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INPUT-OUTPUT SYSTEMS IN BIOLOGY AND CHEMISTRY
AND A CLASS OF MATHEMATICAL MODELS
DESCRIBING THEM*

EricH BoHL, Konstanz, IvO MAREK, Praha

Abstract. Our aim is to show a class of mathematical models in application to some prob-
lems of cell biology. Typically, our models are described via classical chemical networks.
This property is visualized by a conservation law. Mathematically, this conservation law
guarantees most of the mathematical properties of the models such as global existence and
uniqueness of solutions as well as positivity of the solutions for positive data. These prop-
erties are consequences of the fact that the infinitesimal generators forming the underlying
dynamical systems are (nonlinear) negative M-operators.
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1. INTRODUCTION

This paper tries to draw the attention to a special type of nonlinear ordinary dy-
namical systems describing a substantial class of biological and chemical situations in
nature. It is built up of linear evolutions 7;(t) = A;n;(t), = 1,..., L, with negative
of M-matrices A; whose entries depend on the dynamical variables n, k& # j, of
the other subsystems involved. The nonlinear type is created via this dependence,
i.e. the matrix of the complete system is blockwise diagonal: A = diag{A1,...,AL}.
The theory of the subsystems is well developed. In particular, they all enjoy conser-
vation laws. It is just these conservation laws that allow to interpret the models as
classical circuits. This means that our models possess the property that the amount
of various chemicals change during the time but the total amount of them remains

* This work was partially supported by the Grant Agency of the Czech Republic under
contract No. 201/05/0453, the Information Society project No. 1ET400300415, and the
grant of the Ministry of Education, Youth and Sports of the Czech Republic No. MSM
6840770010.
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unchanged. Mathematically this fact is in a sense “visualized” through the form of
the matrices of the systems: The off-diagonal elements are nonnegative and all the
column sums of them equal zero. This knowledge can be used to develop a theory
for the full system which is done in Section 4. It should be noted that our theory
is slightly more general and allows to consider nonlinear systems whose matrices are
not necessarily blockwise diagonal. Section 3 contains examples from biology and
chemistry. Finally, in Section 5 we develop basic ideas for a definition of an overall
speed of the action going on in the natural system observed.

2. CREATING NON-LINEARITY ON THE BASIS OF LINEAR SYSTEMS
OF CANONICAL FORM

2.1. Linear systems of canonical form

We write u > 0 for u = (uq,...,un) € RY ifu; >0,j=1,..., N or equivalently,
u € Rf. Similarly, A > 0 if A = (a;x) and all the elements a;, > 0, 1 < 5,k < N.

Let A be a real (N, N)-matrix where N € N. Consider the linear system

(2.1) n(t) = An(t), n(t) € RY.

We say (2.1) is of canonical form if A satisfies!

(2.2) Aij 20, i #7,
N

(2.3) Ajj ==Y Aij, j=1,...,N.
=

Obviously, we have

(2.4) n(t) = exp{tA}n(0)

and hence the conservation law
N N

(25) St = Yo n0) = ¢,
j=1 j=1

holds for any solution 7(t) of (2.1) whose matrix A satisfies conditions (2.2) and
(2.3).

! In all our examples the elements of each infinitesimal generator defined via the matrix A
satisfy conditions (2.2) and (2.3). Having this fact in mind we omit writing the diagonal
elements and leave the appropriate diagonal space free.

220



2.2. Finitely many coupled canonical systems
We introduce non-linearity considering L € N systems (2.1)

26) W) =ADW (@), W) e RV, Ny eN, k=1,...,L,

where all (Ny, Nj,)-matrices A%) satisfy (2.2) and (2.3). Each of the L individual
systems of (2.6) is linear in its unknown 7(*) (). The complete system (2.6), however,
is non-linear since the entries of A%*) are functions of the components nj(-a)(t), a#k,
which are not components of %) (£): A®) = A®) (v(F)) with y*) € RLx  k=1,...,L,

where 7](-k) = J(-k) (t) denotes a component of n(®)(t) with a # k. Introducing
L
M = Z Ny,
k=1
we have

1< Ly <M— Ny

for the dimension L of v*), k =1,..., L. We combine the components
(), j=1,...,Ng,

into a block-vector

(2.7) n(t) =V (t),....n"" (1) € RY,

and obtain the non-linear dynamical system

(2.8) n(t) = diag(AM, ..., AD))n(t)

whose solutions 7j(t) obviously satisfy the conservation law

L N L
X mtw=31cp, t>0
k=1 j=1 k=1

We begin by describing six examples from Biology resulting in a chemical network.
Application of the law of mass action yields the corresponding dynamical evolution
in time of all the chemicals involved. This system of differential equations is always of
the above form (2.6) with matrices of canonical form as described in Subsection 2.1.
It seems that all chemical networks follow a dynamical evolution of the type described
in Subsection 2.1 at least after some additions of dummy variables that do not change
the basic dynamics of the other dynamical variables.
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3. EXAMPLES

3.1. Michaelis-Menten kinetics
Our first system comes from Michaelis-Menten kinetics which follows the network

k
(3.1) X+ Ep ké Eo+ P.
-0
We have L = 2,
Nl =2 77(1) = (60761)7 N2 =3 77(2) = (zaelvp)a
ko O
k_
(3.2) AW = [ Ko + 0] . A® = | koeo 0],
ko,’E
0 Ko
Ly =1: 4 = (x), Ly =1: v = (eo).

Here and in the sequel capital letters denote chemical species (Fy, E1, X, P) and
the respective small letters (eq(t),e1(t), z(t), p(t)) the corresponding concentrations
at time ¢t > 0. We leave a blank space for the diagonal elements since they are
constructed as the negatives of the column sums according to (2.3) throughout. The
network (3.1) describes a substrate X being transformed into a product P by means
of an enzyme FEjy which has one binding side for X to form a complex Fi, the so
called loaded form of the enzyme Fj.

3.2. The transport B = pyruvat — D = lactat
Here the network is

k

A+ Ey = Ey,
k_o
k .

(3.3) B+ E; ké EySEy + D,

—1
k

B+ Ey = Es.
k_2

We have L = 3 and

N, = 4: 77(1) = (ep, €1, €2, €3),

k,O K k,Q
k‘oa k_l 0
. A =
(3:4) k1b 0|’
kb 0 0
Ly =2 7Y = (a,b),
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N2 =4 77(2) = (b7 627637d)5

ki ko O
k161 O O
) A@) =
(3 5) k‘geo 0 0 ’
0 K 0

Ly =2: v = (e, 1),

N3 = 4: 77(3) = (a7617€27d)a

k.o 0 O
koe k-1 O
. A(g) _ 0€0 1
(36) 0 kb 0|
0 0 K

L3 =2: ’}/(3) = (eo,b).

The action (3.3) describes the transformation of pyruvat B into lactat D using an
intermediate F; which is produced in the first line of the network. The basic step in
the second line of (3.3) is in the spirit of Michaelis-Menten kinetics (3.1), however,
inhibited by Ey as pointed out in the last line of (3.3).

The subsequent sections deal with transport phenomena: A substrate X is offered
to a cell and tries to find its way into the interior of the latter. To this end the
substrate must overcome the outer membrane to reach the periplasm where it is
called X,. Its next step is to penetrate through the inner membrane to finally reach
the cytoplasm where we denote X by X;. If X, is the name for X in the outside
region of the cell the complete action may be described as

(3.7) X, — X

We must understand the dynamics of the process if we want to interprete up-take
experiments where X; is measured at consecutive times t1 < to < ... < tpn.

The transport system is a so called ABC-transporter supported by binding pro-
tein Z in the periplasm and membrane components R attached to the inner mem-
brane. The passage

(3.8) Xo— X,

through the outer membrane is supposed to work on the basis of diffusion. We begin
in Subsection 3.3 with the often occurring case [7] where the outer membrane is no
obstacle to the passage (3.8) so that simply X, = X,. This describes the core of the
action. Here and in the sequel E; denote intermediates occurring in the course of
the action.
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3.3. Binding protein dependent ABC-transporter

The corresponding network reads

k
Xp—l— A \é Fq,
k_1

k "
(3.9) E1+Rké Ey R+ Z+ X,
—2

k-
R+ 7 & Ej.
k_3

Here L = 3 and

Nl = 4: 77(1) = (2561762763)7 N2 =3 77(2) = (Ta 62763)7
k_ E_
kyz 1 1:1 03 Foz 4 1
(3.10) { A = | "7 - A® = | ke
0 kQT L 0
z
kar 0 0 3
Ly =2: v®) = (z,,7), Ly=2: v = (z,ey),

N3 =4 77(3) = (Cﬂp,€1,€2,$i),

key 0 0
L6 _ | iz ka O
0 kz’r‘ 0 ’
0 0 K1
3

3.4. ABC-transporter and outer membrane

The network reads [34]

ki
X, = X,
k_o
Ky
X, +2 = B,
—1

(3.11) )
E1+Rké By R+ Z+ X,

-2

k
R+Z = Es.
k_3
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Note the diffusive character of the passage through the outer membrane in the
first line. The dynamical equations: L = 3 and

Ny =4: nM) = (2,eq,e,e3), Ny =3: 1 = (r,eq,e3),
by - 1:_12 k63 oot b
(3.12) A(l) = P A(2) = k‘2€1 0 y
0 kQT . 0
ksr 0 0 °
Ly =2: 4y = (xp, 1), Ly =2 v® = (z,e1),

N =5: 77(3) - (:Cayx}ﬂelveQ?Ii)?
ko O 0 O

ko key 0 0
AB) = | 0 k2 ko Of,
0 0 kor 0

0 O 0 k1
Ly =2: 4® = (z,7).

3.5. ABC-transporter: Regulation by phosphorus
This example deals with the regulation of our transporter by phosphorus P. We
begin with our standard network

ki
X, = X,
k—o
k k "
(3.13) Xp+2ké Er, E1+Rké Ex "R+ Z+ Xy,
-1 -2
Z+R = E;
k_3

and add the influence of P

X

(3.14) R+Pk£ U

on the membrane components R followed by

k1 K
E1+Uk£ Fio ™ R+ 7+ X,
(3.15) o
Mg
Z+U = Eis

—13

inhibiting the actual transport of x;.

225



The part of the transport in (3.15) is considered to be much less active then the
transport step in the third line of (3.13). Here L = 3 and

(1)
N; =6: 77( ) = (2,e1,e2,€3,€12,€13),

ko1 k1 kog K12 ko137
k1, ks 0 k_ip 0
Lo | 0 ke 0 0 0
ksr 0 0 0 0 ’
0 kiou 0 0 0
L kizu 0 0 0 0 ]
Ly =3 M = (xp, 7 ),
Ny =6: n? = (r, ez, e3, €12, €13, u),
[ k_o+ry k_z ki 0 k_11 ]
kaeq 0 0 0 0
L@ | ke 0 0 0 0
0 0 0 0  kiger |’
0 0 0 0 k132
Lk11p 0 0 k 12 k_13
Lo =3: 7(3) = (z,e1,p),
N3 =6: n® = (g, Tp, €1, €2, €12, T;),
[ k_o 0 0 0 07
ko ke 0 0 0
A(S) _ 0 klz k_g k_lg 0
0 0 kor 0 0|’
0 0 kipu O 0
| 0 0 0 K1 K12 |

Ly =3 7% = (z,r,u).

3.6. Transport of trehalose
Finally, the combined transport of trehalose D and glucosis G where G only enters

the inner part of the cell where it is called GG;. This is a model considered in the
PhD. Thesis of I. Hendekovic [17].

The answer of the input G, D, is G; alone:

(3.16) Do, Go — Gi.

Let us turn to the details of the network: First, diffusion through the outer membrane

L
=2

k_o

(3.17) D,

a-

kg
Dpv GP If

-3
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Next, the transformation of D, into G,

(3.18) ;

using trehalose T'. Furthermore, the formation of an inactive complex F; via

(3.19) ;

Finally, the transfer of G;

(3.20)

into the inner part of the cell. The concentration of 7" and A is denoted b

k K
Dpy+T = E™2G, +T

k
G,+T =2 E;.

k K
GP+A§ Ey3Gi + A
-2

respectively. The dynamical system shows L = 3,

Ny =38,
ko O 0 0
ko k_1 0 0
0 kT 0 0
(3.21) AW 0 0 & k_o
0 0 0 koa
0 0 0 0 K2
0 0 0 ks 0
0 0 0 ke O
L1 =2: v = (1,0),
Ny =3: 7 = (1,e1,¢),
koi+ k1 kg
(3.22) A = | kyd, 0 |,
kagp 0
2

77(1) = (d:;vd;;veTvgpve%gi?gavei) = (2da,2dp7261,gp7€2,gi,ga7ei),

0 0 0

0 0 0

0 0 0

0 ks k_4

0 0 0|’
0 0

0 0

0 0 |

yT? a7
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4. THEORETICAL RESULTS

Mathematical models considered in this contribution have been developed in a
series of papers [4], [5], [6], [9], [10], [11]. The development culminated in two
publications [12], [13] where the principle of total concentration conservation law was
recognized as decisive for the existence of positive solutions and stationary states.
The models investigated in the papers mentioned above are applied in the present
study. It is shown that all hypotheses used in [12], [13] are satisfied in all examples
of Section 3 and an appropriate theory is established.

4.1. Mathematical structures of the model

Consider the system (2.6) with (2.2), (2.3) and (2.4) for the matrices A (y(*)),
k=1,...,L. In what follows we need finer structure for the entries of A, which
is suggested by our examples. First, we assume the representation

(4.1) AW (9) = B® 1 g®(®), k=1L,

with (Ng, Ni,)-matrices B*) G*)(y(¥)), Next we note that in the examples the
entries of G*)(y(®) are polynomials in the components of v(¥). For example, take
the ABC-transport in Subsection 3.4. Then

B k',l K1 k,3 B O 0 0
0 k_g 0 kl.’L' 0 0
4.9) BWM = G~y = p
(42) 0 0 0 () 0 ker O
LO O 0 L ksr 0 O
i k2+l€1 k',g i 0 0
B® = |0 0|, GPHD)=|kee 0
L0 0 L ksz O

and similarly for B®) and G®)(y(®)). Here all entries of G*)(y(*)) are polynomials of
degree 0 or 1. However, for our theory we can manage with more general conditions.

4.2. Basic hypotheses

Assume N is a positive integer. We denote by C([0, +00), RY) the space of all
vector-valued continuous functions on the interval [0, +0c0) with the standard max-
imum norm. The symbol C, ([0, +0oc), RY) denotes the subset of C([0,+o0), RY)
consisting of all nonnegative vector-valued functions on [0, +00).

Generally, let £ be a Banach space over the reals and £’ its norm-dual. We write
[u,y'] instead of y'(u), u € &, ¥ € &. In case &€ = RY the symbol [-,-] may
coincide with the standard inner product on RY. This notation cannot lead to any
misunderstanding.
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Let G be a continuous mapping of the space C ([0, +00), RY) into the space of
N x N M-matrices. Let us denote the space of N x N matrices with real entries
by B(RY).

We are going to consider a family of matrices of the form

{B+ G(u(t))}, tel0,+00).

Our investigation will be based on the following hypotheses (i)—(iv).
(i) Matrix —B and each of the matrices —G(u), u € Rf, are M-matrices, i.e.

B=—-cI+C, C>0, c=r(0),

and
G(u) = —r(H(u)l + H(u), H(u)>0,

where r(A) denotes the spectral radius of A.
(ii) There exists a componentwise strictly positive vector 2’ such that?

(4.3) BT =0, [Gu)'# =0, YueRY.

Property (ii) is called the total concentration conservation law.
(iii) The map G: RY — B(RY) is such that there exist positive reals p and c
independent of u € [Rf such that for every u € Rf ,

Gl < cllullg-
(iv) For any positive real a there exists a positive constant L, such that
1G(w)u = Gv)vllprny) < Lallu = vllpx

holds for any u,v € RY and that |jul| < a, [|v]| < a.

All pairs B, G (7)) and the block-diagonal matrices in (2.8) of our examples
qualify under the assumptions made sofar. Indeed, the entries of G(*)(u) in the
examples are polynomials, so that (iii) and (iv) hold. Furthermore,

¥ =(1,1,...,1)

for all B and G (u) so that (4.3) follows from the construction (2.7) and (2.8).
Some basic properties of the mathematical model presented in the previous sections
are shown to be consequences of the analysis carried out in this section.

2 The superscript T' denotes the transpose.
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Problem (P). Under the hypotheses (i)—(iv), determine all solutions to the
Cauchy problem

du

(4.4) =

(t) = Bu(t) + G(u(t))u(t), u(0)=uo € RY, ¢t > 0.

This means, determine all solutions to the problem

(4.5) u(t) =7 (t; B)ug Jr/o T(t —s;B)G(u(s))u(s)ds, t>0, up€ RY,

where
T (t; B) = exp{Bt}, t>0.
Proposition 4.1. Let || - || be any norm on RN and U € RV,
There exists a positive real x independent of U (dependent on || - ||) such that
(4.6) U < &[T, 2]

where &' comes from the total concentration conservation property (4.3) and |U(t)]
is defined by the formula

(4.7) U|=U,y +U_,

U,, U_ denoting the positive and negative parts of U, respectively.

Proof. It is easy to see that the expression
v(U) = U], %]

defines a norm on RY (actually, v is the weighted 1-norm). The validity of the
statement is then a consequence of the fact that all norms on RY are equivalent.

4.3. Global existence, uniqueness and positivity

Problem (P) can be considered as a special case of a more general problem for-
mulated in terms of abstract spaces and operators operating on them and studied
in [13]. Here we want to show that the theory developed in [13] possesses broad field
of applications and may thus serve as a confirmation of its usefulness in mathematical
modelling of problems of Chemistry and Biology.

Since our model is formed via ordinary differential equations, our theory is based
on the properties of the exponential of B and its suitable perturbations G(u).

The main goal of this section is a theory covering existence, uniqueness and asymp-
totic behavior of solutions to Problem (P). While the arguments for proving local
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existence of solutions and uniqueness are standard, some less standard arguments
are needed for analyzing the asymptotic behavior of solutions and for proving exis-
tence of stationary states. In this context we point out the importance of the total
concentration conservation law. This law offers a basis for global existence as well
as existence of stationary states. In other words, it expresses in a form of a principle
the deep influence of the order structure and the Frobenius theory of matrices whose
elements are nonnegative reals.

Proposition 4.2. The following statements B1°-B4° hold true:
B1° The semigroup of operators {exp{Bt}; t > 0} satisfies the total concen-
tration conservation law, i.e.

exp{BTt}#' =i’ Vt>O0.

B2° Each matrix of the semigroup of operators {exp{Bt}} is such that
exp{Bt}uo € RY whenever uy € RY, ie. all the matrices exp{BTt},
t > 0, are nonnegative.

B3° The spectrum o(B) contains the eigenvalue 0 and to this eigenvalue there
corresponds a projection Pp represented by a nonnegative matrix.

B4°% There are positive real numbers «, v and T independent of t € [0, +00)
such that

(4.8) I(I - Pp)T (t; B)[p@y) <ve™, t>1.

Proof. B1° Obviously we have

x Lk
T(t:B) # =Y (BT =4
k=0

x| <k

B2° Let u € Rf. Then, since B=C — ¢l,C > 0, all components of the vector

o ik
7 (t; B)u = exp{—ct} Z %Cku
k=0 """

are nonnegative.
Statements B3° and B4° are consequences of the fact that the matrix —B is a
singular M-matrix [3].
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Proposition 4.3. Assume U is a nonnegative solution to Problem (P). This
solution possesses the following properties:
G1Y Formula
[U(?), i'/] = [U(0), j/]’ U(0) = uo,

holds for all t in the domain of existence of U(t).
G2° There exists a constant ¢ independent of t in the domain of existence of
the solution D(U) such that the relation

(4.9) U] <e

holds for all t € D(U).

G3Y For every ug € RY there exists an interval J = [0,0], ¢ = o(uo) > 0 and
a nonnegative solution U to Problem (P) in J.

G4° Any solution of Problem (P) nonnegative in [0,0] can be continued for all
t € [0,+00).

Proof. G191t is easy to see that
(4.10) (U@, 2] = [U{#), 2] = [uo, #'].
To prove G2° we apply Proposition 4.1, (4.10) and derive
U@ < &[U@)], 2] < Kug, 2] = c.

G'3° The existence of a local solution is guaranteed by the moderate magnitude of
the nonlinear term in (4.4) for small ¢’s i.e., by condition (iii). Uniqueness of solutions
is guaranteed by the Lipschitz condition (iv). Positivity of U(¢) is a consequence of
the existence of tight approximate solutions to solutions of Problem (P) the existence
of which is shown in Section 4.4, and of nonnegativity of exponentials of matrices
with nonnegative off-diagonal elements.

G4° Assume U is a nonnegative solution of Problem (P) for t € [0,7], 0 < 7 < 0.
Any continuation of U is a solution to

(4.11) u(t) =T (t; B)u(r) + / T (t — s; B)G(u(s))u(s) ds.
Let € = C([r, 7 + Ar]) with the || - ||g~-maximum norm
(4.12) llulle = Max{||u(s)||g~: s € [1,7 + AT]}

and S: & — &, where
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It is known that the iteration process
t
VL) — T(t — 5 B)u(r) = / T(t— s B)G(u*(s))u* (s) ds

is norm-convergent if the map S is Lipschitzian with the Lipschitz constant smaller
than 1. In order to show these properties of the map S we make use of hypotheses (ii)
and (iv) from Subsection 4.2 and derive the estimate

(4.13) { 18(u) = S(v)|le = Max{[|S(u)(s) = S(v)(s)lle~: s € [r, 7 + A7}
) < ATL, Max{||u(s) — v(s)||pn: s € [1,7+ A]} = L]ju — v]|¢.

Obviously, choosing AT appropriately, the constant £ becomes smaller than 1. Thus,
we obtain a prolonged solution from the interval [0, 7] to the interval [0, 7+ A7]. Let
0 <t < 400 be arbitrary. Since the estimate (4.13) is uniform with respect to 7 and
AT, the above prolongation procedure of a solution can be continued till its domain
of definition becomes [0, +0c0). The proof is complete. O

Proposition 4.4. Given an initial vector ug € Rf, then any solution U to
Problem (P) satisfies U(t) € RY for all t > 0.

Proof. To be able to exploit the nonnegativity of H(u(t)) for u(t) € RY let us
rewrite the original Cauchy problem in the form

a(t) = Bu(t) — r(H(u(t))u(t)) + H(ut))u(t), u(0) = uo,
and introduce w(t) by setting
(4.14) u(t) = exp{—ot}u(t),

where the constant ¢ comes from (4.9) and ¢ satisfying 0 < ¢ < o € R! is taken suf-
ficiently large. Since we know already that any nonnegative solution to Problem (P)
is uniformly bounded, we can set

0 = o(ug) = sup{r(H(u(t))): t €0,0], o = 0}.

After making substitution (4.14) we see that the original Cauchy problem takes
the form

w(t) = Bw(t) + ow(t) — r(H (exp{—ot}w(t)))w(t) + H(exp{—ot}w(t)))w(?),
w(0) = up.
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Applying the Picard-Lindel6f successive approximations with the starting vector
wy = ug we have

wens (6= T(E Byuo + [ T(t = B){o =l (exp{=osun(s) yun(s) ds
+ [ Tl sB) el oshun(9)un(s) ds
0

and conclude that since all the elements of the iteration sequence {wy(t)} are in RY,
also its limit w(t) belongs to RY for all ¢’s for which the iteration process is conver-
gent. This happens to be the case for 0 < ¢t < 4, § > 0. It follows that w(t) being
in RY implies that u(t) € RY.

This procedure can be applied starting at any ¢y > 0 instead of 0 assuming that
u(t) € RY for 0 <t < to. This completes the proof. O

4.4. Asymptotic behavior

This subsection is devoted to the description of the asymptotic behavior of the
solutions to Problem (P). The properties discovered are then applied in Section 5.

We want to show that positive solutions to Problem (P) get stationary. To this
purpose we first define a suitable approximation to the exact solution to Problem (P)
and estimate its decay for large times. Then, we use a splitting of the generator of
the dynamical system (4.4) into a sum of a linear infinitesimal generator and its
perturbation in order to overcome some technical difficulties in the analysis of the
behavior of solutions for large times. In doing so the equivalent formulation of
Problem (P) as an integral equation of convolution type (4.5) appears to be very
useful.

Assume n is a positive integer such that 0 < 7' = nr, 7 € R'. Define

ur(t) = exp{t[B + G(ug)|}ug, 0<t<T,
ur(t) = exp{t[B + G(u-(7))]}u-(7), 7<t<2T,

(4.15) < u,(t) =exp{t[B+ Gu-((k — 1)7)}u-((k—=1)7), (k—1)7 <t < kT,

ur(t) = exp{t[B+ G(u,((n — 1)7)}u-((n — 1)7), (n—1)7 <t < nr,
ur(t) =ur(n1), nr <t < +oo.

By Ppy¢(u) We denote the Perron eigenprojection of the matrix B + G(u). We set

(4.16) w(t) = ur(t) = Ppya(u, (1)) ur(t),

where u, is defined via formulas (4.15).
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Assume € > 0 is chosen arbitrary. Since

w(t) = (I = Py (u, 1))w(t)

the fact that B 4+ G(u.(t)) is a negative of an M-matrix implies that the nonzero
eigenvalues of the exponential exp{t[B + G(u-(t))]} are generally complex values
having the form exp{u + iv} with p < 0 and thus

(4.17) [w(T)]l <e
for T sufficiently large. Consequently,

(4.18) lim w(T) = 0.

T—o00

Moreover, the decay in the zero-convergence is exponential and thus,

/ [w(t)]| dt < +oc.
0

Remark 4.1. The vector-function u is just a theoretical tool to estimating some
parts of the true solution U such as w(T) and is not proposed for use in practical
computations.

A simple continuity argument shows that u, is a useful approximation to the true
solution to Problem (P). As a result of the above observations we obtain

Proposition 4.5. Choose € > 0 arbitrary. Then for any real 0 <T' < 400 there
is a positive real number T = 7(g) such that the relation

IU(#) = ur(B)]| <e

holds for all t for which 0 <t < T.

A similar analysis to that as presented above for the solution projected into the
complement of the Perron eigenspace of B+ G(U) can be done in the same manner
for the complement of the Perron eigenspace of G(U). Actually, we have

Proposition 4.6. Assume u. is an approximate solution to a unique nonnegative
solution of Problem (P) in [0, +00) as defined in (4.15). Then

lim ([ — PG(uT(S)))uT(S) =0

§— 00

and the speed of convergence is exponential.
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Corollary 4.1. Let U be a unique nonnegative solution of Problem (P) in
[0,4+00). Then

(4.19) Jim (I = Po(u(e))U(s) = 0

and the speed of convergence in (4.19) is exponential.

Having in mind Proposition 4.6 and its Corollary that the decay in the zero-
convergence of ||(I — Pg(u(s)))U(s)]| is exponential we can apply the above observa-

tions to prove

Theorem 4.1. Let U = U(t) denote a unique nonnegative solution to Prob-

lem (P). Then
lim U(t) = U(c0)

t—oo

exists and U(00) is a solution of the equation

(4.20) (B + G(U(00))|U(50) = 0.
Proof. Using the representation of the solution U
U(t) = exp{Bt}uo + (I — Pp) /0 Cexpl(t — 5) BYG(U())U(s) ds
4+ Ps /0 G(U()U (s) ds

and letting t — 400 we want to deduce the relation

lim U(t) = tlg& Ppugy + tlggo ; (I — Pp)exp{(t —s)B}G(U(s))U(s)ds

t—o0
¢
+ tlim PpG(U(s))U(s)ds.

The existence of
t

lim | (I — Pg)exp{(t—$)B}G(U(s))U(s)ds

t—o0 0

follows from B4° of Proposition 4.2 and from the uniform boundedness of G(U(s)
and U(s).
The existence of

lim /O PRG(U(s))U(s) ds

t—oo
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is based on the uniform boundedness of G(U(s)) and U(s) as in the previous case
and on Corollary 4.1.
We conclude that

U(xo) = tlg& U(t) = Pguo + /OOO(I — Pp)exp{(t — s)B}G(U(s))U(s)ds

+/ PpG(U(s))U(s) ds.
0
Relation (4.20) is then obtained as a consequence of the fact that

d
lim — =0.
Jim dtU(S) 0

The proof is complete. O

4.5. Markovian properties of the models

An interesting though rather elementary property of the models describing our
biological /chemical networks consists in the fact that the models are governed by
hidden Markov chains. A statement explaining the situation in more detail is

Proposition 4.7. Assume ' = e = (1,...,1)T € RN. Assume U is a unique
solution of Problem (P) and U(co) = tlim U(t).

Then each of the matrices

exp{Bt} with B =C —r(C)I,
Sp{GUNY  with GU() = HU) — ((HUW)I,
exp{[B + G(U(1))]t}

is column stochastic for t € [0, +o0).

The theory developed in this paper thus possesses a stochastic interpretation
though in no way associated with randomness. This fact can be in an efficient
way exploited in practical computations [22].
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5. SPEED OF CHEMICAL NETWORKS

5.1. Towards a definition of speed

The theoretical results obtained in Section 4 allow a singular perturbation argu-
ment in order to arrive at an analytical expression which defines the global speed of
the action symbolized by a chemical network.

One way of understanding such a network is in terms of an input-output-system:
there is an input of chemicals and an output of chemicals the concentrations of which
at time ¢t > 0 are denoted by 7i,(t), Nout (t), respectively. The action of the network is
understood to be the response 74t to a trigger 7i,. All the other chemicals occurring
in the network act to bring about this transition.

This view calls for a description in the form

(5.1) fout(t) = F(min(t)), t=0
along with a conservation law
(5.2) Min(t) + Nout (t) = Nin(0) + Nout (0) =: C, ¢ > 0.

Formula (5.1) means that the rate of change of the input is a function of the output
alone and (5.2) requires that the sum of input and output concentrations be conserved
at all times. The other chemicals in the network just define the machinery sending
Tin t0 Mout- The input-output focus of the network concentrates on what is being
offered to the machinery n;, and what comes out of it 7,y. The rest just defines the
machinery.

Typical examples are enzyme actions of any kind (as an example see (3.1) in
Section 3.1): the enzyme E converts the substrate X into Product P:

(5.3) 7in = concentration of substrate — concentration of product = 7gyt-

Another group of examples are membrane actions (for example (3.9) in Section 3.3
or (3.11) in Section 3.4): a machinery which allows a cell to let substrate X sitting
at the outside of the cell to find its way through the periplasm into the cythoplasm
where it is called X;:

(5.4) 7in = concentration of X — concentration of X; = ngys-

A typical experiment with an input-output set-up prescribes 7, (0) > 0 and observes
the output-data

(5.5) ti, Mout(tj), j=1,...,N.
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The objective of this experiment in the case of an enzyme-action is to learn something
about the efficiency of the action. Efficiency is measured by the speed of the action:
instantaneous response corresponds to high speed and high efficiency. We come to
the concept of speed for a chemical network in the next Subsection 5.2. In the
case of membrane-actions the speed yields information on the affinity of the cell
to the substrate. In our paper [14] we used uptake experiments to understand the
underlying chemical reaction network. As a result, speed is an important concept in
Biology.

Here is an example. Let us take Michaelis-Menten kinetics of Subsection 3.1: Put

(56) Uin(t) = :C(t), Tlout (t) = p(t),
observe that both variables show up in 7(?) alone (see (3.2)) and that
(57) ﬁout(t) = Koel(t)a

which is not quite the form as required by (5.1). We rather have to express e1(t) in
terms of niy (t):

(5.8) e1(t) = G (2)).
This is achieved if we replace

(5.9) A0 () = AD (i (£)) (1),
(AM from (3.2)) by

(5.10) 0 = AD (i (1) (1),
7V (@) + 0 (1) = 0V (0) + 0 (0) = By

yielding
—komm (B (8) + (ko + k_o)n (£) = 0,
)+ 0y (t) = By
or
1) ko +k_o
5.11 t) = t) = Fp - ,
( ) 60( ) 771 ( ) 0 K:O + k,o + kOnin(t)
konin(t)

0" ko + k_o + komin(t) .
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Using
= ko
Ko+ ko

we arrive at

I_{O'r’in (t)

(5.12) ei(t) = Eo- T+ Konm(®)’

the desired representation (5.8) of e1(¢) in terms of 1, (¢) alone. Now (5.7) turns into

I_{O'r’in (t)

5.13 out (t) = ko - By » —————,
(5.13) Nout (t) = Ko - Eo T+ Komm(@)

t>0,

which is equation (5.1) with

f_(on

F =ko By ———
(n) 0 Lo 1+ Ko

in this case.

Note that (5.10) is the steady-state condition for (5.9)! Hence, (5.9) becomes
stationary at any time ¢t > 0 instantaneously adjusting n(l)(t) to the current level
of nin(t) so that the result is still time dependent. But this is exactly the pseudo-
steady-state solution of

(5.14) () = AW (i (£))n D (2),
W2 (1) = AP () (o),
77(1) = (60761)7
77(2) = (nin» €1, nout)
with A, AP from (3.2): it is the standard steady-state of the n")-system which

depends on t due to the dependence on 7i,(t) and is therefore only pseudo-steady!
The same solution we obtain if we introduce a fast timescale

(5.15) s=put, p>1
and replace (5.14) by

(5.16) 1 (s) = AW (i ()0 (s),
Min(t) = — koeo(s)min(t) + k—oe1(s),
Tout (t) = Koe1(s).
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Here 71 (s) is the derivative with respect to the fast time s of (5.15) and 7, (t)
denotes the corresponding derivative with respect to the slow time ¢. By singular
perturbation theory [36] the solution

(5.17) 0 (ut) = (eo(t), e1(ut)), Min(t), Mous(t)

converges pointwise to the pseudo-steady-state solution described above as y — +oc.
Therefore we can replace the solutions of (5.16) by (5.11) and

—ko(ko + k—_0) + k_oko
ko + k_o + konin(2)
koko _

Ko + k_o + komin(t)

(5.18) Min(t) = Eonin(t) -

7;/0ut (t) = Eonin(t) . _ﬁin(t)

for p sufficiently large. Obviously, (5.18) yields
Min(t) + out(t) =0 for t >0,

thus establishing the conservation law (5.2). Hence, the pseudo-steady-state solution
reduces the network to the input-output description (5.1), (5.2). The theory in
Section 4 is necessary to prove the convergence of (5.17) as 4 — +oo (for Theorem
of Vasileva-Tichonov see [36]).

It is important to note that (5.16) describes the experiment and the pseudo-steady-
state solution serves as a good approximation to the true solution of (5.16). The
advantage of the pseudo-steady-state description is that it allows the interpretation
of an input-output-system with closed expressions for the equations of the slow vari-
ables. It needs experimental care to really guarantee that the data follow the solution
of (5.16).

It is obvious how to reduce the general system (2.6) to (5.1), (5.2): define 7in, Mout
and assume that the dynamical equations for 7;, and 7., occur in the system for
k = L in (2.6) alone. Put all components n; except of Min, Nour on the fast time
scale s = ut and let m, and 7.yt evolve on the slow scale t. Finally, construct the
pseudo-steady-state solution whose only dynamical equations are of the form (5.1),
(5.2).

5.2. Singular perturbation and speed expression

The theory in Section 4 allows the transition to the pseudo-steady-state solution
producing the description (5.1), (5.2). But (5.1) says that an input of

x =nin(t) at a fixed time ¢
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yields an output of speed

owt () = F(nin()) = F(2).
We define this derivative to be the speed v of the output in response to the input x:
(5.19) v = F(x),

which is an equation associating with any input the speed of the underlying chemical
network. In particular, we have arrived at (5.13) for the network (3.1), which tells
us that o

v = FaoEo . LO—I
1 + Kox
results, the well known Michaelis-Menten expression widely used in literature of
Biology and Chemistry.

The definition of the speed via (5.19) based on the pseudo-steady state procedure of
Section 5.1 introduced in the 1913 paper [26] has been generalized to other networks
set up to understand different phenomena in up-take mechanisms of cells [7], [8],
[14], [15], [25], [35]. The speed of up-take of the substrate is influenced by changes
of the chemical network which can be experimentally arranged. The measurements
must follow a particular speed expression which can be checked numerically. This is
done for different situations in [7], [14], [25], [35] governed by various networks all
satisfying the conditions of this paper. For example [14] develops a speed expression
for the network in Subsection 3.4 proving that the reaction in the last line of (3.11)
needs to be there, which was at that time unclear. The difference in the speed
expression of the network (3.11) with and without the last line was compared to
actual data with the result that the shorter network could not be the correct answer.

Summarizing, there is a demand for a general theory of particular non-linear dy-
namical systems satisfying the conditions in this paper. The definition of 7;, and
Nout 1s dictated by the biological and experimental situation: it must be easy to pre-
scribe 7i, (0) and to measure 7o, (t) for as many values of ¢ as possible. We conclude
with a table of reasonable choices in our examples (see Tab. 1).

network Min Nout
(3.3) b d
(3.9) Ta =Tp | T

(3.11), (3.13) | 4 @
(3.16)—(3.20) | dg or g4 | g

Table 1. Choice of 7, and nout.
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6. CONCLUDING REMARKS

In the conclusion we may assess the models studied. They have turned out to be

very useful not only as a mean for explanation of some mechanisms governing the

situations we can meet in real biology but also as a tool for making strategies how

to organize practical experiments in order to detect some phenomena in biological

research. In our case, inspired by the Michaelis-Kenten kinetics, this is in particular

the two-speed situation whose appearance has been discovered in all cases examined

in this study also due to our mathematical models.
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