness problem for a system of evolution equa-
tions in three space dimensions modelling a phase transition process. A material
which occupies a bounded open region ) C R? is supposed to be cooled or heated,
and by means of this it changes its phase, e.g. from liquid to solid or vice versa.
The evolution equations which describe the process involve the absolute tempera-
ture ¥ and an order parameter y, which is of use for distinguishing one phase from
another [31]. In the present paper, such a parameter is a conserved quantity, i.e., the
integral of y over () remains constant during the phase transition process. The
system we study is

(1.1) H(W+Ax) —Aa(¥) =g in Q:=0Qx(0,7),
(1.2) Oex —Aw =0 in Q,
(1.3) w=—Ax+p6(x)+o(x)— 1;\ + g in Q.

* The authors would like to acknowledge financial support from MIUR through COFIN
grants and from the IMATTI of the CNR, Pavia, Italy.
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In the above equations
e T > 0 is a positive time,
e 9J. is a critical value of the absolute temperature around which the phase tran-
sition occurs; w: ) — R is the so-called chemical potential,
e o and o are constitutive smooth functions, with « monotone, while A is a
positive constant (latent heat),
e [ is a maximal monotone graph in R x R,
e ¢ is a given source term.
The above system (where (1.3) has to be read as a differential inclusion if j is
not a one-valued function) turns out to be of Penrose-Fife type [25], [26] and the
subsystem (1.2)—(1.3) that rules the phase dynamics can be viewed as a generalization
of the well-known Cahn-Hilliard equation or system (see, e.g., [1], [5]), namely

OF
dx = —divj, j=-V—
ox
where the generalized force 0F/dx is the functional derivative of the Ginzburg-
Landau functional (3 being a primitive of 3, see, e.g., [4], [5], [24])

1 1

F,x) = /Q{%IV)(IZ Jr@()() +o(x) + /\X(E — 1Z)}dx

In equation (1.1) a key role is played by the choice of a. Indeed, (1.1) reflects the
energy balance and « is related to the form of the heat flux q, namely

(1.4) q=—Va(v).

In literature, several classes of heat flux laws are considered. Regarding non con-
served models (i.e., second order phase dynamics), several papers [8], [12], [13], [16],
[17], [19], [20], [30] deal with the case () & —1/9. On the other hand, less papers
[10], [21] consider the Fourier law a(d¥) ~ o, which is more satisfactory for high
temperatures but leads to a more difficult problem. Such considerations suggest
introducing a class of intermediate laws. In this direction we refer to [7], [8], [9],
[11]. More precisely, in [8] it is assumed that o/(9) ~ 972 as ¥ \, 0 and that
o' (9) =~ 9727 as 9 /" +oo, where p > 1/2 and ¢ € [0,1/2]. The authors consider the
third type boundary condition for temperature and prove an existence result. The
particular case p = 1 and ¢ = 0 is treated in [9], where a regularity and uniqueness
result is proved, while [11] and [7] regard well-posedness results for different bound-
ary conditions for «(1)) (Dirichlet and Neumann, respectively) and use intermediate
assumptions on «, namely p =1 and ¢ € [0,1/2].
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Regarding conserved models, many results are known in the case a(d) = —1/¢
(cf. [14], [15], [18], [29]), while just the paper [28] deals with the Fourier law, as far
as we know. Finally, we mention [27], which assumes p = 1 and ¢ = 0 as in [9] and
accounts for memory effects as well (the no-memory case being a particular one).

In this paper we deal with the conserved case assuming essentially the same frame-
work as in [11] and [7] as far as « is concerned (just the case ¢ = 1/2 is excluded,
indeed), and couple equations (1.1)—(1.3) with homogeneous Neumann conditions
for y and w (as usual) and third type boundary conditions for u := «(¢}), namely

(1.5) OnX = Opw =0 and Ot +yu=h

where 0,, is the normal derivative and the boundary function h and the positive
constant  are given. However, the Dirichlet condition for w could be considered,
similarly to [11]. On the other hand, a Neumann boundary condition for u (i.e.,v =0
in (1.5)) looks much more delicate.

We prove an existence result using a double approximation procedure. The solu-
tion we obtain comes out to be unique whenever (%) is at most a linear perturbation
of —1/¥ for small 9. With weaker assumptions on «, we prove also an existence and
uniqueness result of smoother solutions.

The paper is organized as follows. Section 2 contains the statements of the prob-
lem and of the main results. Section 3 is devoted to the existence results for the
approximating problems, obtained via a Faedo-Galerkin method. In Section 4 some
auxiliary lemmas are proved. Section 5 contains the a priori estimates for the ap-
proximating problems and the proof of a first existence result. The last two sections
address the problems of uniqueness of the solution obtained in Section 5, and of the
existence and uniqueness of smoother solutions, respectively.

2. STATEMENT OF THE PROBLEM

In this section, we take some care in describing the problem we are going to deal
with. Moreover, we list our assumptions and state our results. We start with the
assumption on the structure of the system.

As in Introduction, A and ~ are fixed positive constants. Moreover, we are given
two C! functions a: (0,+00) — R and o: R — R and a nonnegative function
B: R — [0,400] satisfying the conditions listed below, where the constants ¢y and
Coo are finite and strictly positive.

(2.1) « is strictly increasing and concave and «(1) =0,
(2.2) lim 720/ (r) = ¢ and lin'Ln 7290/ (r) = coo with 0< g < 1/2,
r—0 r——+o00
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o’ is Lipschitz continuous,

(2.4) 0 is convex, proper, lower semicontinuous, with B(O) =0

Note that assumptions (2.2) ensure that the inequalities

(2.5) d'(r)> = and od(r)> C—z Vr>0
r

hold true for some C; > 0. The same assumptions (2.2) imply that

(2.6) Tli%l+ ra(r) = —co and i r?a(r) = ] c_°°2q.

We define functions & and ¢ and a graph §in R x R by
(2.7) a(r) == / a(rydr" (r>0), o:=a"', and B:=08p3
1

and note that § is maximal monotone. The same symbol 8 will be used for the
maximal monotone operators induced on L? spaces.

Next, we list our assumptions on the data. To this aim, we introduce a notation.
In the sequel, € is a bounded connected open set in R® with a C? boundary I' and
T is a given final time. For the sake of convenience we set also

(2.8) H:=L*Q), V:i=HYQ), and W :={ve H*Q): d,v=0}.

Throughout the paper we think of the Hilbert triplet (V, H, V') obtained by identify-
ing H with a subspace of V' in the usual way. Moreover, the symbol (-, ) stands for
the duality product between V' and V. Note that (u,v) = (u,v) for any v € H and
v € V, where (u,v) is the scalar product in H. For the sake of simplicity, we denote
with || - ||z both the norm in H and the norm in any power of H. Accordingly, we
simply write, e.g., L?(0,T; H) meaning any power of it.

In order to present the problem we are going to deal with it in an abstract form
including the boundary conditions, defining A, B € L(V; V") by the formulas (where
uwand v vary in V)

(2.9) (Au,v) :/Vu-Vv+7/uv and (Bu,v) :/Vu-Vv.
Q r Q
We note that the formula

(2.10) loll§, = (Av, v)
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defines a norm in V' which is equivalent to the usual one. Moreover, B is not one-
to-one and its range is not the whole of V’. Precisely, if f € V/ and fq denotes its

(generalized) mean value, i.e.,

1

(2.11) fa = i (£, 1)

then the range of B is the subspace Vj of V' defined by
(2.12) Vo:={feV': fa=0}
and the restriction of B to the subspace

(2.13) Vo =VnVy={veV: vg=0}

maps Vp onto V{ isomorphically. Hence, we can introduce its inverse operator N
Note that Nf is the solution with zero mean value of a (generalized) Neumann
problem and that A is determined by the conditions

(2.14) N:Vi—Vy, and BNf=f VfeV.
Moreover, the following relations hold:

(2.15) (Bu, Nf)y={(f,v) VYveV, VfeV,
(216) (L Nfo) = (o M) = / (VNF) - (VAL) V1. fa € V.

Q

In particular, the formula

1F12 = (N f) = / VN FP
Q

defines a norm in Vj which is equivalent to the one induced by the usual norm of V.
Such a norm can be extended to the whole of V' by the formula

(2.17) L2 = (fN(f = fo)) + f3-
We point out that the inequalities
(218) (o)l <clfllvllv and [l]l < cllvlZaq) < nllVollf +eqlloll

hold for any f € V', v € V and n > 0. Here, c is a constant that depends only on
and v, while ¢, depends on 7 in addition.
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More generally, throughout the paper, we will use the symbol ¢ for different con-
stants which depend only on €2, on the final time 7', and on the constants and the
norms of the functions involved in the assumptions of our statements. A notation
like ¢, allows the constant to depend on the positive parameter ), in addition. Hence,
the meaning of ¢ and ¢, may change from line to line and even in the same chain
of inequalities. On the contrary, symbols like C1,Cs, ... denote precise constants
(e.g., defined in some statement).

Now, we come back to the problem we want to deal with. As far as the data of
the problem are concerned, we are given four functions g, h, Y9 and xq satisfying

(2.19) g€ L*Q) and h € L*(0,T; L%(T")) where ¢, := ﬁ,
(2.20) Yo € L=(Q), Y9 >0 ae. in Q, and 1/99 € L>=(Q),
(2.21) Xo € H'(2) and B(xo) € L'(%),

(2.22) the mean value of yo belongs to the interior of D(f3)

where D(() is the domain of 3 (see, e.g., [3, p. 20]). Noting that ge > 4/3 and owing
to [23, Thm. 4.2, p. 84], we have

/F h(t)

for a.a. t € (0,7) and for any v € H'(Q). Hence, the formula

(2.23)

S NA@ | parsy 0l Lary < cllp@)]| Lae oy [0]l 212

(2.24) (f(t),v) = /Qg(t)v —i—'y/rh(t)v for a.a. t € (0,T) and v €V

is meaningful and yields f € L?(0,7;V’). Then our problem consists in finding a
quintuple (¥, x, u, w, §) satisfying the regularity conditions and the equations written
below:

2

9 € L>®(0,T; H)n L*(0,T; Whe)(Q)) N HY(0,T; V') where ¢, := pot
q

2.25

(2.25)

(2.26) ¥ >0 ae. in @ and 1/9 € L(0,T;V),
(2.27) x € L*(0,T;W)N L>(0,T;V)n H*(0,T; V"),
(2.28) uwe€ L?(0,T;V), we L*0,T;V), and ¢ € L*(Q).

The equations to be satisfied are

(2.29) O (D(t) + Ax(t)) + Au(t) = f(t) for a.a. t € (0,T),
(2.30) u=a(?) ae in Q,
(2.31) O:x(t) + Bw(t) =0 for a.a. t € (0,T),
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(2.32) w(t) = Bx(t) + £(t) + o' (x(t)) + A/9(¢) for a.a. t € (0,T),
(2.33) €€ fB(x) ae in Q,
(2.34) ¥(0) =Yy and x(0) = xo

where the new function ¢’ is obtained by adding —\/¥. to the one of (1.3). Now,
we state our results.

Theorem 2.1. Assume (2.1)-(2.7), (2.8)—(2.9), (2.19)—(2.21) and (2.24). Then
there exists at least one solution (¥, x, u, w, §) to problem (2.29)—(2.34) satisfying the
regularity requirements (2.25)—(2.28).

In order to prove a uniqueness result for the solution to (2.25)—(2.34), we need to
reinforce our assumptions on . More precisely, note that the first of (2.2) can be

rewritten as

(2.35) r?a/(r) = co +o(1) as 7\, 0.
Instead of (2.35) we require that

(2.36) r2a/(r) = co + O(r?) as r \,0.
We will prove the following statement.

Theorem 2.2. In the same setting as in Theorem 2.1, assume that (2.36) holds.
Then the components 9, x and u of the solution to (2.29)—(2.34) in Theorem 2.1 are

unique.

Remark 2.3. Uniqueness for the components x and w is not guaranteed, in
general, unless § is single-valued, as in [6, Remark 2.3]. Moreover, we note that
assumptions (2.2), (2.36) imply that the function ¢ defined by

(2.37) Lr) = a(r) + “«

r

is globally Lipschitz continuous on (0, +00). This is what is actually used in Section 6
to prove Theorem 2.2.

In the last section, we prove further regularity and one more uniqueness result.
To do that, we use the following assumption on a:

(2.38) r2a/(r) = co + O(r) as r\,0.
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Such a condition is stronger than (2.35), but weaker than (2.36), obviously. Regard-
ing the data, we assume that they are smoother and compatible as follows:

(2.39) ge Wh(0,T;H) and he Wh(0,T;L%(T)),
(2.40) ug := a(dg) €V,
(2.41) Xo €W and (Bxo+ B(x0))NV #0.

The exponent g, is defined in (2.19) and the last assumption means that there exists
&o satisfying

(2.42) o€ H, & €fP(xo) ae. in Q, and Bxo+& V.

Theorem 2.4. In the same setting as in Theorem 2.1, assume (2.38) and (2.39)—
(2.41) in addition. Then problem (2.29)—(2.34) has a solution satisfying

(2.43) 9 € WH=(0,T; V"),

(2.44) x € HY(0,T;V)nWhe(0,T; V') N L*>(0,T; W),
(2.45) u € L>®(0,T;V),

(2.46) w € L=(0,T;V).

Moreover, the components 9, x and u of such a solution are unique and v satisfies
(2.47) 9721 € 1°°(0,T;V) and o € L™=(0,T; Wh(Q))

where G :=2/(2q + 1).

As said in Introduction, our results are proved in Sections 5-7, while the next
sections are devoted to the approximating problems and to technical tools. We
remind the reader that Q@ = Q x (0,7) and introduce the notation

Qt =0 x (07t) and Zt =1 x (O,t)
for arbitrary ¢ € (0,7). Moreover, we widely use the elementary inequality
2, 1.9
ab < na JrEb Va,be R Vn >0

without further notice.
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3. APPROXIMATING PROBLEM

We follow some ideas of [8] in choosing the approximation, but we use different
notation and a different method in showing an existence result. In the sequel, € and
0 are positive parameters that will tend to zero. However, the limit procedure will
be performed later on, and ¢ and ¢ are fixed elements of (0,1) throughout the whole
section.

We replace the graphs § and g by smooth functions, denoted by (. and ps, re-
spectively. The first, 5, is the Yosida regularization of 3 and is Lipschitz continuous
with a Lipschitz constant 1/¢ (see, e.g., [3, p. 28]), while g5 is constructed in the
following way. We fix a C! cut-off function ¢: [0, +0c0) — R satisfying ((s) = 1 for
s<1,((s) =0for s >2,and ¢'(s) < 0 for s € (1,2), and define

(3.1) os(s) =1+ /OS o (r)¢(élr))dr, seR

Note that g5 is nondecreasing and strictly positive. Moreover, in order to simplify
the notation, we define

(3.2) 2es(ry 8) 1= Be(r) + o' (r) + , (r,s) e R?

05(s)

and note that z.5 is Lipschitz continuous in R? and satisfies
(3.3) |zes(r, 8)| < ees(|r] +1) Vr,s€R.
Finally, we approximate a(dg), xo and f by three functions
(3.4) ups €V, xoe €V and f. € L*(0,T; H).

More requirements on ugs, X0, and f. will be introduced in the next section. Now,
for fixed € and 4, we look for a triple (u, x,w) satisfying the conditions

(3.5) u,x € L=(0,T;V)NHY0,T;H) and w € L*(0,T;V)

and fulfilling the equations

(3.6) O(eu + 05(u) + Ax) + Au = fe,
(3.7) d;x + Bw = 0,

(3.8) w = edx + Bx + z=5(X; u),
(3.9) u(0) = uos, x(0) = Xoe-
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Finite dimensional approximation. As it is not obvious that problem (3.6)—
(3.9) has a solution, we derive an existence result for it using a Faedo-Galerkin
scheme. As we are keeping ¢ and ¢ fixed, we do not point out the dependence of
some functions on such parameters. Let {y,} be a complete orthonormal set of
eigenfunctions for B, namely

Byn = pinyn and  ||ypllg =1 for n=1,2,...,

(Yn,ym) =0 for n #m,
the set {y,: n=1,2,...} spans a dense subspace of V

where 11 < po < p3 < ... are the corresponding eigenvalues. We note at once that

(3.10) w1 =0 and y; is a constant,
(3.11) Nv = i y, if v= Zmyi (n > 2).
i=2 M i=2

For n =1,2,..., we denote by V,, the subspace of V spanned by y1,...,yn.

Now, for fixed n, we state the finite dimensional approximating problem. We look
for 3n functions a;, b;,¢;: [0,T] — R (i = 1,...,n) such that the functions defined
by

n n

un(t) = a;()y;,  xn(t) = ij(t)yj and wn(t) =Y c;(t)y;

j=1 j=1

provide a solution on [0, 7] to the system (i =1,...,n)

(312) % <5un(t) + Q(;(’U,n(t)) + /\Xn(t)a yz> + <Aun(t)7 yz> - <fs(t)7 yz> )

(3.13) < (nlt), ) + (Bun(t), 3) = 0,
(B14)  (wal®) 1) = 5 Dn(0), ) + (Bxalt) + 220, n (), ),

satisfying the Cauchy conditions (i =1,...,n)

(3.15) (un(0),y:) = (uos, %) and  (xn(0),4:) = (Xoe, ¥i) -

Solution to the finite dimensional problem. The above system has the form

(3.16) M (a(t))a’(t) + Ab/(t) + Maa(t) = f(t),
(3.17) b'(t) = —Msc(t),
(3.18) c(t) = eb/(t) + M3b(t) + z(b(t),a(t)).
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Here the matrices M; = (My;;) and the functions z = (z;) and f = (f;) are defined
by
Muij(a) := (ey; + 05(S(@, 1,5 yn))ys: 4i);
Moy = (Ayj,y:), Mz = diag(p, ..., pn),
zi(b,a) := zes(S(b,y1,- .-, yn), S(A, Y1, - - -, Yn)),
fi(t) := (fe(8), vi)

n

with the notation S(a,y1,...,yn) = D aryx and a similar one with b in place of a.
k=1

Clearly, M; and z are globally Lipschitz continuous functions of their arguments.

Moreover, we can eliminate ¢ in (3.17) with help of (3.18), then we can solve the
obtained equation for b’ since the constant matrix I + M3 is positive definite, and
replace b’ by its expression in (3.16). Finally, a simple computation shows that
(My(a)p) - p = ¢|p|? for any a € R® and p € R", so that the first equation can be
put into its normal form. Hence, we reduce our study to a Cauchy problem for a
system like

(a'(t),b'(t)) = F(t,a(t), b(t))

where F is a continuous function satisfying a global Lipschitz conditions with respect
to (a,b) uniformly in ¢t. Therefore, the approximating problem (3.12)—(3.15) has a
unique global solution

u, € CH[0,T;V2),  xn € CH[0,T);V,) and  wy € CH[0,T7; V).

The remaining part of this section is devoted to passing to the limit in n in order
to prove that the approximating problem (3.6)—(3.9) has a solution. To this aim,
we derive a number of a priori estimates. Thus, it is convenient to introduce the

function

(3.19) Rs(s) ::/ ros(rydr, seR.
0

We note that Rs is nonnegative.

First a priori estimate. We write (3.12) for t = s € (0,7) and i = 1,...,n.
Then, we multiply the obtained equations by a;(s), sum over i, and integrate
over (0,t) with respect to s. The resulting equation reads

g

t
—/ |un(t)|2+/ 05 (Un ) unOpun + A 3txnun+/ (Aun (), un(s)) ds
2 Ja Q. 0

Q:

= @R+ [ (F()s un(s)) .
2 Q 0
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We deal with (3.13) and (3.14) in a similar way, but we take just i = 2,...,n
and avoid the value ¢ = 1. Moreover, we multiply these equations by b}(s)/u; and
—b(s), respectively, and sum the resulting equalities. Then two terms cancel. After
summation over ¢ and integration over (0,t), we obtain with help of (3.11)

t
/ (Oxn(5), NOrxa(s)) ds + / 1Bexal® + / Vxa ()2 + / 22 tn) Do
0

/ [Vxn (0

Now, we add this equation to the previous one multiplied by a parameter n; € (0, 1),
and start estimating. As u,(0) and Vx,,(0) are projections, we have for any > 0

&

e /|n +771/R5un +m/|\un )12 ds
/ 18cx(s)I2 ds + ¢ / Dnl? + / Vxn(t)
£
’“/u |+771/Raun /|V><n<|

wom [ 100x(6)] + 156l ds
#5100l 4 ces [ Jzzslen(s) un(s)P

+ Q¢
t
< o3 + maces + | xoel® +mn / lun(s) 2 ds
0
t
+mey / 100 () 12 s + 1 - 20,0
0

#5100+ e [ amstn(s)un(s)

t Q

By choosing first n and then n; small enough, we deduce

t
G200 [ u@F+ [ ()l ds
Q 0
t
+ [ o Bas+ [ o+ [ [P
0 Qs Q

< ceslluos||f + ceslixoe I + cesll fellZ 20,001

+ces / 225 0n (), n ()2 + o5
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and we have to estimate just the last integral. Thanks to (3.3), we are led to esti-
mating the integral of |x,|?, and this can be done as follows. We have

Ixn ()17 < 2llx0ell 7 + 2T/0 19X (7)1 dr

whence

t
(3.21) [ bl < 2Txadly 27 [ (/ |atxn|2)ds.
Q¢ 0 Qs

Thus, combining (3.20) and (3.21), we obtain an inequality similar to (3.20) with
the last integral of (3.21) in place of the z.5 term. So, we are in position to apply
the Gronwall lemma and obtain a number of a priori estimates. Then, a further use
of (3.21) yields a bound for the norm of y,, in L?(Q) as well. Hence, we have

(3:22)  Nlunlloo, 1) + lunllz2(0,75v) + [10eXnll 20,70y + [ Xnll Lo (0,75v) < ces-

Second a priori estimate. For i = 1,...,n, we write (3.12) for ¢ = s and
multiply by af(s). After summation and integration as before, we obtain

1
[ 1ol [ chtunomalt + Fln 01

1
= Sllussl + [ (e = 200x) .
Q1
Owing to (3.4) and (3.22), we deduce

(3.23) 10sunll 220,75y + |[tnll Loe (0,77 < Ces-

Third a priori estimate. For i = 1,...,n, we write (3.13) and (3.14) for t = s,
multiply them by e¢;(s) and by ¢;(s), respectively, and sum the resulting equalities.
Note that two terms cancel out. After summation over ¢ and integration in time, we

obtain
5/ |vwn|2 +/ |wn|2 = vXn : vwn +/ Zaé(Xnvun)wnv
t t Q t

whence easily

(324) ||wn||L2(0,T;V) § Ce§-

Existence for the approximating problem. At this point, it is straightfor-
ward to pass to the limit as n ' oo, at least for a subsequence, using the standard
weak and strong compactness arguments. Indeed, the nonlinearities involve Lipschitz
continuous functions and the strong convergence in L?(Q) is sufficient to identify the
limits of the nonlinear terms. Thus, we have proved that the approximating prob-
lem (3.6)—(3.9) has at least one solution satisfying the regularity requirements (3.5).

477



Remark 3.1. Let (u,x,w) be a solution to the approximating problem (3.6)—
(3.9). Then 9;x(t) belongs to the range of B for a.a. ¢t € (0,7'). Hence, it has zero
mean value. Therefore, N'x(¢) is well defined for a.a. ¢ € (0,7") and

(325) <X(t)a 1> = <XOE7 1> Vie [OaT]

Moreover, we note that all the terms of equation (3.8) but By belong to L?(0,T; H).
We deduce that By € L?(0,T; H) as well, whence x € L%(0,T; W) (see (2.8)). Fi-
nally, os(u) and 1/0s(u) belong at least to L2(0,T; V) since ps and 1/ s are Lipschitz

continuous.

4. AUXILIARY RESULTS

In this section, we make some details of the approximation more precise and prove
some auxiliary results. In order not to be too boring, we simplify some statements
(and the corresponding proofs) and just say “for § small enough”. This means
that the statements hold provided that & < Jp, where &g is some positive number
depending only on (2, on the final time T, and on the constants and the norms of
the functions involved in our general assumptions.

First of all, we recall the definition of g5 and Rs given in (3.1) and in (3.19),
respectively, and define

(4.1) mes := 05(—2/9) and Ms := p5(2/9).

Note that these values coincide with min o5 and max g, respectively, and that the
restriction of g5 to the interval (—2/4,2/0) is invertible. So, if we set

(4.2) a5 = inverse of the restriction of g5 to (—2/0,2/9)
the domain of ay is the open interval (mgs, Ms). Moreover, for s € R we set

(4.3) / Be(r)dr and Rs(s) := /OS (1 - Qat?‘)> dr,
(4.4) 0:5(s) == €5+ 05(s) and  Ios(s) == os(ez; (5))

and observe that the function I.s is well defined since g4 is invertible and its range
is the whole of R, thanks to the inequalities o5 > 0 and ms; < g5 < M.

For the reader’s convenience, we list some properties that easily follow from our
definitions (for the last inequality it suffices to compute the derivative of I.5; as far
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as (3. is concerned, we refer, e.g., to [3, Prop. 2.11, p. 39]). We have

.5) ¢ is nondecreasing in (—oo,+00) and @ is nondecreasing in (—oo,1/d),
) 0 < 05(s) < 0'(s) Vs € R and o5(s) = o(s) Vs € [~1/6,1/4],

) 0 < 05(s) < max{1,o(s)} Vs € R,

) as(r) < a(r) Vr € (ms,1) and as(r) > a(r) Vr € (1, Ms),

) f. is convex and 0 < f.(s) < B(s) Vs € D(B),

0) Rs and R; are nonnegative,

1) I.s is nondecreasing in (—oo, 4+00),

2) Is(1) =1 and |I.5(r) — Ls(r")| < |r = 7| Vr,r' € R

Now, we state the properties we need the approximating data to possess. As far

as the source term is concerned, we construct f. by setting
(4.13) fe =g+ he

where h. is defined in the following way. First note that (2.23) ensures that the

formula
(ha(t), 0) :/h(t)v VueV

defines h.(t) € V' for a.a. t € (0,T). Hence, the variational equation

(4.14) s/Qth(t)~Vv+(1+s)/ﬂhg(t)v:/rh(t)v Vvev

defines h.(t) € V and ||h:(t)|[v < e !||h«(t)||« holds. Then the second assumption
of (2.19) implies that h. € L>(0,7T;V), whence f. € L*(0,T; H). Moreover,

(415)  fo— f strongly in L2(0,T3V") and | foll 2o <

for some ¢ independent of ¢, as we see in a moment.
Let us come to the Cauchy data for (3.9). When dealing with an existence result,

we can simply choose

(4.16) Xoe = X0

but we have to relate the choice of ugs to the one of €. Precisely, we assume that
(4.17)  wos €V, os(ugs) — Yo ae. in Q, and |ugs| < Cp a.e. in Q,

(4.18) = [ Fs(uas) + el < Co
Q

where Cy does not depend on the pair (g, ). Clearly, (2.20) ensures that it is possible
to choose ugs satisfying (4.17) just by regularizing a(dy). Once {ugs} is constructed,
one can choose ¢ in order that (4.18) hold as well.
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Remark 4.1. Clearly, € has to become smaller and smaller, depending on 9, if
¥o satisfies just assumption (2.20). However, if ¢y is smoother, £ can be treated as
an independent parameter. Indeed, if we assume in addition that ¥y € V, we can
simply take wps = () and (4.17)—(4.18) hold for some constant Cy and for any
e € (0,1). In this case, one can let d tend to zero keeping ¢ fixed and the limit
procedure we have used in order to prove Theorem 2.1 works with minor changes
showing the existence of a quintuple (9, x, u, w, £) satisfying conditions (2.25)—(2.28)
(at least) and solving the system

(4.19) O(eu(t) + 9(t) + Ax(t)) + Au(t) = fo(t) for a.a. t € (0,T),
(4.20) u=qa() ae in Q,

(4.21) Ox(t) + Bw(t) =0 for a.a. t € (0,T),

(4.22) w(t) = edex(t) + Bx(t) + £(t) + o' (x(t)) + A/9(t) for a.a. t € (0,T),
(4.23) §=0:(x) ae. in Q,

(4.24) 9(0) =¥ and x(0) = xo--

Then, it will be clear that the same procedure can be used to prove that such a
solution tends to a solution to (2.29)—(2.34) as ¢ \, 0, at least for a subsequence.

Lemma 4.2. Conditions (4.15) hold.

Proof. Clearly, it suffices to prove that
(4.25) he — hy strongly in L*(0,7;V")
and the argument that proves such a convergence is quite standard. Let (-,-); and
| - |l1 be the usual scalar product and the norm in V' and consider the associated

Riesz isomorphism J: V — V'’ the dual scalar product ()1« in V', and the dual
norm || - |1« in V’. Then

(Ju,v) = (u,v)1 = (Ju, Jv). and  (Ju,J ') = (u,v) Yu,v eV

and (4.14) reads (for a.a. t € (0,7))
e(he(t),v)1 + (he(t),v) = /Fh(t)v = (h(t),v) VYoveW
Taking v = J~'h.(t), we obtain

ellhe ()1l + I1he )1, = (ha(t), T he(t)) < (s () 1l () 15
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We deduce
e @)l < [Pl and &2 [|he(®)]l i < |17 ()14
whence immediately

he(t) — hi(t) weakly in V' as e \, 0 and limsup |[he(t)]|1+ < |[hs(t)]) 14
e\0

for a.a. t € (0,7). Therefore, the convergence is strong and (4.25) follows by the
dominated convergence theorem (see (2.23) and (2.19)). O

Lemma 4.3. There exists Cy > 0 such that
(4.26) as(r) > = and of(r) > 24 Vr e (ms, Ms),

for 6 small enough.

Proof. We distinguish three cases. Assume r < 1. Then the first inequality
of (4.8) holds. On the other hand, both as(r) and a(r) are negative. Hence,

os(as(r)) < '(as(r)) < o'(a(r))

by (4.5)-(4.6). We deduce o(r) > &'(r), and (4.26) follows from (2.5). Assume
now 7 > 1 and a(r) < 1/4. Then of(r) = &/(r) and (4.26) follows by (2.5) as well.
Finally, assume «(r) > 1/§. Then we have also s5 := as(r) € [1/5,2/6). On the
other hand, we have

05(s) < 0'(s) < 2'(2/0) and  gs(s) = 05(1/0) = 0(1/9)

for any s € [1/6,2/0). We deduce

2 2 2
2 05(s5) _ €°(1/9) 2,1 0”1(1/6)
reas(r) = > and r“lak(r) > ————=
= Gyt © 0/0) )= )
and the result follows once we prove that
2 2q
liminf 28 S0 and Timinf £ S o,
s—+00 g’(?s) s—+00 Q’(?S)
Using (2.2) and (2.6), we easily see that the limit
/
lim o'(s) = lim ;
s—too  gH r—+oo (a(r))ra (1)
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is finite and strictly positive provided that u = 2¢/(1 —2¢). With such a choice of y,
it follows that the limit

o(s). . o'(s)

SEIEOO gh+1 sEIEoo (M + 1)s#

is finite and strictly positive, too. On the other hand, we have

0(s) _ &%) (28) oy e g €7(5) _ 0™(s) (29" .,
0'(2s) s 0/(2s) 0'(2s)  s%art2a o(2s) "

Combining these equalities and noting that p + 2 > 0, we complete the proof. O

Lemma 4.4. The limit

(4.27) Cs = lim 22

exists and is finite and positive.

Proof. Writing 1 = o(0) as the integral of o', we easily obtain

_ 0
% _ w 4 %/_2/5 0'(s)(1 —¢(d]s))ds

and we are led to compute two limits. Thanks to (2.6), the first limit is given by

. 0(—2/9) 1. Co
1 —_— e — = 1 = —.
S o 5 mra(r) =3

To deal with the second limit, we change the integration variable and conclude that

C 1-¢)
(%1{%6/2/6 )(1—¢(d]s]))ds = hrn/ (529 T/5 dr
=cp / 72(0 dr
0 T
thanks to the dominated convergence theorem. g

482



Lemma 4.5. There exist Cy,Cs > 0 such that

1 Oy
(4.28) 3(1—96(3))2m—c5 VseR

for 6 small enough.

Proof. First, we prepare some inequalities. Setting

= inf -1
Ci= jof jra(r—1)

and noting that C' is positive thanks to (2.1)—(2.2), we have

1 C
a(r)(l— ;) > =3 for 0 <r<1/2.

On the other hand, a simple application of Lemma 4.4 yields

1
lim 2(1 - —>m§ — 20,

as well as ms < 1. At this point, we consider the following three cases: ps5(s) < 1/2,
1/2 < p5(s) < 1, p5(s) > 1. In the first case, we have two possibilities: s < —2/4
and s > —2/0. If s < —2/4, then ps(s) = ms, whence

() 20 )
1 C C
(@) > ni =g

Consider now the second possibility s > —2/¢ and set 7 := p5(s). Then s = as(r)
and ms < r < 1/2, whence as(r) < a(r) by (4.8). Thus, we have

5(1—%) :oza(r)<1fl> 205(7")(1—1) > g: o

0s( r r 2 03(s)

Next, suppose 1/2 < g5(s) < 1. We can assume that 6 < —1/a(1/2). This means
—1/6 < a(1/2). It follows that as(1/2) = «(1/2) and a(1/2) < s < 0. Hence

We deduce that

+a(l)2) - i

5(1 - @%5)) > s> a(l/2) >

1
0%(s)
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In the last case we have gs(s) > 1, whence s > 0. Then

(- Z@) > a7t

Therefore, inequality (4.28) holds in any case provided that Cy is small enough and

Cs is large enough. (]

5. EXISTENCE

In this section we prove Theorem 2.1. Our proof starts from the approximating
problem. If (ucs, x5, wes) is any solution to (3.6)—(3.9) satisfying the regularity
conditions (3.5), we set

(5.1) Ves := 05(ues) and  Ecs = Be(Xes)-

Our aim is to derive a number of a priori estimates and show that the quintuple
(Fes, Xes, Ues, Wes, Ee5) converges to a solution (I, x, u, w, £) to problem (2.29)—(2.34)
in a suitable topology as € and § tend to zero, at least for a subsequence. It is useful
to introduce the auxiliary function

(5.2) Ocs := cUgs + Ves.

However, in performing the calculation, we avoid the subscripts € and § as far as the
approximate solution and the functions (5.1)—(5.2) are concerned, and we restore
the full notation just once the a priori estimates are obtained. In the following, we
use (4.16).

First a priori estimate. We recall (3.2) for the definition of z.s. After writing
equations (3.6)-(3.8) at ¢ = s, we test them by 1 — 1/9(s) + niu(s), Nd:x(s) and
—0rx(s), respectively, where 7 is a positive parameter (see Remark 3.1). Then, we
sum the resulting equalities and integrate over (0,¢). Noting that some terms cancel
(see also (2.14)—(2.15)), we obtain

63) ¢ [ Rotu)+ 2 [ ol + [ 06 -1-mo0)+m | Re(ut)

+ [ Ve / e 1/) / lu(s)|I? ds

/ 10 (s)]12 ds + / Drx? + / VX2 + / Bex
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_w/m(+—jwm2/w@—ummm+m4mmw

/|VXO|2 /55 Xo) + 6tX0J(X)

+/<ﬂ®%1—ﬂﬂﬁ+mu@>®—k Dx(1+ myu).

0 Q

Now, we note that the first two integrals on the left-hand side are nonnegative, and
treat the terms that need some manipulation separately. In the sequel, 7 is a positive
parameter. An elementary inequality yields

[ 00 = 1-100) > S0 220 + 1090 o) ~ e
Q

We just observe that the term involving Rs is nonnegative and deal with the next
integral. For the sake of convenience, we denote by @; the subset of (); where
lu| < 2/6 and note that u = as(¥) in QF and V¥ = 0 a.e. in its complement.
Accounting for the first inequality of (4.26), we have

/ vuvm/ﬂ):/ va(;(ﬂ)-vu/ﬂ)/@ 250 )|v19|2

VI|?
o [ Bleo [ wamr

As far as the next term is concerned, Lemma 4.5 immediately yields

/zt (= 1/9) > Cy /E 1/63(s) — c.

As the remaining terms on the left-hand side are nonnegative, we deal with the right-

hand side. The first two terms are bounded by a constant independent of § thanks

0 (4.18), and the next one is estimated using (4.17) in an obvious way. The next
term is easily controlled with help of (4.17), and the integral involving R; is treated
as follows. Observing that

dwm=1MMwMEA3@mwmm=fwww4WeR

and recalling (4.6) we deduce that Rs(s) < &(o(s)) for any s € R. Hence

Amw<4mwm<c
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by (4.17). The next integral does not depend on § and the one involving B is bounded

thanks to (2.21), since
[ 8w < [ Bt
Q Q

We go on. Using (2.3), we have

0’00 <0 [ 10x(s)12ds e [ (14 + 97 s
Qt Q:
On the other hand, we can account for the second inequality of (2.18) and argue as

we did to get (3.21), now using the V’'-norm instead of the H-norm. We obtain

t
/ NP < / VX + e / Ix(s)]2 ds
Q¢ Q¢ 0
t s
< [ vk eeolz+e [ ([ 1oamiEar) as
t 0 0

The last but one integral in (5.3) is estimated by

/0 (fo(5),1 = 1/0(s) + mu(s)) ds

t t
c/o IIfE(s)I*dHn/O 11/9(s)[1% ds
t t
2 ol st en [ 17

where we have used the first inequality of (2.18). Moreover, we observe that the
above integrals containing f. are bounded by (4.15). Finally, we deal with the last
term to be estimated using (2.18) again. We have

[ B+ mu) < /Hatx |\2ds+”1/|\u )12 ds
Q¢

+em / 18ix(5)]I2 ds + ¢,
0

At this point, we use all the inequalities we have obtained in (5.3) and choose first 7
and then 7; small enough. Hence we can apply the Gronwall lemma and deduce the
basic estimate

(54)  Vesllo= 0,501 (2)) + D5l Lo 0,151 (02))
+ || Rs(ues)|| oo (0,701 () + HB&(XES)HL“’(O,T;LI(Q))
+ 11/ Vesll 20, 15vy + llues|l20,m5v)
+ 1|9exesl 20,137y + 51/2|\5tX55|\L2(0,T;H)

+ [Ixes o0, m3v) < c.
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Recovering 0;0.5 = O¢(cues + ¥e5) from (3.6), we conclude immediately that
(5.5) 10:Oes L2(0,7v1) < c.

Second a priori estimate. We write (3.6) at the time ¢ = s. Then we test it
by O(s) and integrate over (0,¢). We obtain

1
—/ |@(t)|2+€/ |Vul? + Vu~V19+€v/ u2+€’y/ u(¥ —1)
2 Ja Qt Qt Xy ¢

1
= —/ ©(0)* — atXQ_E’Y/ u+e fau+/ g19+/ hed.
2 Jo Q@ S Q@ . .

Only a few terms need some manipulation. Denoting by @)} the subset of Q); where
|u| < 2/§ as before and taking into account the second inequality of (4.26), we have
Vas(9) - Vi = / o5 (9)| Vo2

/ Vu'Vﬂz/
t Qr Qr

C.
>Cy | 9THVIP = (1 ~ 2/ (Vi
Q; 9)? Ja,

As the last term is nonnegative, we deal with the right-hand side. The first term is
bounded by (4.17) and (4.18). To treat the next integral, we integrate by parts and
estimate it as

[ o= —/Qx(t)G(t)—i—/QXo@(O)—i—/Qt N

Qt
< Ix@O e 19| + [Ixoll & llewos + 05(uwos)|| &

+1IxIl20,7;v) 10:© | L2 0, 73v7)
<o [ 10k +e,

due to (4.17), (4.18), (5.4) and (5.5). The next two integrals are controlled thanks
to (5.4) and (4.15). The last but one integral is estimated as

/gﬂg/ |z9|2+c</ O +c
t Q¢ Q¢

since ¥ = I.5(©) (see (4.4)) and (4.12) holds. Finally, we deal with the last term.
As we would like to speak of as(¥), we introduce

¥ = max{ms + 1/n,min{Ms — 1/n,9}} a.e. in Q
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for n large enough. Owing to (2.19), we have

[ 500920 <l 19Ot gy < POt ry or aa € 0.7,
On the other hand,
1Vl oty < IVes(@)1Z + e(1 + [lvll3)

holds for any v € H satisfying ms < v < Ms a.e. in Q and Vas(v) € H. Indeed, a
similar result is proved in [7, Lemma 3.1] with « in place of as and just under the
natural condition v > 0 on the range of v. However, the only property of o that
enters the proof is the second inequality of (2.5). So, as we have proved (4.26), the
same proof holds for as. Therefore, we can combine the last two inequalities and
integrate with respect to time. We deduce that

/ hsﬂnéf |Va5(19n)|2+c/ (1+92).
¢ t t

Letting n tend to co and using (2.19) and (5.4) again, we obtain

/hgﬂg/ |Vu|2+c/ (1+192)</ 9? +c.
P t t t

At this point, we combine all the inequalities we have established. After choosing 7
small enough, we can first apply the Gronwall lemma and then use (4.12) again. We
conclude that

(5.6) 195l o= 0,51y + 10t e 0,70) + 199257 < .
The above estimate and the argument used in [8, Lemma 4.8] imply that
(57) ||19£5||L2(0,T;W1"7* () < C

where ¢, is defined in (2.25). Hence, noting that ¢, < 2, and owing to (5.2) and
to (5.4), we deduce also

(5.8) 1<l L2 (0, 7w 10 () < €

Third a priori estimate. We want to estimate the norm of ¢ (see (5.1)) in L?(Q),
and this can be done as in [6], with minor changes. For the reader’s convenience, we
perform at least the first calculation. We introduce the mean value

(5.9) E5(t) = ﬁ (€es(t),1) for a.a. t € (0,T)
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and avoid the subscript for a while. Arguing for a.a. ¢ € (0,T), we test (3.7) and
(3.8) by N(£(t) — £(t)) and by &(t) — £(t), respectively. Now we sum the resulting
equalities and note that two terms cancel out by (2.15). Recalling (3.2), we obtain

/Q XN (EW) — E®) += / Dx(B)(E() — E(1))
" /Q V() - VIE(t ? 0)

1
aGORE0)
- /5 — ().

Using (2.16), noting that V£(t) = 0 and rearranging, we have

/Q V() / () /Q F()(E() - €2)

where we have set for the sake of convenience
F(t) := =Nox(t) —edix(t) — o' (x(t)) — 7.

As the first integral is nonnegative, we deduce that

L F 2 2
/Q £(t) — €0)? < /Q F(t)

As (5.4) implies that F is bounded in L?(0,T; H), we conclude that

/ |£s§ 756(5'2 <c
Q

Hence, we are led to estimate the norm of the mean value in L?*(0,7). This can
be done using the ideas of [17]. The reader could refer to [6, p. 283] for a detailed
application which holds in the present case without any change. Exactly in this step
we need assumption (2.22). The conclusion is the estimate

(5.10) l€esll 22y < €

Fourth a priori estimate. We test both (3.7) and (3.8) with w(¢) and sum the
resulting equalities. Then we integrate over (0,7"). We obtain

/Q<|Vw|2+w2>(e1>/Qatxw+/QvX'w+/Qz65<x,u>w
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Using (5.4) and (5.10), and taking into account the definition of z.s (see (3.2))
and (2.3), we get immediately

(5.11) [wes || 2(0.15v) < ¢

Conclusion. Recalling (5.4)—(5.5), (5.7)—(5.8) and (5.10)—(5.11) and using the
well-known weak and weak star compactness results, we find a quintuple (9, x, u, w, §)
and a function t such that the following convergences hold:

(5.12) ¥es — ¥ weakly star in L(0,T; H)
and weakly in L?(0,T; Wh%(Q)),

(5.13) ues — u  weakly in L2(0,T;V),

(5.14) Xes — x weakly in L*(0,7;W) and in H'(0,T;V")
and weakly star in L*°(0,T;V),

(5.15) ©c5 — ¥ weakly star in L°°(0,7T; H)

and weakly in L?(0,T; Wh%(Q)),
(5.16) 040.5 — 0;9  weakly in L?(0,T; V"),
(5.17) s — & weakly in L*(Q),
(5.18) wes — w  weakly in L2(0,T;V),
(5.19) 1/0e5 — b weakly in L*(0,T;V)

at least for a subsequence, where we have already noticed that the limits in (5.12)
and in (5.15) have to coincide due to (5.13) and the definition of O (see (5.2)).
Our aim is to show that (¢, x, u,w, ) solves problem (2.29)—(2.34) and we start by
identifying the limits of the nonlinear terms.

We recall that ¢. = 2/(q + 1) and observe that W% (Q) is compactly embedded
in L%(Q) since € is a 3D domain. Hence, owing to (5.15)—(5.16), (5.14) and to the
Aubin lemma (see, e.g., [22, p. 58]), we deduce

(5.20) O.5 — ¥ and x5 — x strongly in L?(0,T; H) and a.e. in Q

at least after a further selection of a subsequence. Hence, (5.2), (5.13) and (5.20)
yield

(5.21) .5 — ¥ strongly in L*(0,T; H) and a.e. in Q.

Therefore, the limits of the nonlinear terms can be identified by standard arguments.
First, we note that the second convergence of (5.20) and (2.3) imply that o/(x.s)
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converges to o’ () strongly in L?(Q). Next, we see that (5.21) yields

[ =N = tm [ (05~ os(e))(ues = 1) > 0
Q £,0\,0 Q
for any v € L%(Q) satisfying o(v) € L?(Q), since gs(v) — o(v) strongly in L?(Q)
by (4.7) and the dominated convergence theorem. As p induces a maximal monotone
operator in L?(Q), we conclude that ¥ = g(u) a.e. in . This implies that ¥ > 0
a.e. in @ and that (2.30) holds. In particular, it follows that 1/d.s — 1/9 a.e. in Q.
On the other hand, we have proved (5.19). Thus 1) = 1/9 a.e. in Q. Finally, starting
from the second convergence of (5.20) and from (5.17) and arguing similarly, we
prove (2.33).

At this point, it is straightforward to check that (2.29) and (2.31)—(2.32) hold.
On the other hand, the initial conditions (2.34) hold as well, since (5.15)—(5.16) and
(5.14) imply

O:5(0) = 9(0) and x.5(0) — x(0) weakly in V'

and (4.16) and (4.17) imply that x.5(0) = xo and that ©.5(0) converges to ¥
in H. To complete the proof, we observe that the last condition (2.25) follows by
comparison with (2.29) from the regularity already established.

6. FIRST UNIQUENESS RESULT

In this section, we prove Theorem 2.2. We follow the argument of [7, Theorem 2.4]
and assume that the constants ¢y and ¢ in (2.2) are both equal to 1, without any
loss of generality. Let (9;, x:, ui, w;, &) be two solutions to (2.29)—(2.34), i = 1, 2.
We subtract the two equalities (2.29), integrate from 0 to s € (0,T) and test the
equation with u(s) := u1(s) — uz(s) € V. Then, we integrate again, now from 0 to
t € (0,T), and obtain

¢
\Y / u
0

1
(6.1) 19u+)\/ xu-i——/
Q¢ t 2 Q

where ¥ := 17 — ¥ and x := x1 — x2. Now, observe that x(s) € Vj (cf. (2.12)) since
x1 and 2 have the same initial datum yxo and their mean value is preserved. Hence,

2
:0,

we take the difference of the two equations (2.31) at time s and use N'x(s) as a test
function. Owing to (2.15), we get

(6.2) (Ox(5), Nx(s)) + (w(s), x(s)) =0,
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where w := w; —wy. Now we take the difference of the two equations (2.32) at time s
and test it with x(s). Using (2.9), we obtain

1 1
191(8) - %7X(5>>7

where & := & —&;. Next we use this in (6.2), integrate from 0 to ¢, and add it to (6.1).
Since (£, x) = 0 a.e. in Q due to (2.4), using (2.17) and the Lipschitz continuity of ¢’

we obtain
(6.3) 19u+)\/ xu—i— V/ —Hx ||f+/ |Vx|?
Q1 Q1

< C/Qt IxI? /\/Qt(ﬁll(s) - 1921(3)>X(5)'

Due to the definition (2.37) of the function ¢, we have
1 1
Ui(s)  Dals)

Using this in (6.3), noting that two terms cancel out, forgetting a positive integral

(w(s)x(6) = [ [FXP + (€(6).x() + () x(9) + A

= {(V1(s)) — £(V2(s)) — [ua(s) — ua(s)].

on the left-hand side, and taking into account Remark 2.3, we get

1
oa) [ vurgin@iz+ [ 9P <e [ 1€ [ 1ol
Q: Q: Q¢ Q:

Thanks to (2.5), we can estimate the first term of the left-hand side of (6.4) from
below in the following way:

©05) [ = [ - matn) - @) > /Q ﬁ

Moreover, regarding the last term in (6.4), we get

Ch 92
(66) /Q |’L9| |X| < 7 /Q W + C/ (1 + 19?‘1 + 19%‘1))(2
t t 1 2 t

= v + /(1+19 + 92)x?
— ——s——- +¢
2 Jo, 1+ 02 + 92 R

since 0 < ¢ < 1/2. Now, we estimate the last integral using the Holder inequality

and the regularity ¢; € L>°(0,T; H) for ¢« = 1,2. Moreover, we recall the second
inequality (2.18) and obtain for any n > 0

t
(6.7) / (1491 4+ 92)x* < /0 (1l + 191l + 192l m)lx 2 )

t t
¢ / X2y <7 / VX + e / M
0 Q. 0
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Inserting (6.5)—(6.7) into (6.4) and choosing 7 small enough, we are now in position
to apply the Gronwall lemma and get x(¢) = 0 for a.a. t € (0,T) and ¥ = 0 a.e. in Q,
whence also u = 0, obviously.

7. FURTHER REGULARITY AND UNIQUENESS

In this section we prove Theorem 2.4. As in the previous section, we assume that
the constants ¢y and cy, are both equal to 1. We first address the proof of uniqueness
of the regular solution and follow the procedure used in [9] and in [11]. We observe
that (2.2) implies the existence of a positive constant ¢; such that

C1

> — R.
5.2 Vre

(7.1) J(r)
Let (¥4, x4, ui, w;, &) be two solutions to (2.29)—(2.34), ¢ = 1,2. Arguing as in the
previous section, we arrive at (6.4). Now, we get rid of ¢; using ¥; = o(u;) and
—1/9; = u; — £(o(u;)) (see (2.37) with ¢g = 1). Moreover, we use (7.1) and the
Lipschitz continuity of £o g stated in [11, Lemma 3.3], and forget the positive integral
on the left-hand side. Hence, we have

Juf® 1 2 2 2
12) o[ @R+ [ o <e [ e [ ful
Qt L+ |ua? + |ugf? 2 Qt Q1 Qt

In order to estimate the last term in (7.2), we proceed exactly as in [9, (30)], using
the fact that u; € L*°(0,T; V). We obtain

1 ciful? ! 2 2
7.3 / uxg—/ —_—5 + Vx|©+c¢ x|~
(7.3) Qt|||| 2 Jo, 15 Jurl? + Jusl? 4Qt| | Qtll

Finally, we estimate the integral of |x|? both in (7.2) and in (7.3) using the second
relation in (2.18). Hence, choosing 7 small enough and applying the Gronwall lemma,
we obtain x(t) = 0 for a.a. t and v = 0 a.e. in @, whence also ¢ = 0, obviously.

Now we prove the additional regularity stated in (2.43)—(2.45) by deriving further
estimates for the solution (9., xc, ue, we, &) to (4.19)—(4.24). To do that, we have to
make a proper choice of yg.. We need

(7.4) Xoe €W, xo0e — xo in V, and {Bxoe+ B:(xoe)} bounded in V

and one can use (2.41) and easily see that such conditions are fulfilled by choosing e
to be the unique solution ¥ € W to the nonlinear elliptic problem

X + BX + B:(X) = xo + Bxo + &
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where &, satisfies (2.42). Moreover, we observe that, under the stronger assump-
tions (2.39) on g and h, if f. is the approximation of f introduced in (4.13)—(4.14),
then f. € WH1(0,T; H) and we have

(7.5) fe — f strongly in Wh1(0,T;V")

as one can easily see arguing as in Lemma 4.2, now on the time derivatives. Finally,

we need a technical lemma regarding the regularity of (9, xe, ue, we, & ).

Lemma 7.1. Assume xo. € W and let (9., X, ue, we, &) be a solution to (4.19)—
(4.24). Then

(7.6) OiXe, BXe,w. € L*(0,T;V)NH'(0,T; H) and Auc L*(0,T;H).

Proof. In the following, (9, yx,u,w,&) stands for (J¢, xe, te, we,&). We re-
write (4.22) as
edyx +Bx =2"—w

where

(77) = 00+ 00+ 5 = A0 0 (0) + Ao 0)(w) — )

and note that 2 € L2(0,7;V) N H'(0,T; H) since x,u € L*(0,T;V) N H*(0,T; H)
and 3., o/ and { o g are Lipschitz continuous. As w € L?(0,T;V) by (3.5) and
xo € W, we derive

dix, Bx € L*(0,T; V)

from the well-known regularity results. In particular, we are allowed to apply the
operator B to such functions and deduce from (4.21)—(4.22)

(Id +eB)0:x + e 'B(d +eB)x = B(e 'y — 2°)
where Id is the identity operator. Using also the fact that the operator
Id+eB: L*0,T;V) — L*(0,T; V)

is an isomorphism and that (Id + ¢B)~! and B commute, we can rewrite the above
equation as

dix+e !By =B(Id+eB) e x - 29).
Noting that the right-hand side belongs to H'(0,T; H), we deduce the expected

regularity for 9;x and By. Finally, the regularity of w and Au stated in (7.6) follows
by comparison with (4.22) and (4.19), respectively. O
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Now we are ready to derive estimates we need in order to prove (2.43)—(2.45).
First of all, we multiply (4.19) by O:u. and integrate over ;. We obtain

1
(7.9 o [ 1o+ [ ool + lua1}
t t
1
= 5”“0”%/ - )‘/ OrXxeOrue + JeOrue.
Qt Qt

Next, due to Lemma 7.1, we can differentiate equation (4.21) with respect to t, test
it with A (9:x<) and integrate on [0, ¢]. It follows that

1 1
(79) Slax- 012 + /Q duw-dix: = 510 )12

Again due to Lemma 7.1, we can differentiate equation (4.22) and test it with O x..
We get

£ E
(7.10) Drwedpye = / () — & / 19y (0)2
Qt 2 Q 2 9}

+ / VO )P+ [ i,
+ Q¢

where 2° is defined in (7.7). Hence, the last integral is given by

=D — /Q B.(x) Ol + / o () Orxe ?

Q:

Q:

- A atuaatXa + )‘/ (Z o Q)/(ua)atuaatXa-
Qt t

Therefore, combining (7.10) with (7.9) and recalling that 8. > 0 and that ¢’ is

Lipschitz continuous, we obtain

1 € 1
@) gloneol + [ 190 < 5 [ e OF + Flonc O

Qt

+ C/ |atX£|2 + A atuaatXa
t Qt

Y / (£o 0 (ue)Orucdrxe.

In order to estimate the first two terms on the right-hand side of (7.11), observe that
O¢x<(0) is the unique solution v € V' to the elliptic problem

v+ eBv = —B(Bxo: + 2°(0)),
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which is meaningful since Byo. + 2°(0) € V. More precisely, we clearly have that
Bxo,e + 2°(0) is bounded in V uniformly with respect to e, thanks to (2.40) and
(7.4). We deduce that the right-hand side of the above equation is bounded in V', and
standard arguments (already used in the proof of Lemma 4.2) ensure that d;x.(0) = v
satisfies the bounds

e20x=(0)|m < and  [9x-(0)]« < e

From these considerations, summing up (7.8) and (7.11), integrating by parts the
last term in (7.8) and taking into account that [ f-|[yw1.1(0,7;v/) < ¢ due to (7.5), we
obtain

1 1
112) [ attuiiunel + glue)l} + gl + [ 900

Q:

1
<ce glluolly + omax {[|f=(s)llv 3 (lue@)llv + lluollv)

t
# [ oty +e [ oo
0 t

+ [ 1o o o)l o,

t

The third term on the right-hand side is estimated by Young’s inequality and com-
pensated with the second term on the left-hand side. The fifth term is easily treated
using (2.18), i.e. we have

1 t
(7.13) c/ 10: x| < —/ |V xe|? +c/ 10:x ()12
Q: 4 Qt 0

Regarding the last term in (7.12), let us observe that, due to [11, Lemma 3.4],
(Lo o) satisfies

(7.14) [(Log) ()] <cve'(s) VseR

Hence we obtain

(7.15) /|wom%%»wﬂﬁa4<c/ NZACBI A
Q¢

<5 [ dwlomP e[ jop
t t

1 1
< 5/ Qla(ue)|atue|2 + Z/ |vath|2
Qt Q:

t
e [ oG
0
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Using (7.13) and (7.15) in (7.12) we deduce

1 1 1
. ekt + el + gl + 3 [ Voo

N =

3 ! '
<ot Buoll + [ 1okl ey +e [ el
0 0

and hence, using the Gronwall lemma, we derive a uniform estimate for the quantities

lae®llvs  [Bexe®)]ln. /IV@mM?

t

This leads us to the conclusion that

Orxe — Opx  weakly star in L>(0,7; V"),
u. — u weakly star in L*>(0,T;V)

and, by virtue of (2.18),
dixe — Oyx weakly in L2(0,T;V),

again at least for a subsequence. Clearly, the limit solves (2.29)—(2.34) thanks to the
previous section. Hence we get (2.45) and

drx € L*(0,T; V'Y N L*(0,T;V).

Moreover, using (2.31), we find that Vw € L*(0,T; H) so that (2.46) holds. In order
to recover that xy € L>(0,7; W) (and hence (2.44) holds), observe that we can use
equation (2.32) and the same arguments as in [9, p. 8]. Moreover, using (2.29) and
the additional regularity of x and u, we get (2.43).

Finally, (2.47) can be derived by the same arguments as in the proof of [11, (54)],
and the proof is complete.
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