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MODELING, MATHEMATICAL AND NUMERICAL ANALYSIS
OF ELECTRORHEOLOGICAL FLUIDS*

MICHAEL RUZICKA, Freiburg

Abstract. Many electrorheological fluids are suspensions consisting of solid particles and
a carrier oil. If such a suspension is exposed to a strong electric field the effective viscosity
increases dramatically. In this paper we first derive a model which captures this behaviour.
For the resulting system of equations we then prove local in time existence of strong solutions
for large data. For these solutions we finally derive error estimates for a fully implicit time-
discretization.

Keywords: Maxwell’s equations, electrorheological fluids, constitutive relations, Galerkin
approximation
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0. INTRODUCTION

Many electrorheological fluids (abbreviated: ERFs) are suspensions consisting
of particles and a carrier oil. These suspensions change their material properties
dramatically if they are exposed to an electric field. The observed increase of the
measured shear stresses (or the measured viscosity) is essentially due to the exis-
tence of particle structures forming in the presence of an electric field hindering
the flow and resulting in a higher, apparent viscosity. For an overview especially
of microscopic models and explanations in electrorheology we refer the reader to
Parthasarathy/Klingenberg [36].

In the first section we develop a model which captures the above described fea-
tures. There are many ways to model ERFs and we refer the reader to the discussion
in [39], [43], [19]. Here we model the ERF in a homogenized sense within the frame-
work of continuum mechanics and follow the procedure from Rajagopal/RizZi¢ka [39],
(cf. [44], [19]). In particular we take into account the complex interaction of the

*This work has been partially supported by the DFG research unit “Nonlinear Partial
Differential Equations: Theoretical and Numerical Analysis”.
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electro-magnetic fields and the moving liquid, thus treating the electric field as a
variable that is determined by Maxwell’s equations. The final system describing the
motion of ERFs is derived from the general balance laws of thermodynamics and
electrodynamics by a non-dimensionalization and a subsequent approximation.

In the second section we show the existence of strong solutions for the mechanical
part of the system describing the flow of ERFs, i.e. the balance of mass and momen-
tum. The constitutive relation for the extra stress tensor implies that the system
possesses p-structure, where however p = p(|E|?) is a material function and not a
constant. Thus the natural functional setting are generalized Lebesgue and Sobolev
spaces. The basic properties of these spaces can be found in Kovacik/Rakosnik [28]
(cf. Diening [10], [11], Diening/Ruzika [15], [16], [17] for more recent results and the
web-page [40] for up-to-date information). The method presented here is based on
ideas developed in [31], [32], [6], [30], [33] (cf. [21], [13] for an overview of recent re-
sults for generalized Newtonian fluids) to handle situations when the elliptic operator
is monotone, but due to the properties of the convective term the theory of monotone
operators is not applicable. Our presentation follows the treatment in Diening [12],
Diening/Ruzicka [14].

In the third section we prove error estimates for the difference between a strong
solution of the continuous system and a weak solution of the fully implicit time-
discretization of this system under the additional assumption that p = const. In
contrast to the mathematical analysis there are only few numerical results for such
a system (cf. [5], [4], [37], [13]). Here we generalize the treatment of Diening/Prohl/
Ruzicka [13] to the case that the extra stress tensor is not derived from a potential.

1. MODELING

We start by stating Maxwell’s equations. Here we use the so-called “statistical for-
mulation”, which is based on a “dipole-current-loop” model (cf. Eringen/Maugin [20],
Hutter/van de Ven [27], Grot [25], Pao [35]):

OB
. 1E = — —,
(1.1) cur T
(1.2) curlH = 8;)t +J,
(1.3) divD® = ¢°,
(1.4) divB =0,

where E is the electric field, B the magnetic fluz density, H is the magnetic field given
by H = po~ !B — M with the magnetization M, D*® is the dielectric displacement
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given by D¢ = P +¢oE with the electric polarization P, J the current density, q¢ the
density of the free electric charges and g and po denote the dielectric constant and
the permeability in vacuo, respectively.

Now we state the thermo-mechanical balance laws. The balance of mass and

momentum arel

(1.5) 0+ odivv =0,
(1.6) ov—divT =f +f°,

respectively, where p is the mass density, T the Cauchy stress tensor?, f the me-
chanical force density and £ is the electro-magnetic force density which is given by
(cf. pages 284-285 of [35])3

(1.7) f*=q°€ +[J +P - [VV]P + (divv)P] x B + [VB]" M + [VE]P
where £ is the effective electric field strength defined as

(1.8) E=E+vxB,

J the conductive current density given by

(1.9) J=J-q°v

and M the effective magnetization defined through

(1.10) M=M+vxP.

The balance of angular momentum takes the form

(1.11) x X ov—div(x x T) =x x f +1°,

in which 1° denotes the electro-magnetic torque density (cf. p. 284-285 of [35]) given
by

(1.12) F=xxf+Px&+MxB.

! The material time derivative is denoted by a superposed dot or by d/dt.

2T is introduced via t = T - n, where t is the Cauchy stress vector and n the outer unit
normal vector.

3Here and in the following we use the notation [Vvlw = (w;dv;/8z;),_, 2,3 Where
the summation convention over repeated indices is used. We will use that ‘convention
throughout this paper.
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The balance of total energy takes the form

d 1
(1.13) Qa(e+§v-v) =div(TTv—q) + (f+ ) v+ w + we,

where e denotes the specific internal energy, q the heat fluz, w the mechanical energy
production density and w® the electro-magnetic energy supply density which is given
as (cf. p. 284-285 of [35])

(1.14) We=J E+E-P-M .-B+E Pdivv.

Using (1.6) together with (1.14), we obtain from (1.13) the balance of internal energy
according to

(1.15) 06 +divg=T-L+J E+E-P-M -B+P. Edivv +w,

where L = Vv is the velocity gradient. We interpret the second law of thermody-
namics in the form of the Clausius-Duhem inequality

(1.16) on+ div% - % >0,

where 7 is the specific entropy and 6 the absolute temperature.
The system (1.1)—(1.4), (1.5), (1.6), (1.15) and (1.16) which describes the motion
of the liquid has far more unknowns than equations. It is rendered determinate

by providing appropriate constitutive relations reflecting the material properties.
Towards this end, we will assume that

(1.17) 0,0,V6,v,D, E, B,

where D = %(L + L) is the symmetric velocity gradient, are the independent vari-
ables and thus we provide constitutive relations for

(1.18) e,n, T,q, P, M, T
of the form
(1.19) f = f(e,0,V6,v,D,E,B),

where f stands for any of the quantities in (1.18).

Both the material and the balance equations are subject to invariance require-
ments. It is well known that the mechanical balance laws (1.5), (1.6) and (1.15) are
form-invariant under Galilean transformations given by

(1.20) x*=Qx+vot+by, t*=t,
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where vp, by are constant vectors and Q is a time independent orthogonal tensor,
while Maxwell’s equations (1.1)—(1.4) are form-invariant under Lorentz transforma-
tions. We are interested in non-relativistic effects and it is well-known that there
are problems with consistent invariance requirements for all thermo-mechanical and
electro-magnetic balance laws and constitutive equations in a non-relativistic situ-
ation (cf. [25], [38], [44]). To avoid these difficulties we shall make the following
invariance requirements: We assume that the quantities (1.18), describing the ma-
terial properties, are invariant under Galilean transformations (1.20)%. Moreover we
require that all balance laws (1.5), (1.6), (1.15), (1.16) and (1.1)—(1.4) are form-
invariant under Galilean transformations (1.20). These two requirements imply con-
sistent transformation formule for all necessary quantities (cf. [44]). In particular,
we obtain from the invariance requirements that the constitutive relations (1.19)
are isotropic functions of their arguments and that (1.19) has to be replaced by
(cf. Grot [25])

(1.21) f=f(e,6,V6,D,E,B),

where f stands for any of the quantities in (1.18).

In addition to restrictions placed on the constitutive response functions by the
invariance requirements we have additional strictures due to the requirement of the
second law of thermodynamics. We shall now determine the restrictions imposed by
requiring that all admissible processes of the body, i.e. processes compatible with
the balance laws and the constitutive response functions, meet the Clausius-Duhem
inequality (1.16). Introducing the specific Helmholtz free energy 3 through

(1.22) 1/):6—770—%8-P,

and substituting it into (1.16) we obtain, with the help of the energy balance (1.15)
and the balance of mass (1.5), the dissipation inequality

(1.23) —g(«/}+né)+T-L—q'TW-£'-P—M-B+J~£>o.

4 Note that one usually assumes that the constitutive relations depend on L instead of D,
and then one deduces from the principle of material frame indifference, i.e. (1.20); is
replaced by x* = Q(t)x + c(t), that the dependence on L has to reduce to a dependence
on D only. In fact, this is the only relevant consequence of the stronger requirement of
material frame indifference for us which cannot be obtained from the requirement that
the material properties are invariant under Galilean transformations (1.20) only.

569



From (1.21) and (1.22) we get that 1 = ¢(p,0, V6, D, £, B). If we now compute %
explicitely we can re-write (1.23), also using (1.5), as

(1.24) —g(?;g+n)0 ggg (M+ggg)~B+(T+g2 ¢ ) -D
+T. w—gm(vo) 'HW ( g$+1>).£+.7.e>o

Using the linearity of (1.24) with respect to the dotted quantities and W and their
independence on the arguments appearing in the constitutive relations (1.21) one
easily deduces (cf. Coleman, Noll [9], Truesdell/Noll [45], Grot [25])

(1.25) W W, W

"2 ve " %
_ 31/’ __ % T_
P=-0gg M=-0gg T =T
and the reduced dissipation inequality
0 - Vo
(1.26) (T+¢? :f 1) D——+.7 £>

where ¥, n, P and M are functions of g, 8, £ and B only.

1.1. Electrorheological approximation

The equations derived in the last section may be simplified in view of electrorheo-
logical applications. Towards this end it is recommendable to carry out an appropri-
ate non-dimensionalization with a subsequent approzimation. All assumptions made
in this section are based upon our understanding of the behaviour of ERFs, both
from the theoretical and experimental point of view (cf. [7], [8], [18], [44], [46]).

Firstly, we shall assume that the Cauchy stress tensor T does not depend on the
electric flux density B, i.e.

(1.27) T =T(¢,0,V6,D, ).

This assumption reflects the observation that the material properties of an ERF do

not change if a magnetic field is applied, because surely the particles in an ERF bear
no magnetic properties.

Secondly, we shall assume that we are dealing with a dielectricum, i.e.
(1.28) M=0 where M=M+vxP.

Note that this assumption ensures that an apparent magnetization can only be gen-
erated by a moving polarized fluid (cf. [25]). This common assumption is a crucial
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point for deriving the so-called “quasi-electrostatic equations”. In view of (1.25) the
assumption (1.28) also implies that the Helmholtz free energy 1, and thus also the
polarization P and the entropy 7, are only functions of g, § and £.

Thirdly, we shall assume that the fluid is electrically non-conducting, i.e.

(1.29) J=0.

This assumption may not be fully justified in general, because some ERF's exhibit a
certain electrical conductivity which is often due to the content of water. However,
many of them are free of water and have very low electrical conductivity (for example
the polyurethane dispersions described in detail in [7], [8]), and thus we may restrict
ourselves to such a class.

In order to reach the final electrorheological approzimation and to determine and
retain terms that are dominant and discard others that are insignificant, we will
carry out a dimensional analysis which follows closely the one in [38], [44]. Towards
this end we may introduce the following dimensionless quantities®:

- E = B q = T v x
130) E=—, B=2, ¢=%L T=—, v=Y, =X
(1.30) Eo By 1 90 To Vo Lo
S P e  f ~ 0
t=_7 P= ) §=_7 f:_v 0:-—’
to eoEo Qo fo o

where the quantities with the subscript “0” are appropriate characteristic quantities
of the problem in question. In typical problems and for many ERFs (cf. [7], [8]), we
envisage that

(1.31) Ey~3-(10*-105)Vm, Vo~ (1073 =1)ms™1,
Lo~5-(107*=1073)m, mo ~ (1072 =107 kg (m s) 7,
to ~ (1073 = 1), 00 ~ 103 kgm™3.

The time to may be either a characteristic electric or hydrodynamic time, depending
on the specific problem. Moreover, go and 7y are the density and the dynamic
viscosity of the fluid in the absence of an electric field, respectively. Using (1.31),
the Reynolds number Re = (9o Lo Vp)/m0 and the Strouhal number Str = Lo/(Voto)
lie in the range

(1.32) 5-1073 < Re<5-102 and 5-107% < Str < 5-10%,

°In this section, dimensionless quantities and operators are denoted by a superposed bar.
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respectively. Magnetic quantities are missing in (1.31). No experimental observation
is known to us that shows that the magnetic field plays a significant role in elec-
trorheological applications. Usually, no external magnetic field is applied and thus
B is only induced due to the electric field. We interpret the secondary role of B
in ERF's through the assumptions that

Ey Lo
1. — =
(1.33) B 2t = O,
resulting in
(1.34) By ~ (10718 —1071%) Vs/m?.

Recall that ¢ ~ 3 -108ms™! denotes the speed of electro-magnetic waves in vacuo.
(1.33) is consistent with the assumption that the magnetic flux density is only induced
by oscillations of the electric field and/or the motion of a polarized body (cf. (1.42)).
Let us introduce a small non-dimensional number € through

(1.35) e=1073,

which measures the importance of the terms. The situation described above—
together with an assumption that there are only few free charges in the fluid—can
thus be summarized as

(1.36) Lo _ oY) - o), % _ o) - 0,
Ct() Cc
Vo to 1 qo Lo 3
- _ Do _ o
I O(e™') = O(e), " (€),
BoLo _ . 5\ /.8 EoVo
Tty O(e°) — O(e®), Boc® O(1).

The non-dimensionalized system of balance laws may then be approximated by re-
taining terms up to order €2, while neglecting terms of higher order.

Firstly, let us discuss the role of £ in the constitutive relations. It follows from
the definition of € that

_ _ VB
(1.37) g=f _g4 0B

2 o vxB + 0(e°),

where we used that

Vo Bo

o = 0(e%) — 0(e7).

(1.38)

Thus, we can replace £ by E in all non-dimensionalized constitutive relations.
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The dimensionless form of Maxwell’s equations (1.1)—(1.4) may be obtained upon
using the definitions of H, D¢, (1.28), (1.36) and (1.37) as

—= TS o LO BO LO 6B TR
divP = ——3° + O(e curlB =0, divB =0,
divE + E()Eo + ( ) t Bt Eo to 6t
—— N———
O(e3) O(ed)
—=  EoVo — 5\ FEo Lo 0 = = qLo EoVo
VxP)=——-——=(E+P v+ O(e
curlB + Bo 2 curl(v x P) B 2t at( +P) - =oEo Do 27Vt (%),
——r N—— N—————
o(1) o(1) O(e3)

where in O(e®) only terms coming from (1.37) are included and where we also used
the relation eouo = ¢~2. Neglecting terms of O(e®), we obtain the electrorheological
approzimation of Mazwell’s equations according to®

(1.39) div(eoE + P) = 0,

(1.40) curlE =0,

(1.41) divB =0,

(1.42) L curl B + curl(v x P) = 8_(6@-_1’_)’
Ho ot

where P = P(p,0,E).

Now we turn to the approximation of the thermo-mechanical balance laws. The
conservation of mass (1.5) remains unaffected. In the momentum equation (1.6) we
re-write the electro-magnetic force f¢ using (1.8), (1.28), (1.29) and then use (1.36)
and (1.37), which leads to

ooVoLo 0V 00V} .. To ——m
(1.43) Py to 0= 5 T e B2 o[Vv]v o E divT
_ F (IoLo VoBo _ . =\ BoLyoP _
=l 5 0E2 soEo( TE+ 5= v B) + Foto T D
——
O(e3) O(e%) O(e%)
VoBo = = e == 5
([VP]¥ + (div¥)P x B + v x ([VB]P)) + [VE|P + O(¢®),
W—’
O(e®)

where in O(e®) only terms coming from (1.37) are included. We see that all under-
braced terms on the right-hand side of (1.43) have to be neglected. We shall retain

¢ Since M = 0, we can rewrite (1.39)—(1.42) in terms of E, B, H, D® only.
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the mechanical force term and the term with the Cauchy stress. Furthermore, one
easily computes that

0(1) — O(g?) if E2 ~9-1012V2m~2,

VoL
(1.44) ‘6’0 T = { 0E™) -0 if B ~9-101°V2m~?,
0 Lo Lo
O(™?)-0() if E2~9-108V2m~—2,
O(1) - O(e?)  if E2~9-102V2m~2,
00 Vg

(1.45) i O(e™ 1) - O(e) if E2 ~9-10°VZm~2,
0
° loEy-01) if B2~9-10°VZm=2,

Therefore also the first and the second term on the left-hand side of (1.43) have to
be kept. With regard to the approximation of the other thermo-mechanical non-
dimensionalized equations, we only replace £ by E since we have no indication of
the behaviour of the other quantities.

Therefore, the electrorheological approzimation of the thermo-mechanical balance
laws is given by

(1.46) o+ podivv =0,
(1.47) ov—divT =f + [VE|P,
. oP . On
(1.48) cUQ()——kAB—(%—-E+5—étrD>0_(T—7rI)-D+w,
(1.49) (T —7I)-D — (—Y%)'—q >0,

where we used the definition of the specific heat ¢, and of the thermodynamic pres-
sure 7 according to

2
Py 0w

002 do

Moreover c,, P, m and 1 are functions of g, § and E; while we have for the Cauchy
stress T = T(p,6,V6,D,E).

c, = —0

1.2. Constitutive relations

Now we will develop a constitutive theory for ERFs. In order to keep the already
very long and complicated formulae as simple as possible we keep the dependence
on V@ only in the constitutive relation for the heat flux q and assume that

(1.50) q=-kV8,

where the thermal conductivity k is a positive constant. In all other constitutive
relations we drop the dependence on V8. We also restrict ourselves to the case of an
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incompressible ERF, i.e.
(1.51) trD =0,

and consequently we also drop the dependence on g in all constitutive relations.
Moreover we assume a linear dependence of the polarization P on the electric field E,
ie.

(1.52) P = x?(O)E,

where Y is the dielectric susceptibility. The Cauchy stress can be splited according
to T = —7I+S. From the above assumptions and (1.27) we get that the extra stress
tensor S is of the form

(1.53) S =S(9,D,E).

From representation theorems (cf. the appendix of [20] and the references stated
there) it follows that the most general form for S is given by

(1.54) S=aEQE +a3D+ asD? + a5(DEQE + E ® DE)
+as(D?E®E + E ® D’E),

where a;, 1 = 2,...6 may be functions of the invariants
(1.55) 6, |[E|?, trD?, trD?, tr(DE®E), tr(D’E ® E).

In view of certain peculiarities in the behaviour of the normal stress differences in
the case a4 # 0 even in the absence of an electric field (cf. [33]) and due to previous
mathematical investigations for shear dependent viscous fluids, which suggests that
terms involving D? can be treated as a perturbation (cf. [31], [33]), we assume that

(156) ag =0, ag = 0.

Based on experimental data (cf. [26], [3], [2], [1], [47]) we assume that in the presence
and the absence of an electric field the ERF behaves like a generalized Newtonian
fluid with power p, where the power p can depend on the magnitude of the electric
field |E|?. Moreover, we restrict ourselves to the case that the material functions as,
a3 and as depend only on the invariants 6, |D|? and |E|? and that all terms have the
same growth behaviour. Thus we deal with the following model for the extra stress
tensor S

(157) S=an((1+ D)V —1)E@E + (as1 + ass|E[*)(1 + |D[?)*~2/2D
+ as1(1+ [D?)*~2/2(DE ® E + E ® DE),
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where a;; are constants and p = p(|E|?) is a C!-function such that
(1.58) 1 < poo < P(IEI®) < po.

To ensure the validity of the Clausius-Duhem inequality we further require that the
constant coefficients o;; and the function p are such that (cf. [44, Lemma 1.4.46])

4
(1.59) asz >0, azz > 0, ags + zas1 >0,
2,/&33\/26!51 if Q33 S %(151,
(1.60) k(po)|aa1| < 3 4 4
\/;(033 + 3a51) if 3lasi| < ass,

where k(po) = 1 if po < 3 and k(po) > 1 is a computable constant for pg > 3.
Note that these requirements ensure that the operator induced by — divS(D, E) is
coercive.

2. FLOWS OF SHEAR DEPENDENT ELECTRORHEOLOGICAL FLUIDS

In the previous section we have shown that the isothermal flow of an incompressible
shear dependent ERF is governed by the following system”

divE =0,
(2.1)
curlE = 0,
dv —divS + [Vv]v + Vr = f + xF[VEIE,
(2.2) .
divv =0,
2.3) divB =0,
' pgt curl B + xE curl(v x E) = (¢o + xF)6;E,
(2.4) S-D+w=0,

where the extra stress tensor S is given by (1.57), (1.58).

The system (2.1)—(2.4) is separated. We first solve the quasi-static Maxwell’s equa-
tions (2.1) for the electric field and then seek for the velocity field by solving (2.2).
Knowing E and v we can solve (3.2) and (2.4). Note that the equation (2.4) has
to be interpreted as an equation for the mechanical energy supply density w. It
was already pointed out in the previous section that the magnetic induction B is of

7" We have divided equation (1.47) by the constant density gg and adapted the notation
appropriately.

576



secondary importance, which is reflected by the structure of the above system. More-
over, the quasi-static Maxwell’s equations (2.1) are widely studied in the literature
(cf. the overview article Milani/Picard [34]). Since in this investigation of ERFs we
are mainly interested in the velocity field v, we shall only consider the system (2.2),
in which E is assumed to be any given vector field, having certain regularity prop-
erties. Moreover, for simplicity we shall complete (2.2) by space periodic boundary
conditions and an initial condition vq.

In order to prove existence results for the system (2.2) we need some structure
conditions for the extra stress tensor S, which unfortunately are stronger than the
conditions we have to assume for the validity of the Clausius-Duhem inequality,
which is a physical requirement. In the following we assume that the constant coef-
ficients a;; and the function p are such that the operator induced by — divS(D, E)
is uniformly monotone, i.e.

0S;;(D,E)

(2.5) D

Bi;Bu > m(1 + |E[?)(1 + |D|?) (B -2)/2 g2

is satisfied for all B,D € X := {D € R3X3, tr D = 0}, and that the following growth

sym)?
conditions are satisfied for i, j,k,l,n =1,2,3,

95:;(D, E) 2 2)(p(IBI?)-2)/2
(26) | 55| <m(+ B+ DP) ,
0S;;(D,E _
(7) [ZE2B < g i1 + B + IDP)EIEI-/2(1 4 In(1 + DP).

Conditions for a;; and p that ensure the validity of (2.5) can be found in [44, Chap-
ter 1]. We will show that the coercivity, i.e. that

(2.8) S(D,E) - D > ¢(1 + |[E[?)(1 + |D|?)P(B*)-2)/2|p|?

holds for all D € X, is a consequence of (2.5).2

Before formulating the main result of this section, we introduce some notation.
Let Q@ = (0,L)3, L € (0,00) be a cube in R? and denote I; = 92 N {z; = 0} and
Tiys = 02N {z; = L}, for j = 1,2,3. For T € (0,00), we denote by Qr the
time-space cylinder I x §2, where I = [0,T] is a time interval. By D(Q2) we denote
the space of smooth periodic functions with mean value zero. Let further ¢ > 1
and k > 0. Then (L(9),]| - |l) and (W*9(R), || - |Ix,4), respectively, is used for the
usual Lebesgue and Sobolev spaces, of periodic functions with mean value zero. By

8 As was already pointed out the coercivity and the Clausius-Duhem inequality are almost
equivalent. In fact, if p is independent of |E|2 than these two requirements are the same.
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(f,9) := fn fgdx we denote the scalar product with respect to space. We also need
Lebesgue and Sobolev spaces with variable exponents, which are denoted by L?()(G)
and W*?()(G), respectively, where G = Q or G = Qr. For a given p(:) € L*®(G),
1 < poo < p(z) < po < 00, we define the modular

) = rolf) = [ 15 dy
Similarly to the Luxemburg norm in Orlicz spaces we define
[£llp(y = inf{A > 0] gy(A7"f) <1},
which is a norm on the generalized Lebesgue space
LPO(G) == {f € L}(G) | 0p(A\"'f) < o0 for some A > 0}.

Generalized Sobolev spaces are defined analogously. We refer to Kovagik/Rakos-
nik [28] for a detailed treatment of these spaces. Moreover, we denote by LI(I; X)
the Bochner spaces which are equipped with the norm ([} || - [I% ds)l/ ‘. In the
following we use for the partial derivative with respect to time the symbol 3;. We
shall further make frequent use of spaces of divergence free functions defined by

V:={yY € D(Q): divy =0},

Vp := the closure of V with respect to the ||V - ||,-norm,

and use the following expressions, for functions v and E defined on the space-time
cylinder Qr,

(2.9) ztv) = [ 08B .y (vv) () Dua(V¥) 1) d,
210) Tt v) = /Q aSij(Da‘gZ’E(t))Dij(atv)(t)Dkl(atv)(t) dz,

which are related to the extra stress tensor S.
We are seeking solutions v of the system (2.2) completed with the initial condition

(2.11) v(0) = vo,
and with space-periodic boundary conditions

(2.12) V|p =v

I, |r,-+3’ Vvlrj = Vvler, |

VI WITHa’
for j = 1,2,3. Now we can formulate the main result of this section.
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Theorem 2.13. Assume that the extra stress tensor S satisfies (2.5)—(2.7) and
S(0,E) = 0. Let vo € W22(Q) NV, be a given initial velocity, f € C(I; W2()),
of € C(I; L*(Q)) be a given force, E € W1°(I; W1>(Q)) be a given electric field
and let p = p(|E|?) be a C'-function with pe < p(|E|?) < po. If

IN

3
_<poo<p0 2

2

then there exists a time T* > 0, such that a strong solution v of the system (2.2)
exists on I' ;== [0,T*]. This solution satisfies

(2.14) esssup||3tv(s % + / I(t, v) =2 = +J(t,v)dt < C(f,vo,E).
In particular we have that for 1 < r < 6(poo — 1)

5po—6 g 3Poo_
(2.15) v € [P 2-pm (1’ W2 ot (Q)) neu;v,),

Poo(5pc —6)

| 3poe_
0yv € LBP=—-2)(p=-1) (I' W pec+1 (Q)) N L>(I'; L*(Q)),
v e LA(I'; (Va)").

Remark 2.16. With a more refined technique one can show that the statement
of the theorem is valid for -57- < Poo € Po < 2 (cf. [14, Theorem 21]).

The main problem in the proof of the previous theorem consists in the identification

of the limit r
lim J / S(DvY,E) - D(p) dzdt
N— 0 Q

is some approximate solution of (2.2). The method used here is based
on Vitali’s convergence theorem and the almost everywhere convergence of Dv¥
This method was developed in [31], [32], [6], [30], [14] to handle situations when the
theory of monotone operators fails to identify the above limit. It is worth noticing
that unsteady problems for ERFs cannot be treated with the help of monotonicity

where vV

methods even for large po, due to the non-standard growth of the governing system,
i.e. within the classical Sobolev spaces our assumptions (2.5)—(2.7) imply

C(1+|D))*=~*ID”> < S(D,E) - D < C(1 + D)) ~?|DJ*.

Before we start with the proof of the above theorem we need some preliminary
results related to the extra stress tensor S. Let us start with an algebraic lemma.
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We write f = g iff there exist constants Cy, C; > 0 such that
Cof <9< Cif,

where we always indicate on which quantities the constants may depend.

Lemma 2.17. For all A,B € R**? and all ¢ > 1 there holds
1
/ (14 |B+s(A-B)|)?2ds = (1+|B|+|A])?2,
0

with constants depending on g only.
Proof. The proof can be found in [24, Lemma 8.3]. a

Remark 2.18. Since |A| + |A — B| < 2(|A| + |B|) < 4(JA| + |A — B|) we
immediately obtain from Lemma 2.17 that for all A,B € R?*¢ and all ¢ > 1 there
holds

1
/ (1+ B +s(A - B))™2ds = (1 + [B| + |A — B|)2,
0
with constants depending on ¢ only.

Lemma 2.19. Suppose that S satisfies (2.5) and (2.6) and S(0,E) = 0. Then
there holds for all A,B € R3X3 and all E € R®

sym

(a) S(A,E)- A = |A](1 + |A|)PUEP-2,

(b)  (S(A,E)-S(B,E)) (A - B)=|A-B}(1+ B[ +A|P(EM-2,
(c) S(A,E) — S(B,E)| = |A — B(1 + [B| + |A[)(FM-2,
@) [S(A,E)| = |A|(1 + |A])P0ED 2,

with constants depending on pe, po (cf. (1.58)) and 1 + |E|? only.

Proof. Note that the statement (a) is a special case of (b) by choosing B = 0
and using S(0,E) = 0. In the same way (d) follows from (c). In order to prove (b)
one notices that (2.5), (2.6) and Lemma 2.17 yield

(S(A,E) - S(B,E)) - (A - B)
_ /1 0S;;(B + s(A — B),E)
“Jo 8Dy

(A — B)k[(A - B)ij ds
1
~ |A - BJ? / (1+[B +s(A — B)|)*~2ds
0
= |A - BI*(1 +B| + |A])P2,
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where we used (1 + %) = (1 + |y|). From this we immediately obtain

|A - B[*(1 +|B| +|A|)P"* < c(S(A,E) - $(B,E)) - (A - B)
< c|S(A,E) - S(B,E)||A - B|,

which delivers the first inequality in (c). For the other inequality we use (2.6) and
Lemma 2.17 to obtain

/1 9%S;;(B + s(A — B),E) ds(A — B)w
0

0Dy
< c|A - BJ|(1+|B|+|A[)P72,

which finishes the proof. O

Remark 2.20. Note that in the right-hand sides in Lemma 2.19 one can replace
1+ |B|+|A| by 1+ |B|+|A —Bi|.

Now we derive lower bounds for the expressions Z(t, v) and J (¢, v), defined in (2.9)
and (2.10), for which we will often simply write Z(v) and J(v). They arise from
testing (2.2) with —Av and “92v”, respectively. The expression (1 + [Dv|?)1/2 will
appear quite often, so it is very useful to introduce the abbreviation
(2.21) Dv := (1 +|Dv|?)/2,

As a consequence of (2.5) we have

(2.22) Z(tv) > | (Dv) PO 2D(VY) (0 da,
Q

(2:23) T, v)=m / (Dv())PEO) 2D (8,v)(¢)|? dz.
Q

Note that 0;0xvm = 0;DkmV + Ok DmjVv — Om D ;i v, which implies

(2.24) |V2v| < 3|D(Vv)| < 3| V2|

Thus, [D(Vv)| can always be replaced by |V2v| (and vice versa) by increasing the
multiplicative constant.
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Lemma 2.25. Let S satisfy (2.5) and (2.6). Then for all (sufficiently smooth) v,
for all 1 < r < 2, and almost every t € I there holds:

(2.26) ID(VV)@- < CEE V)| (Dv(e) 522,
(2.27) ID@Y) Ol < C(T (6, )| (Dv(e) T2, .,

where 2r/(2 —r) = co forr = 2.

Proof. Observethat 1< 2/r <ooand1 < (2/r) =2/(2—-7r) < oo. Further
for 1 <7 < 2 we have

IDw||; = /((DV)p_2|Dw|2)r/2(Dv)(2—p)r/2 de
Q
~ r/2
<([@vrpwpaz) Jovesrry,,
Q

] o
- ( / (Dv)”-2|Dw|2dx) 1B,

Choosing now w = Vv and w = ;v and using (2.22) and (2.23), respectively, we
obtain the assertions of the lemma for » < 2. The case r = 2 is treated similarly. O

Lemma 2.28. Let S satisfy (2.5) and (2.6). For all (sufficiently smooth) v with
fn vdz = 0 and almost every t € I there holds

(2.29) Vv (@) 17 s < C(Z(EV) +1),

(2.30) [0V (1P =3p, < CT(t,v)P=/*(Z(t,v) + 1)E7P=)/2
"Poo+1

(2.31) <CI(,v)+I(t,v)+1).

Proof. From Lemma 2.25 (r — ;%) we deduce, also using 2 — p < 2 — poo,

ID(VV)]| s < CT V)V2|[(Dv) = Il e
< CI(v)/2||(Dv) = Il opos
< CZ(v)'/2(1 +|IDvlls,..) H=
2—poo
< CI(WV)'(1+C|VDV] 2 ),
since [, vdz = 0. Due to VDv = D(Vv), this implies

DV < C(Z(V) +1).
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From (2.24) and [, vdz = 0 we get

IVVIP=y < CEM) +1).

"Poo+1

Analogously we can use Lemma 2.5 to get

ID@)l 2, < CTWIIM2N(DV) H | gam

2—-poo
<CIW)V2(1+C||VDv| e )

(2.29) L 2=p
<CTW)2(1+C(ET(v) +1)7=) +=
<C

v
T +I(v)
Again fQ vdz = 0 and Korn’s inequality imply
18:vlly, su. < CID @) 2y < CT(V)V/2(1+Z(v)) T,

which proves (2.30). The last inequality follows from Young’s inequality. ]

2.1. A priori estimates

Now we use a Galerkin approximation to derive a priori estimates for approximate
solutions vV of the system (2.2). These estimates allow the limiting process N = oo
showing the existence of a solution v of the system (2.2).

Let {w"} denote the set consisting of the eigenvectors of the Stokes operator de-

noted by A. Let ), be the corresponding eigenvalues and Xy := span{w!,...,w"}.
N

Note that (w”,1) = 0. Define P¥v := ¥ (v,w”)w". Then we have
r=1

(2.32) A (@™, vV = (Aw™, vV ) = (Vw™, Vvl

and PV: W2 — (Xn,|| - ||s,2) are uniformly continuous for all s € [0, 3] (cf. [42],

[30]).
N
Setting fN = PNf we seek the approximate solution vV (t,z) = 3 cN (t)w"(x),

where the coefficients c¥ (t) solve the Galerkin system (for all 1 < r s_N )

(2.33) (av",w™) + (S(DVY,E)Dw™) + ([VVvV vV, w")
= (fN,w’> - xP(E®E,Duw"),
v (0) = PNv,.

583




Since the matrix (wj,ws) with j,k = 1,...,N is positive definite, the Galerkin
system (2.33) can be re-written as a system of ordinary differential equations. This
in turn fulfills the Carathéodory conditions and is therefore solvable locally in time,
i.e. on a small time interval I* = [0, T*). From the assumptions on f in Theorem 2.13
it follows that f¥ = PNf € Lo(I;W1%(Q)) and 8,V = PN (8,f) € L*(I; L*()).
This implies cV,8;cl,82cN € L*(I*). Thus vV, 9,vN,82vN € L*(I*; Xn). (Note
that the norms may depend on N). To ensure solvability for large times at least for
this finite dimensional problem we have to establish a first a priori estimate.
Since vV € L?(I*; Xx), we can test (2.33) with v/ and get

1
(2.34) §dt||vN||§ +(S(DVY,E),DvV) = (f¥,v") - xF (E® E,DV").
Note that ([VvN]vN vN) = 0 due to divv’ = 0. From the coercivity of S
(cf. Lemma 2.19 (a)) and the pointwise inequalities

-2 r(E[%)-2 Poo—2
A+ 7200 -1), (Q+y)" 7 >21+y)"S

we deduce that the second term on the left-hand side of (2.34) is bounded from below
by
Cy / (1+ [EP)(DvY PUER) 4 Dy |P=) de - C / 1+ |E|? dz.
Q Q

The terms on the right-hand side of (2.34) are bounded from above by
C ,
3 [+ RV dz -+ CIEIE + Clel-
Integration over time and Gronwall’s inequality thus imply

-
max vV |5 + / / IDVNPUER) 4 DN P> dz dt < C(T, £, vo, E).
[0,T+] o Jao

In particular we get
”C'II'V”L""(I‘) < C(va)VO)E)v 1<rg N.

As a consequence we can iterate Carathéodory’s theorem to push the solvability of the
Galerkin system (2.33) up to any fixed time interval I = [0, T']. Hence, independently
of N

(2.35) VM1 (1,22(0)) + @p(EI2), @0 DVY) + VYV

poo
L""“ (QT) S C’
where we have also used Korn’s inequality in L?=((2).
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We got the first a priori estimate by using vV as a test function. To derive our
second a priori estimate we want to use AvY as a test function. The special choice
of base functions w” ensures that we do not leave Xy, the space of admissible test
functions. More explicitly we multiply the rth equation of the Galerkin system (2.33)
by A.cl and use (2.32) to obtain

(2.36) (0:vN, AVN) + (S(DVY,E), D(AVY)) + ([VvV vV, AvD)
= (VIV, vvV) - xF (E® E,D(AvY)).

Due to the periodicity we have A = —A, and thus

ovY ouN ovN
2.37 VvV vN cAvV dz = [ =225 dr g N3
(2.37) /Q[ vV]v vV dz \, 3or 9z; Oax dz < ||VvY |3,
OF; avl
—xE : Nydz = 24F O%ip (Y
(2.38) —x /QE®E D(AvY)dz = 2x /QElaack D”(sz)dx

<2 [(BeNyERD vV ds
Q

+C(,E, VE) / (DvN)2-P(EP) 4
Q

BSi,- (DVN ’ E)
0Dy

;i (DVN E
+/ QS—LV—’—)—VE,CDij(VvN)dx.
Q OFE;

(2.39) /9 S(DvM,E) -D(AvV)dz = /9 D (VvM)Dy;(VvY) dz

The right-hand side of (2.39) is bounded from below by
%I(VN )+ % /Q (DvN PR -2ID(Vv) 2 dz
- “;—1 /Q (DvN)PUER-2D(Vv)? do
—C(m,VE) /Q(DVN)”(|E|2)(1 +In(Dv")?)? dz,
where we used the definition of Z, (2.22) and Young’s inequality. Thus we have
(2.40) | VVNZ+Z(vN) + 12l /Q (DvN)yPEP)=2|p (Vv M) |2 dg
< CA+IVVYE + KVEY, VvN)| + opgp2) 2 (DVY)),

where we also used the estimate In(1 + y2) < ¢(1 + ¥2)% and p(JE[?) < po < 2,
2 - p(lEP) < p(IEP?).
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If p > % one can show that [|[VvY |3 < Ce[|[ VvV (2 [[VVN |3 + eZ(vD) (see [30]),

which enables us to apply Gronwall’s inequality after absorbing eZ(v") on the left-

hand side. This would give us a global estimate. If p > % we can show that

IVvN3 < Cel| VN2 | Vv ||F + eZ(vN) for some constant 1 < R < co and there-
after absorb eZ(v") on the left-hand side and apply a local version of Gronwall’s
inequality (cf. Lemma 2.52). This would give us an estimate for small times. Nev-
ertheless we will not make use of these facts, since we are also interested in smaller
values of p than $.

We will test immediately with “9;v8,” to get in addition to (2.40) another es-
timate. Then we will use the resulting two estimates at the same time to derive
quite strong a priori estimates for vV for values up to p > % Let us take the time
derivative of the Galerkin system (2.33):

(2.41) (2vN,w™) +(8,S(DVY,E),Dw") + (3,([VvV]vV),w")
= (8f",w") —x" (&.(E® E),Dw"),

for 1 <r < N. Since vV € W22(I; X,,), this makes sense and we can even test with
v € Wbh3(I; X,,) resulting in

%dtnatang +(8.S(DVY,E), D@:v")) + (8, ([VvVvY), 8wV
= (0fN,9,vN) — xE (B,(E®E),D(8,v")).

Similarly as in (2.38) and (2.39) we get

—XE/ H(EQ®E) -D(8,vY)dz < %1/ (EVN)P(|E|2)_2|D(atvN)|2 dz
Q Q

+C(m, E,0:E) / (DVN)2—p(|E|2) dz,
Q
asi. D N,E
/ 8:S(DV",E) - D(@v")dz = / %D (v™)Dyj(0v™) da
@ Q
.. N
+ / a_'s%ﬂ atEkDij(atVN) dz
Q k
> 370+ 5 [ VPR D @Y P do
-3 [ By ED D@y ke
= C(n,9E) / (DvV )P (BN (1 4 In(DvN)2)? dz,
Q
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where we used the definition of 7, (2.23) and Young’s inequality. This yields

(cf. (2.40)), also using divv" = 0 in the convective term,

(2.42)  de)|@VV|E + TV + 72—‘ / (DvN)PUED) 21D (5,vV)[2 dz
Q

< C(1+ [([VvN]aevN,8,vM )| + [(8:fN, 07N ) | + | VvV |
+ 0p(EJ2),0(DVY)).

Recall that

(2.43)  d||VVV|Z+I(vN) + % / (DvN)PUER) =2 D(VvN) |2 d
Q

SO +IVVYE + [(VEY, Vv V)| + 2pgp) 2(DVY)).

At first sight, we have gained nothing. We have to control one more bad term, namely

{[VvN]o,vN,8,vN)|, but we only got more information about the time derivative

of v But the critical term || Vv"||3, which gave the lower bound for p, has no time
derivatives. The next lemma shows that J(v") reveals indeed more information.

Lemma 2.44. Let 1 < q < oo, then for almost every t € |

(245) di(IDV(D)I3) < CT (1, )% (020-p(m(012),0(DV() 2
< Sj(t, v)+ CsQ2q—p(|E(t)|2),Q(Dv(t))7

where 024 p(|E|2),0(DV) = fQ(Dv)%—p(lEI’) dz even if 2¢ — p(|E[?) < 1.
Proof. Note that

8:((Dv)?) = ¢(Dv)**(Djiv)(8: Djiv).
Hence
4(IDVI < q [ (V)™ oDV dz
= q [ (Bv)*F DO)|(Dv)*H e

< qCI (V)% (029-p(Ep).0(DV))?,

by Holder’s inequality, which proves the first assertion. The second follows from

Young’s inequality.

a
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This lemma enables us to produce d; (|| Dv¥ [|7) on the left-hand side of (2.42) if we
add C’gzq_p(lmz),g(f)v) to the right-hand side. Thus we have three terms to control:

(2.46) IVVNIE, KIVvNav™,8v™M),  o20-p(imie),a(DVY).

The first and the second one will be easier to estimate for large ¢, but the third
one for small g. The problem now is to find the optimal choice for q. We start by
examining which values of g are needed for the first and the second term. In view
of local Gronwall’s inequality (cf. Lemma 2.52), we will be able to control arbitrary
powers of |[Dv |2 and ||8,v" 3.

Lemma 2.47. Let q > 9;3&, then there exists a constant R; = R;(pso) > q,

such that
”Vv||3 C. ||Dv||R‘ +eZ(v) +e.

Proof. If ¢ > 3, then there is nothing to prove, so assume ¢ < 3. We interpolate
L3(9) = [L9(Q), L= ()] with § = G-2e= 1 — g = Lr==L) and obtain

VI3 < IVVIEA=Dwv|3s_.
If 30 < poo, there exists an § > 1 such that

19V < CWVIEE=7 + e[| Ovli5e,
< Gl WVIRED% 4+ eCIV VI
’Poc
< Ce||Wv|EA=9¢ 1 eC(Z(v) + 1),
where we used Lemma 2.28. So by Korn’s inequality

IVV[3 < Co, IDVIE=D% + e2I(v) + ea.

We still have to verify 30 < p., but this is equivalent to

3(3 — 0o 9 — 3Poo
3= peo o 97

<gq,
3poo — ¢ 2 ?

which holds due to the assumption on gq. ]
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Lemma 2.48. Letq > 9“—‘3&, then there exist constants Ry = Ra(peo) > 2 and
R3 = R3(pso) > q such that

[([VV18ev, 8:v)| < €T (V) + Ce(ll0ev iz + I DVIIFe +1).

Proof. Note that Lemma 2.25 (r — 2—_?21711) implies

(2.49) D@V 22 < CI(v)? H(DV)H_L
<CI()H D], 2=,

where we used that (1 + y2)(2=P)/4 < (1 4 y?)(2-P=)/4_ Furthermore we have the
2q Gq
embedding W 7= (Q) < L% (). Since 9—_35& < ¢ is equivalent to q_Z’_qT <

s—_sgi_ﬂ’ we can interpolate LTz—"T(Q) = [Lz(Q),L0~33:>o+a (Q)]s. This and Korn’s
and Young’s inequalities imply

([9¥10ev, 8ev)| < 19V 2y 9Vl
< C|ldsv ||§“ 012 o _11lg
cuatvui“ "’nathn _ 1wl
(2.4 .
<o (g (V)%IIDVIIq—P)“IIanq
< (V) + C(|lavIF2 + | Dv|| B +1).
O

It is indeed interesting that both terms |([Vv]8,v,8,v)| and ||Vv" ||} require the
same bound for ¢, which is g > %(9 — 3pwo). Now we have to find the upper bound

for ¢, in order to control Q2q_p(|E|2),Q(bVN). For that we require ¢ < (3 + ps) and
obtain

/Q | DV 22 0B) dg < /Q |DVN 297> dg = | DN [37P= < C([VVN 3 + 1),

29-Pp

since 2¢ — poo < 3. That means that gsq_,(E2),0(DvY) can be controlled if | Vv ||3
can be controlled. But for p, > % we can always find ¢ such that

9 — 3Ppo 3+ Po
2 SIS
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Thus all terms in (2.46) can be controlled under this condition. It remains to control
the terms involving £V in (2.42) and (2.43), which is easily established by

(VEN, OV < IPYEll2 (Vv 12 < ClIEll 2 (Vv l2
< CIIflIE . + CIDVY|Z,

[(Bet™, 0:v ™) < IPY (@:E)l2 [18:v™ [l < Cl8cEl2 10" |12
< ClloefI3 + Cllaev™ |3

Finally we have, since p(|E|?) < po <2< g,

(2.50) op(E2),2(DVY) < ||IDVY|Pe < C|IDVN 2.

Po
Hence by Lemma 2.47, Lemma 2.48, Korn’s inequality, and the above calculations
we get, for max(2, g;zp—“’—) <q¥< 3—"';@,
dul|cv™ I3 + e (IDv()) + del VYV 3 + Z(v™) + LT (V™)

< C(L+ [([VV]oevY,8vM)| + [0, 0:v )| + 0p(Bj2) 0 (DVY)
+ [(VEN, VM) + VY3 + 020—p(mi2),0(DVY))
< C(1+ ||DvV|max(BuBa2) o gy 2B 1|2 ) 4 ||6,£12).

The following lemma, ensures that for small times T’ we get boundedness (uniformly
with respect to N) of the following expressions, for max(2, 2=32=) < g g 3P,
(2.51) 18N 17 = 17,20y ||VVN||3,m(1:.,Lq(Q)y

IZM) 2y, 17 M)y,

where I’ = [0,T’]. These a priori estimates in turn are sufficient to pass to the
limit N — oo to get a solution v of our original problem (2.2).

Lemma 2.52 (local version of Gronwall’s lemma). Let T,a,co > 0 be given
constants and let 0 < h € C([0,T]), 0 < f € C1([0,T)) satisfy

(2.53) F/(t) < () + o f(B)F°.

Then
f(t) < H(t) + H(to) (1 — aco H (to)™ )" — 1)

for all t € [0,tp), where
H(t) = f(0) +/0 h(s) ds,

and where tg is defined by the condition acoH (tg)* to = 1.
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Proof. Define a: [0,t5) — R>C by
a(t) :== H(to) ((1 — acoH (to)® t)—% -1).

Then a solves
a'(t) = co(H (to) + a(t))' ™,

a(0) = 0.
Setting 2(t) := H(t) + a(t) we see that for all ¢ € [0, ¢o) holds
Z'(t) = h(t) + a'(t) = h(t) + co(H (to) + a(t))*
> h(t) + co(H(t) + a(t))*+™ = h(t) + coz(t)* .

Since 2(0) > f(0) we get from this and (2.53) that f'(0) < 2'(0). Consequently, there
exists t' > 0 such that for all ¢ € [0,¢'] holds f(t) < z(t). Iterating this argument we
obtain the assertion of the lemma. a

In order to derive the last estimate from Theorem 2.13 we go once more into (2.36)
and move the term with the time derivative to the right-hand side. This gives

IVN) S CA+IVVN 3+ (VEY, Vv + gpeR) 0 DVY) + [(8:v, —AVY))).
Using
IEV | oo (w2 (@)) = 1PN Ell e (w2 ()) < ClifllL= w2y < C,
together with (2.50), (2.51) and Lemma 2.47, for ¢ > max(2, (9 — 3p)), we get
(2.54) I(vN) < C(1+ (8 VN, —AvM))).
The following lemma gives control of the remaining term [(9,v",—Av/)|.

Lemma 2.55. For 1 < po < 2 there holds

4(roo—1)

0v, Av)| < C||8yv W2 7 (v) e (I(v) + 1) TreD
2

Proof. With the help of Lemma 2.28 we conclude
0w, AV)| < 106Vl ause IV, s
< OOl pess (Z(v) +1)H/7
< cnatvné—"||atv||‘;,%%(z(v) + 1)1/
<Ol (T(WHIW) + ) F) (T () + D)o,

where we used the interpolation Lo () = [L3(Q), L3= ()]s with 6 = 327;%’

1-0= %f):—:;. Consequently 27—,,%0 + t = 2—(5%. This proves the lemma. O
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This lemma, (2.54) and (2.51) imply

1+I(vMy<o(1+ J(VN)2(§;°;-N_2) TN+ 1)_139_-#_2(3:,_00_22) ).

Thus by Young’s inequality, which is applicable for p,, > 2, we get
(2.56) IvMy<c@+ J(vN)—“‘“s?;—c),

which raised to the power %"_"‘T;g gives, in view of (2.51),
I #EE <o+ I(Y)) <

This and (2.51) implies that the following expressions are bounded independently
on N, for max(2, 2=3p=) < g g 3HP=,

(2.57) ”atvN”%x(I’;L’(Q))v ||VVN|I(2x(1' La1(Q))
N
IZOM, e o 170y

2.2. Passage to the limit
From (2.57) and Lemma 2.28 it follows that

N
. 5poc— <
(2.58) lIv ||L,.m,gm—_,_%ﬁ(I,;th° @ S C,
N N
(2.59) N0ev™ (| Loo (115 L2(0)) + [1Oev ||L,,m(1,;wliggz§§,r(m) <G,

since (vV,1) = 0. Thus we can pick a subsequence (still denoted by v¥) with
(2.60) vV oy in LP~%% (1’ W2P=(Q)),

(2.61) BN = 9,v in LO(I'; L2(Q)) N LP=(I', WhisT1(Q)),

where we have used the fact that the weak limit of distributions on I x 2 is unique.

Since W2P(Q) < W12(Q) for p > &, the lemma of Aubin-Lions implies the

existence of a subsequence such that

(2.62) VvN 5 Vv in L3 (I' x Q).

As a consequence we get convergence of the convective term
(2.63) [VvN VY = [Vvlv in L'(I' x Q).
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Observe that we have due to Lemma 2.19 (c) (with B = 0) and p(|E|?) < po < 2

~ 2y _
(2.64) ISV, E)|l 21 xay < CE)I(DVY )PIED=Y| 121100
< CA+ VvV |lL2rxa)) < C.

On the other hand by (2.62) DvY¥ — Dv a.e. in I’ x 2, so
(2.65) S(DvY,E) - S(DV,E) ae.in I'xQ

due to the continuity properties of S. Now Vitali’s convergence theorem, (2.64) and
(2.65) imply

(2.66) S(DvM,E) - S(Dv,E) in L}(I' x Q).

Now we can easily pass to the limit in the Galerkin system (2.33). Indeed, choose w”
and ¢ € C§°(I'), then we can conclude from (2.33), (2.61), (2.63), and (2.66) that

| ettorv,w") +(S(Dv, B), Dur) + (v, 7)) de
II
= / p((f,w") — XE(E ® E,Dw")) dt.
II
Furthermore v fulfills
[18evliL2rr <y + ISV, E)llarrxa) + IVVIVI g 1) S C-

Since {w',w?,...} is dense in W=2(Q) NV, and W*%(Q) — Wh2(Q) for s > 3,
we deduce that

/1' @((0v,w) + (S(DV,E),Dw) + ([VV],v,w)) dt
= [ #lt.w) - xP (BB, Dw)) at
is fulfilled for all w € W*2(Q) N V,_, especially for all w € V. Note that
(v, w), (S(DV,E),Dw), ([VVv]v,w), (f,w), (E® E,Dw) € L}(I')
and thus we obtain for all w € V and a.e. t € I

(2.67) (0sv,w) + (S(DV, E), Dw) + ([Vv]v,w) = (f,w) — xP(E ® E, Dw).
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It remains to show that v(0) = vo. The embedding W12(I’) — C%(I’) and the
interpolation L (I") = [L*(I"), Wh*(I')]y imply

(2:68) [[PYvo = v(0)]l2 = VN (0) = v(0)ll2

N 3 N 3
SCIVT =VlIE2 ;120 10V = 0Vl Z2(pr,12(qy) = O-

~

—0 <C

Since PNvy — vo in L?(2) we get v(0) = vo. Overall we have shown by (2.67)
and (2.68) that v satisfies (2.2) in the weak sense. It remains to prove the estimates
for v, Z(v) and J(v). First of all, from (2.60) and (2.61) it follows that

(2.69) 18ev | Loe (1;1202)) + ||"”L»oo%ﬂfff:“(p;wm(o)) <¢

The passage to the limit in the expressions ||Z(v" )||Ls§,~xp;o - and || (vM)|lL1 () is

possible, since due to (2.62), (2.58), (2.59) and the convexity of Z and J in D(Vv)
and D(9;v), respectively, we can use De Giorgi’s semicontinuity theorem (cf. [23],
p. 132) and a version of it (cf. [12]) to obtain

T S5poo—
(2.70) / Z(t,v) =2 4 gt v)dt < C.
0

Moreover from this, (2.30) and Young’s inequality we get

T oo (5poc —6) ' 5poo—6
(2.71) / |8 v|| Prs 2 r==1 gt < C/ I(t,v) 2-P= + J(t,v)dt < C.
0 0

1, 3Poo_
"Poot1
In order to obtain the estimate for 82v we differentiate (2.67) with respect to time
in the sense of distributions, which yields for all w € V and all ¢ € Cg°(I")
’ TI
(2.72) / (0%v,w)pdt = / —(3:S(DV,E),Dw)yp + (2v ® 0;v,Dw)¢
0 0
+ (0,f,w)p — 2xE(E @ 0,E,Dw)p dt.
From (2.6), (2.7) and p(|E|?) < po < 2 we get
18:S(Dv, E)[l3 < C(1+ T (v) + [|VVI3 + [[VV]),

which due to (2.69) and (2.70) belongs to L!(I’). From (2.69) and the assumptions on
the data we easily see that also the other three terms on the right-hand side of (2.72)
belong to L}(I') if w € L?(I’;V;). This implies 8?v € L?(I’;(V2)*). From (2.69),
(2.71) and the parabolic embedding (cf. [14]) we finally get v € C(I";V;), 1 <7 <
6(poo — 1). This finishes the proof of Theorem 2.13.
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3. TIME DISCRETIZATION

Now we discuss a time discretization of the system (2.2) under the additional
assumption that
p = const.

and consequently we have to modify our basic assumptions on S. We assume that
the following monotonicity condition

9S;;(D,E)

BijBu > (1 +|EP)(1 + D) T |BJ?,
0Dy,

(3.1)

is satisfied for all B,D € X := {D € R3X3, trD = 0}, and that the following growth

sym )’
conditions are satisfied for ¢,j,k,l,n =1,2,3,

0S;;(D,E p—2
(32) |2 <5+ B+ D),

0S;;(D,E =1
(5.3) [225PB) ) < lBla + B+ D)

For the numerical analysis we need some additional notation. Let Iy = {tm }M_, be
a given net in an interval I = [0,¢5s] with a constant time-step size k := t, — tm—1.
We denote by d;v™ := k~1(v™ — v™~1) the divided difference in time. By 19([x; X)

M 1/p
we denote the space of functions {¢™}M_, with finite norm (k > ||<p'"||§() . For
m=0

q = oo, functions {¢™}M_, need to satisfy the bound max |¢™|x < oo.
0<m<M

The problem (2.2) is approximated by a time discretization by means of the implicit
Euler scheme:

Algorithm 3.4. Let there be given a time-step size k > 0 and the corresponding
net Iy = {t,}M_,. Form > 1 and v™~! given from the previous step, compute an
iterate v™ that solves

(3.5) div™ — div S(Dv™, E(ts)) + [VVT]v™ + Vr™
= £(tm) + X" [VE(tm)E(tm),
divv™ =0,
v0 = vy,

endowed with space-periodic boundary conditions (2.6).

The main result of this section is:
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Theorem 3.6. Assume that the extra stress tensor S satisfies (3.1)—(3.3) and
S(0,E) = 0. Let vo € W22(Q) NV, be a given initial velocity, f € C(I; W12(Q)),
A:f € C(I; L%(Q)) be a given force, E € C(I;C'(R)) be a given electric field. Let
v be a strong solution of the problem (2.2) on the interval I' = [0,T"] for p € [3,2]
satisfying (2.14) and (2.15). Suppose that v™ is a weak solution of the problem (3.5)
satisfying (3.19) and t); < T'. Then for all

3.7) a < ap(p) := =)

there exists a constant C that only depends on vo, f, Q, T' and a but not on the
time-step size k, such that the following error estimate is valid, provided that the
time-step size is chosen sufficiently small, i.e. k < ko(p,T"),

M
B8) e, V) = v+ k3 IDW(E) — vl < O,

Remark 3.9. With a more refined technique (cf. [13]) one can show that the
assertion of the theorem holds for p € (1—1‘%@ ,2] &~ (1.5583,2].

Before we start with the proof of Theorem 3.6 we need some additional properties
of quantities related to S. Due to (3.1)—(3.3) we get that Z(¢,v) and J (¢, v) defined
in (2.9) and (2.10) satisfy the analogue of (2.22) and (2.23), i.e.

7(t) > [ (BvOy DOV i

Ttv) > m /Q (Dv())P"2|D(@v) (t)? da.

The discrete analogue for J(v) for a function defined on a net I reads as follows

1 . m _ m—
K:(vm) = /Q/O aSt] (D(SV + (ale;S)V 1)7E(tm)) ds Dij(dtvm)Dk[(dth) d:l‘,

which due to (3.1) and Lemma 2.17 satisfies

(3.10) K(v™) > cs/(1 + [Dv™[2 + |Dv™112) 2 |D(dev™)|? da.
Q
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Lemma 3.11. Let S satisfy (3.1) and (3.2). Then for all (sufficiently smooth) v
with fQ vdz =0, for all 1 < g < 00, and almost every t € I there holds:

(3.12) ||VV(t)|| _HID(Vv)(t )||2_2«+_ < CZ(t, V)| Dv(®)II377,
(3.13) eV (B)I1%_sa_ _+[ID@:v)(t )“qun CI(t,v)|Dv(®)|27*.
Proof. Lemma 2.25 (r — 272?94_—‘1) and p = const. imply

ID(VY)I 20 < CTO)HI(DV) 5| 2o
< oI} DV, 7,

which together with the embedding W2 =¥ Q) = W o5 () proves the first

assertion. The second assertion follows analogously. O

Since K(v™) is the discrete version of J(v) we immediately obtain in the same

way as in Lemma 3.11 and Lemma 2.28:

Lemma 3.14. Let S satisfy (3.1) and (3.2). For all (sufficiently smooth) v™
with [, v dz = 0 there holds for all q € [1,00):
(3.15) lldev™ |2 oo + HD(dz:Vm)ll2

< CK(v™ )(IIDv’"Ilq +IDv™)%P,
(3.16) ||d,v"‘||’3’p+l|dth'"||”3, < CA+I(W™) +I(v™ )T K(vm)?/?,

(3.17) <CA+IV™)+I(v™ ) +KHw™)).

The following lemma. ensures the solvability of the problem (3.5).

Lemma 3.18. Let S, vy, f and E satisfy the assumptions of Theorem 3.6. Then
there exists a weak solution v™ of (3.5) satisfying

m mip <
(3.19)  Jnax, [lv l|2+kn§llDV I7 < C(f, vo, E),

whenever p > %
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Proof. First of all note that the strategy employed in the proof of Theorem 2.13
to ensure the existence of strong solutions is not applicable in the discrete case,
since there is no discrete version of the local Gronwall’s inequality. For p > % the
estimate (3.19) is sufficient to ensure the existence of weak solutions using the theory
of monotone operators (cf. [29]). For this we must view (3.5), with k£ and m fixed, as
a steady system with the discrete time derivative as the right-hand side. In order to
prove the lemma for p > 2 we proceed as follows (cf. [22], [41]). We approximate (3.5)
by the mollified system

(3.20) divy — divS(Dvy, E(tn)) + [VVT(Vit)1/n + V!
= fu(tm) + X" [VEn(tm)|En(tm),
divv;' =0,

where (V3')1/n = Wi/ * V' is the usual mollification. Now we fix m and & and
move the discrete time derivative to the right-hand side and view (3.20) as a steady
system. Using the Galerkin method and the theory of monotone operators® it is easy
to show that there exists a weak solution to (3.20) satisfying the estimate (3.19).
The key observation is that

[Vv™](vi?)1/n is bounded in LG_S-"T'(Q)

uniformly with respect to n. To take advantage of this property we must use L>°-test
functions which ensure the almost everywhere convergence of Dv]'. This argument
is elaborated in detail in [41] and one can follow exactly the argumentation there.
As a result one obtains that Dv]" converges a.e. in {2 to Dv™, which together with
Vitali’s convergence theorem enables the limiting process in the weak formulation
of (3.20). O

In order to verify Theorem 3.6 we have to deal with two problems. Namely that
the discrete solution v™ of the problem (3.5) is only weak and secondly that the
information about 8?v is also weak. Thus we introduce an auxiliary problem to
split these problems subsequently. We follow the procedure introduced in [37] and
consider the following auxiliary problem:

Algorithm 3.21. Suppose that v is a strong solution to the problem 2.2 with
the properties stated in Theorem 2.13. Then determine V™, m = 1,..., M, that

9 Note that the mollified convective term maps the space Vj into W ~1?(Q) for p > %
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solves

(3.22) d:V™ —divS(DV™, E(tr)) + [VV™]v(tm) + VII™
=f(tm) + XE[VE(tm)]E(tm)a
divvV™ =0,
VO = vy,

endowed with space-periodic boundary conditions (2.12).

We have linearized the convective term with respect to the continuous solu-
tion v(tm), for which we have good regularity properties. The hope is that V™
inherits the regularity from v. In fact this is the case at the expense of restricting
ourselves to a smaller range of p’s.

Proposition 3.23. Let S, vq, f and E satisfy the assumptions of Theorem 3.6.
Let v defined on I = [0,T"] be the strong solution ensured by this theorem and let
tm < T'. Then there exists a strong solution V™ of the problem (3.22) whenever
p € [2,2]. This solution satisfies

M
5p—6
(3.24) (fax e V™IE+k Y (Z(V™) 3 +K(V™) < C(£,vo, E).

m=1

In particular we have that for all 1 < r < 6(p — 1) it holds
(3.25) v e PE (I,c W2t () NI Ik; Vr),
4, V™ € IT-HeD (I; Wt () N 1°(I; L(9)).

Proof. The existence of a strong solution V™ of (3.22) follows from the regular-
ity in (3.25) using the Galerkin approach with eigenfunctions of the Stokes operator as
a basis. The regularity (3.25) follows in the same way as in the proof of Theorem 2.13
from (3.24) using also Lemma 3.14. Thus we shall only derive these estimates. For
all missing details in the following computations we refer to [30, Section 5.3].

First of all we test the weak formulation of (3.22), which reads for all ¢ € V),

(3.26) (de V™, ) + (S(DV™,E(tm)), D) + ([VV™]v(tm), ¥)
= (£(tm), #) = XZ(E(tm) ® E(tm), Do),

with V™ and sum up over all iteration steps to obtain the first a priori estimate

m m\P <
(3.27)  Jax |V ||2+km21||Dv I <

where we used that ((VV™]v(t,,), V™) =0.
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The next step is to use in (3.26) —AV™ as a test function. Again we use that
divv(t,») = 0 in the linearized convective term, the properties of S (cf. (3.1)—(3.3)),
the definition of Z(V™) and obtain, after summation up to level N € {1,..., M},

N
(328) [IVVNE+kD> T(V™)

m=1

N
< 0(1 kY / Vv (t)| [VV™ 2 dz
m=1 Q

Tk ﬁ’: /Q’@Sij(DZ;:E(tm)) VE, 'Dij(VV"')Idw)-

The last term on the right-hand side can be bounded by (cf. (3.3))

N N
(3.29) ek Y I(V™)+Ck Y IDV™E,

m=1 m=1
where the first term is absorbed in the left-hand side of (3.28). The second term on
the right-hand side in (3.28) can, for 1 <r < 6(p — 1), & € (0,1), be estimated by
(3.30) Vv ()l IVV™ 3 < CIVV™3,0 = CIVV™ |38+,

where 7’ is the dual exponent to r and where we used v € C(I;V;). Now, for p > %
and 3—:;’—2 < r < 6(p—1) we interpolate L2 (Q2) both between L2(£2) and L3?(f2) and
between LP(Q2) and L37(f2), which gives

(3 31) Ilvvm” |va’” z ?’(,3_1,2)2)31. Ilvvm” m‘—z)
: 27! 2 ,
1 M »(2— ,H.,,

IVV e < IVVTE 7 VYT,

Using also (2.29) the right-hand side of (3.30) can be estimated by

(3.32) CA+[[VV™D)VVTE (1 + (V™)
where
_ r(3p—2) — _1rBp-2)-
Ql—(l—a)m, Q2—012p———r )
B 2 3p 3 1(2 p+p
G Y
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Young’s inequality together with the requirements

| —=

1 1
Q2'5=m, Q3-8 =1, 3'*‘ =1

!

5O

for any prescribed € > 0 yields

N N Y ’
1+ |IVVYIE+E D I(V™) < c<1 +E D IVVTpFEQ+ ||vvm||g)ke(r>),

m=1 m=1

where
2(p-1)(2-p)

Ae(r) A= 3p2 —5p+1

for e VO, 7 /6(p—1).

In view of (3.27) we have to check whether A < 1, which holds for p € (&%@, 2].
Therefore we can employ discrete Gronwall’s lemma and obtain our second a priori
estimate

M
. m||2 my < )
(3.33) \Jax vV ||2+k;I(v )<C

Now we want to use “d?V™” as a test function in (3.26). This in fact will give us
the lower bound p > g Firstly, we have to introduce V~!. For that we set for all
peV,

1
(V0 = V71, 0) + (S(DV®, E(0)), Dg) + ([VVIV, )
= (£(0), ) — x"(E(0) ® E(0), Dy).
Using V° = vp, p < 2 and the assumption on vy and E we obtain

(3.34) ld:VOII3 < CUIEO)IIZ + [V volvoll3 + lldiv S(Dvo, E(0)) 13
+||E(0) ® DE(0)|13) < C.

Now we can take the discrete time derivative of the weak formulation (3.26), use
diV™ as a test function, and sum up to level N € {1,..., M}, to obtain

(3.35) [ld: VY3

N
+ % Z /Q(S(DV"‘,E(tm)) —S(DV™ 1 E(tp_1)))D(V™ — V™ 1) dz

m=1
).

N
<0(1+k2
m=1

/ [VV™|div(tm_s) - d; V™ dz
Q
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where we used (3.34). From the formula d;v(t,,) = k™1 ftt,,._l 9yv(s)ds and (2.15)
we deduce

(3.36) l[dev(tm)]l2 < essIsup”atvlh <C,

and thus we can bound the last term in (3.35) by

(3.37) ldev (Em—1)ll2 IV [1d: V™ [[l2 < CIIVV™ (|4 [1d: V™ 4

eK(V™) + CI(V™),

NN

where we used (3.15), (3.12) with ¢ = 2, (3.33) and Young’s inequality. However we

have to check whether
12

8—-3p

z4<=p2>

)

Wl wt

which is the lower bound from the proposition. Furthermore we have for the second
term on the left-hand side of (3.35)
k-t / (S(DV™,E(tm)) = S(DV™ L E(tp-1))) - D(V™ = V™ ) dz
Q
= k=1 / (S(DV™,E(ty)) — S(DV™ 1 E(t,,))) - D(V™ = V™ 1)dz
Q
+ k71 / (SMV™ L E(tn)) — SDV™ 1 E(tm-1))) -D(V™* = V™ 1) dz
Q

= kK(V™)

lg.. m—1 _
+ k/ / S‘L] (DV ) (1 ;')EE(tm—l) + TE(tm)) detEn(tm)Dij (dtvm) dz.
QJo n

The last term is moved to the right-hand side and there estimated by
(3.38) ekK(V™) + Ck(||DV™|2 + |[DV™1||2),

where we used (3.3) and (3.10). Note that the last term is finite after summation
over m, due to (3.27). Alltogether, we have therefore derived our third a priori
estimate

M
m (|2 m
(3.39) (Joax [1d: V™3 + km2=1 K(vV™) < C.
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Using —AV™ as a test function in (3. 26) where also the term with the discrete time
derivative is estimated, yields for p > 3 and 25 <r < 6(p — 1) (cf. (3.28)-(3.30))

(340) 1+I(V™) K C(1+eZ(V™)+|DV™E+|IVV™|3,
+ eV e V2V 52 )
<C(A+C|VV™ +eZ(V™)(1+ IDV™377)
+1de V™ s [IVFV™]] 52 )
< C(Ce +eZ(V™) + lde V™ || 2 (1 +Z(V™)Y7),

where we used Vm € 1°°(Ix; W12Q) and p < 2; the interpolation of L2 () between
L?(Q) and L¥5% (R), which is possible for p > 2, and (3.12) with ¢ = 2; again

2 )
V™ € [®°(I; WH2(Q)) and finally (2.29). For e sufficiently small we can absorb the
term ceZ(V™) into the left-hand side of (3.40). Thus we get

(3.41) A+I(V™)F <C(1+ lde V™l 52 ).

Now we interpolate Lz_:?‘—’—l(ﬂ) between L%(Q) and L37(Q), and use that d;V™ €
1*°(I; L%(2)) and (3.16), to arrive at

(342)  (L+I(VM)F < C(L+K(V™ M2 +I(V™) + Z(VP))M ),

with A = . We raise this inequality to the power v and apply Young’s inequality
to get

(343)  (1+I(VM)"F
SC(L+K(V™EA+I(V™) + I(V™-1)™5k)
< C(1+CK(V™) + (1 + (V™) + T(V™-1)) 725 A 578,

We now require 'y"—;;l = 2—_77—,\ b —2—1-,2, which gives v = ;{—I%;L:. With this 4 and

¢ sufficiently small we can absorb the last term in (3.43) into the left-hand side after
summation over all time steps. Thus we have derived

M M
(3.44) B3IV ER < c<1 +ES IC(V’")) <C
m=0 m=0
The proof is complete. O
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Proposition 3.23 shows that the solution V™ of (3.22) has the same regularity
properties as the solution v of the problem (2.2). Thus we can split the error into
two parts, namely

(3.45) V(tm) = V" = (V(tm) = V™) + (V" =v") =™ + e™.
Before we discuss these errors we need one more property of S.

Lemma 3.46. Let S satisfy (3.1) and (3.2). Then for all (sufficiently smooth) v,
w, for all 1 < r < o0, and almost every t € I' there holds

ID(v(t) ~ Wz, < C(SDV(D), E() ~ SDw(D), B®), D(v(t) ~ w(t))
x (1 +[Dv(t)l; + D (v(t) — w(e))[l)>".
Proof. We have using Lemma 2.19
ID(v = WIZET = [ ((1+1Dv+ [D(v - w))*~?D(v - w)f) =5
X (1 + [Dv| + [D(v — w)|) 2—v+r dz

< (/Q(S(DV,E) — S(Dw,E))-D(v — w) dx);;ﬁ

e
X (/ (14 |Dv| +|D(v —w)|)" d:z;) ,
Q

which immediately gives the assertion. O

Let us first discuss the error n™, where we can take advantage of the regularity
properties for v and V™. The error n™ is governed by the following system, which
holds for all ¢ € Vj,

(3.47) (den™, @) + (S(DV(tm), E(tm)) — S(DV™,E(tn)), D)
+([Va™]v(tn), p) = (R™, 9),

supplemented with

(3.48) R™ := dyv(tm) — 8iv(tm) = —% / " (5 = tmy)3Pv(s) ds.

m—1

From (3.48) and (2.15) we compute that

(3.49) IR™3<C  sup  [l8ev(s)ll3,

SE[tvv\-—l 7t7ll]

t
(3.50) IR™ v,y < CE [ 10Fv(s)lv,y- ds.
tin-1
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If we use n™ as a test function in (3.47) and sum over all iteration steps, we obtain,
for1<r<6(p-1),

M
mi|2 m(|2 m||2
(3.51) Jnax I Ilz+ka=:1(lan 12 2. +IDn™II5)
M
<C(r)k ) (R™,n™),
m=1

where we have used Lemma 3.46 and v(t,), V™ € [®°(Iy;V,). We can bound
the term on the right-hand side with the help of the embedding Wl'#(ﬂ) —
W*=".2(Q) and the interpolation of W *2(Q) between W12(Q) and L2(f2)
as follows

m m m 1—2"—%4-3’ m 27-—6" 2 m
(3.52) R 0™ IR™M ™ IR 5 ™y, g,

m 21‘—6' 3p 1 m
< OEvOIR™ it + 51D,

=pFr

where we also used Korn’s and Young’s inequalities and (3.49). Now, we move the
last term in (3.52) to the left-hand side of (3.51) and it remains to bound the first
term in (3.52). Note that

2r—6+3p _
2r -

S5p—6

(3.53) et

a(p,r) /S ao(p) = for r 76(p—1).

From (3.50) and (2.15)3 we derive

M ton 5 ) a(p,r)
) A ds)

m=1"Y tm-1

M
kS IR < crsen (
m=1
< Ck_2&(p,'r) ,

which together with (3.51), (3.52) yields

M
m2 mi|2 2&(p,r)
(3.54) 235, I + £ 3 D7} < CoRe,

with &(p,r) defined in (3.53).
We still have to deal with the error €™, which is governed by the system

(3.55) (die™, ¢) + (S(DV™,E(tm)) — S(DV™, E(tm)), Dy) = (r™, ),
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which holds for all ¢ € V,, and where

(3.56) " = [VV"]v(tm) — [VV"]v™
= [VVTp™ + [VV™]e™ + [Ve™]v™.

If we use in (3.55) the test function €™ and sum over all iteration steps, we get

M m
(3.57) max |e™|2+k Z ——“i)il’%z——
1mS C+ [Den |7

m=1

M M
<Ky /Q 7™ e™|[VV™|dz + Ck S /Q ™2 [VV™|da
m=1 m=1

M
= Ck Y (" +I").

m=1

For the lower bound of the elliptic term we used Lemma 3.46 with r = p and the
uniform bound for VV™ € [*°(I},; LP(€2)). With the help of Holder’s inequality, the
interpolation inequality

IVll2r < VI~ 9V

with A\ = 75::7{_6) and VV™ € [*°(I; L™(Q)), 5—3%6- <1 < 6(p—1), we find that the

term I is bounded by

(3.58) IVV™[ille™ llzrllm™ ll2r

IDe™ |13
<C ml-Av my e™ 1-X P C + ||[De™ 2—p\A/2
I I ™3 s sz (€ + D)
A 3l De™||
< Clle™lz [[n™l2(C + |[De™|27P) 0 4+ ——2 2 Dn™
< Clle™lz [™2(C -+ D™ )55 42 e D,
3l De™(3

(2—=p)A .
<C m2+Cl+ De™||P)rT-X em2+CDm2+——-
< Cln™ |3 + C(1 +IDe™ )5 lle™ [ + CIDn™ I + s

The last term on the right-hand side is absorbed into the left-hand side of (3.57).
For the first term and the third term in the last line of (3.58) we use estimate (3.54).
The term I7* is easier. We get

[Dem™||2>
(C + [Dem™|57P)A
1 |[Dem|2
2C + ||Dem|377

m m m - mi2—
(3.59) [[VV™[|-]le™ I3, < Clle™ |3 (C + |[De™|2~7)*

m Zop)A m||2
< C(1 + |[De™|[2) 7> [le™ |3 +
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Thus we arrive at

M 2

[De™||
3.60 max_|le™ E —_—
(3.60) (Jax I3 + 4= C+||Dem|57?

M
< Ck@D 4 | 3 (C + [[De™|2) 5 P [le™3

m=1

and we can use the discrete Gronwall’s lemma whenever _pe < 1, where A =
mﬁ, 1 <7 < 6(p—1). One easily computes that this requ1rement is equivalent to

p > —iu))C. After the application of the discrete Gronwall’s lemma we obtain that
the left-hand side of (3.60) is bounded by Ck?%(®7) with &(p,r) given by (3.53). We
can always choose r such that 2&(p,r) > 1 and we readily obtain that

D m
 max_ [[Dem|2 <

and in turn we derive

m my2 a(p,r)
(3.61) e ax |l ||z+ka:1||De I < C(r)k

Since the same estimates hold for ™ we have furnished the proof of Theorem 3.6.
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MODELING, MATHEMATICAL AND NUMERICAL ANALYSIS
OF ELECTRORHEOLOGICAL FLUIDS*

MICHAEL RUZICKA, Freiburg

Abstract. Many electrorheological fluids are suspensions consisting of solid particles and
a carrier oil. If such a suspension is exposed to a strong electric field the effective viscosity
increases dramatically. In this paper we first derive a model which captures this behaviour.
For the resulting system of equations we then prove local in time existence of strong solutions
for large data. For these solutions we finally derive error estimates for a fully implicit time-
discretization.

Keywords: Maxwell’s equations, electrorheological fluids, constitutive relations, Galerkin
approximation

MSC 2000: 35Q35, 76W05, 65M60, 65M15

0. INTRODUCTION

Many electrorheological fluids (abbreviated: ERFs) are suspensions consisting
of particles and a carrier oil. These suspensions change their material properties
dramatically if they are exposed to an electric field. The observed increase of the
measured shear stresses (or the measured viscosity) is essentially due to the exis-
tence of particle structures forming in the presence of an electric field hindering
the flow and resulting in a higher, apparent viscosity. For an overview especially
of microscopic models and explanations in electrorheology we refer the reader to
Parthasarathy /Klingenberg [36].

In the first section we develop a model which captures the above described fea-
tures. There are many ways to model ERF's and we refer the reader to the discussion
in [39], [43], [19]. Here we model the ERF in a homogenized sense within the frame-
work of continuum mechanics and follow the procedure from Rajagopal/Ruzicka [39],
(cf. [44], [19]). In particular we take into account the complex interaction of the

*This work has been partially supported by the DFG research unit “Nonlinear Partial
Differential Equations: Theoretical and Numerical Analysis”.
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electro-magnetic fields and the moving liquid, thus treating the electric field as a
variable that is determined by Maxwell’s equations. The final system describing the
motion of ERFs is derived from the general balance laws of thermodynamics and
electrodynamics by a non-dimensionalization and a subsequent approximation.

In the second section we show the existence of strong solutions for the mechanical
part of the system describing the flow of ERFs, i.e. the balance of mass and momen-
tum. The constitutive relation for the extra stress tensor implies that the system
possesses p-structure, where however p = p(|E|?) is a material function and not a
constant. Thus the natural functional setting are generalized Lebesque and Sobolev
spaces. The basic properties of these spaces can be found in Kovaéik/Rakosnik [28]
(cf. Diening [10], [11], Diening/Ruzic¢ka [15], [16], [17] for more recent results and the
web-page [40] for up-to-date information). The method presented here is based on
ideas developed in [31], [32], [6], [30], [33] (cf. [21], [13] for an overview of recent re-
sults for generalized Newtonian fluids) to handle situations when the elliptic operator
is monotone, but due to the properties of the convective term the theory of monotone
operators is not applicable. Our presentation follows the treatment in Diening [12],
Diening /Ruzicka [14].

In the third section we prove error estimates for the difference between a strong
solution of the continuous system and a weak solution of the fully implicit time-
discretization of this system under the additional assumption that p = const. In
contrast to the mathematical analysis there are only few numerical results for such
a system (cf. [5], [4], [37], [13]). Here we generalize the treatment of Diening/Prohl/
Ruzicka [13] to the case that the extra stress tensor is not derived from a potential.

1. MODELING

We start by stating Maxwell’s equations. Here we use the so-called “statistical for-
mulation”, which is based on a “dipole-current-loop” model (cf. Eringen/Maugin [20],
Hutter/van de Ven [27], Grot [25], Pao [35]):

0B
1.1 IE= — —
(1.1) cur 5

oD¢

1.2 IH=——+17J
(1.2) cur 5 T
(1.3) divD® = ¢°,
(1.4) divB = 0,

where E is the electric field, B the magnetic flux density, H is the magnetic field given
by H = g~ 'B — M with the magnetization M, D¢ is the dielectric displacement
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given by D® = P +¢¢E with the electric polarization P, J the current density, q¢ the
density of the free electric charges and €y and ug denote the dielectric constant and
the permeability in vacuo, respectively.

Now we state the thermo-mechanical balance laws. The balance of mass and

momentum are!

(1.5) 0+ odivv =0,
(1.6) ov — divT = f + f°,

respectively, where o is the mass density, T the Cauchy stress tensor?, f the me-
chanical force density and f¢ is the electro-magnetic force density which is given by
(cf. pages 284-285 of [35])?

(1.7) £ =q°€+ [T +P — [VV]P + (divv)P] x B+ [VB]' M + [VE|P
where £ is the effective electric field strength defined as

(1.8) E=E+vxB,

J the conductive current density given by

(1.9) J=J—-q°v

and M the effective magnetization defined through

(1.10) M=M+vxP.

The balance of angular momentum takes the form

(1.11) xX v —div(x x T) =x x f+1°,

in which 1° denotes the electro-magnetic torque density (cf. p. 284-285 of [35]) given
by

(1.12) FP=xxf‘4+PxE&+MxB.

! The material time derivative is denoted by a superposed dot or by d/dt.
2T is introduced via t = T - n, where t is the Cauchy stress vector and n the outer unit
normal vector.

8 Here and in the following we use the notation [Vvlw = (w;0v;/0z;) , where

i=1,2,3
the summation convention over repeated indices is used. We will use that convention

throughout this paper.
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The balance of total energy takes the form

d 1
(1.13) QE<€+ §V-V) =div(T'v—q) + (F+f) - v+ w+we,

where e denotes the specific internal energy, q the heat flux, w the mechanical energy
production density and w® the electro-magnetic energy supply density which is given
as (cf. p. 284-285 of [35])

(1.14) we=J E+E-P-M-B+E Pdivv.

Using (1.6) together with (1.14), we obtain from (1.13) the balance of internal energy
according to

(1.15) 00 +divq=T-L+J -E+E-P-M -B+P-Edivv +w,

where L = Vv is the velocity gradient. We interpret the second law of thermody-
namics in the form of the Clausius-Duhem inequality

(1.16) o + div% - % >0,

where 7 is the specific entropy and 6 the absolute temperature.

The system (1.1)—(1.4), (1.5), (1.6), (1.15) and (1.16) which describes the motion
of the liquid has far more unknowns than equations. It is rendered determinate
by providing appropriate constitutive relations reflecting the material properties.
Towards this end, we will assume that

(1.17) 0,0,V v, D E, B,

where D = %(L +LT) is the symmetric velocity gradient, are the independent vari-
ables and thus we provide constitutive relations for

(118) 67 "77 T7 q.7 P7 M’7\7
of the form
(1.19) f=f(0,0,V0,v,D,E,B),

where f stands for any of the quantities in (1.18).
Both the material and the balance equations are subject to invariance require-
ments. It is well known that the mechanical balance laws (1.5), (1.6) and (1.15) are

form-invariant under Galilean transformations given by
(1.20) x*=Qx+vot+bgy, t*=t,
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where v, by are constant vectors and Q is a time independent orthogonal tensor,
while Maxwell’s equations (1.1)—(1.4) are form-invariant under Lorentz transforma-
tions. We are interested in non-relativistic effects and it is well-known that there
are problems with consistent invariance requirements for all thermo-mechanical and
electro-magnetic balance laws and constitutive equations in a non-relativistic situ-
ation (cf. [25], [38], [44]). To avoid these difficulties we shall make the following
invariance requirements: We assume that the quantities (1.18), describing the ma-
terial properties, are invariant under Galilean transformations (1.20)%. Moreover we
require that all balance laws (1.5), (1.6), (1.15), (1.16) and (1.1)—(1.4) are form-
invariant under Galilean transformations (1.20). These two requirements imply con-
sistent transformation formule for all necessary quantities (cf. [44]). In particular,
we obtain from the invariance requirements that the constitutive relations (1.19)
are isotropic functions of their arguments and that (1.19) has to be replaced by
(cf. Grot [25])

(1.21) f=£(0,0,V6,D,E B),

where f stands for any of the quantities in (1.18).

In addition to restrictions placed on the constitutive response functions by the
invariance requirements we have additional strictures due to the requirement of the
second law of thermodynamics. We shall now determine the restrictions imposed by
requiring that all admissible processes of the body, i.e. processes compatible with
the balance laws and the constitutive response functions, meet the Clausius-Duhem
inequality (1.16). Introducing the specific Helmholtz free energy 1 through

(1.22) 1/}:67179718'1),
0

and substituting it into (1.16) we obtain, with the help of the energy balance (1.15)
and the balance of mass (1.5), the dissipation inequality

(1.23) —g(z/}+no')+T-L—q'Tw—é-P—M-B+.7-£>o.

4 Note that one usually assumes that the constitutive relations depend on L instead of D,
and then one deduces from the principle of material frame indifference, i.e. (1.20); is
replaced by x* = Q(t)x + c(t), that the dependence on L has to reduce to a dependence
on D only. In fact, this is the only relevant consequence of the stronger requirement of
material frame indifference for us which cannot be obtained from the requirement that
the material properties are invariant under Galilean transformations (1.20) only.
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From (1.21) and (1.22) we get that ¢ = ¥(o,0,V0,D, E,B). If we now compute ")
explicitely we can re-write (1.23), also using (1.5), as

(1.24) —Q(ifg-i-n)@— % (M+96§)-B+(T+gz 0%y ) D

Using the linearity of (1.24) with respect to the dotted quantities and W and their
independence on the arguments appearing in the constitutive relations (1.21) one
easily deduces (cf. Coleman, Noll [9], Truesdell/Noll [45], Grot [25])

o o G

_ fw oy T_
P=-ogg M=-0gg T =T

and the reduced dissipation inequality

20 - Vo
(1.26) <T+ga 1)-p- 42 G T E>

where v, n, P and M are functions of g, 8, £ and B only.

1.1. Electrorheological approximation

The equations derived in the last section may be simplified in view of electrorheo-
logical applications. Towards this end it is recommendable to carry out an appropri-
ate non-dimensionalization with a subsequent approximation. All assumptions made
in this section are based upon our understanding of the behaviour of ERFs, both
from the theoretical and experimental point of view (cf. [7], [8], [18], [44], [46]).

Firstly, we shall assume that the Cauchy stress tensor T does not depend on the
electric flux density B, i.e.

(1.27) T =T(p,0,V0,D,E).

This assumption reflects the observation that the material properties of an ERF do
not change if a magnetic field is applied, because surely the particles in an ERF bear
no magnetic properties.

Secondly, we shall assume that we are dealing with a dielectricum, i.e.

(1.28) M=0 where M=M+vxP.

Note that this assumption ensures that an apparent magnetization can only be gen-
erated by a moving polarized fluid (cf. [25]). This common assumption is a crucial
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point for deriving the so-called “quasi-electrostatic equations”. In view of (1.25) the
assumption (1.28) also implies that the Helmholtz free energy ), and thus also the
polarization P and the entropy 7, are only functions of o, 6 and £.

Thirdly, we shall assume that the fluid is electrically non-conducting, i.e.
(1.29) J =0.

This assumption may not be fully justified in general, because some ERFs exhibit a
certain electrical conductivity which is often due to the content of water. However,
many of them are free of water and have very low electrical conductivity (for example
the polyurethane dispersions described in detail in [7], [8]), and thus we may restrict
ourselves to such a class.

In order to reach the final electrorheological approzimation and to determine and
retain terms that are dominant and discard others that are insignificant, we will
carry out a dimensional analysis which follows closely the one in [38], [44]. Towards
this end we may introduce the following dimensionless quantities®:

_ E _ B q° _ T v X
130) E=—, B=—, ¢=L, T=2 v=Y =X
( ) E, 0 ? qo T Vo Lo
_ t — P - f -
t= ) P: 5 Z): ﬁ, f: -, 0: 27
to eoko 00 fo to

where the quantities with the subscript “0” are appropriate characteristic quantities
of the problem in question. In typical problems and for many ERFs (cf. [7], [8]), we
envisage that

(1.31) Ey~3-(10* —10°) Vm™ 1, Vo~ (1072 = 1)ms™ 1,
Lo~5-(1071—107%)m, no ~ (1072 =10 N kg (m s) !,
to ~ (1072 — 1), 00 ~ 103 kgm™3.

The time o may be either a characteristic electric or hydrodynamic time, depending
on the specific problem. Moreover, oo and 7y are the density and the dynamic
viscosity of the fluid in the absence of an electric field, respectively. Using (1.31),
the Reynolds number Re = (99 Lo Vi) /1o and the Strouhal number Str = Lo /(Voto)
lie in the range

(1.32) 5-100°<Re<5-10> and 5-107% < Str < 5-10%,

5 In this section, dimensionless quantities and operators are denoted by a superposed bar.
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respectively. Magnetic quantities are missing in (1.31). No experimental observation
is known to us that shows that the magnetic field plays a significant role in elec-
trorheological applications. Usually, no external magnetic field is applied and thus
B is only induced due to the electric field. We interpret the secondary role of B
in ERFs through the assumptions that

Ey Lo

1.33 — — =0(1

( ) BO Czto ( )7
resulting in

(1.34) By ~ (1071 —1071%) Vs/m?.

Recall that ¢ ~ 3 - 108 ms~! denotes the speed of electro-magnetic waves in vacuo.
(1.33) is consistent with the assumption that the magnetic flux density is only induced
by oscillations of the electric field and/or the motion of a polarized body (cf. (1.42)).
Let us introduce a small non-dimensional number ¢ through

(1.35) e=1073,

which measures the importance of the terms. The situation described above—
together with an assumption that there are only few free charges in the fluid—can
thus be summarized as

L
(1.36) =0 _ (%) - O(Y), B 0@ -0,

ctp c

Voto 1y GgolLo ., 3
To O(e™") = O(e), By O(e”),

By Lo 5 3 Ey Vo

0= — = 1).

olo _ o) o, Y _op)

The non-dimensionalized system of balance laws may then be approximated by re-
taining terms up to order 2, while neglecting terms of higher order.

Firstly, let us discuss the role of £ in the constitutive relations. It follows from
the definition of € that

c € = VoBo_ o o o
(1.37) 8—E0—E+ o vxB=E+0(c”),
where we used that
(1.38) YoBo _ 5y - 0(7),

Ey
Thus, we can replace £ by E in all non-dimensionalized constitutive relations.
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The dimensionless form of Maxwell’s equations (1.1)—(1.4) may be obtained upon
using the definitions of H, D¢, (1.28), (1.36) and (1.37) as

T D qo Lo _ 5 i By Lo oB TvR
divE + divP = ¢+ 0(e curlE — =0 divB =0
+ BT (), + Bty 07 ; :
—— ——
O(e3) O(e%)
—=  EyVy — = Ey Lo 0 = =, qLoEyVy
curlB curl(v x P) = — —(E+P) - 7V + O(e®
+ 0 c? ( ) BO c? to 8t( * ) €0E0 BO c? 1 * ( )’
—— N————
o) o) O(=%)

where in O(¢®) only terms coming from (1.37) are included and where we also used
the relation oo = c¢~2. Neglecting terms of O(¢?), we obtain the electrorheological
approzimation of Mazwell’s equations according to®

(1.39) div(eoE + P) = 0,
(1.40) curlE = 0,
(1.41) divB =0,
1 E+P
(1.42) — curl B 4 curl(v x P) = M,
Ho ot

where P = P(p,0,E).

Now we turn to the approximation of the thermo-mechanical balance laws. The
conservation of mass (1.5) remains unaffected. In the momentum equation (1.6) we
re-write the electro-magnetic force £¢ using (1.8), (1.28), (1.29) and then use (1.36)
and (1.37), which leads to

00VoLo 0V  o00Vi =_ _ Ty —~
1.43 — \Y% — divT
( ) [S511) Eg to e 8t [S511) Eg Q[ V]V €0 Eg v
Lo o qLo/_= VoBy__ =\  BoLydP
= f E .V x B — xB
foeoEg +€0E0< + - Je¥ X >+Eot0 57 ¥
—— ——
O(e3) O(e%) O(e%)
‘/OBO SD1— T\ = _ Y == 5
+ ([VP]¥ + (divv)P x B+ v x ([VB]P)) + [VE]P + O(g°),
N
0(e%)

where in O(e°) only terms coming from (1.37) are included. We see that all under-
braced terms on the right-hand side of (1.43) have to be neglected. We shall retain

6 Since M = 0, we can rewrite (1.39)—(1.42) in terms of E, B, H, D® only.
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the mechanical force term and the term with the Cauchy stress. Furthermore, one
easily computes that

O(1) - O(?)  if B2 ~9-10"2V2m~2,

(1.44) % = O™ -0 if B3 ~9-101°VZm~—2,
0 loE ) —01) i E2~9-10°V2m-2,

) O(1) - O(?)  if B2 ~9-10"2V2m~2,

(1.45) gz g% =L 0(e )= 0() if E2~9-10°V2m~2,
O(c2)—0(1) if E2~9-108V2m 2.

Therefore also the first and the second term on the left-hand side of (1.43) have to
be kept. With regard to the approximation of the other thermo-mechanical non-
dimensionalized equations, we only replace £ by E since we have no indication of
the behaviour of the other quantities.

Therefore, the electrorheological approximation of the thermo-mechanical balance

laws is given by

(1.46) 0+ odivv =0,

(1.47) ov —divT = f + [VE]P,

(1.48) c é—me—(a—P-E a—”trD>9—(T—ﬁI)-D+w
' ve a0 a0 - ’

(1.49) (T —7I) D — % >0,

where we used the definition of the specific heat c, and of the thermodynamic pres-
sure m according to
>y 2 0Y
v = 79—7 = 0 5
¢ 02 " %%
Moreover ¢,, P, m and ¢ are functions of g, § and E; while we have for the Cauchy
stress T = T(p,6,V6,D,E).

1.2. Constitutive relations

Now we will develop a constitutive theory for ERFs. In order to keep the already
very long and complicated formulae as simple as possible we keep the dependence
on V@ only in the constitutive relation for the heat flux q and assume that

(1.50) q=—kV9b,

where the thermal conductivity k is a positive constant. In all other constitutive
relations we drop the dependence on VO. We also restrict ourselves to the case of an
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incompressible ERF, i.e.
(1.51) trD =0,

and consequently we also drop the dependence on g in all constitutive relations.
Moreover we assume a linear dependence of the polarization P on the electric field E,

(1.52) P = x"(0)E,

where x7 is the dielectric susceptibility. The Cauchy stress can be splited according
to T = —7I+S. From the above assumptions and (1.27) we get that the extra stress
tensor S is of the form

(1.53) S =S(0,D,E).

From representation theorems (cf. the appendix of [20] and the references stated
there) it follows that the most general form for S is given by

(1.54) S=wE®E+a;D + ayD? + a5(DE® E + E ® DE)
+ a6(D’*E®E + E @ D’E),

where «;, i = 2,...6 may be functions of the invariants
(1.55) 6, |[E|?, trD? trD?, tr(DE ® E), tr(D’E ® E).

In view of certain peculiarities in the behaviour of the normal stress differences in
the case ay # 0 even in the absence of an electric field (cf. [33]) and due to previous
mathematical investigations for shear dependent viscous fluids, which suggests that
terms involving D? can be treated as a perturbation (cf. [31], [33]), we assume that

(156) ay = O, Qe = 0.

Based on experimental data (cf. [26], [3], [2], [1], [47]) we assume that in the presence
and the absence of an electric field the ERF behaves like a generalized Newtonian
fluid with power p, where the power p can depend on the magnitude of the electric
field |E|?. Moreover, we restrict ourselves to the case that the material functions oo,
a3z and a5 depend only on the invariants 6, |D|? and |E|? and that all terms have the
same growth behaviour. Thus we deal with the following model for the extra stress
tensor S

(1.57) S =ag (14 |D>)P V2 _1)ER®E + (31 + az3|E|?)(1 + |D[?)P~2/2D
+ as51(1+|D]?)P"2/2(DE® E + E @ DE),
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where «;; are constants and p = p(|E|?) is a C''-function such that
(1.58) 1 < poo < p(IEP*) < po.

To ensure the validity of the Clausius-Duhem inequality we further require that the
constant coefficients «;; and the function p are such that (cf. [44, Lemma 1.4.46])

4
(159) as; > 0, asz > 0, o33 + 50551 > 0,

2\/az3\2a51 if a3z < Fast,

(1.60) k:(po)|a21| < {
\/%(0433 + 3as1) if Flas| < oss,

where k(pg) = 1 if pp < 3 and k(pp) > 1 is a computable constant for py > 3.
Note that these requirements ensure that the operator induced by —divS(D,E) is

coercive.

2. FLOWS OF SHEAR DEPENDENT ELECTRORHEOLOGICAL FLUIDS

In the previous section we have shown that the isothermal flow of an incompressible
shear dependent ERF is governed by the following system”

divE =0,
(2.1)
curlE =0,
ov —divS + [Vv]v + Vr = f + xP[VEJE,
(2.2) .
divv =0,
divB =0,
(2.3) 1 5 - 5
to - curl B+ x* curl(v x E) = (g9 + x°)E,
(2.4) S-D+w=0,

where the extra stress tensor S is given by (1.57), (1.58).

The system (2.1)—(2.4) is separated. We first solve the quasi-static Maxwell’s equa-
tions (2.1) for the electric field and then seek for the velocity field by solving (2.2).
Knowing E and v we can solve (3.2) and (2.4). Note that the equation (2.4) has
to be interpreted as an equation for the mechanical energy supply density w. It
was already pointed out in the previous section that the magnetic induction B is of

“We have divided equation (1.47) by the constant density op and adapted the notation
appropriately.
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secondary importance, which is reflected by the structure of the above system. More-
over, the quasi-static Maxwell’s equations (2.1) are widely studied in the literature
(cf. the overview article Milani/Picard [34]). Since in this investigation of ERFs we
are mainly interested in the velocity field v, we shall only consider the system (2.2),
in which E is assumed to be any given vector field, having certain regularity prop-
erties. Moreover, for simplicity we shall complete (2.2) by space periodic boundary
conditions and an initial condition vq.

In order to prove existence results for the system (2.2) we need some structure
conditions for the extra stress tensor S, which unfortunately are stronger than the
conditions we have to assume for the validity of the Clausius-Duhem inequality,
which is a physical requirement. In the following we assume that the constant coef-
ficients «v;; and the function p are such that the operator induced by — divS(D, E)
is uniformly monotone, i.e.

0S;;(D,E)

ByijB = (1 + [EP)(1 + [D?)@IE"-2/2B 2
0Dy,

(2.5)

is satisfied for all B,D € X := {D € R2X3, tr D = 0}, and that the following growth

sym ?

conditions are satisfied for 4,7, k,l,n=1,2,3,

(’)SU(D,E) 2 2\ ( 2y_
6 22D 1)) P(IEI?)—2)/2
(26) | =552 <1 +[BE)1+ D) ,

851 D,E 2y
1) [PUPEN B 4 mR) + DRI D2 (1 + D],

Conditions for a;; and p that ensure the validity of (2.5) can be found in [44, Chap-
ter 1]. We will show that the coercivity, i.e. that

(2.8) S(D,E)-D > ¢(1 + |[E[?)(1 + |DJ?)?(EH-2/2|p 2

holds for all D € X, is a consequence of (2.5).%

Before formulating the main result of this section, we introduce some notation.
Let © = (0,L)3, L € (0,00) be a cube in R* and denote I; = dQ N {z; = 0} and
Tiys = 00N {x; = L}, for j = 1,2,3. For T € (0,00), we denote by Qr the
time-space cylinder I x Q, where I = [0,7T] is a time interval. By D(£2) we denote
the space of smooth periodic functions with mean value zero. Let further ¢ > 1
and k > 0. Then (L9(), | - ||l,) and (W*9(Q), || - ||x.q), respectively, is used for the
usual Lebesgue and Sobolev spaces, of periodic functions with mean value zero. By

8 As was already pointed out the coercivity and the Clausius-Duhem inequality are almost
equivalent. In fact, if p is independent of |E\2 than these two requirements are the same.
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(f,g):= fQ fgdx we denote the scalar product with respect to space. We also need
Lebesgue and Sobolev spaces with variable exponents, which are denoted by L?() (G)
and W#?() (@), respectively, where G = Q or G = Q7. For a given p(-) € L®(G),
1 < poo < p(x) < po < 00, we define the modular

o) = euo() = [ 11 ay.
Similarly to the Luxemburg norm in Orlicz spaces we define
1 fllpc) = inf{A > 0] 0,(\71f) < 1},
which is a norm on the generalized Lebesque space
LPO(G) = {f € LYG) | 0,(A\"'f) < o0 for some A > 0}.

Generalized Sobolev spaces are defined analogously. We refer to Kovadik/Rékos-
nik [28] for a detailed treatment of these spaces. Moreover, we denote by L(I; X)
the Bochner spaces which are equipped with the norm (| - [|% ds)l/q. In the
following we use for the partial derivative with respect to time the symbol 9;. We
shall further make frequent use of spaces of divergence free functions defined by

V:= {1y € D(Q): divep =0},
Vp := the closure of V with respect to the ||V - ||,-norm,

and use the following expressions, for functions v and E defined on the space-time
cylinder Qr,

955 (Dv(t), E(t))
0Dy

(2.9) I(t,v) = /S 2 Dij(VV)(t) Dyt (Vv)(¢) da,

(2100 Jtv) = /Q 05:; (138;(2, EO) b (00v) (1) Dt (90v) (1) dir,

which are related to the extra stress tensor S.
We are seeking solutions v of the system (2.2) completed with the initial condition

(2.11) v(0) = vo,
and with space-periodic boundary conditions

(2.12) V|Fj = V‘Fj+3, Vv|Fj = VV!F

, o
j+3

L 7T|Fj+3’
for j =1,2,3. Now we can formulate the main result of this section.
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Theorem 2.13. Assume that the extra stress tensor S satisfies (2.5)—(2.7) and
S(0,E) = 0. Let vo € W22(Q) NV, be a given initial velocity, f € C(I; W'2(Q)),
of € C(I; L*()) be a given force, E € Wh>°(I; W1>°(Q)) be a given electric field
and let p = p(|E|?) be a C'-function with ps < p(|E[?) < po. If

3
_<poo<p0<2

2
then there exists a time T* > 0, such that a strong solution v of the system (2.2)
exists on I' := [0,T*]. This solution satisfies
2 T 5poc —6
(2.14) esssup ||0:v(s)||5 —|—/ Z(t,v)2re + J(t,v)dt < C(f, v, E).
sel’ 0

In particular we have that for 1 <r < 6(ps, — 1)

5P —6 9 3Poo
(2.15) v e L' 2 (1/; W oot T (Q)) nor;v,),

pm(5poo 6)
O € L=~ (1w Frea (9)) N L=(T'; L3(Q),

Ofv € L*(I'; (V2)").

Remark 2.16. With a more refined technique one can show that the statement
of the theorem is valid for I < pe < po < 2 (cf. [14, Theorem 21]).

The main problem in the proof of the previous theorem consists in the identification

of the limit
hm / / S(D D(p)dxdt

N is some approximate solution of (2.2). The method used here is based

where v
on Vitali’s convergence theorem and the almost everywhere convergence of DvV
This method was developed in [31], [32], [6], [30], [14] to handle situations when the
theory of monotone operators fails to identify the above limit. It is worth noticing
that unsteady problems for ERFs cannot be treated with the help of monotonicity
methods even for large po, due to the non-standard growth of the governing system,
i.e. within the classical Sobolev spaces our assumptions (2.5)—(2.7) imply

C(1+ D|)*~"*D|* < S(D,E) - D < C(1 + D) *|DJ*.

Before we start with the proof of the above theorem we need some preliminary
results related to the extra stress tensor S. Let us start with an algebraic lemma.
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We write f = g iff there exist constants Cy, C7 > 0 such that

Cof <9< Cif,
where we always indicate on which quantities the constants may depend.

Lemma 2.17. For all A,B € R**? and all ¢ > 1 there holds
1
/ (14 B+ s(A—B))72ds = (1+ [B| + AT,
0

with constants depending on q only.
Proof. The proof can be found in [24, Lemma 8.3]. O

Remark 2.18. Since |A| + |A — B| < 2(JA| + |B|) < 4(|A| + |A — B|) we
immediately obtain from Lemma 2.17 that for all A,B € R?*? and all ¢ > 1 there
holds

1
/ (14 B+ s(A— B)|)"2ds = (1+ |B| + |A — B|)*2,
0

with constants depending on ¢ only.

Lemma 2.19. Suppose that S satisfies (2.5) and (2.6) and S(0,E) = 0. Then
there holds for all A,B € R3X3 and all E € R3

Sym

(a) S(ALE)-A = |A|*(1+ |A|)p(|E\2)72’

(b)  (S(A,E)—S(B,E))- (A —B)=|A—BJ*(1+B|+|A|F(E"-2,
(c) IS(A,E) — S(B,E)| = |A — B|(1 + [B| + |A|)P(E)-2,
(d) S(AE)| = |A|(1+ |APIED-2,

with constants depending on pu., po (cf. (1.58)) and 1 + |E|? only.

Proof. Note that the statement (a) is a special case of (b) by choosing B = 0
and using S(0,E) = 0. In the same way (d) follows from (c). In order to prove (b)
one notices that (2.5), (2.6) and Lemma 2.17 yield

(S(A,E) -S(B,E)) - (A - B)
B /1 9S;;(B +s(A — B),E)
o dDy

(A*B)kl(AfB)ij ds
1

g|A—B|2/ (1+|B+s(A—-B)|)P?ds
0

=~ |A -BP(1+B|+|A])P7?,
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where we used (1+42)2 = (1 + |y|). From this we immediately obtain

|A —BJ*(1+[B| +|A])"* < ¢(S(A,E) — S(B,E)) - (A - B)

<
< ClS(A, E) - S(B7E)| ‘A - B|7

which delivers the first inequality in (c). For the other inequality we use (2.6) and
Lemma 2.17 to obtain

IS(A,E) - S(B,E)| =

/1 025;;(B + s(A —B),E) ds(A — B)w
0

0Dy
< c|A - B|(1+|B|+A])P?,

which finishes the proof. ([

Remark 2.20. Note that in the right-hand sides in Lemma 2.19 one can replace
1+ |B|+|A| by 1+ |B|+|A —Bj.

Now we derive lower bounds for the expressions Z(¢,v) and J (¢, v), defined in (2.9)
and (2.10), for which we will often simply write Z(v) and J(v). They arise from
testing (2.2) with —Av and “02v”, respectively. The expression (1 4 [Dv|?)'/2 will
appear quite often, so it is very useful to introduce the abbreviation

(2.21) Dv := (1+ |Dv]?)"/2,

As a consequence of (2.5) we have

(2.22) I(hv) > 7 / (Dv (1) VEOP) -2 D(vv) () 2 da,
Q

(2.23) Tv) >0 / (Dv(£)PIEOD=2D(9,v) ()2 da.
Q

Note that 0;0,vm = 0jDimV + Ox DV — O Dji v, which implies
(2.24) |V2v| < 3|D(Vv)| < 3|V?3v|.

Thus, |D(Vv)| can always be replaced by |[V2v| (and vice versa) by increasing the
multiplicative constant.
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Lemma 2.25. Let S satisfy (2.5) and (2.6). Then for all (sufficiently smooth) v,

for all 1 < , and almost every t € I there holds:
1/2|[/ 7 2-p(EMI?)
(2.26) ID(VV)(®)l- < C(Z(t,v)) 2 [|(Dv (1)) 2/ 2ryy
~ 2-p(E®)12)
(2.27) ID@v)(#)]l < C(T (£, %)) 2]|(Dv () lz/2—ry>

where 2r/(2 —r) = oo for r = 2.
Proof. Observethat 1 < 2/r < oo and 1< (2/r) =2/(2—7r) < oco. Further

for 1 <r < 2 we have

IDwl; = [ (Dv)P2|Dw ) 2(Dv) P72 s
Q
~ r/2 _
S (/ (Dv)P~?|Dw/? d:c) ||(Dv)(2—p)r/2||2/(2_T)
Q

- r/2
_ ( /Q<Dv>l’-2|Dw|2dw) 1BV, o

Choosing now w = Vv and w = ;v and using (2.22) and (2.23), respectively, we
obtain the assertions of the lemma for r < 2. The case r = 2 is treated similarly. O

Lemma 2.28. Let S satisfy (2.5) and (2.6). For all (sufficiently smooth) v with
Jo vdz =0 and almost every t € I there holds

(2.29) Vv (t)]|P= < C(Z(t,v)+1),

3?
1,50y

(2.30) 10y (DI 50 < CT (8, V)P (I (t, v) + 1) 7Pe)/2
(2.31) < CO(T(t,v) + I(t,v) +1).

Proof. From Lemma 2.25 (r — p3p+1) we deduce, also using 2 — p < 2 — po,

IDOV)] o, < O [(DV)F | e

P

CI(V)2(1+ |DV|3p.) *~

/N

(v)

< CT(v)'/2|(Dv) %=
v)
(v)

/N

CI(V)Y2(1+ C|VDV| s ) *
Poo +1
since [, vdz = 0. Due to VDv = D(Vv), this implies
IDOVIP5 < CE(V) +1).
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From (2.24) and [, vdz = 0 we get

IVVIP>,,. < C(Z(v) +1).

1, 3Poo
’Poot1

Analogously we can use Lemma 2.5 to get

2-pco

SCIW2NDV) | o

D)l

Poo
Poot+1

<CTW)(1+CVDY| s )
(2.29) 1 2-poo
SOTW)V2(1+0Z(v)+1)7=) 2

2—p

< CTW)2(1+ I(v) T

Again [, vdz = 0 and Korn’s inequality imply

2-poo

SOTW) A+ I(v) =,

100v]y, s, < CID(@1)

[| e
Poot+1

which proves (2.30). The last inequality follows from Young’s inequality. O

2.1. A priori estimates

Now we use a Galerkin approximation to derive a priori estimates for approximate
solutions v of the system (2.2). These estimates allow the limiting process N — oo
showing the existence of a solution v of the system (2.2).

Let {w"} denote the set consisting of the eigenvectors of the Stokes operator de-

noted by A. Let )\, be the corresponding eigenvalues and Xy := span{w!,..., w™V}.
N

Note that (w”,1) = 0. Define PVv := Y (v,w") w". Then we have
r=1

(2.32) Ar <wT,VN> = <Awr,vN> = <Vwr, VVN>

and PV: W2 — (Xy,| - ||s.2) are uniformly continuous for all s € [0,3] (cf. [42],

[30]). .
Setting £V = PNf we seek the approximate solution v (¢,z) = > ¥ (t)w"(x),

r=1
where the coefficients X (t) solve the Galerkin system (for all 1 < r < N)

(2.33) (0vN,w") + (S(DVN,E)Dw") + ([VvN]vN, w")
= (t¥.w") - X" (EQ E,Dw’),
VN(O) = PNVO.
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Since the matrix (w;,wy) with j,k = 1,..., N is positive definite, the Galerkin
system (2.33) can be re-written as a system of ordinary differential equations. This
in turn fulfills the Carathéodory conditions and is therefore solvable locally in time,
i.e. on a small time interval I* = [0,7*). From the assumptions on f in Theorem 2.13
it follows that £V = PNf € L°(I;W12(Q)) and 8, = PN (9,f) € L*(I; L*(2)).
This implies ¢, 9;c,02cN € L2(I*). Thus vV, 0,vV,02vYN € L?(I*; Xy). (Note
that the norms may depend on N). To ensure solvability for large times at least for
this finite dimensional problem we have to establish a first a priori estimate.

Since vV € L?(I*; Xx), we can test (2.33) with vV and get
1
(2.34) §dtHvNH§ +(S(DvY,E),DvY) = (V¥ vV) - ¥ (E® E,Dv").
Note that ([VvN]v¥ vV) = 0 due to divv" = 0. From the coercivity of S

(cf. Lemma 2.19 (a)) and the pointwise inequalities

Poo —2

> 14y >

pUE[®) -2
2

1+ TP >Cl'—1), 1+

we deduce that the second term on the left-hand side of (2.34) is bounded from below
by
02/ (1+ [E)(IDVN PUED) Dy =) da — c/ 1+ |E?dz.
Q Q

The terms on the right-hand side of (2.34) are bounded from above by

Cy

=2 [ (1+[BR)DVN P~ dz + CIIE|3 + C|l£]5.
Q

Integration over time and Gronwall’s inequality thus imply

max
(0,7

-

VM3 +/ / DvY [PUB®) 4 Dy P> dz dt < C(T, £, v, E).
0 JQ

In particular we get

[N || oo 14y < C(T, £, vo, E), 1<r<N.

As a consequence we can iterate Carathéodory’s theorem to push the solvability of the
Galerkin system (2.33) up to any fixed time interval I = [0, T]. Hence, independently
of N

(2.35) HVNH%OO(I;LQ(Q)) + 0p(EP).Qr (DVY) + ||VVN||}£C§°O(QT) <G,
where we have also used Korn’s inequality in LP>(2).
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We got the first a priori estimate by using vV as a test function. To derive our
second a priori estimate we want to use Av’V as a test function. The special choice
of base functions w” ensures that we do not leave X, the space of admissible test
functions. More explicitly we multiply the rth equation of the Galerkin system (2.33)
by A\-c¥ and use (2.32) to obtain

(2.36) <8tvN, AVYY + <S(DVN, E),D(AvY)) + ([VvV vV, AvY)
= (VEV, vv"V) — " (E® E,D(AV")).

Due to the periodicity we have A = —A, and thus

vl duN N
. N NA N _ J % % < N3
(2.37) /Q[Vv v v dx , Dux Dz, Dan de < ||Vv7Y 3,
OE; ovN
(2.38) —x /QE®E D(Av")dx = 2x QEakaJ<axk)dx

<1 / (DvN PIED=2D(TyN) 2 da
Q

+ C(v,E,VE) / (DVN)FME‘Z) dz,
Q

651']' (DVN, E)

(2.39) /Q S(DvY E) - D(AvY)dz = /Q Dy (Vv Dy (VvY) da

0Dy
- N
+ / MVEkDij(VvN) dz.
Q OEy

The right-hand side of (2.39) is bounded from below by

1 ~ 2
“Z(vM) + ﬂ/(DvN)MIE\ =2 D(VvY) 2 da
2 2 Jo

- %/Q(DVN)MIE\Z)*HD(VVN)Fdx

~ Cn VB) [ DV (14 (DN i,
Q

where we used the definition of Z, (2.22) and Young’s inequality. Thus we have
(2.40)  d|VVY R+ Z(vY) + % / (DvN (B =2 D (vv V)2 d
Q
S CA+ VY3 + [(VEY, Vv | + 0,(mp2) 0 (DVY)),

where we also used the estimate In(1 + 32) < ¢(1 + y?)7 and p(|E[?) < po < 2,
2 - p([EP) < p(EP).
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If p > & one can show that | Vv |3 < Cc||[VvN |5 VvV |3 4+ cZ(vY) (see [30]),
which enables us to apply Gronwall’s inequality after absorbing eZ(v") on the left-
hand side. This would give us a global estimate. If p > % we can show that
VN3 < Col[VVN[E [ VN[5 +eZ(vY) for some constant 1 < R < 0o and there-
after absorb eZ(v") on the left-hand side and apply a local version of Gronwall’s
inequality (cf. Lemma 2.52). This would give us an estimate for small times. Nev-
ertheless we will not make use of these facts, since we are also interested in smaller
values of p than %

We will test immediately with “9,v¥9,” to get in addition to (2.40) another es-
timate. Then we will use the resulting two estimates at the same time to derive
quite strong a priori estimates for vV for values up to p > % Let us take the time

derivative of the Galerkin system (2.33):

(2.41) (0pvN,w") 4+ (0,S(DVY,E),Dw") + (0,([VvN]vY),w")
= (", w") = x" (H(E® E),Dw"),

for 1 <7 < N. Since v¥ € W22(I; X,,), this makes sense and we can even test with
oyvN € Wh2(I; X,,) resulting in

1
5[0+ (2:S(DVY,E), D(0rvY)) + (0 ([VVY V), av™)
= (0N, 0,v") = x" (0(E®@ E),D(9v")) .

Similarly as in (2.38) and (2.39) we get

7XE/ at(E®E) . D(atVN)dI g %/ (DVN)P(‘E|2)—2|D(atVN)|2 dl’
@ Q

+ 0(717 E, 8tE) / (DVN)Q_P(|E\2) dI,
Q

. N
/6tS(DvN,E)~D(8tvN)d:z:: / WDM (0,vN)Dyj (9,vN) dx
Q Q 0Dy

B N
+/ wﬁtEkDij(atvN)dx
0 OE),

1 ~ 2
> 576+ 2 [ (D pIE DoY) P s
Q

-5 / (DvN)PIED=2D(09,v V)2 da
Q

— O, E) / (DvN)PUER (1 4 In(DvV)2)2 da,
Q
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where we used the definition of J, (2.23) and Young’s inequality. This yields

(cf. (2.40)), also using divv" = 0 in the convective term,

(242) o™ g+ TN + B [ (DY D@ do
Q
<O+ [([VvN]ov™, 00v™)| + [(0fN, 0vN )| + [VVY 13
+ op(iy) 2(DVY)).

Recall that

(243) VB ZN) + B [ (DoY) DOV )P da
Q

< C(l + ||VVNH§ + |<VfN,VVN>| + Qp(‘E|2)’Q(DVN)).

At first sight, we have gained nothing. We have to control one more bad term, namely

H{[VVvN]0vY, 0;vN)|, but we only got more information about the time derivative

of vV, But the critical term ||[Vv" |3, which gave the lower bound for p, has no time

derivatives. The next lemma shows that 7 (v?) reveals indeed more information.

Lemma 2.44. Let 1 < q < oo, then for almost every t € 1

(2.45) di(|[Dv(#)]|2) Cj(tvV)%(Q2q—p(|E(t)|2),Q(Dv(t)))1/2
t

<
<eJ(t,v)+ Cagzqu(m(t)m,n(bv(t)),

where 02 p(|B|2),0(DV) = fQ(Dv)Qq’p(‘Em dz even if 2¢ — p(|E|?) < 1.
Proof. Note that

0 ((Dv)?) = q(Dv)? (D v)(0: Djpv).
Hence
41DVl <a [ Dy oDy ds
=4 [ (D) ID(@w)|(Dv)" 47 da

< qCT (V)% (02 p(E2)0(DV)) 2,

N

by Holder’s inequality, which proves the first assertion. The second follows from

Young’s inequality.

O
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This lemma enables us to produce d; (|| Dv [|4) on the left-hand side of (2.42) if we
add CQQq,p(‘EF),Q(ﬁV) to the right-hand side. Thus we have three terms to control:

(2.46) IV I 19V 10N, 0™, o2y 2 (DY),

The first and the second one will be easier to estimate for large ¢, but the third
one for small q. The problem now is to find the optimal choice for q. We start by
examining which values of ¢ are needed for the first and the second term. In view
of local Gronwall’s inequality (cf. Lemma 2.52), we will be able to control arbitrary

powers of ||EVN||Z and [|0,v" 3.

=R (pOO) > q,

such that
IV < Cel|Dv|[F +eZ(v) + ¢

Proof. Ifg > 3, then there is nothing to prove, so assume g < 3. We interpolate
L3(Q) = [L1(Q), L*P>=(Q)]y with § = (3 q)p 1—6=2r==D 414 obtain

—-q’ 3Poo—q
IVv3 < IVt =2 vl
If 30 < poo, there exists an § > 1 such that

C. HVV||3<1—9>5’ +e| Vvl
C.[|[ Vv |30=09" 4 50|\VV|

IVv]3 <
< 1, 2o

< CL|| WV 4 cC(Z(v) + 1),
where we used Lemma 2.28. So by Korn’s inequality

IVV]3 < Co, | DV|20=9%" 4 4T (v) + €.

We still have to verify 30 < poo, but this is equivalent to

3(3 — ¢)pso 9 — 3pso
B-0p 93w
3P — ¢ 2
which holds due to the assumption on gq. ]
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9—3poo
2

Lemma 2.48. Letq >
R3 = R3(pso) > ¢ such that

, then there exist constants Ry = Ra(poo) > 2 and

([VV]0iv,0pv)| < eT(v) + C’g(||6,gv||f2 + ||Dv||ff$ +1).

Proof. Note that Lemma 2.25 (r — 2—1)2i+q) implies

(2.49) IDOV) 20 < CTE) (DY) B

2—poo+q 2—poo

~ 2—pso
<CIW)|[Dvllg 2,

where we used that (1 + 32)2=P)/% < (1 4 y?)2~P=)/4, Furthermore we have the
2 6

embedding W' z=peca () < Ls=5v7a (). Since 9=3P= < ¢ is equivalent to q—Z_% <

%, we can interpolate L;qu(ﬂ) = [LZ(Q),L6*32;+Q (Q2)]p. This and Korn’s

and Young’s inequalities imply

([VVI0v, 0w} < 1100 e [V lg

2(1—0
< Clov |3 N0* e |9V,

6—3pocct+q

2(1-06
< oI 1009V e[V,

cotaq
(2.49

2-pco
2

) _ 1~
Clowv 3" (T )3 Dvllg = )PV,

<
< eI (v) + Ce((|0pvll5™ + | DvIlge +1).

O

It is indeed interesting that both terms |{[Vv]d;v,d;v)| and ||[Vv¥||3 require the
same bound for ¢, which is ¢ > %(9 — 3Poo)- Now we have to find the upper bound
for ¢, in order to control Q2q_p(|E‘2)7Q(DVN). For that we require g < %(3 + Poo) and
obtain

. 2 . B - 20—pus

J DV e < [ Dy s do = | DYV < VYV + 1)
since 2¢ —poo < 3. That means that 0y, ,(EJ2).0 (DvY) can be controlled if | Vv |3
can be controlled. But for p,, > % we can always find ¢ such that

9_3p<>o 3+p<>o
7 P <
7 <1 2
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Thus all terms in (2.46) can be controlled under this condition. It remains to control
the terms involving £V in (2.42) and (2.43), which is easily established by

(VEY, OV ) < [IPYE[12 [V 2 < Cllf 12 [V l2
< C|IE[I3, + CIIDVN3,

O™, 0ev™) | <[P (DeE) 12 10:v™ (|2 < Ol 04|z 106w ™ |2
< C|of||3 + Cllov™N I3

Finally we have, since p(|E[?) < pp <2 < g,
(250) Qp(lE‘2)7Q(DVN) < ||DVNH58 < CHDVNHE

Hence by Lemma 2.47, Lemma 2.48, Korn’s inequality, and the above calculations
we get, for max(2, %) <q< %,

AN I3 + d (DY) + il IV 3+ Z(vN) + ZT (V)
<O+ [([VV]ovN, 0v )| + [(0N, 0v™)| + 0p(J2)0(DVY)
+[(VEY, v [+ [V + 029 p(mi).0(DVY))
< O+ || DvN xR Bia ) 9w |32 4182 )+ (|0uf]13).

The following lemma ensures that for small times 7" we get boundedness (uniformly

with respect to N) of the following expressions, for max(2, %) <q< H%:

(2.51) HatVN”zLoo(I/;L?(Q))v ||VVN||%°0(]/;LQ(Q))7
IZCv™) 2y 1T ey,
where I’ = [0,7’]. These a priori estimates in turn are sufficient to pass to the

limit N — oo to get a solution v of our original problem (2.2).

Lemma 2.52 (local version of Gronwall’s lemma). Let T,a,co > 0 be given
constants and let 0 < h € C([0,T]), 0 < f € C'([0,T)) satisfy

(2.53) F(t) < h(t) + cof (£)

Then
F(t) < H(t) + H(to)((1 — acoH (tg)* t)~% — 1)

for all t € [0,1¢), where
H(t) := f(0) —&-/0 h(s)ds,

and where tg is defined by the condition acoH (t9)* to = 1.
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Proof. Define a: [0,ty) — R>O by
alt) :== Hto)((1 — acoH(t)* )% —1).
Then a solves
a'(t) = co(H (to) + a(t))' ™,
a(0) = 0.

Setting z(t) := H(t) + a(t) we see that for all ¢ € [0, ) holds

+

2(t) = h(t) +d'(t) = h(t) + co(H (o) + a(t)) +*
> h(t) + co(H(t) 4+ a(t)) T = h(t) + coz(t)' 1.

Since z(0) > f(0) we get from this and (2.53) that f/(0) < 2’(0). Consequently, there
exists ¢ > 0 such that for all ¢ € [0,¢'] holds f(¢) < z(t). Iterating this argument we
obtain the assertion of the lemma. O

In order to derive the last estimate from Theorem 2.13 we go once more into (2.36)
and move the term with the time derivative to the right-hand side. This gives

V) < C(1+ V9V 3+ (VY TN+ gy sy o(DVY) + |09~ AvY)]).
Using
IEN | oo (w2 () = 1PV Ell Lo (w2 (a)) < CllEllzoo w2y < C,
together with (2.50), (2.51) and Lemma 2.47, for ¢ > max(2, 2(9 — 3p)), we get
(2.54) I(vN) < C(1+ (0w, —AvY))).
The following lemma gives control of the remaining term [(9;v™, —AvV)|.

Lemma 2.55. For 1 < py, < 2 there holds
4(poo —1) 2 poo+2
[(0rv, AV)| < C||0pv |72 T (v)Tree D (Z(v) + 1) 6re-3

Proof. With the help of Lemma 2.28 we conclude

[(0rv, AV)| < [|0rv]|_spes_[[VIl2, sp=
2poo—1 Poo+1
< N0 o (T(v) +1)1/P=
Poo—1
< Cllowlly ™o ]l] S (Z(v) + 1)/

< cnatvn;*@w(v)l(z( )+ 1) =) (T(v) + 1) /P,

where we used the interpolation Lo () = [L?(Q), L3P=(Q)]g with § = 32;;573027

1-60= gg“’ —4_ Consequently 2 =t + t = %. This proves the lemma. O
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This lemma, (2.54) and (2.51) imply
1+Z(vY) < O(1+ T (V)T (Z(vV) + 1)),

Thus by Young’s inequality, which is applicable for po, > g, we get

(2.56) I(vN) < C(1+ J(vN)5=s),

5psc —6
2—Peo

which raised to the power gives, in view of (2.51),

5poc —6

I(vM) e <Co(1+J(WY)) <C.

This and (2.51) implies that the following expressions are bounded independently
on N, for max(2, g;gpﬁ) <q < 3—+§ﬁ,

(2.57) HatVNH%OO(I’;H(Q))» ”VVNHqLoo(p;Lq(Q))a
N N
1Z(v )HL%(”, 1Tz

2.2. Passage to the limit
From (2.57) and Lemma 2.28 it follows that

(2.58) VNI, spe—s <C,
LV 2205 (115 W 2 pee (Q))

(2.59) 106vN | oo (173 1202)) + 10V |

<G,

1. 3Pco
Lroo (I';W7 Poo +1 (Q))

since (v, 1) = 0. Thus we can pick a subsequence (still denoted by v¥) with

5poc —6
2-poo

(2.60) vV ~v  in P> (I'; W2P=(Q)),

(2.61) BN — 8y in L°(I'; L3(Q)) N LP>= (I'; Wh =31 (Q)),

where we have used the fact that the weak limit of distributions on I x €2 is unique.

Since W2P(Q) < W12(Q) for p > £, the lemma of Aubin-Lions implies the

existence of a subsequence such that

(2.62) Vvy — Vv in L3(I' x Q).

As a consequence we get convergence of the convective term
(2.63) VvV VY — [Vv]v in LY(I' x Q).
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Observe that we have due to Lemma 2.19 (c) (with B = 0) and p(|E|?) < po < 2

(2.64) ||S(DVN7E)HL2(I’XSZ) C(E)H(DVN)ME‘Z)%HLz(Ifo)

CA+ [VVvN |2 xa) < C.

NN

On the other hand by (2.62) DvY — Dv a.e. in I’ x , so
(2.65) S(DvY,E) - S(DV,E) ae. in I' x Q

due to the continuity properties of S. Now Vitali’s convergence theorem, (2.64) and
(2.65) imply

(2.66) S(DvY,E) — S(Dv,E) in LY(I' x Q).

Now we can easily pass to the limit in the Galerkin system (2.33). Indeed, choose w”
and ¢ € C§°(I'), then we can conclude from (2.33), (2.61), (2.63), and (2.66) that

// (v, w") + (S(DV,E),Dw") + ([Vv]v,w")) dt

[ etitwn) BB o B D) dr
Furthermore v fulfills

< C

190¥l| 2100 + SOV E) 131y + NIV 3 1 <

Since {w',w?,...} is dense in W*%(Q) NV, and W*2(Q) — W1>(Q) for s > 5,
we deduce that

// o((Opv,w) + (S(DV,E),Dw) + ([Vv],v,w)) dt
= / o((f,w) — x¥(BE ® E,Dw)) dt
is fulfilled for all w € W*2(2) NV,,_, especially for all w € V. Note that
(Opv,w), (S(DV,E),Dw), ([Vv]v,w), (f,w), (E® E,Dw)c LY(I')
and thus we obtain for all w € V and a.e. t € I’

(2.67) (0pv,w) + (S(DV,E),Dw) + ([Vv]v,w) = (f,w) — x¥(E ® E,Dw).
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It remains to show that v(0) = vo. The embedding W12(I') — Cz(I’) and the
interpolation L>(I") = [L*(I"), W'(I')]y imply

(2.68) [|PYvo = v(0)]|2 = [vY(0) = v(0)]2

<O|vN — VIIZ2 (1220 |0 — OuvlIZ2(p.p2()) — O-

—0 <C

Since PNvy — vg in L?(Q) we get v(0) = vo. Overall we have shown by (2.67)
and (2.68) that v satisfies (2.2) in the weak sense. It remains to prove the estimates
for v, Z(v) and J(v). First of all, from (2.60) and (2.61) it follows that

2.69 0 o (17 <C
(2.69) 10Vl Lo (17 L202)) + [V 17 B2 1w imse (@)

The passage to the limit in the expressions || Z(v")|| P20 0 and |7 (vN)| 1y is
L2 s (I'

possible, since due to (2.62), (2.58), (2.59) and the convexity of Z and J in D(Vv)

and D(9;v), respectively, we can use De Giorgi’s semicontinuity theorem (cf. [23],

p. 132) and a version of it (cf. [12]) to obtain

T 5pcc —6
(2.70) / I(t,v) 35+ J(t,v)dt < C.
0

Moreover from this, (2.30) and Young’s inequality we get

T oo (5poc —6) T 5poc —6
(2.71) / 10l Ghe Biom D g <C I(t,v) 2=pe + J(t,v)dt < C.
0 1

3poo
oot 0

In order to obtain the estimate for 97v we differentiate (2.67) with respect to time
in the sense of distributions, which yields for all w € V and all ¢ € C§°(I")

(2.72) /T (0}v, w)pdt = /T —(0:S(DVv,E), Dw)p + (2v ® 9;v, Dw)¢p
0 +O<atf, w)p — 2P (E ® O,E, Dw)pdt.
From (2.6), (2.7) and p(|E|?) < po < 2 we get
12:S(Dv, B[ < C(1+ T (v) +[IVV[3 +[[VV]3),

which due to (2.69) and (2.70) belongs to L!(I’). From (2.69) and the assumptions on
the data we easily see that also the other three terms on the right-hand side of (2.72)
belong to L'(I') if w € L?(I';Vs). This implies 92v € L?(I'; (V2)*). From (2 69),
(2.71) and the parabolic embedding (cf. [14]) we finally get v € C(I';V,), 1 < r <
6(poo — 1). This finishes the proof of Theorem 2.13.
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3. TIME DISCRETIZATION

Now we discuss a time discretization of the system (2.2) under the additional
assumption that
p = const.

and consequently we have to modify our basic assumptions on S. We assume that
the following monotonicity condition

0S;;(D,E)

BijBi = (1 + [EP*)(1+ |DJ?)*=" |BJ,
6Dk;l

(3.1)

is satisfied for all B,D € X := {D € R3%3, tr D = 0}, and that the following growth

sym
conditions are satisfied for i, 5, k,l,n=1,2,3,

05;;(D,E p—2
(32) |250B) ) <1+ B+ D),

95;;(D,E p—1
(33) |2 DB) | s pmi1 + B2)1 + D)

For the numerical analysis we need some additional notation. Let Ij, = {t,, }*_, be
a given net in an interval I = [0,¢5/] with a constant time-step size k := t,, — tyn—1.
We denote by d;v™ := k=1 (v™ —v™~1) the divided difference in time. By 19(I; X)

M 1/p
M_ ) with finite norm (k > Hcpm”g() . For

m=0

m=0

q = oo, functions {¢™}M_ need to satisfy the bound max ||¢™|x < co.
o<m<M

we denote the space of functions {¢™

The problem (2.2) is approximated by a time discretization by means of the implicit
Euler scheme:

Algorithm 3.4. Let there be given a time-step size k > 0 and the corresponding
net Iy = {t,m}M_,. For m > 1 and v"~! given from the previous step, compute an
iterate v that solves

(3.5) div™ — divS(Dv™  E(ty)) + [VVT v 4+ Vo™
= £(tm) + X" [VE(tm)|E(tm),
divv™ =0,
v0 = vy,

endowed with space-periodic boundary conditions (2.6).

The main result of this section is:
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Theorem 3.6. Assume that the extra stress tensor S satisfies (3.1)—(3.3) and
S(0,E) = 0. Let vo € W22(Q) NV, be a given initial velocity, f € C(I; W12(Q)),
of € C(I; L*(2)) be a given force, E € C*(I;C1(Q)) be a given electric field. Let
v be a strong solution of the problem (2.2) on the interval I' = [0,T"] for p € [3,2]
satisfying (2.14) and (2.15). Suppose that v"™ is a weak solution of the problem (3.5)
satistying (3.19) and tpr < T'. Then for all

(3.7) a < ap(p) =

there exists a constant C that only depends on vq, f, Q, T' and o but not on the
time-step size k, such that the following error estimate is valid, provided that the
time-step size is chosen sufficiently small, i.e. k < ko(p,T"),

M
(3.8) max |[|V(tm) = V"3 +k Y [D(V(tm) — v™)|2 < CK*.
m=1

1<m<M

Remark 3.9. With a more refined technique (cf. [13]) one can show that the
assertion of the theorem holds for p € (%, 2] ~ (1.5583,2].

Before we start with the proof of Theorem 3.6 we need some additional properties
of quantities related to S. Due to (3.1)—(3.3) we get that Z(¢,v) and J(¢,v) defined
in (2.9) and (2.10) satisfy the analogue of (2.22) and (2.23), i.e.

I(tv) > m /Q<Dv<t>>p*2|D<Vv><t>||2d:r,

F(t.v) = [ (Dv()*DEw)OP da.

Q

The discrete analogue for [J(v) for a function defined on a net I reads as follows

1 -1
0S;;(D(sv™ 4+ (1 — s)v"™ 1), E(tm,
Kv™) = / / s DV + (1= HviT), Bltm)) 4, D (dv™) Dy (dev™) daz,
aJo 9Dy
which due to (3.1) and Lemma 2.17 satisfies

(3.10) KH™) = Cs / (1+ Dv™* + |Dvm_1|2)pz;2|D(dtvm)|2dw.
Q
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Lemma 3.11. Let S satisfy (3.1) and (3.2). Then for all (sufficiently smooth) v
with fQ vdx =0, for all 1 < q < oo, and almost every t € I there holds:

(312) VYO s+ DV 2 < CT(V) DV,
(313) 0Ol s+ DOV 2 < CTEVIDVOIE.

Proof. Lemma 2.25 (r — 272;+q) and p = const. imply

ID(VV)| 20 < CZW)3I[(DV) " | 20

Lo~ 2P

SCI(v)2|[Dve®
which together with the embedding W22 rra Q) — W e=spra (Q) proves the first
assertion. The second assertion follows analogously. O

Since K(v™) is the discrete version of J(v) we immediately obtain in the same
way as in Lemma 3.11 and Lemma 2.28:

Lemma 3.14. Let S satisfy (3.1) and (3.2). For all (sufficiently smooth) v
with [, v™ dxz = 0 there holds for all q € [1,00):

(3.15) ldev™ |12 s+ [D(drv™)[% 20
—3p+aq 2—p+gq

< CK™)(IDV™||q + [|IDV™]g)> 77,
2—p
(3.16) ||dtvm\\§p+|\dthme? SCA+IE™) +Z(v™ )= K(vm)P/2,
p+1

(3.17) SCA+ZIV™) +Z(v™ Y +KH™).

The following lemma ensures the solvability of the problem (3.5).

Lemma 3.18. Let S, vq, f and E satisfy the assumptions of Theorem 3.6. Then
there exists a weak solution v"™ of (3.5) satisfying

M
m||2 m
(3.19) (Jnax V75 +k Zl IDv™|[} < C(F, vo, E),

whenever p > %
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Proof. First of all note that the strategy employed in the proof of Theorem 2.13
to ensure the existence of strong solutions is not applicable in the discrete case,
since there is no discrete version of the local Gronwall’s inequality. For p > % the
estimate (3.19) is sufficient to ensure the existence of weak solutions using the theory
of monotone operators (cf. [29]). For this we must view (3.5), with k& and m fixed, as
a steady system with the discrete time derivative as the right-hand side. In order to
prove the lemma for p > 2 we proceed as follows (cf. [22], [41]). We approximate (3.5)
by the mollified system

(3.20) divy, —divS(Dvy'  E(tm)) + [VV" (v )1/m + V7!
= fn(tm) + XE[VEn(tm)]En(tm)v
divv]' =0,

where (v)')1/, = wi/, * v is the usual mollification. Now we fix m and & and
move the discrete time derivative to the right-hand side and view (3.20) as a steady
system. Using the Galerkin method and the theory of monotone operators® it is easy
to show that there exists a weak solution to (3.20) satisfying the estimate (3.19).
The key observation is that

[(Vv™](vi')1/n is bounded in LG%(Q)

uniformly with respect to n. To take advantage of this property we must use L°°-test
functions which ensure the almost everywhere convergence of Dv}. This argument
is elaborated in detail in [41] and one can follow exactly the argumentation there.
As a result one obtains that Dv] converges a.e. in {2 to Dv"™, which together with

Vitali’s convergence theorem enables the limiting process in the weak formulation
of (3.20). O

In order to verify Theorem 3.6 we have to deal with two problems. Namely that
the discrete solution v™ of the problem (3.5) is only weak and secondly that the
information about 97v is also weak. Thus we introduce an auxiliary problem to
split these problems subsequently. We follow the procedure introduced in [37] and
consider the following auxiliary problem:

Algorithm 3.21. Suppose that v is a strong solution to the problem 2.2 with
the properties stated in Theorem 2.13. Then determine V™, m = 1,..., M, that

o Note that the mollified convective term maps the space Vp into W ~1P(Q) for p > %
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solves

(3.22) A V™ —divS(DV™, E(ty)) + [VV™]v(ty) + VII™
= f(tm) + x"[VE(tm)E(tm),
divV™ =0,
VO = v,

endowed with space-periodic boundary conditions (2.12).

We have linearized the convective term with respect to the continuous solu-
tion v(t,,), for which we have good regularity properties. The hope is that V™
inherits the reqularity from v. In fact this is the case at the expense of restricting
ourselves to a smaller range of p’s.

Proposition 3.23. Let S, vq, f and E satisfy the assumptions of Theorem 3.6.
Let v defined on I = [0,T’] be the strong solution ensured by this theorem and let
tym < T'. Then there exists a strong solution V™ of the problem (3.22) whenever
pE [%, 2]. This solution satisfies

M
(3.24) (dax [ dVE+k D (T(VT)

m=1

5p

= 4 K(V™) < C(f, vo, E).

In particular we have that for all 1 < r < 6(p — 1) it holds
(3.25) Ve P (1 W () 011 V),
m 20 1,3 %) 2
dy V'™ € 1T=20-D (I;; WH+ (Q)) N 1% (I; L ().

Proof. The existence of a strong solution V™ of (3.22) follows from the regular-
ity in (3.25) using the Galerkin approach with eigenfunctions of the Stokes operator as
a basis. The regularity (3.25) follows in the same way as in the proof of Theorem 2.13
from (3.24) using also Lemma 3.14. Thus we shall only derive these estimates. For

all missing details in the following computations we refer to [30, Section 5.3].
First of all we test the weak formulation of (3.22), which reads for all ¢ € V,

(3.26) (d:V™, ) + (S(DV™, E(tn)), De) + ([VV™v(in), @)
= (£(tm), @) = X" (E(tm) @ E(tm), D),

with V™ and sum up over all iteration steps to obtain the first a priori estimate

M
m||2 m
(3.27)  Jnax [V Hg—l—kz;lHDV b <,

where we used that ((VV™]v(t,,), V™) = 0.
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The next step is to use in (3.26) —AV™ as a test function. Again we use that
div v(t,,) = 0 in the linearized convective term, the properties of S (cf. (3.1)—(3.3)),
the definition of Z(V™) and obtain, after summation up to level N € {1,..., M},

(3.28)  [[VVN[3+ &) T(V™)

m=1

N
<C(1+k2/|Vv(tm)||VVm|2dx
m=1 Q

N kmzle /Q’ (’)S’ij(D\af;: E(tm)) VE, .Dij(vvm)’ dx).

The last term on the right-hand side can be bounded by (cf. (3.3))

N N
(3.29) ek > I(V™")+Ck > |DV™|p,
m=1 m=1

where the first term is absorbed in the left-hand side of (3.28). The second term on
the right-hand side in (3.28) can, for 1 <r < 6(p — 1), o € (0,1), be estimated by

(330) Vvl [TV < CIVV™IB, = CIVVm 35,

where 7’ is the dual exponent to r and where we used v € C(I;V;.). Now, for p > 3

and 35’52 < r < 6(p—1) we interpolate L2 (Q) both between L2(€2) and L3 (£2) and

between LP(§)) and L3P()), which gives

r(3p—2)-3p 3p
(3.31) [VV g < [V, 772 [ VV™ 0777
17(3p=2)—3p r(2=p)tp

3
4

IVV™ 2 VY™ 7 YV,

™

Using also (2.29) the right-hand side of (3.30) can be estimated by

(3.32) CA+[[VV™)@ [VVTEL (1 +T(V™)?,
where
r(3p—2)—3p 1r(3p—2)—3p
= (1 — .  — - y— 7/
Ql ( 04) 7’(3]) — 2) ) Q2 azp r )
2 3p 3r(2—p) +p
—(l-a)22 22T PTP
Q3 ( a)p ,,,(3p 7 2) a2p r
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Young’s inequality together with the requirements

1
Quo=170 Qa0 =1,

for any prescribed ¢ > 0 yields

N
L+ IVVNIE+k Y IV < C(l S N A ||VV’"%>W’),

m=1 m=1

where
20—1)(2—p)

A A=
() 3p2 — bp + 1

for e \\O, r " 6(p—1).

In view of (3.27) we have to check whether A < 1, which holds for p € (%ﬁ, 2].
Therefore we can employ discrete Gronwall’s lemma and obtain our second a priori

estimate

(3.33) | doax IVV™3 + k le (V™) < C.

Now we want to use “d?V™” as a test function in (3.26). This in fact will give us
the lower bound p > % Firstly, we have to introduce V. For that we set for all
peVy

—(V? = V71 ) + (S(DV?, E(0), Dy) + ([VV]V®, )
= (£(0),¢) — x"(E(0) ® E(0), Dy).
Using VY = v, p < 2 and the assumption on vy and E we obtain

(3.34) 1d: VO |3 < C(IE(0)]I5 + [I[Vvo]voll3 + [|div S(Dvo, E(0))]13
+ [|E(0) ® DE(0)|)3) < C

Now we can take the discrete time derivative of the weak formulation (3.26), use
d:V™ as a test function, and sum up to level N € {1,..., M}, to obtain

(3.35) IIdtVNH§

/ (DV™, E(t;,)) — S(DV™ ! E(t,,_1)))D(V"™ - V™ 1) dx

<mi )

[VV™dv(tm_1) - d: V™ da
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where we used (3.34). From the formula dyv(tn,) = k=" [;™ 0;v(s)ds and (2.15)
we deduce

(3.36) ldev(tm)]l2 < esslsup |0sv]l2 < C,

and thus we can bound the last term in (3.35) by

(3.37) [dev (Em—1)ll2 [ [VVT [V [ [l2 < CIIVV™ |4 [[d: V™ 4

<
<eK(V™) +CIT(V™),
where we used (3.15), (3.12) with ¢ = 2, (3.33) and Young’s inequality. However we

have to check whether
12

8—3p

W Ut

Z>4d<=p>

)

which is the lower bound from the proposition. Furthermore we have for the second
term on the left-hand side of (3.35)

Y / (S(DV™, E(tn)) — S(DV™ L E(trn_1))) - D(V™ — V1) dz
Q
=k / (S(DV™,E(t,,)) — S(DV™ ! E(t,))) - D(V"™ — V™ 1) dx
Q
=+ k71 / (S(Dvmil,E(tm)) — S(Dvmil,E(tmil))) . D(Vm o mel)dx
Q

= kK(V™)

1 g m—1 _
+k / / SV QEE(t’"‘l) 7B () Ard; By (ty) Dy (dy V™) da.
QJo n

The last term is moved to the right-hand side and there estimated by
(3.38) ekKK(V™) + Ck(|DV™ |2 + | DV™1|7),

where we used (3.3) and (3.10). Note that the last term is finite after summation
over m, due to (3.27). Alltogether, we have therefore derived our third a priori

estimate

M
m||2 m
(3.39)  doax |d:V™||2 + E Z:l/qv )< C.
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Using —AV™ as a test function in (3.26), where also the term with the discrete time
derivative is estimated, yields for p > 2 and 31%2 <r<6(p—1) (cf. (3.28)-(3.30))

(3.40) 1+Z(V™) < C(1+eZ(V™) + [ DV + |[VV™3,.
+[[de V™| _sp HVZV’”II%)

Zp—1

< C(1L+C|[VV™([3 +Z(V™)(1+ |[DV™|377)
+ HdtV’”st_gHVZV’”IIa_p)

p—1 p+1
< O(Ce +eZ(V™) + ||de V™| s (1 +Z(V™))V/P),

Zp—1

where we used V™ € 1°°(I;; W12Q) and p < 2; the interpolation of L (Q) between
L?(Q) and L%(Q), which is possible for p > 2, and (3.12) with ¢ = 2; again
V™ € °°(I;; WH2(Q)) and finally (2.29). For e sufficiently small we can absorb the
term ceZ(V™) into the left-hand side of (3.40). Thus we get

(3.41) (L+Z(V™) 7 < C(1+d V™| o ).

Now we interpolate L%?—fl(ﬂ) between L?(2) and L3P(Q), and use that d;V™ €
1°°(Ix; L?(2)) and (3.16), to arrive at

(342)  (1+Z(V™)F <C(1+KV™M21+ (V™) + (V)N 5,

with A = 32};172. We raise this inequality to the power v and apply Young’s inequality

to get

(343)  (A+I(V™M)'T
<O+ KV™3(L+I(V™) + (V™) VE)
<CO(1+ CK(V™) + (1 +T(V™) + T(Vm 1) =om A 50,

5243 A 52, which gives v = -3 %=2. With this v and

¢ sufficiently small we can absorb the last term in (3.43) into the left-hand side after

. -1
We now require “YPT =

summation over all time steps. Thus we have derived

M M
(3.44) Y T(VMET < 0(1 kY ic(vm)) <C.
m=0 m=0
The proof is complete. O
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Proposition 3.23 shows that the solution V™ of (3.22) has the same regularity
properties as the solution v of the problem (2.2). Thus we can split the error into
two parts, namely

(3.45) V(tm) = V" = (V(tm) = V™) + (VT —v™) =:n™ +e™.
Before we discuss these errors we need one more property of S.

Lemma 3.46. Let S satisfy (3.1) and (3.2). Then for all (sufficiently smooth) v,
w, for all 1 < r < oo, and almost every t € I’ there holds

D) = w(t) 2 < CS(Dv(t), E(t)) - S(Dw(t), E(t)), D(v(t) — w(t)))
x (1+ [Dv(®)[l; + [D(v(t) = w(t))[l:)* "

Proof. We have using Lemma 2.19

ID(v —w)| =27 = /ﬂ(a + [Dv| + [D(v — w)|)P 2D (v — w)[?) =57

2—ptr

@—p)r

X (1+ |Dv|+ |D(v —w)|) 27+ dz

< (S(Dv,E) — S(Dw,E)) -D(v — w)da ptr
Q

2—p
2=p+r
y (/ (1+ |Dv| + |D(v — w)|)rdx) ,
Q
which immediately gives the assertion. O

Let us first discuss the error ™, where we can take advantage of the regularity
properties for v and V™. The error ™ is governed by the following system, which
holds for all ¢ € V},,

(3.47) {din™, ) + (S(DV(tm), E(tm)) — S(DV™, E(tn)), De)

supplemented with

(3.48) R™ = dv(t) — Ov(tn) = — / (5 — o )PV (s) ds.

tm—1

From (3.48) and (2.15) we compute that

(3.49) RPE<C sup  [orv(s)lE,
Se[t7n71,tm]
t’VYL

(3.50) IRy < Ch [ 1RV, ds
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If we use n™ as a test function in (3.47) and sum over all iteration steps, we obtain,
for1 <r<6(p—1),

m m||2 m||2
(351) el Herkzl ID7™ | s+ D™ 2)

M
k> (R
m=1
where we have used Lemma 3.46 and v(t,,), V™ € [*°(I};V,). We can bound
the term on the right-hand side with the help of the embedding Wlﬁ#(Q) —
W27726r+3p’2(§2) and the interpolation of W =" 2(Q) between W12(Q) and L?(Q)
as follows

m . m mlﬁr m m
(3.52) (R™,n™) < [IR™[|, HR\m@ \M|W2%

< C(faVO)”Rm”(vz)r* +

ZIDn™ 2 .
D"

where we also used Korn’s and Young’s inequalities and (3.49). Now, we move the
last term in (3.52) to the left-hand side of (3.51) and it remains to bound the first
term in (3.52). Note that

op — 6
Alp—1)’

2r—6+3p

(3.53) o

=:1a(p,r) / ao(p) ==

for r /7 6(p—1).

From (3.50) and (2.15)3 we derive

M .t a(p,r)
m 204 T a(p,r
kz RS < oo (S0 [ ool as)
m=1"“"tm-1

< Cvk264(p,7")7

which together with (3.51), (3.52) yields

M
m||2 my|2 2a(p,r)
(3.54) (dax ™[5+ kD D0 E < Crkae,

with &(p,r) defined in (3.53).
We still have to deal with the error €™, which is governed by the system

(355)  (die™ @) + (S(DV™,E(t,)) — S(DV™, E(t,n)), Dyp) = (r™, ),
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which holds for all ¢ € V},, and where

(3.56) " = [VV")v(ty) — [VVT"]vT"
= [VVTn™ + [VVT]e™ 4 [Ve™]v™

If we use in (3.55) the test function €™ and sum over all iteration steps, we get

mH2
357 maX em + —_———————
057) s, o0 S IOl
M
<0kz/ |nm||em||VVm|d:c+Ck:Z/|em|2|VVm|d:c
m=1 Q m=1 Q2

M
= Ck Y (I +1I3").
m=1

For the lower bound of the elliptic term we used Lemma 3.46 with » = p and the
uniform bound for VV™ € [*°(Iy; LP(2)). With the help of Holder’s inequality, the
interpolation inequality

IVllze < VI3 VYR

with A = = and VV™ € 1°(I; L7(Q)), 55 < r < 6(p — 1), we find that the

term I{"* is bounded by

(3.58) [IVV™[[[e™ llzr [0 ll2r

[De™||3
(C + || Dem||;7)>>2
(C + | Dem|[;7")1/2

< Cl™ |l MV ™15 lle™ |15 (C + [IDe™|377)?

A
< Clle™[lz2 [[n™[|2(C + [[De™|[377) 703 +

Dnm”p

mHQ

<C mi|2 C(1 Dmp@(;fl))\ m||2 CDm2 %”
< Cl" I3 + C(1 -+ [De IR o -+ ™I+ 2
p

The last term on the right-hand side is absorbed into the left-hand side of (3.57).
For the first term and the third term in the last line of (3.58) we use estimate (3.54).
The term I3" is easier. We get

[De™7*
(C+ [Dem |z~
1 |De™|3
2C +||Dem |37

m m m2(1=X mi2—
(3.59) [VV™|,[e™ 3, < Clle™|3" ™ (C + ||De™ |27 P)*

C(1 + [De™|[2) 75 [[e™ 3 +
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Thus we arrive at

(3.60) ™2 + & f [De™l
. maX e _—
? « C + |Dem |3

M
S ORAPT) 4| 37 (O +[|De™ ) 7 25 o™

m=1

and we can use the discrete Gronwall’s lemma whenever %ﬂﬁ < 1, where \ =
%, 1 <r <6(p—1). One easily computes that this requirement is equivalent to
P> %. After the application of the discrete Gronwall’s lemma we obtain that
the left-hand side of (3.60) is bounded by Ck>**®") | with &(p,r) given by (3.53). We

can always choose r such that 2a(p,r) > 1 and we readily obtain that

max HDeme7 <C
1<m<M

and in turn we derive

M
mi2 m||2 a(p,r)
(3.61) s, e+ & 3 IDer [} < (ks

Since the same estimates hold for " we have furnished the proof of Theorem 3.6.
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