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ON A CONTACT PROBLEM FOR A VISCOELASTIC
VON KARMAN PLATE AND ITS SEMIDISCRETIZATION

Icor Bock, JAN LovIiSEK, Bratislava

Abstract. We deal with the system describing moderately large deflections of thin vis-
coelastic plates with an inner obstacle. In the case of a long memory the system consists
of an integro-differential 4th order variational inequality for the deflection and an equation
with a biharmonic left-hand side and an integro-differential right-hand side for the Airy
stress function. The existence of a solution in a special case of the Dirichlet-Prony series is
verified by transforming the problem into a sequence of stationary variational inequalities
of von Karméan type. We derive conditions for applying the Banach fixed point theorem
enabling us to solve the biharmonic variational inequalities for each time step.

Keywords: von Karman system, viscoelastic plate, integro-differential variational in-
equality, semidiscretization, Banach fixed point theorem
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1. INTRODUCTION

We study the quasistationary contact problem for the viscoelastic von Karman
system endowed with long memory of the exponential type. We have considered the
general case in [2]. We will consider in this case the relaxation function in the form

k
of a Dirichlet-Prony series E(t) = . Eje ™t 3, =0, 8n >0,i=1,...,k, which
=0

will enable us to obtain less restric?i:/e conditions for the existence of a solution. In
the special case k = 1 the originally long memory integro-differential stress-strain re-
lations can be transformed to a first-order differential system with respect to time [1].
In both cases a weak formulation of the problem can be expressed as one canonical
nonstationary variational inequality with respect to admissible deflections. Using
time discretization we obtain a finite sequence of stationary variational inequalities

with nonlinear operators in Hilbert spaces. In addition to the papers mentioned

203



above we will express their solutions as fixed points of the corresponding operators,
which will enable us to solve variational inequalities and equations with biharmonic
operators for every time step.

Stationary unilateral boundary value problems for the von Karméan equations were
investigated for the first time by Naumann [9] and John [6] with unilateral conditions
on the boundary and an inner obstacle, respectively.

Nonstationary von Karman systems are nowadays studied mainly in the dynamic
form. In the case of viscoelastic plates the short or long memory term appears mostly
in the linear part of the equation for the deflection ([8]). We will consider here the
model of the plate, in which the memory term appears in the variational inequality
for the deflection as well as in the nonlinear right-hand side of the equation for the
Airy stress function. Semidiscretization with respect to time can be considered the
most suitable method to overcome this type of singularity.

2. FORMULATION OF THE PROBLEM
We assume a thin isotropic plate occupying the domain
Q={(z,2) ER’; z = (21,20) €Q, —3h <z < }h},

where Q is a bounded simply connected domain in R? with a Lipschitz boundary T
and a unit outer normal vector 7. The plate is clamped on its boundary and subjected
to a perpendicular load f(¢,x), ¢t > 0, z € Q.

Let us set

(1) [U, w] = 011v020w + Doovd1 1w — 20120012w, v, W € HQ(Q)

We recall that in the elastic case the well known von Karman system for the deflec-
tion w and the Airy stress function ® has the form ([4])

h3E 9 . ow
mA U)*[q),w]:f(l') mQ, w:£:0 OHF,
P
A2¢:—%[w,w] in Q, @zg—ﬁzo onT

with the Poisson ratio u € (0, %) and the Young modulus £ > 0. The stress-strain
relations for the isotropic viscoelastic long memory material are of the form

E(0) E'

- (1 = weij + pdijer] + Tt (1 — p)eij + pdizerr](t),

i?j € {172}a Ekk = €11 + €22

(2) o=
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with a positive decreasing relaxation function E € C'(R") and a convolution product
t

frglt)y= [y f(t—s)g(s)ds.

Let us define the material function

h3

3 D(t) = — E(t t>0.
Applying an approach similar to that in the elastic case by Ciarlet and Rabier ([4])
the following integro-differential von Karméan system for the deflection w and the
Airy stress function ® can be derived:

(4) D(0)A?w + D' % A%w — [®,w] = f(t,x), t>0, z€Q;
w = g—fi} =0 onl,
(5) A2<I>:—%(E(O)[w,w]—i—E’*[w,w]), £50, 20
®
b= g—y =0 onl.

We denote by V = HZ(2) the Hilbert space of all functions from the Sobolev
space H2(§)) with zero traces and with zero traces of the derivatives on the bound-
ary I'. We set

(o) = [ Mudvdz, ful = (u,0),
Q
the scalar product and the norm in V. The scalar product and the norm in the
space L%(Q2) will be denoted by (-,-) and || - ||o, (-, ) denotes the duality between V'
and V*, || - ||« is a norm in the dual space V*.

We will assume the plane z = 0 to be the inner obstacle for the deflection of the
plate. The convex closed cone

K={weV]|wx) >0 forallzecQ}

is then an admissible set of deflections. Instead of the problem (4), (5) we shall then
investigate a unilateral problem in the following variational form:
To find a couple {w, ®}: [0,T) — K x V fulfilling

6)  ((DO)w(t) + D"+ w(t),v —w(t)) = (&), w(t)],v —w(t))
+{(f(t),v —w(t)) forallve K,

(M) (@@),9) = *%(E(O)[W(t)W(t)] +E s« [w(t), w(t)], ) forallpeV.
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In order to convert the system (6), (7) into one Volterra integral variational in-
equality in the space V' we introduce a bilinear operator B: V x V' — V defined by
the uniquely solvable equation

(8) (B(u,v),p)) = / [u,v]pdx for all p € V.
Q
The operator B: V x V — V is bilinear, compact and fulfils the relations [4]

(9) (B(u,v),w)) = (u, Blv,w))) for all u,v,w €V,

(10) |(B(B(v,v),v) — B(B(w,w),w),v — w)|
< || B|I? max{||v||?, [|[w]|*}||v — w||* for all v,w € V.

Let us define a function ¢: [0,7) — V uniquely defined as a solution of the
equation

(11) (q(t),v) = ——(f(t),v) forallve V.

Using the expression (8) and the relation (9) for determining the Airy stress func-
tion ®(t) we obtain the following variational inequality equivalent with the sys-
tem (6), (7):

To find a function w: [0,7) — K fulfilling

(12) (w ()+g*w(t)7v w(t)))
+a(B(w(t), w(t)) + g * B(w, w)(t), B(w(t),v — w(t)))
> (q(t),v —w(t) forallvek

with
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3. THE CASE OF DIRICHLET-PRONY SERIES

3.1. Semidiscretization of the problem

We will find a solution to the variational inequality (12) by converting it into
a sequence of stationary problems having the form of the canonical von Karméan
variational inequalities. We shall use Rothe’s method or the method of lines in a
way similar to [7], where nonlinear integro-differential equations have been solved.

Before formulating the semidiscrete scheme let us introduce some additional as-
sumptions about the right-hand side q. We assume that the pressure f in the in-
equality (6) belongs to the Sobolev space W21(0,7;V*), T > 0 of time dependent
functions. The right-hand side of the canonical inequality (12) then fulfils

qe W40, T;V), T >0.

The relaxation function F and the kernel g have the form

k
(13) E(t) = Ep+ Z E’me_ﬁmta ﬁm > 0,
m=1
k k —1
9O = =3 ame ", ap = BB (ZEJ) >0, i=1,....k
m=1 =0

For fixed n € N we set
T=—, ti=1ir, w;=w(), i=0,1,...

5wj:;(wjfwj,1), jil,...,n

and substitute the problem (12) by the finite sequence of stationary variational in-

equalities

(14) (wo, v — wo)) + a((B(wo, wo), B(wo, v — wp)))
> ((go,v —wp)) forallve K,

(15) ((wilv v —w;)) + a((B(w;, wi), B(w;,v —w;)))

k i—1
—7 Y e Ity et [(wy, v — wy)) + al(B(wy, wy), Blwi, v —w;)))]
m=1 j=0
2 (gi,v—w;) forallve K, i=1,...,n,

where we set ¢; = q(t;), i =0,1,...,n.
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These variational inequalities have solutions wg € K and w; € K, i =1,...,n,
respectively. They are solutions of the minimizing problems
(16) Ji(w;) = min J;(v), i=0,1,...,n,
veK

where
a7 Jo(w) = 5ol + S1BG. I = (a0,0),

(18) () = 5ol + S1BG. o)

k i—1
13 e 3 e [((wy,0) + (B, w;), B(o,0))] — (i, v),

m=1 7=0
veV,i=1,...,n.

The functionals J; are weakly lower semicontinuous and coercive. Hence for every
i =20,1,...,n there exists an element w; € V fulfilling the minimum condition

Ji(w;) = min Ji(v)

and solving the discrete variational inequalities (14), (15).

3.2. Uniform a priori estimates
We proceed with uniform a priori estimates. After setting v = 0 we obtain directly
from (14) the estimate

(19) [lwoll* + all B(wo, wo) |I* < llgol|*

Let us denote

(20) wi = unll? + al Blws, w2, i=1,...,n.
We obtain from (15) the inequality

21 wi < (g5 wi))

k i—1
=73 am e P (g w0) + al By, wg), Blwi, )

Using the inequality
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we obtain from (21) the estimate

k
a .
Vi <302 max {wg} A+ llall, i=1,....n
= Bm §=0,...,i—1

Applying the expressions for the coeflicients «, in (13) we arrive at the uniform a
priori estimate

(22) [llwsl|* + all B(wi, wi)|[*]* < M max {lq(1)]],
t€[0,T)

k
i=1,...,n, M= (Z Em)Eo—l.
m=0

3.3. A priori estimates of the differences
In order to achieve convergence of the scheme we need estimates of the differ-
ences dw;. We set

k
(23) gji = — Z ame_ﬁmﬁ—»
m=1
. _ aBmT
9i —9j-1 _1—e ,
59]: J J = g]7 ]:1,...,TL.

T T

After setting v = wy in (14), j = k and subsequently ¢ = j, v = w;_1 i = j — 1,
v =w,; in (15) we obtain after subtracting the inequalities

|6wr ||? + a(6B(B(w1,w1), w1), 0w:)) + g1 (wo + aB(B(wo, wo), 6w )
< (91, 0wn)),

6w, + a((5B(B(wj7wj)’wj)»5wj))

j—1
+ (<gjw0 +7 Zgj,k&wk, 5wj>)

k=1
=)
ta (<B (Z 769, -k B(wy, wi) + g1 B(wj—1, w;—1), wj) ) 5’%‘))
k=0
j—2
+ Ta <(B (Z gjflka(wkv U)k), 5w]) ) 5w]>)
k=0

<(((Sq]',(5w]')), j:2,...,i7
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and

7 lI6ws[* + al($B(B(w;, w;), w;), dw;)

j=1

+7Y (g5w0 + aB(g1 B(wj 1, wj 1), w;), 6w;)
j=1

+722i:<<§gj kéwk+aB(§5gg kB (wy, wy,), w ) 57”]))

k=1 k=0

i TQQZ(ZZZQJ-1kB(wk7wk)7B(5wj75wj)))
< Té(@qg‘ﬁwj))-

Using the properties (9), (10) of the operator B we obtain the inequality

i i
7Y l16w;|® < 2a] BI?  max  lwy T [[5w]l?
=1 j€{0,...,i} =

j—2

Zgg 1—kB(wp, wy,)

Z low;

+ 2a||B||T Joax
{2,

+27’i

Jj=1

gjwo + abB (91B(wj1,wj1)

2

j—2
+7 Z dg,—kB(wk, wy), wj)

k=0

i oJ—1
+2ry
j=2k=1

2 i
+27 ) 1165
j=1

Let us assume that there exist 71 < 79 and 6 € (0,1) such that

j—2
(25) 20| B| (||B| o712 + 7|3 051k Bl ) D <10
k=0
. T
forevery <7 and j=1,...,n, wheren= —.

T
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We set here w; = w7 in order to point out the dependence on 7. Using the expres-
sion (23) for the kernel function g we obtain that the bound

k

2 Qm T2
12 <1 —
(26) 2a||B|| (1+ > gm)jl%?‘.ﬁwﬂ <1-4

m=1

implies the bound (25). Comparing with the a priori estimate (22) and the expres-
sion (13) for the coefficients a,, we can see that the bound

Ey

k
21l Bl 3 En

27 D)l <
(27) s la(t)]

is sufficient for fulfilling the estimates (26) and (25).
Combining the inequality (24), the a priori estimate (22) and the differentiability
assumption ¢ € W21(0,T;V) we obtain the inequality

i i j—2
(28) Y ldwf]? < Cr+ Cor? > > |lduwi|?
j=1 j=2 k=0

for every 7 € (0,71).

The discrete Gronwall lemma then implies the a priori estimate
n

(29) TZ||5wJT-||2§C’3 i=1,....,n; 0<7<7.
j=1

3.4. The convergence of the semidiscrete scheme
Let us define the following segment line and step functions determined by the

values w;, dw;:
(30) wp: [0,T) =V, w,(t) =wi—1 + (t —t;)0w,
ti <t<ty, i=1,...,n,
Wy [0,T] =V, @,(0)=wy, Wy(t)=ws,
tig<t<t, i=1,....n,
Wyt [0,T] =V, w,(t)=0, 0<t<t,

u?n(t):wi_l, ti<t<tip1, t=1,...,n—1.

The a priori estimates (22), (29) imply that the sequence of functions {w,} is
bounded in the space W21(0,T;V):

(31) ||wn“w2,1(0)T;V) < 04, n € N.
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Hence there exists its subsequence (again denoted by {w,}) and a function w €
W?21(0,T;V) such that

(32) w, —w in WHY0,T;V),

(33) wp(t) = w(t), Wp(t) = w(t) inV foreveryte[0,T],

(34) wy, =~ w, W, =~ w, W, ~"w in L*(0,T;V),
(35) Wy — W, Wy — w, W, —w in LP(0,T;W"HQ)),

p>1,r>1.
Let us set
(36) Bw,w)(t) =U(®), Blwp,wy)t) =Un(t), t€[0,T], n=1,2,...

Using the properties of the operator B we obtain the convergences

(37) U,—=U in W>Y(0,T;V),
(38) Un(t) = U(®), U,(t)—U() inV foreverytec[0,T],
(39) U,—=~*U, U,—*U, U,—*U inL>®0,T;V).

The operator G: LP(0,T;V) — LP(0,T;V), p > 1 defined by

(Gu)(t) = /0 g(t —s)u(s)ds, we LP(0,T;V)

is linear and continuous and the convergences

(40) G, — Gw, GU, — GU, Gu, — Gw, GU,— GU
in LP(0,T;V)

follow.
The form (13) of the kernel function implies the coercivity property

/0 (I + @) (0) (), v(t)) dt > M*1/0 lo(t)|[2dt  for all v € L2(0,T;V),

k
M = (Z Em) Egt.
m=0
The variational inequalities (14), (15) can be expressed in the integral form
T L T _
/ (@, + Gy, v — @,)) dt + a/ (U, + GU,, B(@,,v) —U,)) dt
0 0
T
< / (@n(t), v — Ta) dt forall v € K,
0
K={veL*0,T;V)|v(t) € K forae. tcl[0,T]}.
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Using the limiting process and the weak lower semicontinuity of the functional v €
fOT ((I +G)(v)(t),v(t))) dt over L*(0,T;V) we arrive at the inequality

T
| @®+ g wie). o)~ wiey ar
T
+ a/o (B(w,w)(t) + g * B(w,w)(t), B(w(t),v(t) —w(t))) dt

< / (a(), v(t) — w(®)) dt for all v € K.
0

Applying the Lebesgue mean value limit theorem we obtain in a way similar to
that in [5, Chapt. 1.5.6] that the variational inequality (11) is fulfilled.
3.5. Existence and uniqueness theorems

Theorem 3.1. Let the kernel function g have the form (13) and let ¢ €
W21([0,T],V) fulfil the condition (27).
Then there exists a unique solution w € W21(0,T;V) of the variational inequal-

ity (12).
A sequence {w,} of segment line functions defined by discrete values w; fulfilling
the inequalities (14), (15) such that a weak and strong convergence (32)—(35) holds.

Proof. We have derived above a solution as the limit of a subsequence of
segment line functions {w,}. It remains to verify uniqueness, which will imply the
convergence of the whole sequence {w,, }.

Let wy and ws be two solutions of the variational inequality (12). Their difference
u = wg — wi then fulfils the inequality

IO+ (BB ) 1) (1) ~ BB (wr, w) @) w1 (), ()
< = [ gt =), ue)as
-/ gt — $)al(BBws, wa)(s),walt) — B(B(ws, wn)(0), w (1), u(t)) d.
Let we = w1 + &(w2 — w1), £ € R. The relations
(B(B(ws, ws), wa) () — BOB(wy, wy),w))(8),u(t))
-/ IBG(0), we ) + (Bluwe,we) (1), Blu(t),u))] e,
(B(B(w2, w2))(s), wa (1)) — B(B(wr,wn))(s), wn) (1)), u(t))

= /O 2(B(u, we)(s)), Bu, we) (1)) + (B(we, we))(t), B(u, u)(t))] ds
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hold, from which we obtain the inequality
(41) uﬁ+a4[wa@n%@n%m
+gA«B@%w0@LBWG%MﬂWd£
<fAmF$W®MW
+2gA«Bwﬂ@@LBWm@umdam

—Amw@é«m%wmanw@ww&

Using the same approach as in the discrete case the following estimates analogous to
the a priori estimates (22) can be derived:

S < M Hll, i=1,2.
tgg%\\w()H tgﬁlllq()ll i

The condition (27) then implies

a

/O (B(we, we)(t), B(u(t), u(t))) df‘ <@ -0)ull?, 0<o<1.

We obtain then a constant Cs and the inequality
1
[llu@)l® + 204/0 1B (u(t), we($))* €]

K 2 ! 2
<c5/0 [Hu(s)n +2a/0 1B (u(s), we(s))] dg] ds forall £ € [0, 7].

The uniqueness of the solution follows by applying the Gronwall lemma. O

The previous theorem directly implies

Theorem 3.2. Let the relaxation function have the form

k
E<t) = Ey + Z Eme*ﬁmt, ﬁm > 0.

m=1

Let f € W21([0,T],V*) possess the bound

hE,
max || f(2)]« < :
€[0T 24/6(1 — p2)3/2||B||

Then there exists a unique solution {w, ®} € W21(0,T;V)? of the system (6), (7).
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Remark 3.3. More general homogeneous boundary conditions for the deflec-
tion w can be considered. It is possible to consider also a convex set K with a

nonzero inner obstacle. Deriving a priori estimates is more complicated in that case.

4. SOLVING THE SEMIDISCRETIZED PROBLEM

The Banach fixed point theorem can be applied to solving the semidiscretized vari-
ational inequalities (14), (15). We can express them as nonlinear operator equations

(42) wleZ(wl)’ 220715aNa

(43) Ap(w) = Pk (g0 — aB(B(w,w),w)),
k

@) o) = P 3 e

i—1
X Zeﬁmtﬂ' [wj + aB(B(wj,w;),w)] — aB(B(w,w),w)),

§=0
where Pr: V — K is the projection operator onto the closed convex set K C V.
Using the property || Pk (u) — P (v)|| < ||u — v]|| for all u,v € V and the uniform a
priori estimates (22) we can derive bounds of the right-hand sides in order to ensure
the contractivity of the operators A;. We impose a more restrictive bound on the
right-hand side ¢ than in (27).

Let
3Ey

1WA+ 2)ValBl 3 B

45 DIl <
(45) s la(t)]

Then we can conclude:
1. There exists dg € (0,1) such that

[ Ao(u) = Ao(v)|| < dollu —vll,  Vu,v e My,

My=<veV: ||v]| < ——3.
o= {revm<

2. There exists d; € (0, 2] such that

Zk: Ex

|Ai(u) — A;(0)|| <Ollu—v|, YuveM, §=06; |1+ 22—,
33 Eu
m=0

M=qveV: ||| <——7.
{ s Zaim
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If the right-hand side g corresponding to the right-hand side f of the original
problem has the bound (45) then we can solve the equations (42) and hence the
variational inequalities (14), (15) using the iterations w”™ = A;(wp—1),7=0,1,..., N
with starting points w® = 0. We are solving the variational inequalities with the same
operator A? and the Dirichlet boundary conditions. Using the definition (8) of the
operator B we obtain systems consisting of an elliptic variational inequality for the
deflection and an elliptic equation with the biharmonic operator for the Airy stress

function:
wh e K, (whv—wh)> ——(f(0),0—wh) Voek
) ) D(O) ) )
h
A*Qf = 2E(0)[wé,wé] 0,95=0 onT
wS‘H €K,
n n 1 n n n
(wg*t v —wg ™) > W(([@o,wo]w wy) + (f(0),0 —wg™h)) Vv €K,
AQ(I)R+1 __(EO + ‘E11)[u)67,-‘,-17,wg—‘,-l]7 (I)n+1 _ 6U(I)n+1 —0 on 1—\7
w; € K,
1
(i, v —wi) > w5 (fisv — wim1)
(0)
k i—1
+7 Z e Pt Zeﬁmtﬂ' (wj,v}) YveK,
m=1 7=0
A k i—1
AP} = T2E(0) ([wzlvwzl] +7'mZ:104mefﬂmti j;)eﬁMtj [wil,wi1]>,
= 8,,@% =0 onT,
e K
n n 1 n n n n
((wi+1’v_wi+1))2%(([(1)1"101']7”_ +1) <f v—w +1>) V’UEK,
h i—1
IR (PURFTIRS ST St )
m=1 7=0

et = 9,07 =0 onT.

Remark 4.1. In the special case k = 1 the integral stress-strain relation (2)
in the Dirichlet-Prony series can be transformed into differential relations and we
obtain pseudoparabolic von Karmén variational inequalities. We have considered
this case together with the application of the Banach fixed point theorem in [3].
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