Applications of Mathematics

Stephen Montgomery-Smith
Conditions implying regularity of the three dimensional Navier-Stokes equation

Applications of Mathematics, Vol. 50 (2005), No. 5, 451-464

Persistent URL: http://dml.cz/dmlcz/134617

Terms of use:

© Institute of Mathematics AS CR, 2005

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134617
http://dml.cz

50 (2005) APPLICATIONS OF MATHEMATICS No. 5, 451-464

CONDITIONS IMPLYING REGULARITY OF
THE THREE DIMENSIONAL NAVIER-STOKES EQUATION*

STEPHEN MONTGOMERY-SMITH, Columbia

(Received July 14, 2003, in revised version January 12, 2004)

Abstract. We obtain logarithmic improvements for conditions for regularity of the Navier-
Stokes equation, similar to those of Prodi-Serrin or Beale-Kato-Majda. Some of the proofs
make use of a stochastic approach involving Feynman-Kac-like inequalities. As part of our
methods, we give a different approach to a priori estimates of Foiag, Guillopé and Temam.
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1. INTRODUCTION

The version of the three dimensional Navier-Stokes equation we study is the dif-
ferential equation in u = u(t) = u(x,t), where t > 0 and z € R3:
0
8—1; =Au— Ldiviu®u), u(0)=wuo.
Here L denotes the Leray projection. We will not usually be working with classical
solutions. We define u(t), 0 < t < T, to be a solution of the Navier-Stokes equation
if, whenever u(to) is sufficiently regular for a mild solution

u(t) = et0By(tg) — / t DAL div(u(s) ® u(s)) ds

to exist for ¢ € [tg,to + 7) for some 7 > 0, then u(t) is equal to that mild solution in
[to, to + 7’).

* The author was partially supported by an NSF grant.
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We also use other ways to describe the three dimensional Navier-Stokes equation.
First, let us denote the vorticity by w = w(t) = w(x,t) = curlu. If w is sufficiently
smooth then

ow
i Aw—u-Vw+w-Vu, w(0)=curlug.

Another description is given by the so called magnetization variable [4], [16]. Let
m = m(t) = m(x,t) be a vector field satisfying an equation

66—7: =Am —u-Vm—m-(Vu)', m(0)=u+ Vqo

for some scalar field g9 = qo(x). (Here the superscript 7' denotes the transpose.)
Then under sufficient smoothness assumptions we have that u is the Leray projection
of m.

A famous open problem is to prove regularity of the Navier-Stokes equation, that
is, if the initial data wug is in Lo and is regular (which in this paper we define to
mean that it is in the Sobolev spaces W™ for some 2 < ¢ < oo and all positive
integers n), then the solution u(¢) is regular for all ¢ > 0. Such regularity would also
imply uniqueness of the solution u(t). Currently only the existence of weak solutions
is known. Also, it is known that for each regular ug there exists o > 0 such that
u(t) is regular for 0 < ¢ < to. We refer the reader to [3], [6], [7], [14], [21].

In studying this problem, various conditions that imply regularity have been ob-
tained. For example, the Prodi-Serrin conditions ([17], [19]) state that for some
2<p<o0,3<g<oowith2/p+3/qg<1,

T
/0 Ju(®)||h dt < oo

for all T' > 0. If u is a weak solution to the Navier-Stokes equation satisfying a Prodi-
Serrin condition with regular initial data ug, then u is regular (see [20]). (Recently
Escauriaza, Seregin and Sverék [8] showed that the condition when ¢ = 3 and p = oo
is also sufficient.) This is a long way from what is currently known for the so called
Leray-Hopf weak solutions:

T
A lu(®) 2 dt < oo

for 2/p+3/q¢>3/2,2< q<6.
Another condition is that of Beale, Kato and Majda [1]. They show that regularity
follows from the condition

T
/HMMW&<W
0

for all T > 0. (In fact they proved this for the Euler equation, but the proof
works also for the Navier-Stokes equation with only small modifications.) This was
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strengthened by Kozono and Taniuchi [12] to show that regularity follows from the
condition

T T
| 19u®llesode~ [ @)oo d < oc
0 0

for all T' > 0, where BMO denotes here the space of functions with bounded mean
oscillation.

The purpose of this paper is threefold. First, we would like to provide some
logarithmic improvements to these conditions. Secondly, we would like to present a
stochastic approach to the Navier-Stokes equation, obtaining our conditions using
Feynman-Kac-like inequalities. Thirdly, we would like to present a different process
for creating estimates of Foiag, Guillopé and Temam.

To this end, the first result of this paper is the logarithmic improvement to the
Prodi-Serrin conditions.

Theorem 1.1. Let 2 <p < 00, 3 < ¢ < 0o with 2/p+3/q=1. If u is a solution
to the Navier-Stokes equation satisfying

T P
[ .
o 1+log™ [[u(t)llq

for some T' > 0, then u(t) is regular for 0 < t < T.

We first present a proof of this result (and indeed of a slightly stronger result) that
uses a standard approach. Then we present a stochastic approach to the Navier-
Stokes equation. This is a kind of Lagrangian coordinates approach to the Navier-
Stokes equation, but with a probabilistic twist in that we follow the path of each
particle with a stochastic perturbation. A similar approach was adopted by Busnello,
Flandoli and Romito [2].

From this we obtain the following Beale-Kato-Majda type condition. For 1 < g <
00, define the function on [0, 00)

20 = (55

e—1

Define the ®,-Orlicz norm on any space of measurable functions by the formula

1l = inf{A >0: [a,(s@l/ar < 1}.

(Thus the triangle inequality is a consequence of the fact that @, is convex, see [13].)
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Theorem 1.2. Let 1 < ¢ < 00, 3 < r < 00, and T > 0. Suppose that u is a
solution to the Navier-Stokes equation satisfying
(1) for all Ty € (0,7T),

T
/ Vu(t)|e, dt < oo,
To

and
(2) either ¢ < 3, or ||u(t)||» < oo for almost every t € [0,T].
Then u(t) is regular for 0 < ¢t < T.

Note that since | - [|s,, < c|| - [[o,, for g1 > g2, we may assume without loss of
generality that ¢ > 3/2. Next, if 3/2 < ¢ < 3, since | - [ < (e = 1)| - [|e,, by
the Sobolev inequality we see that the second hypothesis is automatically satisfied
with 7 = 3¢/(3 — ¢). Also, this hypothesis is always satisfied for Leray-Hopf weak
solutions with r» = 6.

Next we demonstrate how to obtain Theorem 1.1 from Theorem 1.2 using the
following result. If u is a solution to the Navier-Stokes equation, we define sets

AL, () ={t € [To, Th]: V™ u(t)llg = A}

Theorem 1.3. Given 3 < q¢; < g2 < o0 and a non-negative integer n, there exists
constants ¢y, ca, c3 > 0 such that if u(t), 0 < t < Tk, is a solution to the Navier-Stokes
equation and if 0 < Ty < T, then for all v € (0,+/T> — T)) we have

AT 2, (ear™ 27| < e ATy, (™ 0],

A similar result that one can obtain (but we do not prove here) is that for positive

integers n we have |A”? (crrt/2=m)| < c2|AT1 T (c3r=172)).

Ti+r2,Ts

Corollary 1.4. Under the hypotheses of Theorem 1.3, there exists a constant
¢ > 0 with the following properties. If ©()) is a positive increasing function of
A = 0, define

K= /°° min{(cA\™2 — Tp) ", T1} dO(N).
0

Then
T T
1@ v 1/(14+n—3/q2) ds < 1@ 1/(1-3/q1) d
; (V™ u(s)llgs )ds < ck +c ; (cllu(s)llg; ) ds.
o
Similarly,

Tl Tl
| e sl s < exve [ el Vu(s) ) ds
0

To
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Since the Leray-Hopf weak solution to the Navier-Stokes equation satisfies
fOT [Vu(t)||3dt < oo, one can quickly recover the results of Foiag, Guillopé and
Temam [9] that say that fOT [vru(t) ||y " dt < oo

2. THEOREM 1.1

The hypothesis of Theorem 1.1 implies that, given € € (0,7, there exists Ty €
(0,¢e) with u(Tp) € L,. Let T* > Tp be the first point of non-regularity for w(t).
It is well known that in order to show that T > T, it is sufficient to show an a
priori estimate, that is SUpy <icmingr+, 1} [|(t)l¢ < 0o. This is because it is then
possible to extend the regularity beyond T if 7" < T. Without loss of generality, it
is sufficient to consider the case T'= T (so as to obtain a contradiction).

Proof of Theorem 1.1. We allow all constants to implicitly depend upon p and
q. Let us define quantities

v = u|u|q/271,

S (Wﬂl%ﬁ

ij=1
3 3 2
3uk
B= E |u|q/273uig Ug—=— | -
h 8wj
1,7=1 k=1

Note that

2 3 6’01' 2
|Voul* = Z (8$j> ~ A+ B,
1,)=
3

Z ai(|u|q72ui)% ~ A+ B,

J
3
3 (g let*ea)’ < lur oo

We start with the Navier-Stokes equation, take the inner product with u|u|?~2, and
integrate over R? to obtain

0
|“|371§||u||q:/|U|q72U'AUdZE—/|U|q72u-LdiV(u®u) dz.

Integrating by parts, we see that

[t st = [ 52 2 upru) 2 s = ol
. 5':17J an
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and

/|u|q 2u- Ldiv(u @ u)do = / Z |u|Q* wi)[L(uju)); de

z]l

<l ul?/?" 1Hs IVoll2 [|L(u @ u)l-

where r =1+ ¢/2 and s = (2¢+4)/(¢ — 2). Now the Leray projection is a bounded

operator on L, and hence ||L(u ® u)ll, ~ |[ull3,,. Also | |ul*?*7|s ~ [lu]l$},
Hence

[ 2 Laiviu s w)do < clull 5527 Volls = el 32 Vol
From the Sobolev and interpolation inequalities we obtain

—1 2 3 2
[0ll24a/q < el [V @ D||y < effo]| D/ @D |3/ @)

and hence
/|U|q_2u -Ldiv(u ®@u)dz < C||v\|§71/q||Vv||§+3/q_

Now apply Young’s inequality ab < ((q—3)a?9/(4=3) 4 (q+3)b%4/(4+3)) /2¢ for a,b >

to obtain
/ Jul?"2u - L div(u® u) de < e[| Vo3 + eaflof3¢ P42,

where ¢; may be made as small as required by making ¢, larger. Hence

0 _
lullg™ 5 llullg < ellofl3 =,
that is,
0
a7 lulla < cllullf+,
and so H H
0 cllu
log(1 —i—logJr U —_—
ot ( lulla) < 1—|—1og+|\u|\q

Integrating, we see that for 7o <t < T
log(1 +log™ [lu(t)ll4) < log(1 +log™ [|u(To)ll,)
T u(s)|?
Y LC Sy
7, 1+1og™ ||u(s)ll

which provides a uniform bound for ||u(t)|q-
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Remark 2.1. Note that this proof can easily be adapted to show that a sufficient
condition for regularity is that

T s
/ O (uls) ) <>

where O is any increasing function for which

>~ 1
/1 200) dx = 0.

3. A PRIORI ESTIMATES

This section is devoted to the proof of Theorem 1.3 and Corollary 1.4. The proof
is very similar to the proof of Scheffer’s Theorem [18] that states that the Hausdorff
dimension of the set of ¢ for which the solution u(t) is not regular is 1/2. The main
tool is the following result due to Gruji¢ and Kukavica [10] (see also [15]).

Theorem 3.1. There exist constants a,c > 0 and a function T: (0,00) — (0, 00)
with T(\) — oo as A — 0, with the following properties. If ug € Ly(R?), then there
is a solution u(t) (0 <t < T(||uollq)) to the Navier-Stokes equation with u(0) = ug,
and wu(z,t) is the restriction of an analytic function u(x + iy,t) + iv(x + iy,t) in
the region {z +iy € C*: |y| < av/t}, and ||u(- + iy, t) + iv(- + iy, t)||; < ¢||uoll, for
lyl < av/t.

Proof of Theorem 1.3. First let us show that there exist constants c1,c3,cq > 0
such that if u(t), to — r? < t < to, is a solution to the Navier-Stokes equation and
[AP® o, (ear¥ D=1 < eqr?, then |V u(to)llg, < crr®/2—m71,

To see this, let us first consider the case when tg = 0 and » = 1. By hypothesis,
we see that there exists ¢t € [—1, —1 + c4] with ||u(t)|q, < c3. By Theorem 3.1 and
the appropriate Cauchy integrals, if ¢4 is small enough, then there exists a constant
¢1 > 0 such that |[V"™u(0)|lg, < c1.

Now, by replacing u(z,t) by r—*

1

u(r~tz,r72(t — ty)), we can relax the restriction

r =1 and tp = 0, and we obtain the statement we asserted.

Next, given € > 0, it is trivial to find a finite collection ti,...,txy in A =
A%jﬁ T (c173/92=7=1) such that the sets [t, — r2,t,] are disjoint, but the sets
[tn — 72 — €, t, + €] cover A. By the above observation, \Ao’qlr2_t0 (c3r¥/ 1) > eqr2.

Hence

1 0,q1 3/q1—
T2+25|A| Nr? < ¢y nzlm "oy (egr® 0 Th)
< e AR, (car® n ).
Since ¢ is arbitrary, the result follows. O
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Proof of Corollary 1.4. We only prove the first inequality. By Theorem 1.3,
there exist constants ¢y, ce, c3 > 0 such that

T
[ et ats) i as
To
= [ 1o € [Tl (9 u()03/e) > A} de(y
0
et [ s AT VL0 > 2y ae()
<ante [ s € DT [0 > caldow)
0

T
=K+ Q(Cngu(S)Hél/(l_wa))ds'
0

4. A STOCHASTIC DESCRIPTION

Let us give a little motivation. Suppose that we defined ¢y, +, () to be X (to),
where X satisfies the equation

AX(8) = u(X(t),t)dt, X(t;) =

then ¢y, would be the “back to coordinates map” that takes a point at ¢t = ¢;
to where it was carried from by the flow of the fluid at time ¢ = tg. For the Euler
equation, this provides a very effective way to describe the solution, for example, the
equation for vorticity can be rewritten in a Lagrangian form:

w(z,t) w(@o,t(x)70)+/0 w(ps,t(2),8) - Vulps,i(z), s) ds.

Similarly, for the magnetization variable we have

m(xvt) 90075 / m @st (VU(QOS t( ) ))TdS.

For the Navier-Stokes equation this formula is not true, and the Laplacian term can
make things complicated. One approach to dealing with this is described in the paper
by Constantin [5]. However, we take a different approach using Brownian motion,
using a kind of “randomly perturbed back to coordinates map.” Such a method was
already discussed in the paper [16], here we make the discussion more rigorous. The
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author recently found out that a similar approach was followed by Busnello, Flandoli
and Romito in [2].

The hypotheses of Theorem 1.2 imply that, given € € (0,T'), there exists t’ € (0,¢)
with w(t') € L,. Then by known results (for example Theorem 3.1), it follows
that there exists 0 < Ty < ¢ such that w(Tp) € W™ for all +/ € [r,00] and all
positive integers n. Furthermore, arguing as in Section 2, we only need to prove
SUPT, <t <min{T+, 1} [[U(t)]|» < 00 under the a priori assumption that the solution is
regular for ¢ € [To, 1.

If f: R — Risregular and Ty < to < t; < T, define Ay, 4, f(x) = a(x,t1), where
« satisfies the transport equation

g_cz =Aa—u-Va, alz,ty) = f(z).

Since div(u) = 0, an easy integration by parts argument shows that

5 alz,t)dz =0,

and hence if f is also in Ly, then

/ Apy 1, (@) do = / (@) da.

Since stochastic differential equations traditionally move forwards in time, it will be
convenient to consider a time reversed equation. Let b(t) be a three dimensional
Brownian motion. For T < tg < t1 < 11, define the random function ¢y, 4, : R3 —
R3 by ¢, .4, (#) = X (—to), where X satisfies the stochastic differential equation

dX () = —u(X(t),t)dt + V2db(t), X(~t;)= .
It follows by the Ité Calculus [11] that if Tp < tg < t1 < T, then

Ato,t1 f((E) = [Ef((pt[),tl ((E))

(Here as in the rest of the paper, E denotes the expected value.) Note that if f is
also in Ly, then

[Ettnatende = [ f)a.

Applying the usual dominated and monotone convergence theorems, it quickly follows
that the last equality is also true if f is any function in Ly, or if f is any positive
function.
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Now let us develop the equations for the magnetization variable. (The same
approach will also work for the vorticity.) If we set m(Ty) = u(Tp), then we note
that m is the unique solution to the integral equation

m(t) = Aq, +u(To) — / Ag i (m(s) - (Vu(s))T)ds (Tp <t <T).

To

Uniqueness follows quickly by the usual fixed point argument over short intervals,
remembering that u(t) is regular for Tp <t < T.

Consider also the random quantity m = m(z,t) as the solution to the integral
equation for Tp <t < T

t

m(@,t) = ulpr (@), To) = | Mlpsi(@),s)- (Vu(ps.i(),5)" ds.

Again, it is very easy to show that a solution exists by using a fixed point argument
over short time intervals. It is seen that Em satisfies the same equation as m, and
hence Em = m.

Next, ©1y.t, (01,45 (X)) = 10,1, (x), since both are Y (o) where Y () is the solution
to the integral equation

V) = on, 1, (@) +/t w(Y (5),8)ds + VE(b_t — b_y).

Hence

(40 51) = (000 52) = [ pnal@),9) - (Vulpuaa), o) ds.

Thus, by Gronwall’s inequality, if Ty < ¢ < T then

t

(e, )] < exp( |Vu<sas,t<x>,s>|ds)wm,t(x),%».

To

(This is essentially the Feynman-Kac formula.) The goal, then, is to find uniform
estimates on the quantity

oo [ [Vutpusta) )las).

To

This we proceed to do in the next section.
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5. THEOREM 1.2

Let us fix ¢ and r satisfying the hypotheses of Theorem 1.2, and allow all constants
to implicitly depend upon g and r. We retain the notation from the previous section,
in particular the definitions of Ty, T* and T

Proof of Theorem 1.2.  Since |u(t)|l, < oo for almost every ¢t € [0,7], by
Theorem 1.3, we see that |Vu(t)||« < oo for almost every t € [0,7]. Hence, there
exists A > T(;1 such that

J 19t at <

where B = {t € [To,T]: ||Vu(t)|lco = c2A}. Thus for Ty < t < T, we have that
|m(x,t)| is bounded by

N axp( [ [Fulpus(e) )] ds ) lulen, oa). T
Bm[T(),t]
Hence by Jensen’s and Hélder’s inequalities,
(@)l < [ B0 de < eI 4 N7, N,

where ¢ = q/(¢ — 1),

N = (/ [E|U(<PT0,t($)»To)|Sd$)1/S = [lu(To)|s

q
8= [e(ewa [ IVulouste)olas) -1) @
BA[To,1]

Since the Orlicz norm satisfies the triangle inequality, we have

[ Ve o) ds
BN[Ty,t]

that is, N < e — 1. Since a” +b" < (a + b)" for a,b > 0, we conclude that

and

1
<_
o, 4

)

Im ()l < Nu(To)llr + (e = 1)e =T Ju(Tp) ||g -

As the Leray projection is a bounded operator on L, for 1 < r < oo, it follows that
|lu(t)] is also uniformly bounded, and the result follows. O

A second proof of Theorem 1.1 now follows from the next result.
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Lemma 5.1. There is a constant ¢ > 0 such that if f is a measurable function,

then £l
< gt — n .
o, < {150 + T iiam)

Proof. Let us assume that ||f|lc = 1, and set a = ||f|l4, b = ®;'(a"9) and
n=a+1/(1+b). Let f*: [0,00] — [0,00] be the non-increasing rearrangement
of |f|, that is,

fr(t) = sup{A > 0: [{z: |f(2)| > A} > t},

so [F(|f(x)])dz = [;° F(f*(t))dt for any Borel measurable function F. Notice
that f*(t) < min{1,at~'/9}.
Let us first consider the case a < 1, so that b > 1, 2n > 1/b and n > a. Then

Jaats@izac < [~ oz a

We split this integral up into three pieces. First,

q q

a

/a <1>q(f*(t)/2n)dt</ By(b)dt = 1.
0 0

Next, since (®,()))!/?4 is convex for A > 1,

a?b? ab?
/ D, (f*(t)/2n)dt < / D, (abt=1/7) dt

q ad
a®b g2, (b
g/ 4 ") 2‘1()dt<1.
a4l t

Next, for t > a9b?, f*(t) < 1/b < 2n, and &4(A) < A? for 0 < A < 1, we have

/OO <I>q(f*(t)/2n)dt</oo (f*(£)/2n)7dt < 1.

apa abd

Since @4(A\/3) < D4(A)/3 for A > 0, we arrive at

[eatison ar <1,

that is, || f||e, < 6n.
The case a > 1 (so b < 1 and 2n > 1 + 2a) is simpler, as it is easy to estimate

/0 @q(f*(t)/2n)dt</ <I>q(1)dt+/ (f*(t)/2n)9 dt < 2.

0 1
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Second proof of Theorem 1.1. Applying Corollary 1.4 using the function

)\2
- 1+logt N\

o)

we obtain for all Ty € (0,7)

ds < ©

/T [Vu(s)loo

7, 1+ log" [[Vu(s)]|

and

ds < 0.

/T [Vu(s)|2?/ =¥
7 1+ log" [|Vu(s)|l,

Hence if 1 < o < 2¢/(2¢ — 3) we have that

T
/ [Vu(s)||g ds < oc.
To
Next, considering the cases || f|lw > [[fIlg and [|f]lc < [ f]lg, We see that

/]l <( vl )
T A A A ey v &

Applying Lemma 5.1, we see that the hypothesis of Theorem 1.1 implies the hy-
potheses of Theorem 1.2 with ¢ = 7. a
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