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Abstract. In nonlinear regression models an approximate value of an unknown parameter
is frequently at our disposal. Then the linearization of the model is used and a linear
estimate of the parameter can be calculated. Some criteria how to recognize whether a
linearization is possible are developed. In the case that they are not satisfied, it is necessary
to take into account either some quadratic corrections or to use the nonlinear least squares
method. The aim of the paper is to find some criteria for an ordering linear and quadratic
estimators.
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1. INTRODUCTION AND NOTATION

How to proceed in estimation of parameters in nonlinear models is a frequently
occurring problem. There are several possibilities; to linearize the model, to use
the nonlinear least squares method, the maximum likelihood principle, a polynomial
estimator, etc.

The aim of the paper is to find out some simple rules how to recognize whether the
linearization is sufficient for the solution of the problem or whether it is necessary
to use some quadratic corrections in order to obtain an estimator with smaller MSE
(mean square error) than MSE of the linear estimator. Since criteria for recognizing
the possibility of linearizing the model have been already developed (cf. [4], [6], [9]),
the problem is what to do when such a criterion is not satisfied.

* This work was supported by Grant No. 201/99/0327 of the Grant Agency of the Czech
Republic and by Council of the Czech Government J 14/98: 153 100011.
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The notation Y ~ N, (f(83), £), B € R*, means the following. The n-dimensional
vector Y (observation vector) is random with normal distribution, its mean value
E(Y) is f(B) where f(-) is an n-dimensional vector function of the known analytical
form with continuous second derivatives, the k-dimensional parameter 3 is unknown
and can be any element of the k-dimensional Euclidean space R*. The covariance
matrix var(Y) of the vector Y is given and is denoted by X.

The linearized and quadratized approximations of this model, i.e.

(1) Y =f+FiB+¢
and

1
(2) Y =fo+FoB + 5rks(60) +e,

respectively, will be under consideration. Here € is an error vector, B¢ is an approx-
imate value of the actual value 3* of the vector 3 and

fo = £(Bo),
F = 0f(u)/0u'|u=g,,
k7 (68) = (k1(B),-- -, £(8))',
ki(68) = 68'F:8B, i=1,....n,
F; = 0% f(0) /000U jupy, i=1,...,n.

Remark 1.1. The vector By should be chosen in such a way that the inequality
voZvo < xi(1 - @),
be satisfied for a sufficiently small a. Here
vo = F(E'S™'F)'F'S [y — £(6o)]

(y is a realization of Y), x2(1 — a) is the (1 — a) quantile of the central chi-square
distribution with k degrees of freedom. By virtue of Proposition 2.6.1 in [11] this
ensures that By is an element of the confidence region for the parameter 3 with
probability 1 — a.

The task is to estimate a function h(-) of the form

h(B) = ho + W60 + 556'HL58,

where hg is a known number, h is a known k-dimensional vector and H; is a known

k x k symmetric matrix.
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2. PRELIMINARIES
In what follows the following well known statement will be useful.

Lemma 2.1. Let n ~ Nig(u,V), h € R* and let A be an k x k symmetric
matrix. Then

var(h'n) =
cov(h'n,n'An) = 2h'VAp,,
E(n'An) = p’'Ap + Tr(AV),
var(n'An) = 2 Tr(AVAV) + 4u'AVA .

Proof cf,eg.,in [5]. O

In [7] a simple quadratic estimator in the model (2) is given in the form

B=p-CFx! nf(éﬁ) —C“F’E“(Tr(C‘lFl),...,Tr(C_an))’,

where
ﬁ = ﬂo + 6&)
68 =C'F'E (Y - f),
:[; = ﬁo + 6B1
C=FXIF.

We suppose that the rank of the matrix F is 7(F) = k < n and the matrix ¥ is
positive definite.
Let
b(@) = EB)- B, PE' =FC'Fx=!, MI' =I1-pP%"

and

u/Cu

»-1pE!
K®2)(B3) = sup { \/nf(u) d nf(U) ue [R"}

IME-1
K6 B0y — sup { \/n F K:f(ll): e R“},

u'Cu
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(cf. [1]) and let x2(1 — ) be the (1—a)-quantile of the chi-square central distribution
with k& degrees of freedom.
If the linearization region (with respect to bias) (cf. e.g. [4]) for the estimator 3,

ie.
{Bo-+08: 38'CB < vy [x2(1 - @)/ K™ (o) }

(= V{b’ € R*}h'u(B)| < cy/x3(1 - o)V'CTh),

covers the actual value B* of the parameter B with sufficiently high probability,
there is no use to correct the linear estimator ,3 =B + Jﬁ. If this situation does
not occur, then it may be useful to use a correction of the linear estimator. The
decision whether to realize this correction or not depends, e.g., on the mean square
error (MSE) of the linear estimator and on the MSE of the quadratic estimator.

In the following the aim is to find a simple rule for the above mentioned decision
(another investigation of this situation is given in [3]).

In order to be a little more general, the problem is formulated as follows.

Let (2) be under consideration. The function

h(B) = ho +h'68 + %6B’H16ﬂ

is to be estimated.
In the linearized situation, i.e. (1) and h(3) = ho + h’'d[3, the estimator is

h(B) = ho + h'68.
Its bias is
b (B) = ho + W E(3B) — h(B) = 3Li;(86) — ;68" H160 = 66'AndH,

where

L, = hClF'S !,

B, = i %{L;,}iFi»

i=1
An =B - LH,.

2

Thus the simplest quadratic unbiased (as far as the second order terms of 63 are
concerned) estimator of the function h(-) is

h(B) = ho + W'6B — 53/ AnSB + Tr(C™' Ay).
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Remark 2.1. If H; = E {L}, }:Fi, then it is sufficient to use the linear estimator
=1
h(B) = h(Bo) + W'6B.

n k
Let Bo‘,' = Z {e;C_lF'E—l}j%Fj and Bo,;l = E hiBo,i, where e; € Rk, {e,-}j =
j:l i=1
d; ; (Kronecker delta).

— k k
In the following the notation B; means Y |\;|fif], where Bo; = Y Aifif] is the

i=1 i=1
spectral decomposition of the matrix By ;.

The bias of the simple quadratic estimator is
ba(B) = Eglho + /3B — 5BAIP + Tr(C~' As)]
~ho—-h'é8 — %Jﬁ’Hléﬂ
= ho + h'6p + 68'Bo, 103
— (68'ALSB +2b'(B) A58 + b'(B)Anb(B))
~ho —-h'683 — %cm’HlJﬂ
= —2b'(B)AnsB — b'(B)Asb(D),
where
u(8) = (68'Bo,168, . ..,68'Bor68)’".
Its variance is
3) var(h(B)) = h'C~'h + 2Tr(A,C ' A4C™Y)
+4E(03) ALC ' ALE(6B) — 4h'C 1 ALE(60)
(cf. Lemma 2.1).
The MSE of the linear estimator is
(4) MSE(h') = var(h'68) + b(8) = h'C™'h + (58'A»6B)*.
The MSE of the quadratic estimator is

var(h(B)) + 5. (B)
=h'C'h+2Tr(ALC1ALCTY)
+4E(58)'ALC'ALE(6B3) — 4h'C 1 ALE(6f3)
+ (2b'Ax68 + b'Ayb)2.

(5) MSE(k'f)

To find a region of shifts §3 where (5) < (4) is tedious for a large k¥ (dimension
of B). A rule for the first orientation is given in (6).

85




3. MAIN RESULTS

If the dimension k of the parameter 3 is large, then the investigation of the quan-
tities b(8), b(8), MSE(3:), i = 1,...,k, and MSE(B;), i = 1,...,k, in this way is
tedious, since the number of different directions of 63 necessary for an investigation
may be huge. Thus it seems that the following theorem can be useful in practice.

Theorem 3.1. The following inequalities are valid:
|~4€{CBo,108| < 41/ Tx{(BoC~1)2]y/{C~1}:,:1/58'C3B,
|-4eiC™'By ;08| < 4 Tr(B;C™1),/{C~1}..:/08'CéB3,

168'Bo,:68| < 1/Tr[(Bo,;C~1)2]68'CoB,
168'Bo,:68| < Tr(B:C™")6B'CsB,

v/ Tr[(Bo,:C~1)*]68'CoB,

4
1468'Bo,:C " Bo 08| < 4 Tx[(B:C~)?)58'C3p,
|~4€/C"Bo :b| < 2,/Tr[(Bo,:C~1)2]y/{C1}:,:K P (80)3'C3,

|-4€/C™"By,ib| < 2Tx(BiC ™)1/ {C~1}i,: K P*)(80)38'CB,

|-2b'Bg ;68| < 1/ Tx[(Bo,:C—1)2] K P> (8,)(58'CsB) /),

|—2b'Bg ;08| < Tr(B:C~ 1)K ®>)(8,)(68'Cs8)3/?,

8bBo,;C ™' Bo,:68| < 44/ Tr[(Bo :C~1)*|K > (B,)(58'C53)*/?),

|8b/Bo,:C ™" Bo,i68| < 4 Tr[(Bo,iC™")*]K**) (Bo)(38'C5B)*/2),
Tr((Bo,:C—1)2)[K ** (80))* (38'CoB)%,

|463'By,;C !By ;60|

NN

N

N

4
1
[b'By,:b| < 1
1
4

[b'Bo ;b| < = Tr(B:C~1)[K®*) (8,)]*(68'CIB)?,

[4b'Bo;C "By ib| < |/ Tr[(Bo :C~1)4][K ®*) (80)](68'C5B)?,

[4b'Bo :C'Bo :b| < TY[(B:C~1)?][K P> (80)]*(68'CIB)2.

Obviously the right-hand sides depend on the quantity independent of the direction
of the shift 3. They depend on the Mahalanobis distance 1/63'Cé3 only.

Proof. The Schwarz inequality and the relation implied by the definition of
the quantity K (®27)(3y), i.e.

b'Cb < %[K(Paf)(ﬁo)]%ﬁ'cag,

86



will be used. We have

168'Bo 68| = |5[3'Cl/2C‘1/2Bo,iC‘1/ZCI/26B|

k k
<SB/CVEY " INIEEC/268 =) IN|(£'C/26B)?
=1 =1
k
< ) |Al68'CoB = Tr(B;C~1)68'Cop,

i=1

k
where C~1/2B,;C~1/2 = Y M fif! is the spectral decomposition of the matrix

i=1
C—l/2B0 ic—1/2_
Another procedure is

168'Bo.:008| = |§8C/2C~1/2B, ,C~1/2C1 /25|
= | Tr(CY/2B, ;C~1/2C'/25368'C'/?)|
< y/T(C-1/2BoC-1/2C-1/2By ;C-1/2)4 [ Tx[(C} /2654 CH/2)?]

T\I‘[(BQ,iC_l )2]6ﬂ’05ﬁ,

k k
|-2b'By :68] = 2|b'C'/2 ) " MEFCH258| < 2 |Ai| [b'CY/2E| £/ CV/268)

i=1 i=1

k
<23 |\|Vb'Chby/5B'CEB = 2 Tx(B:C~})Vb'Chb/50'Cop
=1

< Tr(B:C1)K®)(8)(68'CoB)*/>.
Another procedure is

|_2b,B0,i6ﬂ| = 2|b’Cl/ZC_1/2B0’ic—1/2cl/26ﬁl
=2| 'IY(C_IﬂBo,,-C_1/2C1/2b'6ﬁC1/2)|
< 2\/’I\'[(Boin“l)ﬂ\/Tr(Cl/z(SﬁblCIﬂCl/2b/6301/2)

= 2,/ Tx[(Bo,:C-1)2]\/b'Cbs@'Cop
< 2/T{(Bo, P15 K5 80) 55/ CB) 2

The other inequalities can be proved analogously. 0O
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The term —4e.C~'By ;63 is dominant when MSE(4;) and MSE(,B:i) is compared
in the small neighbourhood of the point Gy.

Lemma 3.1.
(i)

{C 1BO 1B0 IC }t i
\/{C IB0 1.CB1. 1C 1}: i

max{|—4€;C™ By :68|: 68'CsB = c*} =

(ii) The equality
|-4e.C™'By ;68| = (08'Bo,:03)*

in the direction of the vector {By;C~'}. ; is attained for

c
68 = Bo.C '},
p \/{C'lBo,iCBo,iC_l}i,i{ * b

where

{C'B3,C'}is
[{C!B} ,C1}:;?

A=4

\/[{C—lBo,iCBO,iC_l }i,i]s-

Proof. The gradient of the function
f(0B) = —4elC7 !By 08, 68 € R*,

is —4B;C le; at the point B = By. If the vector 60, satisfying the equality
c? = §3'Cép, is directed as the gradient, then obviously the function f(-) attains its
maximum. Further procedure is evident. 0

The distance ¢ from the last lemma can be compared with the value

Vxi(l-a)

(the boundary of the confidence ellipsoid). The shift 3 in the direction of the
gradient which attains the boundary of the confidence ellipsoid is

2
Xk(l - a) .
B Bo,: g
o6 \/ {C—lBo,iCBO’iC—l}i,i{ 0:,C71}..

Remark 3.1. If the bias of the linear estimator brought to the square is smaller
than the term |—4e.C~!B, ;08| for the above mentioned 63, then the quadratic
correction is of no use. Thus the following rule for the first orientation can be used.
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If

201 _ 2
(6) ({C_IB?i%B:?C"‘}H) ({C7'B} ,C7'}:,)?

2
) B x;(1-0)
<4{C'Bj.C 1}e,i\/{C—lBok,.CBo iC 1}y

the linear estimator is to be preferred. If the opposite inequality occurs, then some
more detailed investigation should be performed.

Remark 3.2. If C™! = ¢2Cy 1 then the last inequality can be written in the
form

2 2
x:(1—«a _ _
@ o! ( {CalBo ’féoBo ')C(—)—l}‘ ) ({Co lBg’iCO 1}“)2

x;(1-a)
'By.:CoB0,:C; '}

< 4{Cg‘B3,,-Cgl}i,i\/{C_
0

The role played by the parameter o is now quite obvious.

Remark 3.3. The correction term in the case h(B) = ; is
T0,i = _6B,B0,i6[§ + rI‘I'(B()’,'(:-—l).

If By; = B;, then according to [10], [13], [15] it can be approximed by the random
variable
70,4 & —cix%,(0) + Te(B;C™Y),

where
C‘l?=‘/i/Ei’ f;=E,‘2/V,,
E; = Jﬂlﬁgéﬂ + 2b'§56ﬂ + b'ﬁib,
V: = 2Tr(B;:C'B;C™!) + 4(68 + b)B;C'B;(68 + b).

If Bo,; is not positive semidefinite, then the distribution function of 79 ; cannot be
obtained so simply (cf. [2]).

Remark 3.4. If a function h(B8) = h'3, B € R, is under consideration, then
the matrix By, is used instead of By ;. In the case of a function

h(B) = ho + W66 + 26655,

the matrix A;, must be used.
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4. EXAMPLE

In the first step let us investigate the bias and the MSE of the linear and of the
quadratic estimator, respectively.
The Michaelis-Menten model is under consideration; i.e.

i _ Bz
f(xvﬂl)ﬂ2)_ ,B2+I
Let (B1,0,02,0) = (5,1)" and
T 1 2 3 4 5 6

f(z;Bro,Bao) 2.5 | 333 (375 4 |417|4.29

If the observation vector is Y ~ Ng(f(-,8),02I) and o = 0.1, then
K (8,) = 0.025443, K (8,) = 0.090940.

Thus the intrinsic nonlinearity can be neglected (in detail cf. [14]) and the lineariza-
tion regions with respect to the bias of the whole vector 3 and the single parameters
fB1 and (3 are given in Figs. 4.1-4.3, respectively.

In the figures seven numbers are given; five white numbers are connected with the
white ellipse (linearization region). They give the maximum coordinates of the ellipse
points, a size of the raster rectangulars and the step in the first coordinate used for
the construction of the ellipse. Two dark numbers have the analogous meaning for
the dark ellipse (0.95-confidence ellipse).

In this situation the linearization for the functions h;(8) = 81 or he(B) = Bo,
respectively, is possible, even if the confidence ellipse for the vector parameter is not
essentially smaller than the linearization region (cf. Fig. 4.1). Thus it is interesting
whether the quadratic estimator is not better.

As far as the parameter (; is concerned the shift 3 = (0,002)' is dangerous
(cf. Fig. 4.2). Let 63 be chosen on the boundary of the 0.95-confidence ellipse,
i.e. 632 = 0.1076. Thus we obtain

b(B1) = —0.004469 and b(fB;) = —0.007042,
i.e. b = (—0.004469, —0.007042)". The bias b(3,) is

b(B1) = —2b'Bo 168 + b'Bo 1b = —0.000604,
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Figure 4.2. Linearization region for (.

nax. st
nax. @2
raste dbl
raste db2
dbi

Figure 4.3. Linearization region for 3s.
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which is significantly smaller (in the absolute value) than b(4;) = —0.004469. Even
for 68 = 3 x (0,0.1076)' the situation is analogous:

b(B) = (~0,040224, —0.063374)', b(4:) = —0.017342.

(The values \/var(ﬁl) and 1/var(3;) are 0.139 and 0.125, respectively.)

The bias b(,8:2) due to the shift 3 = (0,0.1076)’ and 63 = 3 x (0,0.1076)’ is
—0.000849 and —0.24219, respectively.
Further we have (68 = (0,0.1076)’)

var(,) = 0.01936, var(3:) = 0.02170,
var(B;) = 0.01245, var(B;) = 0.01511,

and

MSE(3;) = 0.01938, MSE(3;) = 0.02170,
MSE(f,) = 0.01250, MSE(f2) = 0.01511.

If 68 = 3 x (0, 0.1076)", then

MSE(3:) = 0.02008, MSE(3,) = 0.02622,

MSE(B;) = 0.01646, MSE(;) = 0.02005.
0 .
If we denote 683 = (z) , we obtain

MSE(53;) = 0.01936 + 0.1489812*,

MSE([;I) = 0.019406 + 0.022028z — 0.005977z% — 0.009023z>
+ 0.002744z* + (0.469452z° + 0.1427442%)?

MSE(B;) = 0.012448 + 0.369822z*,

MSE(f2) = 0.012493 + 0.024572z — 0.000777z% — 0.0129962°

+ 0.003449z* + (0.662448z° + 0.177955z*)2,

cf. Table 1.
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z | MSE(B,) | MSE() | MSE(4,) | MSE(8z)
0.03 | 0.01936 0.02006 0.01245 0.01323
0.1 0.01938 0.02154 0.01249 0.01493
0.2 | 0.01960 0.02352 0.01304 0.01727
0.3 0.02057 0.02545 0.01544 0.01984
0.4 | 0.02317 0.02789 0.02192 0.02366
0.5 | 0.02867 0.03254 0.03556 0.03200
0.6 | 0.03867 0.04325 0.06038 0.05220
0.7 | 0.05513 0.06760 0.10124 0.09855
Table 1.

It is obvious that the quadratic corrections in this case have no sense.
The inequalities from Theorem 3.1 for the parameter 5, (82) are

—4e]C™'By ;03 = 0.00237 (0.00264),
44 /T\‘[(Bo,;c_l)2]\/{C_l}i,i\/éﬂ'C(s = 0.00654 (0.00524),
4Tr(B;C1)4/{C1}::1/88'CéB = 0.00654 (0.00598),

§8'Bo.:68 = — 0.00447 (—0.00704),

/TX[(Bo,:C~1)2]68'CB =  0.02878 (0.02872),

Tr(B;C1)63'CéB = 0.02878 (0.03279),

458'Bo,;C !B, 168 =  0.00009 (0.00014),

44/Tr[(Bo,:C-1)4]68'CéB =  0.00055 (0.00055),

4Tx[B;C1)%)68'CéB = 0.00055 (0.00072),

—4e;C" !By ;b = — 0.00015 (—0.00015),
21/ Tr{(Bo:C~1)2]y/{C1}::K®*) (B)5'CéB = 0.00073 (0.00058),
2Tx(B:C1)y/{C1}.:K®*)(Bo)5B'CHB = 0.00073 (0.00067),

~2b'By 68 = — 0.00058 (—0.00082),

/TH[(Bo :C—1)2] K P (3,)(68'C5B)*/2 = 0.00641 (0.00639),
Tr(B;C~ 1)K P> (68'CsB)*/2 =  0.00641 (0.00730),
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Sb’Boin_lBo,iéﬂ
Tr[(Bo,iC~1)4|KP*) (8,) (58’ CsB)*/*
4Tr[(Bo,:C™")?|K P2 (By)(48'C5B)*/2

- 0.00001 (—0.00002),

0.00012 (0.00012),

0.00012 (0.00016),

I

b'Bo:b
Tr[(Bo,:C~1)?][K**" (80)* (68’ C6B)*

i’l‘r(ﬁiC‘l)[K(p”) (Bo)(68'C6B)* = 0.00036 (0.00041),

—0.00002 (—0.00002),

1
1 0.00036 (0.00036),

I

4b'B ;C"'Bg;b = 0.00000 (0.00000),
Tx[(Bo,;C~1)4][K P> (8)]?(68'C6B)2 =  0.00001 (0.00001),
Tr[(B;C~1)?|[K ) (8,)]2(68'C6B)* =  0.00001 (0.00001).

Here the index 7 on the left-hand side means 1 for the first number on the right-hand
side and 2 for the second (in the bracket).

In many cases the upper bound is significantly larger than the actual value (by
virtue of the Schwarz inequality). Nevertheless, some information on the individual
terms can be obtained in this way:

c._ ( 33261, -38124
©7 \ -38124, 5.1731)°

co1_ (1936, 1427
0o - )
1.427, 1.246

0, 0.10000
By = )
0.10000, —0.60813

2 2
x5(0;0.95) _ _
({0'13022(00130 LGy ) (Co'BRaCo'haa)” = 0.3214,

(0;0.95)
4{C;'B2,C;" X5 — 2.3918.
{ 0.2 }22\/{(3 'B02:CoB02Cy o2

The left-hand side of (7) is smaller than the right-hand side of (7) even for & = 1.65.
In this case

K (8y) = 0.4198, K®*)(Bg) = 1.5005.

An experiment characterized by these values would be extremely badly planned.
Thus the Michaelis-Menten model can be linearized at the considered point By =
(5,1)" under a sufficiently small value of o only. The quadratic corrections are of no
use (cf. also Tab. 1). If a sufficiently small o cannot be attained, then the methods
given in [11], [12] must be used.
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LINEAR VERSUS QUADRATIC ESTIMATORS
IN LINEARIZED MODELS*
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Abstract. In nonlinear regression models an approximate value of an unknown parameter
is frequently at our disposal. Then the linearization of the model is used and a linear
estimate of the parameter can be calculated. Some criteria how to recognize whether a
linearization is possible are developed. In the case that they are not satisfied, it is necessary
to take into account either some quadratic corrections or to use the nonlinear least squares
method. The aim of the paper is to find some criteria for an ordering linear and quadratic
estimators.

Keywords: nonlinear regression model, linearization, quadratization

MSC 2000: 62J05, 62F10

1. INTRODUCTION AND NOTATION

How to proceed in estimation of parameters in nonlinear models is a frequently
occurring problem. There are several possibilities; to linearize the model, to use
the nonlinear least squares method, the maximum likelihood principle, a polynomial
estimator, etc.

The aim of the paper is to find out some simple rules how to recognize whether the
linearization is sufficient for the solution of the problem or whether it is necessary
to use some quadratic corrections in order to obtain an estimator with smaller MSE
(mean square error) than MSE of the linear estimator. Since criteria for recognizing
the possibility of linearizing the model have been already developed (cf. [4], [6], [9]),
the problem is what to do when such a criterion is not satisfied.

* This work was supported by Grant No. 201/99/0327 of the Grant Agency of the Czech
Republic and by Council of the Czech Government J 14/98: 153 100011.
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The notation Y ~ N,,(f(8),X), B € R¥, means the following. The n-dimensional
vector Y (observation vector) is random with normal distribution, its mean value
E(Y) is f(8) where f(-) is an n-dimensional vector function of the known analytical
form with continuous second derivatives, the k-dimensional parameter 3 is unknown
and can be any element of the k-dimensional Euclidean space R*. The covariance
matrix var(Y) of the vector Y is given and is denoted by X.

The linearized and quadratized approximations of this model, i.e.

(1) Y =f, + F68 + ¢
and
1
(2) Y =, +FiB + §nf(§5)+s,

respectively, will be under consideration. Here € is an error vector, 3¢ is an approx-
imate value of the actual value 3* of the vector 8 and

fo = £(Bo),
F = 0f(u)/0u’|u=p,,
k5 (08) = (K1(6B); - ., kn(3B))',
ki(68) = 6@’ Fi68, i=1,...,n,
F; = 9*fi(u)/0udd|y=p,, i=1,...,n.

Remark 1.1. The vector By should be chosen in such a way that the inequality
viEtve < x3(1 - ),
be satisfied for a sufficiently small .. Here
vo =F(F'S7'F)'F'S™ [y — f(Bo)]

(y is a realization of Y), x7(1 — «) is the (1 — ) quantile of the central chi-square
distribution with & degrees of freedom. By virtue of Proposition 2.6.1 in [11] this
ensures that By is an element of the confidence region for the parameter 3 with
probability 1 — a.

The task is to estimate a function h(:) of the form

H(B) = ho + W6G + S HLI,

where hg is a known number, h is a known k-dimensional vector and H; is a known

k x k symmetric matrix.
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2. PRELIMINARIES
In what follows the following well known statement will be useful.

Lemma 2.1. Let n ~ Ni(,V), h € R* and let A be an k x k symmetric
matrix. Then

var(h'n) =
cov(h’'n,n'An) = 2h’VAu,
E(m'An) = W' Ap + Tr(AV),
var(n'An) = 2 Tr(AVAV) + 4p' AVA .

Proof cf,eg., in [5]. O
In [7] a simple quadratic estimator in the model (2) is given in the form

z A 1 N 1

B=08- C*lF’zflinf(aﬁ) + §C*1F’2*1(Tr(C*1F1), ..., Tr(C7'F,)),

where

B =B+ B,
68 =C'F'R Y — ),
/é = /30 + 5167
C=FX'F.

We suppose that the rank of the matrix F is 7(F) = k£ < n and the matrix X is
positive definite.

Let
b(3) =EB) -8, Py =FC'F'E!, MP =I-P}’
and
K (80) = sup \/f‘é /;Muﬁlnf(U): ue R},
K (Bo) = sup \/“ ZPE Ry (w) weRE

u/Cu
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(cf. [1]) and let x?(1—a) be the (1 —«a)-quantile of the chi-square central distribution
with k degrees of freedom.
If the linearization region (with respect to bias) (cf. e.g. [4]) for the estimator 3,

{Bo+56: 58'C3B < /X3 (1 — )/ K (o)}

(;» v{h' € R*}|h'u(B)| < cpy/x2(1 — oz)\/h’C*lh),

i.e.

covers the actual value 3* of the parameter B with sufficiently high probability,
there is no use to correct the linear estimator ,3 = By + 5,3. If this situation does
not occur, then it may be useful to use a correction of the linear estimator. The
decision whether to realize this correction or not depends, e.g., on the mean square
error (MSE) of the linear estimator and on the MSE of the quadratic estimator.

In the following the aim is to find a simple rule for the above mentioned decision
(another investigation of this situation is given in [3]).

In order to be a little more general, the problem is formulated as follows.

Let (2) be under consideration. The function

h(B) = ho+ WoB + LoB'H,I

is to be estimated.
In the linearized situation, i.e. (1) and h(8) = ho + h’/d3, the estimator is

h(B) = ho + h'é8.
Its bias is

() = o+ WE(3B) — h(B) = 5Lises(66) — 00" 15 = 55/ 10,

where
L, =h'C'F'E

"1
B, = > S{Li}iFs,
=1

1
Ah = Bh - §H1

Thus the simplest quadratic unbiased (as far as the second order terms of 63 are
concerned) estimator of the function h(-) is

h(B) = ho+h'68 — 63'ALdB + Tr(C1A).
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n
Remark 2.1. If H; = ) {L} };F;, then it is sufficient to use the linear estimator
i=1

h(B) = h(Bo) + h'é3.

n k
Let BO,i = Z {e;C_lF/E_l}j%F]‘ and BO,h = Z hiBOﬂ', where e;, € [Rk, {ei}j =
j=1 i=1
di; (Kronecker delta).

_ k k
In the following the notation B; means > |A;|fif], where Bo,; = > \ifif] is the
i=1 i=1
spectral decomposition of the matrix By ;.

The bias of the simple quadratic estimator is

bu(B) = Eslho + 08B — 5BARIA + Tr(C ™ Ay)]
—ho—h'é8 — %55’H15B
ho + 1’683+ 68'Bo 108
— (68'A%dp3 + 2b'(8) A58 + b'(B)Asb(B))
—ho —h'3d8 — %66’H165

—2b'(B)AxdB — b/ (B)Arb(B),

where

u(B) = (68'Bo,198, ...,66'Bo,x03)’.

Its variance is

(3) var(h(8)) = h'C~'h + 2 Tr(A,C'A,CY)
+4E(08) AyC ' ALE(03) — 4h'C ' AL E(60)
(cf. Lemma 2.1).
The MSE of the linear estimator is
(4) MSE(h’B) = var(h’683) + b7 (8) = h'C'h + (68'A,08)°.

The MSE of the quadratic estimator is

(5) MSE(W'3) = var(h(8)) + b7 (8)
=h'C'h+2Tr(A,C'A,CTY)
+4E(5B8)AL,C T ALE(6B) — 4h'CT1A L E(53)
+ (2b'A46B8 +b'Ayb)2.

To find a region of shifts 63 where (5) < (4) is tedious for a large k (dimension
of B). A rule for the first orientation is given in (6).
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3. MAIN RESULTS

If the dimension £ of the parameter 3 is large, then the investigation of the quan-
tities b(8), b(3), MSE(8;), i = 1,...,k, and MSE(3;), i = 1,...,k, in this way is
tedious, since the number of different directions of §3 necessary for an investigation
may be huge. Thus it seems that the following theorem can be useful in practice.

Theorem 3.1. The following inequalities are valid:
|~4e/C By 08| < 41/ Tr[(Bo ,C~1)21/{C~1}: 11/6B'CIB,
|74€2071B0,i5,3| < 4Tr(§i071)\/ {Cil}i’i\/ 5ﬁ/C(5 s

108'B0,:08| < 1/Tr[(Bo,;C~1)2]68'Cs,
| <

168'Bo.i08| < Tr(B;C1)6B'Cip,
|46ﬁ/B07i 1B0 1(5/8| < 4\/T [(Bo i _1)4](5/8/0(5/8,
|468'Bo ;C™'By ;68| < 4 Tr[(B,C1)?|68'Ci3,

|—4e[C™'Byb| < 2\/Tr[(Bo,ic—1)2]\/{c—l}i7iK<par>(50)53/0557
2Tr(B;C 1), /{C~1}: . K®*)(8,4)58'CoB,
|—2b'By:08| < 1/ Tr[(Bo;C—1)2]K P2 (30)(58'C5B) /2,
|—2b'Bg ;68| < Tr(B;C~H)K®™) (3,)(68'CsB) 3/,

8b'Bo,:C ™" Bo,:08| < 44/ Tr[(Bo,;C~ 1)K P (8,)(58'CsB) /2,

18b'By;C "By 68| < 4 Tr[(By,,C~")% K ) (8,)(58'CsB8) />,

|-4e/C™'By ;b|

N

BBl < 5/ Trl(Bo G K™ (8)*(38/CaB)”.
[b'Bob| < 7 TH(BLC K ™) (8,) (36 Cap,
|4b'Bo,:C™ ' Bo,ib| < \/Tr[(Bo,,C~1)*|[K "™ (8o)]*(68'CIB)*,

[4b'By ;,C~ "By ;b| < Tr[(B;C~ ) ][K(p‘")(ﬁ )?(68'CoB)*.

Obviously the right-hand sides depend on the quantity independent of the direction
of the shift 3. They depend on the Mahalanobis distance /33’ Cé3 only.

Proof. The Schwarz inequality and the relation implied by the definition of
the quantity K®)(8,), i.e

b/Ch < ~[K®)(8,)]268'CoB,

=~
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will be used. We have

08'Bo 08| = |§8/C1/2C1/?By ,C~1/2CY /%56

k k
<OBICHED T INIEECHY258 =D N|(F'CY%03)?
i=1 i=1
k
< ) |Xil68'CoB = Tr(B;C1)3B'CB,

=1

k

where C~1/2B;C~1/2 = 3> \fif/ is the spectral decomposition of the matrix
=1

C_1/2B0iC_1/2.

Another procedure is

|§6'Bo.i0B| = |5BCY/2C1/2B, ,C~/2C2 58]
= | Tr(c_1/2B07iC_1/201/2§,85/3/Cl/2)|

< \/Tr(C*1/2B0,iC*1/2C*1/QBO,1-C*1/2)\/Tr[(Cl/25ﬁ5ﬁ’Cl/2)2]

— \/Tr[(Bo.,C1)2)68'CoB,

k k
|—2b'By 68| = 2|b'CY/2 Y " N££/CH258 <2 |\i| [b'CU2E| £/ C258

=1 =1
k
<23 [\[VB'Chb\/53'Cop = 2 Te(B;C~1)Vb'Ch\/53'Cop
=1

< Tr(B;,C YK P (8,) (58 CsB)>/2.
Another procedure is

|*2b/B0)15ﬁ| = 2|blcl/2Cfl/2BO,iC*1/2cl/25ﬁ|
= 2| Tr(071/2B0,iC*1/2C1/2b’5ﬁC1/2)|

< 2\/TY[(B07Z-C—1)2]\/Tr(Cl/%ﬁb’Cl/?Cl/2b’§ﬁ01/2)
= 2,/Tr[(Bo.;C~1)2]/b'ChiB'Cp

< 2/ T(Bo, G2 K (80) 55/ CoB)

The other inequalities can be proved analogously. O
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The term —4e,C~'By ;68 is dominant when MSE(3;) and MSE(ﬁzl) is compared
in the small neighbourhood of the point 3.

Lemma 3.1.
(i)

{C BO zBO zC }zz
\/{C 1BO lCBl 1C }11

max{|—4e[C By ;68|: 63'CéB =} = |-

(ii) The equality
|—4€;C~'By ;68| = (68'By,:083)

in the direction of the vector {Bo;C~'}. ; is attained for

C
58 = Bo.C '},
p \/{C_lBO,iCBO,iC_l}i,i{ > 2

where

{C'Bj,C'}is
{C1B§,C1})?

\/[{CilBO,iCBo)icfl}i)i]g.

Proof. The gradient of the function
f(5,3) = 74eIiC_1BO,i6/Ba 5/3 S Rkv

is —4B,C~'e; at the point 3 = By. If the vector §3, satisfying the equality
c? = §3'Cop, is directed as the gradient, then obviously the function f(-) attains its

maximum. Further procedure is evident. O

The distance ¢ from the last lemma can be compared with the value

Xp(1—a)

(the boundary of the confidence ellipsoid). The shift 63 in the direction of the
gradient which attains the boundary of the confidence ellipsoid is

a) P
6/8 \/{C 1B01CB01 71}i,i{BO7ZC }~,7,-

Remark 3.1. If the bias of the linear estimator brought to the square is smaller
than the term |—4e/,C~ !B ;63| for the above mentioned §3, then the quadratic
correction is of no use. Thus the following rule for the first orientation can be used.
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If

2 2
Xi(1—a) B -
© (emeem ey (€ Be b

21— a)
< 4{C'BE,C '}, i
{C'BY, }’¢{C—UimCBmﬂT4h/

the linear estimator is to be preferred. If the opposite inequality occurs, then some

more detailed investigation should be performed.

Remark 3.2. If C~! = ¢2Cy", then the last inequality can be written in the

form

2 2
Xi(l—a) B -
" U4<{001B0 ]féoBo .Co '} ) ({C 1Bgﬂ'co }ia)?

(1 —a)
{C;'By,iCoBy,iCy '}

<4{C;'Bj,Cy ' }is

The role played by the parameter o is now quite obvious.

Remark 3.3. The correction term in the case h(3) = 3; is
T0,i = 75ng0,i6B + TI‘(BO’iC_l).

If By, = B;, then according to [10], [13], [15] it can be approximed by the random
variable
T0,0 ~ 7012)(?1, (0) + Tr(ﬁicfl),

where
¢ =Vi/Ei, fi=E}|V,
E; = 63'B;68 + 2b'B.;53 + b'B;b,

If By ; is not positive semidefinite, then the distribution function of 7 ; cannot be
obtained so simply (cf. [2]).

Remark 3.4. If a function h(B) = h’'3, B € R*, is under consideration, then
the matrix Bg j is used instead of By ;. In the case of a function

h(B) = ho + W58+ Z66HLGH,

the matrix Aj;, must be used.
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4. EXAMPLE

In the first step let us investigate the bias and the MSE of the linear and of the
quadratic estimator, respectively.
The Michaelis-Menten model is under consideration; i.e.

. _ frx
f(l',ﬁl,,@Q) - ﬂQ +.§C
Let (B1,0,82,0)" = (5,1)" and
z 1 2 3 4 5 6

f(w;ﬁl,o,ﬁg,o) 2.5 3.33 3.75 4 4.17 4.29

If the observation vector is Y ~ N(f(-, 3),0%I) and o = 0.1, then
K (80) = 0.025443, K ®3)(8) = 0.090940.

Thus the intrinsic nonlinearity can be neglected (in detail cf. [14]) and the lineariza-
tion regions with respect to the bias of the whole vector 8 and the single parameters
(1 and (5 are given in Figs. 4.1-4.3, respectively.

In the figures seven numbers are given; five white numbers are connected with the
white ellipse (linearization region). They give the maximum coordinates of the ellipse
points, a size of the raster rectangulars and the step in the first coordinate used for
the construction of the ellipse. Two dark numbers have the analogous meaning for
the dark ellipse (0.95-confidence ellipse).

In this situation the linearization for the functions h1(8) = B1 or ha(B) = [a,
respectively, is possible, even if the confidence ellipse for the vector parameter is not
essentially smaller than the linearization region (cf. Fig. 4.1). Thus it is interesting
whether the quadratic estimator is not better.

As far as the parameter [ is concerned the shift 3 = (0,032)" is dangerous
(cf. Fig. 4.2). Let 68 be chosen on the boundary of the 0.95-confidence ellipse,
i.e. 62 = 0.1076. Thus we obtain

b(31) = —0.004469 and b(f2) = —0.007042,
i.e. b = (—0.004469, —0.007042)". The bias b(f;) is

b(f1) = —2b'B188 + b'Bg.1b = —0.000604,
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Figure 4.3. Linearization region for (3s.
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which is significantly smaller (in the absolute value) than b(f;) = —0.004469. Even
for 63 =3 x (0,0.1076)" the situation is analogous:

b(8) = (—0,040224, —0.063374)", b(5;) = —0.017342.

(The values \/var(3;) and \/var(f) are 0.139 and 0.125, respectively.)

The bias b(ﬁzg) due to the shift 63 = (0,0.1076)" and 68 = 3 x (0,0.1076)" is
—0.000849 and —0.24219, respectively.

Further we have (63 = (0,0.1076))

var(f1) = 0.01936, var(31) = 0.02170,
var(3,) = 0.01245, var(3) = 0.01511,
and
MSE(f) = 0.01938, MSE(j;) = 0.02170,
MSE(f,) = 0.01250, MSE(j2) = 0.01511.
If 68 = 3 x (0, 0.1076)', then
MSE(B1) = 0.02098, MSE(5;) = 0.02622,
MSE(3,) = 0.01646, MSE(32) = 0.02005.

0
If we denote 63 = ( ), we obtain
T

MSE(;) = 0.01936 4 0.148981z%,

MSE(f;) = 0.019406 + 0.022028z — 0.0059772% — 0.0090232°
+0.0027442% + (0.4694522° + 0.1427442)?,

MSE(f) = 0.012448 + 0.3698222:%,

MSE(f,) = 0.012493 + 0.024572z — 0.0007772% — 0.0129962°

+0.0034492 + (0.66244823 + 0.177955x%)2,

cf. Table 1.
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z | MSE(31) | MSE(B1) | MSE(Bs) | MSE(3:)
0.03 | 0.01936 | 0.02006 | 0.01245 | 0.01323
0.1 | 0.01938 | 0.02154 | 0.01249 | 0.01493
0.2 0.01960 0.02352 0.01304 0.01727
0.3 0.02057 0.02545 0.01544 0.01984
0.4 | 0.02317 | 0.02789 | 0.02192 | 0.02366
0.5 | 0.02867 | 0.03254 | 0.03556 | 0.03200
0.6 | 0.03867 | 0.04325 | 0.06038 | 0.05220
0.7 0.05513 0.06760 0.10124 0.09855

Table 1.

It is obvious that the quadratic corrections in this case have no sense.
The inequalities from Theorem 3.1 for the parameter 31 (82) are

—4e/C'By ;08 = 0.00237 (0.00264),
4\/Tr[(Bo,ic—1)2]\/{C—l}i,m/éﬂ’ca = 0.00654 (0.00524),
4Tr(B;C ™)1 /{C~1};:1/68'C6B =  0.00654 (0.00598),

58'By.i68 = — 0.00447 (—0.00704),

Tr[(BoC~1)2)68'C5B3 =  0.02878 (0.02872),
Tr(B;C~1)§@3'CéB =  0.02878 (0.03279),

468'Bo;C 'By168 = 0.00009 (0.00014),

4,/ Tr[(Bo,,C~1)468'CSB =  0.00055 (0.00055),

4Tr[B;C1)?68'CéB =  0.00055 (0.00072),

—4eC™'Bg ;b = —0.00015 (—0.00015),
2/ Trl(Bo..C—1)2/{C1}:,: K ™) (80)66'C68 = 0.00073 (0.00058),

2Tr(B;C1)/{C1},.: K P (8y)68'CoB = 0.00073 (0.00067),
—2b'Bg 08 = — 0.00058 (—0.00082),

Tr[(BoC—1)2] K P (3,)(68'C68)*/2 = 0.00641 (0.00639),
Tr(B;C~H K P (58'CoB)%/% = 0.00641 (0.00730),

93



8b'BgC'By:08 = — 0.00001 (—0.00002),

(
44/ Tr[(Bo:C—1)4 KP*) (8y)(68'CB)%/2 = 0.00012 (0.00012),
4Tr[(Bo:C 12K P (30)(68'C68)%/2 = 0.00012 (0.00016),

(

(

b'By ;b = — 0.00002 (—0.00002),

i,/Tr[(BO,iC*l)Q][K(par)(50)]2(56’06[3)2: 0.00036 (0.00036),

Tr(B;C~H[K®) (80)]?(68'CoB)% = 0.00036 (0.00041),

4b'Bo;C~'By;b = 0.00000 (0.00000),
Tr[(Bo s C—1)4)[K P2 (8)]?(68'CIB)% =  0.00001 (0.00001),
Tr[(B;C~H)2[K P2 (80)]2(68'C6B)% = 0.00001 (0.00001).

Here the index i on the left-hand side means 1 for the first number on the right-hand
side and 2 for the second (in the bracket).

In many cases the upper bound is significantly larger than the actual value (by
virtue of the Schwarz inequality). Nevertheless, some information on the individual
terms can be obtained in this way:

o, _ ( 33261, 38124
07 \ —3.8124, 5.1731)°

1.936, 1.427
Cal — ( ) ) 7

1427, 1.246
0,  0.10000
BO,2: )
0.10000, —0.60813
2(0- 2
({C_lBXQ(g (])395)0-1} ) ({Co ' Bi2Cy ' }22)* = 0.3214,
o P0,2C0obo20C,  fii
2(0-
4{Cy "B ,C Yooy [ Ty X3(0;0.95) = 2.3918.
’ {Cy " B,2iCoB02Cy " }2,2

The left-hand side of (7) is smaller than the right-hand side of (7) even for o = 1.65.
In this case
K19(30) = 0.4198, K®)(3,) = 1.5005.

An experiment characterized by these values would be extremely badly planned.
Thus the Michaelis-Menten model can be linearized at the considered point B¢ =
(5,1) under a sufficiently small value of o only. The quadratic corrections are of no
use (cf. also Tab. 1). If a sufficiently small o cannot be attained, then the methods
given in [11], [12] must be used.
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