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Abstract. This work is concerned with the study of an initial boundary value problem for
a non-conserved phase field system arising from the Penrose-Fife approach to the kinetics
of phase transitions. The system couples a nonlinear parabolic equation for the absolute
temperature with a nonlinear hyperbolic equation for the phase variable y, which is charac-
terized by the presence of an inertial term multiplied by a small positive coefficient p. This
feature is the main consequence of supposing that the response of x to the generalized force
(which is the functional derivative of a free energy potential and arises as a consequence of
the tendency of the free energy to decay towards a minimum) is subject to delay. We first
obtain well-posedness for the resulting initial-boundary value problem in which the heat
flux law contains a special function of the absolute temperature ¢, i.e. a(d¥) ~ 9 — 1/9.
Then we prove convergence of any family of weak solutions of the parabolic-hyperbolic
model to a weak solution of the standard Penrose-Fife model as p N\, 0. However, the
main novelty of this paper consists in proving some regularity results on solutions of the
parabolic-hyperbolic system (including also estimates of Moser type) that could be useful
for the study of the longterm dynamics.

Keywords: Penrose-Fife model, hyperbolic equation, continuous dependence, regularity
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1. INTRODUCTION

In this paper we consider a modification of the thermodynamically consistent
model for the description of the kinetics of phase transitions proposed by O. Penrose
and P. Fife in [9], [21], and [22]. Hence, let us introduce the state variables describing
the phase transitions: the absolute temperature ¥: @ := Q x (0,7) — R and the
order parameter x: @ — R, where T is the reference time and 2 C RY (N < 3) is a
bounded connected domain with smooth boundary I'. Then we consider an energy
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balance equation of the form
(1.1) 4+ A(x)t — Aa(¥) =m in Q,

where the subscript ¢ stands for the time derivative, m is a heat source term, 9+ A(x)
accounts for the internal energy of the system with A(-) representing the latent heat
density of the phase transition; observe that here it may have a quadratic growth so
that second order phase transitions can be taken into account (cf. [3, Section 4] for
more details on this subject). Moreover, « in (1.1) has the form

(1.2) a(r) =kir —ker™' Vr >0

with k7 and ks positive constants, and (1.1) is coupled with the hyperbolic equation
governing the evolution of the phase variable x, which may be written as

(1.3) pwxee +xe — Ax +9(x) F N9 =0 in Q,

where the subscript ¢t stands for the second time derivative, g represents a third-
degree polynomial function with a positive leading coefficient. An example of g can
be the derivative of the double-well potential, i.e. g(r) = 73 —r — N (r)9. !, with
r € R and 9, the critical temperature of the system.

Note that the well-posedness for the same kind of problem with a(r) ~ —1/r

n (1.1) has been examined in [6]. In our approach, due to the presence of the

term k19 in the function « (cf. (1.2)), we are able to get more information on the
¥-variable than the ones obtained by Colli, Grasselli and Ito in [6]. However, we
emphasize that this paper brings a further contribution consisting in the deduction of
some regularity results entailing, in particular, an L°°(Q) bound on the temperature
field 9.

Moreover, laws like (1.2), which ensure coercivity in ¢, could be helpful in order to
show dissipativity properties for the solution to an initial-boundary value problem for
the system (1.1)—(1.3). Hence, these considerations lead us to address the question
of the existence of an absorbing set (and then of a global attractor) for the semigroup
associated with the problem considered in a suitable phase space. This will be the
aim of a forthcoming paper (cf. [24]).

As regards the corresponding linearized problem (obtained by linearizing 1
around the critical value ¢, and referred to as the Caginalp model (cf. [4]), it has
been considered (also from the long time behaviour’s point of view) in [14], [15],
[16], [17]. However, we observe that laws like a(r) ~ —1/r, which turn out to be
satisfactory for low and intermediate temperatures, do not look acceptable for the
higher ones, when «(r) ~ r (this choice of o corresponds to the standard Fourier
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law) better decribes the evolution of the system. Hence, these considerations lead us
to introduce a law like (1.2) in the energy balance (1.1).

Regarding the phase equation (1.3), let us summarize here the main novelty of this
approach, that is, the presence of the inertial term gy in (1.3). In fact, the original
law describing the evolution of x in the framework of the Penrose-Fife models was

(1.4) Xt —Ax +g(xX)+ N9 =0 in Q.

We may note that (1.4), which can be considered as a limiting case of (1.3), says
that the response of y to the generalized force §F/dx is istantaneous, i.e.

10F

Xt:i@ av

where 0F /dx denotes the functional derivative of F (the free energy functional) with
respect to xy and F has the form

F(ﬂ,x):/Q{ﬂfﬂlnﬂqt§|Vx|2+19g(x)+/\(x)}d:r,

where § is a primitive of g. The derivation of the energy balance (1.1) can be found
in [3, Chap. 4, pp. 168-169]. The typical conditions coupled with (1.1) and (1.4) are
the Cauchy ones for ¢ and Yy,

(1.5) 9(0) =¥y in Q,
(L6) X(0) = yo in Q

along with the boundary conditions

(1.7) (a(Pn +va(¥)=h on £ :=T x (0,7),
(1.8) Xn=0 on X.

Here the subscript n stands for the outward normal derivative to I', 7y is the positive
heat-transmission coefficient, h: ¥ — R has the form ya(dr), Yr being the outside
temperature on the boundary. In this way we find a boundary value problem cou-
pling (1.1) and (1.4)—(1.8) which has been widely studied in literature (cf., e.g., [7],
[8], [18], and [19]).

Equation (1.3) comes from the recent supposition that in some situations (as,
e.g., in the melt of He! crystals) the response of x to the generalized force 6.F/dy is
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subject to a delay expressed by a suitable time dependent relaxation kernel k (cf. [11],
[17], [25] and references therein), i.e.

t
Xt:*/ k(tfs)(;‘—}—ds.

—oo X

If we choose k as a decreasing exponential of the form k(t) = %e*t/“ (t = 0) for some
positive coefficient p sufficiently small, we find exactly (1.3). Note that, as u \ 0,
k(t) — 0o(t) where d¢ is the Dirac mass at 0, so that (1.3) reduces to the standard
phase equation (1.4).

After these considerations, in this paper we denote by (P,,) the problem of finding a
pair (¢, x) solving equations (1.1) and (1.3) coupled with boundary conditions (1.7)—
(1.8) and Cauchy conditions (1.5)—(1.6) along with the additional initial condition

(1.9) xt(0) =x1 in €,

which is needed due to the hyperbolic character of (1.9).

An outline of our work follows. The first result is related to the existence of a
weak solution to (P,) in case of quadratic latent heat function A\ (which models
second order phase transitions) and strictly positive p. The proof is contained in
Section 3. Then, in Section 4, we prove convergence as p \, 0 of any family of
solutions (9, x,) of (P,) to a weak solution of the corresponding initial boundary
value problem which couples (1.1) and (1.4)—(1.8). Section 5 is devoted to showing
regularity results (also with estimates of Moser type) on solutions of (P,) (u > 0)
under further assumptions on the data. Our further results are two continuous
dependence theorems. The former, which entails uniqueness for NV = 1, is proved in
Section 6. The latter, whose proof is contained in Section 7, guarantees that, in case
of A linear, (P,) has a unique solution in every spatial dimension (N = 2, 3).

2. MAIN RESULTS

Consider the initial-boundary value problem (1.1), (1.3), (1.5)—(1.9). We make
the following general assumptions on the known functions appearing in (1.1), (1.3)
and (1.7):

(2.1) A e C3(R),
(2.2) X' e L=(R),
(2.3) alry=kr—k/r Vr e (0,+0),



(2.4) g€ CY(R),

(2.5) 37,72 >0: |g(r)| < Tu|rP 4+ 7 VreR,
(2.6) lirin g(r) = £oo,

with k& a given positive constant. Note that, thanks to (2.4)—(2.5), g could be the
derivative of a multiple-well potential.

Remark 2.1. First, let us note that under these assumptions on g, it is easy to
see that there exists a primitive § of g such that

(2.7) 0<g(r) <mlr|* +174 VreR,

for some positive constants 73, 74. Then, we remark that the form of a (1.2) can be
reduced to the simplified one (cf. (2.3)), that is to the case in which k1 = ks = k.
Indeed, introducing © := B9 for 8 = +/ki/ks, we may rewrite a(d) = a(0) =
k(© —©71) and A(s) = BA(s) with k = \/k1ks. Hence, with an abuse of notation let
us take this @ and \ as our « and A, respectively, in the rest of the paper. Notice
that with this simple change of variables we are able to deal also with a more general
form of « (cf. (1.2)) and not only with the one introduced in (2.3), used here and in
the sequel only for simplicity of notation.

Moreover, let us suppose the following regularity of the data of our system:

(2.8) m € L(Q).

(2.9) h e L*(%),

(2.10) 9o € L2(Q), o >0 ae. in Q,
(2.11) Indy € L(Q),

(2.12) Xo € H' (%),

(2.13) x1 € L*(9).

The next step is to give a variational formulation of the problem (1.1), (1.3), (1.5)—
(1.9). To this end, we use the notation (-, -) both for the scalar product in H := L?(£2)
and in (L%(Q))", also denoted by H, and | - | for the corresponding norm. For the

sake of convenience, V := H!(2) will be endowed with the inner product (-,-),
defined by
(2.14) (v1,v2) == / Vv Vg —|—7/ vivy Youi,v2 €V,

Q r

where 7 is the positive heat-transmission coefficient appearing in the boundary con-
dition (1.7). Define W := H?(2) and let us denote by (-,-) also the duality pair-
ing between V' and V. We identify H with a subspace of V', as usual, so that
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(u,v) = (u,v) for all u € H and for all v € V. Moreover, we may denote the scalar
product in L*(T) by (-, )r.
Next, we define the Riesz isomorphism J: V — V', and the scalar product in V’,

respectively, by

(2.15) <J121,’U2> = ((’1}1,’1}2)) Vv, vg €V,
(2.16) (w1, w2)s = (wi,J 'wa) Vwi,wy € V.

Let us observe that the norm in V related to the inner product defined above (which
will be denoted by || - ||) is equivalent to the usual norm in V. Similar considerations
hold also for V' and we use the notation || - ||« for the norm in V"’ related to the inner
product (2.16).

Finally, let f € L2(0,T; V") be defined by

(2.17) (f(t),v) == /Qm(t)v +'y/Fh(t)v Vv eV and for a.e. t € (0,T).

Then we are ready to state the rigorous formulation of the problem (1.1), (1.3),
(1.5)—(1.9) (for a strictly positive coefficient ).

Problem (P,). Find a pair (¢, x) such that

(2.18) 9 HY0,T;V')NL>®0,T; HYNL*(0,T;V), 9>0 ae. in Q,
(219) 071 e L*(0,T;V),
(2.20)  yxeCY[0,T); H)nC®([0,T); V)N H?*(0,T; V"),
(2.21)  (O+AXX))e +EJ@O =97 =f in V', ae. in (0,T),
(222)  (pxer + xe0) + (Vx, Vo) + (900 + X ()07 0) =0 Vv eV,
a.e. in (0,7),
(2.23)  9(-,0) =Yo, x(0)=x0, xt(-0)=x1 ae. in Q.
Remark 2.2. Note that the first initial condition in (2.23) holds almost every-
where in Q due to the weak continuity of ¢ — 9J(t) from [0,T] to H. Moreover, by

comparison with (2.22), it follows that x4 € L2(0,T; H) + C°([0,T]; V') (cf. also [6,
Remark 2.2] for further details on this point).

Our first result is

Theorem 2.3. Suppose that (2.1)—(2.13) hold. Then, for any 0 < p < 1,
problem (P,) has at least one solution (9", x").

The next theorem is a regularity result for solutions of (P,).
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Theorem 2.4. Suppose that the same hypotheses as in Theorem 2.3 hold. Under
the further regularity assumptions on the data

(2.24) Xo €W, (xo)n=0 onT,
(2.25) X1 €V,
(2.26) N € L*(R),

and if we suppose that there exists a positive constant C'y such that the inequality
(2.27) lg'(r)] < C1(1+ [r]?)

holds for all r € R, then the x" component of every solution (9*,x") of (P,) has
additional regularity

(2.28) P e Whe(0,T; V)N L0, T; W) — C°(Q) n C°([0, T]; V).
Moreover, if we suppose (in addition to (2.1)—(2.13) and (2.24)—(2.27)) that
(2.29) o, 1/99 € L=(Q), m € L*(0,T;L%Q)), he L=(%),

then every solution (0", x*) of (P,) has additional regularity

(2.30) 9 e L(Q), —ﬂiﬂ € 1(Q).

Finally, assume that the hypotheses (2.1)—(2.13), (2.24)—(2.27), (2.29) and the as-

sumptions

(2.31) fewhio,1;v),
(2.32) a(v) €V

are satisfied. Then every solution (9", x*) of (P,) has further regularity

k
(2.33) X € L=(0,T; H), 9" € HY0,T;H), k" — o € L>(0,T;V).

Remark 2.5. Let us observe that condition (2.31) holds true if m € W1(0, T
H) and h € L?(0,T; HY*(T')) nWH1(0,T; H='/2(T")). Finally, note that in the case
N = 1 it is possible (with a slight modification of the fourth regularity estimate
obtained in Section 5) to prove that regularity (2.33) also holds if (2.29) is not
satisfied.
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Consider now the formal limit problem (corresponding to the case = 0 in (P,)).

Problem (Pp). Find a pair (¢, x) satisfying

(2.34) Y€ HY0,T;V)NL>®0,T; H)NL*0,T;V), >0 ae. in Q,
(2.35) 97l e L?0,T;V),

(2.36) x € H'(0,T; H)n L*(0,T; W) — C°([0,T]; V),

(2.37)  (O+AXX))e +EJ@ =97 =f in V', ae. in (0,7),

(238)  xt—Ax+g0)+N()Y ' =0 ae in Q,

(2.39) xn=0 ae. on X,

(2.40)  9(-,0) =Y, x(-,0)=x0 a.e. in Q.

Then we can prove the following

Theorem 2.6. Suppose that (2.1)—(2.13) are satisfied. Moreover, let p € (0, o],
1o > 0 being fixed. Then there exists a positive constant R (independent of 1) such
that for any solution (9", x*) to (P,) we have

(2.41) 19| 1 0,7,y Loe (0,73 )N L2 (0,T5v) + ||(19“)_1HL2(0,T;V)

VXt N zoe 0,50y + IxE | 220,7:m) + 11X |2 0,73v) < R.

Moreover, it follows that the unique solution (9, x) to (Py) is the (weak) limit of the
sequence {(9*,x*)}, where (9", x*) is an arbitrary solution to (P,), i.e., we have
that the convergences

(2.42) 9 =9 weakly star in L°°(0,T; H),

(2.43) 9" — 9 weakly in H*(0,T;V') N L*(0,T;V),

(2.44) 9" =0 strongly in C°([0,T]; V') N L*(0,T; H),

(2.45) 1/9" — 1/9 weakly in L*(0,T;V),

(2.46) pxi —0  strongly in C°([0,T); H),

(247) x" —x weakly in H'(0,T; H) and weakly star in L>(0,T;V),
(248) x* —x strongly in C°(0,T; L*(Q))

hold as p "\, 0.

Remark 2.7. Theorem 2.6 yields the existence of a solution to (Py). Uniqueness
follows from [23, Theorem 3.3] (cf. Remark 2.10 below for a comparison with other
existing results).
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The next theorem gives a conditional continuous dependence result for solutions
of (P,) with > 0 in the case of N = 2,3, and a non conditional result in the case
of N =1 orif N = 2,3 but only with more regular data (cf. (2.24)-(2.27), (2.29),
and Theorem 2.4).

Theorem 2.8. Assume that hypotheses (2.1)-(2.6), (2.26) (if N = 2,3), and
(2.27) hold. Moreover, take two sets of data {Uo;, Xxo0i, X1i, Mi, hi}, @ = 1,2, under
the assumptions (2.8)—(2.13) and denote by (¥;, x;) the corresponding solution to
problem (P,). Assume an additional condition

(2.49) w; = -9, € L*(0,T; L>=()), i=1,2,
and let the inequality
(2.50) max{”xlnLoo(O,T;V)v ”XZHL“’(O,T;V)v |\191||L°°(0,T;H)» ||192HL°°(0,T;H)7
llutll 20,7505 )5 lu2ll 20,70 (), | (X1 el 20,711y [ (X2) el 20,7301 < M1

hold for a positive constant My. Then there exists a positive constant D1 = D1 (M)
also depending on T, Q, v, u, A, and Cy (cf. hypothesis (2.27)) such that

(2.51) 191 = Oall720,mi) + 101 = O2llie 0.1 + 10 = X2)ellZe (0,730)
|1 [k(ur — u2) + k(V1 — 192)]”%@0(0,%\/) +[Ix1 — XZH%OO(O,T;V)
< Di([[901 = Doz IF + Ixor = xo2ll* + [x11 = xa2* + 111 = fall 720,001

where f; is the datum corresponding to m;, h;, i = 1,2, according to formula (2.17).
In particular, if N = 1, then problem (P,) has a unique solution.

Making stronger hypotheses on A (basically we ask A to be an affine function), we
have the following result, which entails uniqueness of solution for problem (P,) also
in the case of N = 2, 3.

Theorem 2.9. Let the hypotheses (2.1)—(2.6), (2.27), and
(2.52) Ary=r VreR

hold. Moreover, take two sets of data {Uo;, Xoi, X1, Mi, hi}, © = 1,2, under the
assumptions (2.8)—(2.13), denote by (9;,x;) the corresponding solution to prob-
lem (P,), and choose a positive constant M such that

(2.53) max{ X1/l z(0,7;v)s Ix2llLo0,75v) } < Ma.
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Then, setting u; = —19;1, the following continuous dependence result holds:

(2-54) ||191 - 192“%2(0,T;H)0Lw(0,T;Vf) + Hl * [k(u1 - u2) + kwl - 192)]||2L°o(0,T;v)
+[I(x1 — X2)t||2Loo(0,T;Vf)+ 1% (x1— X2)H%OO(O,T;V)+ X1 — XQHiOO(O,T;H)
< Da(|[9o1 — Doz 1% + [xo1 = xo2ll* + [Ix11 = xa2ll? + 1 f1 = fellZ20,7v1))

for a positive constant Dy = Do(Ms) also depending on T, Q, ~, i, A\, and Cy, where
fi is the datum corresponding to m,; and h;, (i = 1,2) according to formula (2.17).

Remark 2.10. We have to observe that the existence result for a weak formu-
lation of (Pp) was given in [7] for a more general expression of the heat flux law
and the uniqueness result was obtained in [8] under a quite similar assumption on
the heat flux law but only in the case of strong regularity assumptions on the data.
Moreover, in [23], this result has been improved, the uniqueness and continuous de-
pendence result has been shown under the same hypotheses on the data as in the

existence theorem.

Let us recall at this point some useful inequalities that we will often use in the
sequel without recalling them. Let us start by recalling that, by the continuity of the
trace operator (in this setting) from V to L?(T'), there exists a positive constant Cr
(depending only on €2 and ) such that

(2.55) 10132y < Crllo]® Vv eV.

Let us also note that, as Q is a smooth bounded domain in RY (N < 3), there exists
a positive constant Cs depending only on (2 and y such that

(2.56) [vllze@) < Csllv| Yo eV, 1<p<6.

We widely use also the elementary inequality

1
(2.57) r—In(r) > g(r + |In(r)]) Vr € (0,+00),
and Young’s inequality in the forms
1 —1/1\1/(e1)
(2.58) ab < ma® + —b%,  ab<nal+ a—- (—) pa/(a=1)
4n q \1gq

with a,b,n € (0,+00) and ¢ € (1,400). Moreover, let us recall a particular case
of the Gagliardo-Nirenberg inequality (cf., e.g., [10]), holding true in our Q@ C RY
(N €3),ie.,

(2.59) Vull sy < CalAu| + Cplul,

which holds for some positive constants C, and Cj.
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3. PROOF OF THEOREM 2.3

This proof is split into several steps. First, we regularize problem (P,) and con-
struct and solve a suitable sequence of approximating problems (P[}), n € N, then we
establish some estimates for the solutions (9", x™) of this sequence of problems (the
subscript p is omitted for simplicity of notation) that will allow us to pass to the
limit as n goes to 400, getting finally a solution to our problem (P,). In this section
we will use the same symbol C' for positive constants that may be different from each
other and may depend on the data of the problem, but which are independent of n
and . First of all, recalling that a(d) = k(9 — 9~ 1), we introduce functions

5
(3.1) o(s) :=a 1(s), a(s):= / alr)ydr = gsz —klns— g Vs >0,
1

and an auxiliary variable w := a(1}). Observe that o is well-defined, because « is
an increasing function. Next, we truncate ¢ from above and from below and add
the outcome to vI, where v > 0 is a small parameter and I stands for the identity
operator. Thus, we obtain a bi-Lipschitz continuous function. As in [7, Section 3],
we consider the sequence of functions and graphs

o(—n) 1if z € (—o0, —n],

(3.2) on(z) = (2) if z€(-n,n), and a™ =g, !,

0
o(n) if z € [n,400).
Observe that «, acts on a bounded closed interval contained in (0, +00). Now, we
choose a sequence of real numbers {v,,} such that

(3.3) O<vpt1 €< <1 VnelN, and v, \ 0 as n 7 +oo.

Our approximation consists in taking v, := v,w + g, (w) instead of ¥ in (2.21). We
must suitably arrange the first initial condition in (2.23). To this aim we introduce
the same regularization as that used in [7, Lemma 3.1]; in fact the proof of that
lemma is the same in our case. Let us recall this result for the reader’s convenience.

Let us introduce auxiliary functions

(3.4) Cin() = 1= (0a(M) ™, o) == 0a(r) =1 VreR

Note that (i, and (2 ,, are bounded, Lipschitz continuous, and increasing functions.
Moreover, we may note that ¢; ,(0) = 0 and

(3.5) 5;;:/ Cim(s)ds >0 VreR, i=1,2.
0
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Lemma 3.1. Let (2.10)—(2.11) and (3.1) hold, and let wg := a(%), n €N,

vn = (L+n+o(n)+o(—n)"")7%  don = on(wo), won = a(on).

Then there exists a positive constant C, depending only on [J¢/|, |[Indol|z1(q), k and

on |QY|, such that

2
(3.6) [Yon| + [(Won)l|1(@) + vnlwonl® + vn > ¢ (won)l| L) <C Vn €N

i=1

Moreover, (3.3) is satisfied, 9o, = on(won) a.e. in Q, and

VUpWop, + Yon, — Yo strongly in H as n / oo.

Now, let us approximate A and g (cf., e.g., [6, Section 3]). We set

AM=n)+ N (=n)(r+n) if r < —n,
(3.7) An(r) =< A(r) if —n<r<n, neN,
A(n) + XN(n)(r—n) if r>n.

Note that

(3.8) Ay € CHEHR), N N € L™(R), and )\, — ) a.e. in R.

n? n

Moreover, we have (cf. (2.1)—(2.2))

(3.9) A (r)
(3.10) A (r)

A1+ |r]) VreR,

|<C
| <C (1 +|r)*) VreR and Vn €N,

where C) (possibly different from line to line) are positive constants depending only

on \. Finally, let us approximate g and its primitive § by g,, and g, (cf. [6, Section 3]):

(3.11) gn € CUL(R),

(3.12) gn — g uniformly on the compact subsets of R,
(3.13) g0 = (o0

(3.14) 0< gn(r) <9(r), |gn(r)] <lg(r)] V7 e R

We are ready now to formulate the approximate problem for any n € N.
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Problem (P}). Find 9, € L>®(0,T;H) N L*(0,T;V), xn € W»>(0,T; V') N
CL([0,T); H) N C°([0,T); V), and the auxiliary unknowns w,, € L2?(0,T;V), v, €
HY(0,T;V’) fulfilling

(3.15) U = on(wp), UYn >0 ae. in Q, v,=rvyw,+9, ae in Q,

(3.16) 9, € L2(o T;V),

(3.17) (Un—i—)\ (xn))t + J(wp) = f in V" ae. in (0,7),

(3:18) (k(xn)ets v) + ((Xn)es ) + (Vxns Vo) + (g (xn) + Ay (xn) 951y v) = 0
Yv eV, ae in (0,7),

(3.19) v,(+,0) = Yon + Vnwon, Xn(,0) =x0, (Xn):(+,0)=x1 ae. in Q.

Existence and uniqueness for (P['). We can proceed like in [6, Section 3],
i.e. we can apply a fixed-point theorem to the contractive mapping S (that we will
define in a moment) into the Banach space

(3.20) Hr = L*(0,T; H) x C°([0,T); H).
Fix (@Wy, Xn) € Hr and then consider the Cauchy problem

321)  (ulxn)u + (Xn)i, 0) + (Vxn, V) + (Xn, v) = (G(Wn, Xn), v)
Vv eV, ae. in (0,7),
322)  xa(0)=x0, (xn):(0)=x1 a.e. in €,
(3.23)  G(W@n, Xn) = Xn = 9n(%n) = X (Xn) (00 (@) ™ € L(0, T H).
As is well known, there is a unique solution y,, € W2>(0,7;V’) N C*([0,T]; H) N
C°([0,T); V) to (3.21)—(3.22) (cf., for example, [27, Lemma 4.1, p. 76]). Therefore,

we may apply for instance [7, Lemma 3.4], which gives us a unique solution w,, €
C°([0,T); H)N L?(0,T;V) to

(3:24) {((Un)t,v) + (wn,v) = = {(An(Xn))e — fv) Yv eV, ae in (0,7),
(3.25) vy, = vpwn + on(wn),
(3.26) vp(+,0) =vg, a.e. in Q.

Hence, let us introduce a mapping S from Hr into itself such that
(3.27) S(Wny Xn) = (Wn, Xn)-

We find that S is a contraction of Hr into itself; in fact, if we consider (w7, ¥%,) € Hr,
j = 1,2 and the corresponding (w?,x?), just using the same techniques as that
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employed in [6, pp. 11-12], we can find a positive constant A,, blowing up as n goes
to 400 such that the estimate

(3.28) lwy, — w31 F2(0,08ry + 11X — Xa &0 (0.0:20)
t
< An/ (I, - wiHi?(O,S;H) +lIxn — X%“éO(O,S;H))
0

holds for any ¢t € [0,T]. The reader may refer directly to [6, pp. 11-12] for explicit
calculations leading to (3.28). Thus, from (3.28), we deduce that for any fixed n € N
we can find an integer m = m(n) such that S™ is a contraction in Hy. Therefore,
thanks to the contraction principle, S has a unique fixed point in Hr, i.e. (P}) has
a unique solution.

We derive now some a priori estimates (independent of n € N and p > 0) for
the solution of problem (P}). Hence, let C' be a positive constant which may vary
from line to line and may depend on all the data of the problem except of n and
u. Let us point out that the following estimates for equation (3.17) are formal.
Indeed, we know that v, € H*(0,7; V"), but we would need to know that w,, and 9,
separately belong to H*(0,7; V") (so that w,(-,0) = wo, and 9,(-,0) = Yo, would
hold a.e. in ), which would require further approximation of f and wy. However,
let us proceed here in a formal way and refer to [7, p. 321] and references therein for
more details on this subject.

First a priori estimate. Testing equation (3.17) by (1, (wy) and integrating it
over (0,t) with 0 <t < T, we obtain the equality

(3.29) / ((0n)er Cam () + (T (@), Co ()]

= [5Gt [ [ Xt

Moreover, using w, = a(¥,) where |w,| < n, we get

330)  (matwn)) = 5 [ 0uGintwn) + 0, = n(0,),
(3 31) ), C1 n(wn)> = ((wn - a(ﬁn)»gl,n(wn)» + ((O‘(ﬁn)»gl,n(wn)))a
(3.32) / V(wy, — a(9,)) Vi n(wy) = 0, /F(wn — a(¥n))C1,n(wn) 2= 0,

which hold a.e. in (0,7, and

(3.33) //w 1n) >c/ot/ﬂ’v<% :
(3.34) //va )1 —1/9,) >k7/0t/r(%)2—0—m/ot/ri.
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Since f € L*(0,T;V"), Cin(wy) =1 —1/9,, (see (3.4) and (3.15)) and (1/\” is non-
negative by (3.5), we can obtain from (3.29), by applying (3.30)—(3.34), (2.57), (3.6),
(2.14) and Young’s inequality, that

— 1 1 _
(3:35) Cun(wa()lLr@) + 3l0n®llre) + I In@) 1) + ClIL 0,00

<o [ xoutan(y-1).

Then we set v = (x )+ in (3.18), integrate over (0,¢) and add to both sides (where
the subscript s stands for the derivative w.r.t. the time variable s € (0,t))

(3.36) () = [xol? +2 / (), xn (5)),

in order to find the full V-norm of x,(t) on the left-hand side in (3.18). Hence,
applying Young’s inequality, we get

631 BInOF + 5100 + 51O + [ 600 (®)

C(uIX1l2 +holl + [ ) + |xn||%z<o,t;H>)

-/ t | X006 e i3 5)

Finally, summing up (3.35) and (3.37), using (3.14), (2.12), (2.13), (3.9) and applying
Young’s inequality, we arrive at

(3.38) lOxn)e O + 106)ell 22,0y + X O + [190(®)]l21.0)
+ [y ()| 1) + 19, ||2L2(0,t;v)

ccfor )

Employing a standard version of Gronwall’s lemma and recalling (2.4), we obtain
our first a priori estimate, yielding for all ¢ € [0, T that

(3:39)  ulOxa)e(®F + [1(xn)ell 720,y + X + 190 (D) 1)
+ 190 ) + I dn @)l Lr @) + 197 122(0,0) < C-

Second a priori estimate. Test now (3.17) by w,, integrate it over (0,t) and
recall (2.15) along with the definition of || - || to show that

10 [+l = [ = [ [ NG
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Since we will also consider equation (3.40) with A/ (x»)(xx): replaced by some other
functions, we will keep X/, (x»n)(Xn):+ in what follows as long as possible. Now use the
following identity to treat the left-hand side in (3.40):

(3.41) (0n)s, wn) = %/Q(% W+ 6(9)),

which holds with a and not «, thanks to the fact that, by definition (3.1)—(3.2),
J{ an(7)dr = a(r) for all r € [o(—n), o(n)]. Invoking Holder’s and Young’s inequal-
ities, we observe that

(3.42) - / /Q N, () Ot Jetm < C / 1N Gom) O L5y e

< 77”“’71”%2(0,:5;\/) + C/nlIN, () ) el L2(0,456/5 ()

holds for every positive 7. Since f € L2(0,T; V"), from (3.40), using (3.41), (3.42),
(3.1), (3.6), (3.39) and choosing properly 7, we obtain

1 k 1
(3.43) SVl + S 0a O + 3 lwnl3a)

< C(+ X, Oen) (n ) el 20,5073 () -

By virtue of (3.39) and (3.9) we deduce by using the generalized Holder’s inequality
that

(3.44) HA;z(Xn)(xn)tHi2(07t;L6/5(Q)) < C||/\;1(Xn)(Xn)t||2L2(07t;L3/2(Q))
t
<c / xad + D Ot)e 220
t
<C / I ] + 120y | Gon)e 12
< (1l 0y + DN Gon)e 0.0y < -

Hence, by (3.43), we finally obtain the second a priori bound

(3.45) Unllwnll Loe (0,78 + 190l 0,7:22(02)) + llwnllL200,7:v) < C.

Moreover, again using the same techniques together with (3.42) and (3.44), it is
possible to show that

(3.46) 1A% Ocn) /0nl 20, 752(0) < C-
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Third a priori estimate. Just comparing the terms in (3.17)—(3.18), remember-
ing (3.19), (3.44), (2.15), (3.39), (3.45), (3.19), (3.46), the fact that f € L2(0,T; V")
and the assumption on the approximating initial data (cf. Lemma 3.1), we obtain

(3.47) ||’U7l||§ll(0,T;V’) + /LZH(Xn)tt||2L2(0,T;V/) <C

Fourth a priori estimate. In order to establish this estimate, first we multi-
ply (3.17) by (2., (wy,), integrate it over (0,t), and use the analogues of (3.31)—(3.32)
written for (2., (w,) =¥, — 1 in order to get the inequality

(348)  ((va)eCon(wn)) //Va )V, +//m Yo (1)
// (Xn) (xn)e (95 — 1) + /0<f,19n—1>.

Then, we rewrite the left-hand side of (3.48) using the definitions of « (3.1) and
of w, in (3.15) together with the obvious inequality r? — 2r > 271(r? — 4), which
holds for any r € R, as follows:

(3.49) (s Canln)) = 55 [ (o) + 502 = 9,),

(3.50) /Ot/Q V(i) Vi, > c/ot/ﬂ|wn|2,
(3.51) [ [ratcentun = [ [0 -

After combining (3.48) with (3.49)—(3.51), (3.39), (3.6) and (2.14), we arrive at the
same estimate as in (3.42) just with w,, replaced by ¥, for sufficiently small . Using
also the fact that f € L?(0,7T;V’) and Young’s inequality, we end up with

(3.52) Vnl|Co,n(wn) (®) |22 () + 100 (B + 90120, 11y
C(L+ [N, (xn) (Xn)ell £2(0,4,20/3 02)))-

Finally, because of (3.44), we get the bound

(3.53) 10l (0,7 11y L2 0,759y < C-

Passage to the limit as n  co. Now, we will deduce from the previous a priori
estimates some convergences for the solution of problem (P;}) These convergences
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will be valid for suitable subsequences. From (3.39), (3.45), (3.47) and (3.53) we
deduce that there exist a pair (¢, x) and a function w such that

( ) U, — 9 weakly star in L°°(0,7; H) and weakly in L?(0,T;V),
(3.55) w, —w weakly in L2(0,T;V),

(3.56) xn — X weakly star in W (0,T; H) N L>=(0,T;V),

(3.57) (Xn)tt — X4t weakly in L?(0,T;V")

as n goes to +00. Moreover, from (3.3), (3.15), (3.45) and (3.54)—(3.55) we deduce
that

(3.58) Up — U weakly in H'(0,T; V') N L?(0,T;V),
Up —vp, — 0 strongly in L?(0,T; V).

Then, applying the Aubin compactness lemma (cf. [20, Theorem 5.1, p. 58]) and the
generalized Ascoli theorem (cf. [26, Corollary 4, p. 85]), we obtain also the strong
convergences

(3.59)  w, — ¥ strongly in L*(0,T;H)NC°([0,T];V’) and a.e. in Q,
(3.60)  xn — x strongly in C°([0,T]; L*(Q)) and a.e. in Q,
(3.61) ¥, — 9 strongly in L*(0,T;H) and a.e. in Q

as n goes to +0o0. Now, we may pass to the limit in problem (P}) as n goes to +oc.
In fact, observe that

on(v) — o(v) strongly in L*(0,7T; H)

as n goes to +oo and for any v € L?(0,7T; H) such that o(v) € L?(0,7; H). Hence,
recalling (3.2), (3.15), (3.55) and (3.61), taking into account the monotonicity of g,
and the maximal monotonicity of the graph ¢ and using [2, Prop. 2.5, p. 27], we find
that

(3.62) 9>0 and w=a) =k1—-97") ae in Q.
Taking into account (3.39), (3.61) and (3.62), we may also deduce that

(3.63)

1 1
77 weakly in L?(0,T;V) and a.e. in Q.
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On the other hand, on account of (2.1)—(2.2), (3.7)—(3.8) and (3.60), we have
(3.64) XN (xn) = N(x) strongly in C°([0,T]; L*(2))
as n goes to +o0o; therefore, combining (3.64) with (3.56), we get

(3:65)  An(xn)(xn)t — N (X)xe weakly in L*(0,T; L**())
and weakly star in L>(0, T; L*/3(Q))

as n goes to +oo. Since g, converges uniformly to g on compact subsets of R
(cf. (3.12)) and (3.60) holds, we have that

(3.66) In(xn) — 9(x) ae. in Q

as n goes to +00. Using (2.5) and (3.14), we get the estimate

/mm /mm\ijMmkmmmmmH»

Thus {gn(x»)} is bounded in L?(0,T; H) and so, thanks to (3.66), we get (cf. [20
Lemma 1.3, p. 12])

(3.67) Gn(xn) — g(x) weakly in L*(0,T;H) as n /' oo.
Finally, (3.63) and (3.64) yield

Aln) A ()

(3.68) weakly in L?(0,T; H) as n /" co.

Using the convergences of the sequences of the initial data (cf. Lemma 3.1), (3.55)—
(3.58), (3.65), (3.67) and (3.68), we may pass to the limit in (3.17)—(3.19) as n goes
to +o00. Invoking also (3.62), we obtain a solution (1, x) to (2.21)—(2.23). Combin-
ing (3.54), (3.56)—(3.58), (3.63), (3.66) and (3.67), we conclude that (2.18), (2.19)
and x4 € L?(0,T;V’) hold and that (2.22) can be rewritten as a hyperbolic equation
with right-hand side in L?(0, T’; H). The regularity x € C1([0,T]; H) N C°([0,T]; V)
follows from a standard argument for hyperbolic equations (cf., e.g., [27]). This
concludes the proof of Theorem 2.3.
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4. PROOF OF THEOREM 2.6

Concerning the notation, during this section we will use the same as we did in the
existence estimates of Section 3. We know that the solution (¢¥*, x*) of problem (P,)
we have obtained from our approximation scheme certainly satisfies the a priori
bound (2.41) due to (3.39), (3.45), (3.47) and (3.53) since all constants denoted by C
in Section 3 are independent of . We now prove that any solution of Problem (P,)
necessarily satisfies it.

First estimate. Like in [6, Section 4], we may observe that

(4.1) g(x*) € C°([0, T); H),
(4.2) N (x") (")~ € L*(0,T; H),
(4.3) M, = N (")t € L*(0,T; LY3(Q)).

By truncation, we can take a sequence {M,,} C L?(0,T; H) such that
(4.4) Ml L200,7;047302)) < 1Ml L20,1;04/3(02))
and

M, — M, weakly in LQ(O,T;L4/3(Q)) and a.e. in Q,

and consider the Cauchy problem (cf. (3.17) and (3.19))

(4-5) <(Qn(wn) + Vnwn)tav> + ((wnvv)) = (m — Mnav) + (hvv)l“
VYveV, ae in (0,7),
(4.6) wp(0) =wo, ae in Q

with v, defined as in Lemma 3.1. Clearly, there exists a unique w,, € C°([0,7; H)N
L?(0,T;V) solving (4.5)—(4.6). Defining now ¥J,, and v,, according to (3.15), we have
9, € L®(0,T; H) N L2(0,T;V) and v, € HY(0,T;V"). Moreover, because of (2.17),
the formulas (3.29), (3.35), (3.40), (3.43), (3.48) and (3.52) still hold with M,, instead
of X (xn)(xn)t- Therefore, summing up the modified versions of (3.35), (3.43) and
(3.52), we end up with

. 1 1 _
(4.7) NG n(wn) Bl L) + §||19n(t)||L1(Q) + §||1H19nHL1(Q) + ClI9, 2 0,00
Un, k+1 1
+ 7|wn(t)|2 + T|19n(t)|2 + §||wn||2L2(o,t;V)
+ Vn”CZ,n(wn)(t)HLl(Q) + CH19n||2L2(O,t;V)
t
< CO+ M ooznrman) + [ [ M35 =)
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Considering now (3.42) with X/ (xn)(xn): replaced by M,, and w,, replaced by 1/9,
for sufficiently small n and recalling also (4.4), we see that

(4.8) \/;n||wn||L°°(0,T;H) + llwn|l20,7:v) + ||(19n)71||L2(0,T;V)

H Dl oo 0,755y L2 (0,7:v) F 0| oo (0,7501 () < C,s

where C), denotes a positive constant which depends on || M| Lo 1;r4/3(q)) but is
independent of n. Moreover, by comparison, we also have the bound

(49) ||I/nwn + 'l9nHH1 (O,T;V’) é C;U"

Passage to the limit as n  oco. Arguing as in the “passage to the limit”
subsection of Section 3, we obtain the convergences (as n goes to +00)

(4.10) 9, — v* weakly star in L°°(0,7; H) and weakly in L*(0,T;V),
(4.11) 9, — I strongly in C°([0,T]; V') N L*(0,T; H),

(4.12) 9,1 — (W)~ weakly in L?*(0,T;V),

(4.13) w, — (") weakly in L*(0,T;V),

( ) Vpw, — 0 strongly in C°([0, T); H),

where ¥* is the unique positive solution to the problem

(4.15) (9", v) + (a(9*),v) = (m — M, v) + (h,v)r VveV, ae in (0,7),
(4.16) v*(-,0) =99 a.e. in Q.

We observe now that by (4.14) and by the boundedness of {¢,,} in L*>°(0,T; H), we
may deduce the following convergence that will be useful in the sequel:

(4.17) In(t) — 9" (t) weakly in H and strongly in V' as n /" oo.

Second estimate. Recalling (3.35) with M, instead of A (x»n)(xn)t, using
Young’s inequality, (3.30)—(3.32) and (3.33)—(3.34), we obtain the inequality

1 1 t t
(@18) 10Ol + 30 Oy +C [ 1312 <0+ [ [ ot -

Now, using (4.4), (4.12), (4.17) and the weak lower semicontinuity of the norm, we
get from (4.18) the inequality

1 1 K 1
. — s 1 — K 1 < _— — .
(4.19) 1P Ol + 30 @l < 0+ [ [ a,(55 1)
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Regarding the second variable x* we know that x* satisfies equation (2.22), hence
we can formally (the argument may be made rigorous (cf., e.g., [5, Appendix]) take
v = x4 in (2.22) and integrate over (0,t) getting the energy inequality

I

(420) SRR + 593 0F + [ a0ew)+ [ 1P

o2 L 2 p ' py—1
< Shal + 319k + [ 30w = [ (400,07 ).

Now, arguing as in Section 3, i.e. adding together (4.18), (4.20) and (3.35) with xy
replaced by x*, using (2.12), (2.13) and (3.9) with )/, replaced by X', and applying
afterwards Young’s inequality, we show that

(4.21) 1O e O + 1072 0,000) + IXFON + 19| 21 0
2 t

<Cl1 #2y.
L2(0,t;V) ( +/0 Il )

Using Gronwall’s lemma, we get a uniform bound for the left-hand side of (4.21).
Recalling now the definition of M, and the first estimates in (3.44) with A/, replaced
by A and yx, replaced by x*, it turns out that we have derived also a uniform

1
@)l e + || |

bound for || M|l 12(o 1;14/3(0)) independently of u. Hence, we can replace C,, with C'
in (4.8)—(4.9). Finally, by comparison with (2.21), we have that

(4.22) 19¢ Il 20,70y < R,

and so, from (4.21)—(4.22), we deduce the desired estimate (2.41).

Passage to the limit as p \, 0. Recalling (4.3), combining (4.21) and (4.22)
with (4.8) and (4.9) (with C instead of C},), we find (2.41); thus, we may find
a subsequence {uy} that converges to 0 and a pair (¢, x) such that the following
convergences hold (for k& /" 00):

(4.23) e — weakly star in L>(0,T; H),

(2.24) Y — ) weakly in H'(0,T; V') N L?(0,T;V),

(4.25) I — strongly in C°([0,T); V') N L?(0,T; H),
1 1 ,

(4.26) o weakly in L2(0,T;V),
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(4.27) (") — a(¥) weakly in L?(0,T;V),

(4.28) pEXET — 0 strongly in C°([0,T]; H),

(4.29) x* — x weakly star in L*°(0,T;V),

(4.30) XM — x weakly in H'(0,T; H),

(4.31) XM — x strongly in C°(0,7;L°7%(Q)) Ve > 0.

We may first integrate (2.22) written for (¢#*, x**) in time over (0,t), then we may
write also (2.21) for the pair (9#%, x**) and, finally, thanks to (4.23)—(4.31), we may
pass to the limit as k goes to 400, arguing as in Section 3 for the nonlinearities and
deducing that the limit pair (¢, x) satisfies a.e. in (0,7)

(4.32) (9 + X)), 0) + (a(),v) = (m,v) + (h,v)r Yv eV,
(4.33)  (x,v) + (1% Vx, Vo) + (1% (9(x) + N ()9~ ",0) = (x0,v) Vv eV,
(4.34) 9(-,0) =19 a.e. in Q.

On the other hand, owing to (2.1)—(2.5), (2.12), (4.26), (4.29)—(4.31), we deduce
from (4.33) that

(4.35)  (xt,0) + (VX, Vo) + (g(x) + N ()9 Hv) =0 VYveV, ae in (0,7),
(4.36) x(-,0) =x0 a.e. in Q.

Finally, we may recover the regularity of x (2.36) by comparison with (4.35). This
proves that the pair (¢, x) solves problem (Py) and the uniqueness of solutions to (Py)
proves that the whole family {(¥*, x*)} converges to (,x) as p goes to 0, in the
sense of (4.23)—(4.31). This concludes the proof of Theorem 2.6.

5. PROOF OF THEOREM 2.4

Throughout this section, we will formally perform the regularity estimates for
problem (P,). We will omit the indices p for simplicity of notation and use here the
already known estimates for the solution of problem (P,). Moreover, only within this
section, the positive constants appearing in the estimates (denoted by C') are allowed
to depend on all the data of the problem (including u) since we are interested here
(cf. Theorem 2.4) in proving a regularity result concerning solutions to problem (P,,)
for 4 > 0.

First regularity estimate. We introduce now further regularity assumptions on
the data (2.24)—(2.27) in order to prove (2.28). Under these hypotheses, we want to
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take v = —Ax; as a test function in equation (2.22). In order to do that we have
to know that it is an admissible test function. Hence, we may proceed writing the
equation (2.22) as

(5.1) uxe +xe —Ax=s in V' and a.e. in (0,7) with y, =0 on X,

where, thanks to (2.19), (2.20) and (2.26), the function s belongs to L?(0,T;V).
Moreover, we can proceed by regularizing s with some s,, € H2(0,7; V), the data xo
and y; with some x;, € H3(Q)NWy (i = 0,1) with Wy, :== {w € W: w, = 0
on I'}. Then, using [12, Teorema 4.4, p. 661], we obtain that the solution of (5.1) is
in C%(0,7;V)NC3(0,T; H), and so —Ayx; € C°([0,T]; H) as desired. Whence, we
can proceed now formally testing (2.22) with —Ay;, integrating some terms by parts
in space (using the boundary condition (1.8) and the initial conditions in (2.23)),
and integrating it again, but in time, over (0,t) for ¢ € (0,7T), getting

o 1
(52) LIVxOF + IVl s(0.) + 518X

1 t t
< H|VX1|2+_|AXO|2+//Q(X)AXt‘i‘// N ()9 Axe.
2 2 0JQ 0JQ

In order to estimate the last two integrals, we have to use (2.18)—(2.20). To deal
with the term containing g, we apply Young’s inequality and (2.59):

/0 t /Q 9'(X)VxVx

(5.3) < 0/0/9(1 + )V Vel

1 t

< C+ 1I1VxelEaom) +C/O Xl o) VXL o (o [ Vx|
1 ) '

< C+ IVxilZaem +C / (I8x+ DI Vxe
1

<C+ §HVXtH%2(0,t;H) + CllAXIIZ 0,100

Regarding the term containing A, we have to use (2.26) as follows:

(5.4) /0 t/ﬂA’(xwlet - /O t /Q 97X (x) VAV xs — /0 t/ﬂ X()VI 1V,

t t

<C [ 10 s IVl aecoy Vel + € [ 10719
0 0

<Ot IV oo + 1AX]2

X 4 t1lL2(0,t;H) Xl L2(0,t;H)-
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Combining (5.2) with (5.3) and (5.4) allows us to apply a standard version of Gron-
wall’s lemma to show that

(5.5) /L”VXtH%OO(O,T;H) + HVXtH%?(O,T;H) + ”AXH%N(O,T;H) <C
and, consequently,

(5.6) Xl e (@) < C.

Second regularity estimate. We take now into account further regularity as-
sumptions given in (2.29). Let K be a positive constant such that the bound

2
(5.7) 1+ -+ + lmll 220,158 () + |l Lo (my + [T < K + KT

holds. Now, in order to prove an estimate for ¢ in L*°(Q), we use Moser’s technique
(cf., e.g., [1] and [19]). First of all, let us set £ := m — X (x)x:. Observe that, thanks
o (5.6), (2.20) and (5.7), we have that ¢ is bounded in L?(0,7; L5(Q2)). Moreover,
let p € (1, +00), multiply (2.21) by 9? and integrate over {2, obtaining

1 d/ 4pl€ p—1
58) — — 19”+1+k/ VIVIP + / vz |2+ k/ﬁ”“
(58) p+1dt /g Q (p—1)2 Q| P+ r

<7k/19p—1+7/m9p+/wp.
I I Q

Simply using (5.7) and the generalized Young inequality (2.58) first with the expo-

nents p/(p — 1) and p and then with the exponents (p + 1)/p and p + 1, we deduce
that

- vkp 1 2p+3
5.9 7<k/19p1+/h19p)<7K</19p+1)<7/19p+ + YK,
) r r r 20+1) Jr

Hence, we deduce from (5.8) multiplied by p + 1 (neglecting the nonnegative term
k [, VOVIP) the inequality

d Apk(p + 1)
(5.10) dt/ﬁP*%%/ V95 2 4 e p/ﬁp“
<A(p+ DK 4 (p+ 1)/ 9P
Q

Moreover, using the generalized Young inequality, we can observe that fF 9Pl >
Jp 9?71 — || and so the last two integrals on the left-hand side of (5.10) can be
bounded from below as follows:

4dpk p+1

k p1
St [0t g [0 s Clo P - g
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Hence, owing to Holder’s and Young’s inequalities, we obtain from (5.10) (us-
ing (2.29)) that

L \2/6
(5.11) di/ Vs +C</ (19”7)6) SOK*P3p+1)+ (p+ 1)/ 6] 9P .
t Q (9] Q

Next, we infer from Holder’s and Young’s inequalities that

pt+1

612 ) [ 10 < 0+ D105 ooy [0 13720

5 1/3 4/3
613 <G ([FOD) Rl ([ o)

We now consider sequences (p,,) and (o,,) of real numbers defined by

4
Po=2, DPnt1= gpna On =2p,, neN
Then we have that 0,41 = 4/30,. Now, letting n € N and taking p = ppy1 — 1

in (5.11), it follows from (5.13)

4/3
sup / 9P (t) < Cozyy max{K""“, sup (/ 9P (t)) }
t€(0,T) JQ te(0,7) \J

Hence, using Lemma 8.1 in the Appendix with (v,) = tes(lépT) 19(2)] %n(sz)’ (0,) =
(on), a = 4/3, ¢ = 0, b = 2 and C; = K, we get that there exists a positive

constant C' independent of n such that

(5.14) sup [[9(t)]m ) <, YneN,
t€(0,T)

Taking n ' 0o, we immediately obtain that ¥ is bounded in L>(Q).

Third regularity estimate. We may employ the same Moser’s technique in or-
der to establish the L>°(Q) bound for 1/¢ multiplying (2.21) by —¢ P and integrating
over ).

Fourth regularity estimate. During this estimate we will use strongly the
previous ones. In fact, to obtain this estimate, we need the regularity assump-
tions (2.24)—(2.27), (2.29) and (2.31)—(2.32) on the data. Then, let us multiply (2.21)
by (9 /9? +1;) and add the resulting equation to the time derivative of (2.22) tested
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with z;, where we have set z := x;. Doing that, we obtain the following equality,
which holds for all ¢ € [0, T:

6.15) [ (9 +55) 0+ 5 10 =9 DO + 5T Il0F + (o)
+ 53 VOF = (700 (9 3)0) = [ ¥o®)=0(F5 +0.)
, N/(x(0) .
- [ gz - | S0+ [ N Fom).

Now, we integrate it over (0,t) with ¢t € [0,7] and then estimate the terms on the
right-hand side. First, we may integrate by parts (in time) the term containing f
and use hypotheses (2.31)—(2.32) as follows:

10 [ (s 5

= —/0 (fe:0 =071) + (f (1), (@ =97 1)(1)) = (£(0), (9 =9 71)(0))

t
_ k _
</0 1Fellall9 =07 + 2110 =9~ H )1
+ ClflEo .m0y + 10 =97H)(O)].

In the sequel, we set
19
50 = [ [ Xz (5 +0.) 0,

B(t) = — //X't (1)20(),

Bty = [ Xl gr®a(o)

Let us use Holder’s inequality and the first regularity estimate for z (cf. (5.5)) with
the continuous embedding of V in L*(Q2), and (2.26), in order to get the following
estimate for Jy(t):

I e A [ Py MY
¥
<5</ tﬁ/w#)+c/nﬁw%
0 0 0

9
Then we use (2.2) and the third regularity estimate in order to obtain

1 t t
(5.18) i< [laPec [
0 0
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Now, in order to estimate the term containing g in (5.15), we have to use Holder’s
inequality, (2.19), (2.36) and the estimate (2.41), in fact (since x € L*°(Q) due
to (5.6)) arriving at

t t 1 t t
(5.19) / / 722 < O / / (L4 X))oz < 2 / @2+ C / 22,
0JQ 0JQ 2 0 0

Finally, from (2.26), Holder’s inequality the third regularity estimate on 9! it follows
that

Uy
0,

t t
_ 9, 12 -
9 =l <5 [ [5] +Co [ 197 el

t
0

(5.20) |Js(t) < C /

for all § > 0 and for a positive constant Cs. Now (5.15), thanks to (5.16)—(5.20) and
provided ¢ is sufficiently small, becomes

t 192 B
1) [ [ (94 55) + 10 = 0O + ilaOF + Pl m + 12)1°

t t t
<o(ve [P+ [P [o-oe).
0 0 0

where we have added up to both sides of (5.15) (integrated in time) the term

1 2 __ 1 2 ‘
3OF = 512002 + [ (a(s).25)

in order to obtain the full V-norm of z on the left-hand side. Moreover, applying a
standard version of Gronwall’s lemma to (5.21), we have the regularities (2.33) (for
solutions of (P,) with a strictly positive coefficient p).

This concludes both the proof of Theorem 2.4 and this section.

6. PROOF OF THEOREM 2.8

Suppose, throughout this section, that (¢;, x;) for ¢ = 1, 2 solves problem (P,) with
the data 9o, xo0i, X1i, fi instead of Yo, xo0, X1, f, respectively, and be u; := 7191-_1.
Set, for this section,

(6.1) X=Xx1—X2 U=9U1—-"2 u=u—us [f=f—fo,
Xo = Xo1 — Xo2, X' =x11—X12, Yo =Do1 — Jo2.
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Then we have

(6.2)  ((0+ Ax1) = A0e2)e,v) + k(9 +u,v) = (f,v) YveV, ae in (0,T),

(6.3)  (uxesv) + (xev) + (Vx, Vo) + (9(x1) — 9(x2) — X (x1)ua
+ N (x2)uz,v) =0 Vv eV, ae. in (0,7),

(64) 19(70) = 1907 X(vo) = X0, Xt(,o) = Xl a.e. in ().

Let us integrate (6.2) in time over (0,t), take v = k(¥ + u), and integrate in time
once more. Then we have the equality

t
1
(6.5) KIONZ2 0,00 + k/o (0, u) + 5|1+ [k0 + kul(1)]?

k/o (190+>\(X01))\(on)+1*f,19+u>+k/0/ﬂ()\(xl))\(Xg))(ﬂ+u).

First, we observe that (cf., e.g., [8]) there exists a positive constant d such that

(6.6) (9,u) > Ez/s [

y L [ua? o+ fugf?

and, thanks to (2.26), using Young’s inequality we obtain (cf. also [6, (5.9)—(5.11)])

60~ [ [ o0 -2em<e [ [
d

|ul? / 2 2Y).(2
<SS —L  —qo 0+ wmf+u
2/Ql+|u1|2+|uQ|2 Q( |ua] |u2])Ix]

d |ul? 2 = 2 2
<z + gt E Uz || 7 00 .
) K) 1+ |u1|2 ¥ |u2|2 HXHLz(O,t,H) gt /0 H l“L (Q)|X|

Note that, if N = 1, there is no need of (2.26) since C°([0,T]; V) — C°(Q). In this
case, the constant C' depends on M; as well. Moreover, using Young’s inequality, we
get

t
(6.8) - / / (A(x1) = AC)kD < 819120010, + CslIxl 20 00

for all § > 0 and for a positive constant Cs5. Finally, we have to integrate by parts
in time the term containing f in (6.5) and to use Young’s inequality once more, to
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arrive at

—~

(6.9) /0<1*f,/m9+ku>: (1*f)(t),1*[kn9+ku](t)>—/0 CFo 1 (k0 + )

< I (k0 + Eu)] O] + ClI (L= SO

-

+

¢
v+ [ 105 0 + k)
Hence, using the estimates (6.6)—(6.9) and choosing ¢ sufficiently small, (6.5) becomes

Juf?

T 0l F [ + 11 (k9 + k)] (1))

t
(6.10) 191172 (0.0.21) +/0

t
< C(Wo”f 0P+ 1y + [ 10 0+ k)P

2 t
B + 3 [ |ui|im(m|x|2),
i=1 70

where the constant C depends also on Mj.
Now, let us take v = x; in (6.3) and then integrate it over (0,t) to obtain

I 1
(6.11) §|xt(t)|2 + Ixell 220,60 + §|Vx(t)|2
t t
< —/ (9(x1) — 9(x2), xt) +/ (N (x1)ur = X (x2)uz; xt)
0 0
By, 1 2
+ 5+ 51Vl

We notice here that this argument is only formal since x(t) does not belong to V', but
it may be made rigorous for example by using the same techniques as that employed
in [5].

Now, in order to estimate the terms on the right-hand side in (6.11), we may
proceed exactly like in [6, (5.14)—(5.16)]. Let us recall here the procedure performed
in order to get a bound for the second integral on the right-hand side in (6.11)
because it is just here that the assumption (2.49) is necessary. Indeed, first we may

write

(6.12) /0 (N (xa)ur = N (x2)uz2, xt)

= /Ot/gZ ur (N (x1) — X (x2))xe + /ot/sz X (x2)uxe-
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Then, let us estimate the two integrals in (6.12) separately, using (2.26), (2.49) and
Young’s inequality, as follows:

(6.13) //u1 (x1) 5/ |Xt|2+05/ ||U1HL°°(Q)|X|

for all positive § and for a positive constant Cs. Moreover, in order to estimate the
second integral in (6.12), we may observe that, thanks also to (6.6) and (2.50), we
have

(6.14) /Ot/ﬂ N (x2)ux: < C/Ot/Q lul [x¢l

t
u
cf] i |2\/1+|u1|2+|u2|2|xt|
Q

L+ |ur]?® + Jug

i
" C (1 ill5 oo )
4/0/ T+ |w]? + uz|? + / Z + il 2 o) e

Further, adding to both sides of (6.11) the term

1 9o 1, 9 !
§|X(t)| = §|X0| + [ (xt>x)
0

in order to recover the full V-norm of x(¢) on the left-hand side, using (6.12)—(6.14)
and choosing ¢ sufficiently small, we get

W 1
(6.15) 2 PP + allZzo,6m) + 5 IX@

o)
<o(Ene+ ||><ou2 + thuiz(o o

, N
+ ||X||L2(0,t;V) ) 1+ [ 2 + [usgf?
t 2
+C/0 > Hmlliwaz)'h'g’
=1

where the constant C depends also on M;.

Finally, let us set v = J~19 in (6.2) and integrate over (0,t) to obtain, thanks
0 (2.15)—(2.16) and to the monotonicity of the function ¥ — —1/9 from (0, +oc0)
into (—o0,0),

(6.16) SOOI + K190
< gl + [ (5.079)
= [ otartad = X o).
0J/Q
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Now, write down the last integral in (6.6) as

(6.17) - / /Q (N0 () — N (e2) o)) T = I + T,
where

(6.18) I= / / YV (x1) = X (x2)) ()
(6.19) L= - / /QX<X2>J*1<19><<X1>,£fm)t),

and estimate the above two integrals separately, using (2.26) and (2.50), Young’s
and Holder’s inequalities as follows:

t
(6.20) n<c / 1791 s Il e | G el
0
t
< CllEs0 ) + / 29112,
t
(6.21) L<C / 70 el < OO 0y + el 0

where the constant C' depends also on M;. Now, inserting (6.17)—(6.21) into (6.16),
we get

(6:22) 92 + 19172 0,m) < CUWOlIZ + 117200001y + 1911E20,0v1

t
+ ||X||2L2(o,t;V) + |\Xt||2L2(o,t;H) +/0 191121 (x1)e]?).

Finally, we may collect estimates (6.10), (6.15), (6.22) arriving at

e
T+ T + [uzl?
2

©29) 1901+ Wi + [ [ HIL % (k0 -+ Ru)(0)?

+ plxa(t)?

t
C(IIﬂollf + b+ ol + 1172 0,607 +/ 11 (B9 + k)|
0

+IxelZ2go.6m) + IX(2)

t
+ 19022 0,601 +IIXIIZLz(o,t;w+||Xt|iz(o,t;H)) +/0 19111 (xa)e?

t 2 t 2
e / 3 uiZ gy X2 + € / S i 2 ey e ?
0 ;=1 0 ;=1
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and, applying a standard version of Gronwall’s lemma to (6.23) and recalling (2.50),
we find the continuous dependence estimate (2.51), which yields the uniqueness of
solutions to problem (P,) in the case of N = 1. Hence the proof of Theorem 2.8 is
completed.

7. PROOF OF THEOREM 2.9

Throughout this section, we will use the same notation as in the previous Section 6.
Observe that, thanks to (2.52), (6.5) becomes

t t
1
(1) k9 + b [ @+ [ [ 0+ k) + 300 G-+ k)P
t
:/ (90 + X0 + 1% f, k0 + ku)
0

and, integrating by parts (in time) the third term in (7.1), we obtain

(7.2) // (k9 + ku) = //th*kﬂ+ku)] /(t)[l*(kﬂJrku)(t)]

< /0 el 1L # (B9 + k)l + Clix @[+ (k0 + k)] ()]

Therefore, taking (6.6) and (7.2) into account, integrating by parts the terms con-
taining f as in the previous section and using Young’s and Holder’s inequalities,
(7.1) becomes

Juf?

L+ |ua? + |ugf?

t t
c(190z+||><oz+||f||iQ<0,t;V/>+/O xtz+/0 1*<kﬂ+ku>||2).

1 t
(7.3) ROz 0,00y + Sl (RO + R)ul()]* + /0

Now, we may consider equation (6.3) and proceed like in [6, Section 6]: we inte-
grate (6.3) with respect to time over (0,t), finding

(74)  (uxe,v) + (06 v) + (V(L*x), Vo) + (1 (g(x1) — 9(x2)) = L+ u,v)
= <uxl,v> + (x0,v) Vv €€V, ae in (0,T).

Set now v = x(t) in (7.4) and integrate in time again in order to obtain
H 2 ! 2 1 2
(15) SIOF + [ WP+ 51V 000
‘ 7
= —/ (1x(g(x1) = 9(x2)) = 1w, x) + S Ixol” + (ix* + x0, L x (1))
0
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First we can estimate the term f(f (1 % u, x) using the fact that

(7.6) /Ot|1>,<u|2 /|1* (kY + ku) |2+C/ (/ |9(7 |2d7)

Then we may recall the estimate of the term fot(l *(g(x1)—9(x2)), x) in (7.5) already
performed in [6, (6.6)—(6.8)] because it is just the same in our case, obtaininig in this
way (with (7.6)) the estimate

t t
" 1
@) SR+ [P+ 50 0P <ol + IR+ [ 1900

+/Ot|1>k(lm9+ku)|2+/0t|v(1*X)|2) +C(M2)/Ot Ix?,

thanks also to Young’s inequality. Moreover, by comparison with (7.4) and thanks
o (7.7), we obtain

(7.8) Ixe ()1 C(MZ))(|><tJ|ZJr I 1% + / 191120, 5:1)
/|1>k (kY + ku)|? + /|X|2 /|V1*X )
+ 2|1 % u(t) .

Next, we may take v = J 7149 in (6.2), integrate over (0,¢) and treating the result as
n (6.16)—(6.22) in the previous section, find the estimate

(7.9) 9O +I0NZ2 061y < CUIlZHFN 20,607 FIXeN 20,60 HIONZ2 0 6511))-

Finally, multiplying (7.8) by a sufficiently small constant and summing it up
with (7.3), (7.7) and (7.9), using again (7.6) without the integral over (0,t) in
order to estimate 2|1 x u(¢)|? in (7.8), and applying a standard version of Gron-
wall’s lemma, we recover immediately the estimate (2.54). Hence, Theorem 2.9 is

completely proved.

8. APPENDIX

Let us recall here a lemma whose proof can be found in [1, p. 841].
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Lemma 8.1. Leta>1,b>0,ce R, Cy =1, Cy > 1 and 6y be given numbers

such that &y + c(a —1)~!' > 0. Moreover, consider the sequence {0y }r>0 of real

numbers defined by 41 = adr + ¢, k € N. If {7y }r>0 is a sequence of positive real

numbers satisfying

5
Y0 g 0107

b 5
Yrt1 < Codyq max {C}" i,

then the sequence {Vi/%}mo is bounded.

1]

[10]
[11]

[12]
[13]
[14]
[15]

[16]

References

N. D. Alikakos: LP-bounds of solutions of reaction-diffusion equations. Comm. Partial
Differential Equations 4 (1979), 827-868.

H. Brezis: Opérateurs maximaux monotones et sémi-groupes de contractions dans les
espaces de Hilbert. North-Holland Math. Studies 5. North-Holland, Amsterdam, 1973.

M. Brokate, J. Sprekels: Hysteresis and Phase Transitions. Appl. Math. Sci. Vol. 121.
Springer-Verlag, New York, 1996.

G. Caginalp: An analysis of a phase field model of a free boundary. Arch. Ratio-
nal Mech. Anal. 92 (1986), 205—245.

P. Colli, G. Gilardi, and M. Grasselli: Well-posedness of the weak formulation for the
phase field model with memory. Adv. Differential Equations 8 (1997), 487-508.

P. Colli, M. Grasselli, and A. Ito: On a parabolic-hyperbolic Penrose-Fife phase-field
system. Electron. J. Differential Equations 100 (2002), electronic; [Erratum, Electron.
J. Differential Equations 100 (2002), erratum, (electronic)].

P. Colli, Ph. Laurencot: Weak solutions to the Penrose-Fife phase field model for a class
of admissible heat flux laws. Phys. D 111 (1998), 311-334.

P. Colli, Ph. Laurengot, and J. Sprekels: Global solution to the Penrose-Fife phase field
model with special heat flux law. In: Variation of Domains and Free-Boundary Problems
in Solid Mechanics (Paris 1997) (P. Argoul, M. Frémond, Q.S. Nguyen, eds.). Kluwer,
Dordrecht, 1997; Solid Mech. Appl. 66 (1999), 181-188.

P.C. Fife, O. Penrose: Interfacial dynamics for thermodynamically consistent phase
field models with nonconserved order parameter. Electron. J. Differential Equations 16
(1995), electronic.

A. Friedman: Partial Differential Equations. Holt-Rinehart-Winston, New York, 1969.

P. Galenko: Phase field model with relaxation of the diffusion flux in nonequilibrium
solidification of a binary system. Phys. Lett. A 287 (2001), 190-197.

G. Gilardi: Teoremi di regolarita per la soluzione di un’equazione differenziale astratta
lineare del secondo ordine. Ist. Lombardo Accad. Sci. Lett. Rend. A 106 (1972), 641-675.
C. Giorgi, M. Grasselli, and V. Pata: Uniform attractors for a phase field model with
memory and quadratic nonlinearity. Indiana Univ. Math. J. 48 (1999), 1395-1445.

M. Grasselli, V. Pata: Existence of a universal attractor for a parabolic-hyperbolic phase
field system. Adv. Math. Sci. Appl. 138 (2003), 443-459.

M. Grasselli, V. Pata: Existence of a universal attractor for a fully hyperbolic phase-field
system. J. Evol. Equ. 4 (2004), 27-51.

M. Grasselli, V. Pata: Asymptotic behaviour of a parabolic-hyperbolic system. Com-
mun. Pure Appl. Anal 3 (2004), 849-881.

449



17]
18]
[19]
[20]
21]
22]
23]
[24]
[25]
[26]

27]

M. Grasselli, H. G. Rotstein: Hyperbolic phase field dynamics with memory. J. Math.
Anal. Appl. 261 (2001), 205-230.

N. Kenmochi, M. Kubo: Weak solutions of nonlinear systems for non-isothermal phase
transitions. Adv. Math. Sci. Appl. 9 (1999), 499-521.

Ph. Laurengot: Solutions to a Penrose-Fife model of phase field type. J. Math. Anal.
Appl. 185 (1994), 262-274.

J. L. Lions: Quelques méthodes de résolution des problemes aux limites non linéaires.
Dunod, Gauthier-Villars, Paris, 1969.

O. Penrose, P. C. Fife: Thermodynamically consistent models of phase field type for
the kinetics of phase transitions. Phys. D 48 (1990), 44—62.

O. Penrose, P. C. Fife: On the relation between the standard phase field model and a
“thermodynamically consistent” phase field model. Phys. D 69 (1993), 107-113.

E. Rocca, G. Schimperna: Uniform attractor for some singular phase transition systems.
Physica D 192 (2004), 279-307.

E. Rocca, G. Schimperna: Global attractor for a parabolic-hyperbolic Penrose-Fife
phase field system. Discrete Contin. Dyn. Syst. (Special Volume). To appear.

H. G. Rotstein, S. Brandon, A. Novick-Cohen, and A. A. Nepomnyashchy: Phase field
equations with memory: the hyperbolic case. SIAM J. Appl. Math. 62 (2001), 264—282.
J. Simon: Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. 146 (1987),
65-96.

R. Temam: Infinite-Dimensional Dynamical Systems in Mechanics and Physics. Sprin-
ger-Verlag, New York, 1997.

Author’s address: E. Rocca, Universita degli Studi di Milano, Dipartimento di Mate-

matica “F. Enriques”, Via Saldini 50, 20133 Milano, Italy, e-mail: rocca@mat.unimi.it.

450



		webmaster@dml.cz
	2020-07-02T11:25:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




