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Abstract. We prove the existence of weak T-periodic solutions for a nonlinear mathe-
matical model associated with suspension bridges. Under further assumptions a regularity
result is also given.
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1. INTRODUCTION

The purpose of this paper is the investigation of a nonlinear mathematical model
associated with suspension bridges.

In the following we consider the model of a one-dimensional suspension bridge
which consists of a vibrating beam (the roadbed) with hinged ends, coupled with a
vibrating string (the main cable) by the stays treated as nonlinear springs.

The beam is subject to three separate forces: the one due to the stays, which hold
it up as nonlinear springs, the weight per unit length of the beam which pushes it
down, and the external forcing term which we will assume to be periodic. The main
cable is subject to the action of the stays which pull it down as nonlinear springs, to
the weight per unit length of the cable which pushes it down, and to some oscillatory
forcing term which might be due to the wind or to motions in the towers or side-spans
(see Fig. 1).

We do not take into account the other two dimensions because the proportions of
the bridge in these dimensions are very small in comparison with its length and so
can be omitted.
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(a)

b}

Nonlinear springs
(cable stays)

The roadbed represented by a vibrating beam with hinged ends

Figure 1. (a) The main ingredients in a one-dimensional suspension bridge
(b) A model of the one-dimensional bridge represented by the coupling of the cable
(a vibrating string) and the roadbed (a vibrating beam) by the stays, treated as
nonlinear springs.

Before formulating exactly the problem we will work on, we would like to present a
model which was introduced firstly in the work of A. C. Lazer and P. J. McKenna (6],
but has been studied under rather restrictive assumptions. So, if v(z,t) measures
the displacement from equilibrium of the vibrating string and u(z,t) denotes the
displacement of the beam in the downward direction at position z and time ¢, then
a damped model of a suspension bridge is given by the system of two connected
equations in the form
(1.1) M1V — @1z + b1ve — k(v — v)t = Wi (z) + efa(z, t),

(1.2) MUt + AoUzzzz + bous + k(u — v)t = Wa(z) + e f2(z, t)

with the boundary conditions

(1.3) u(0,t) = u(L,t) = uzz(0,t) = uge(L,t) = v(0,t) = v(L,t) =0

and the periodicity condition

(14) o(z,t+7T)=v(z,t), u(z,t+T)=u(rt), z€(0,L), teR, T >0.
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The parameters used in the equations (1.1), (1.2), (1.3) are the following:

m; = mass per unit length of the main cable;

mgz = mass per unit length of the roadbed;

a; = the tension in the main cable;

az = EI where E is Young’s modulus and I is the moment of inertia of the cross
section;

b1, by = damping coefficients;

k = stiffness of the cable stays (spriug constant);

W, = weight of the main cable per unit length;

W, = weight of the roadbed per unit length;

ef1, ef2 = external time-periodic forcing terms;

L = length of the center-span of the bridge.

The mass per unit length of the main cable, m;, is much less than the mass per
unit length of the roadbed, m.

The nonlinear cable stays connecting the beam and the string can be taken as
one-sided springs obeying Hooke’s law, with a restoring force proportional to the
displacement if they are stretched, and with no restoring force if they are compressed.
This fact is described by the nonlinear term k(u — v)™*.

The nonlinear stays pull the cable down, hence we have the minus sign at k(u—v)*
in the equation (1.1), and hold the roadbed up, therefore we consider the plus sign
at the same term in the equation (1.2).

Using a previous result due to P. Dribek [3], G. Taj¢ova [10] proved the existence
of a unique solution of the problem (1.1)—(1.4) (with T = 2r) by using the Banach
contraction principle. The disadvantage of this principle consists in the fact that its
application requires a rather restrictive assumption on the parameters k, m;, ma, b1,
be, E, I, T and the conditions obtained are too restrictive and are not satisfied by the
real values of the bridge parameters. P. Drabek, H. Leinfelder and G. Tajéova [4]
have established the existence of a unique time-periodic solution near stationary
equilibrium under rather general assumptions on the above mentioned parameters,
provided the external time-periodic forcing terms are small in a certain sense.

For a good survey of the literature dedicated to various mathematical models of
suspension bridges we mention the papers of P.J. McKenna and W. Walter [7], [8],
Q.-H. Choi and T. Jung (2], J. M. Ball [1], N. Krylov4 [5].
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2. PRELIMINARIES

We now introduce some well known function spaces and some notation.
Let @ = (0,L) x (0,T), where L > 0 is the natural length of the beam and T > 0
is fixed. We denote z-derivatives by primes or upper indices, e.g.

) , o )
3,0 =0)% @()=()” etc.

and for t-derivatives we use dots

20=0.

If a function f is of the type f = [f1, f2, ..., fa]’, then we denote f = (f;), without
indicating the range of j’s if no confusion is possible.

Constants are denoted generically by C; (1 =1,2,...).

For simplicity, the spaces of scalar functions defined on the interval (0, L) will be
denoted by dropping the reference to the interval, e.g.

L?=L*0,L); H} = H}(0,L); H*n H} = H*(0,L)N H}(0,L).

The duality in L? will be denoted by (-,-). Let H= {u € H*; u,u” € H2n H}}.
Note that H? N H} is a Hilbert space isomorphic to L? with the scalar product
(f,9) m2amy = (f", ") 2. For general information on Sobolev spaces see [11].

Let X be a Banach space with a norm || - || x. A function f defined a.e. on R, with
values in X, is called T-periodic if the following holds: if f is defined for ¢ € R, it is
also defined for t + kT, k € Z, and f(t) = f(t + kT).

In the usual way, if X and Y are Banach spaces, then let X x Y be the Banach
space with the norm ||w||xxy = (||v||% + ||lu||3)!/? where w = [v,u]? and ||-||x, ||-|l¥
denote the X-norm and Y-norm, respectively.

If X and Y are Hilbert spaces, then the scalar product of two elements w = [v, u]*
and W = [0,4]! in X x Y is written as (w,W)xxy = (v,9)x + (u, %)y where (-,-)x,
(+,*)y denote the scalar products on X and Y, respectively.

Lemma 1. Let X and Y be Banach spaces, M: X — Y an isomorphism and
S: X = Y a compact mapping. If the operator L: X - Y, L = M + S is an
injection, then L is an isomorphism.

Proof. Let us introduce the operator I': X -+ X, ' = M~ 10 S. Since I is
compact and the operators L = M +S = M o (I +T) and M~! are injective, we
have that I +I' is an isomorphism. a
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3. MAIN RESULTS
We consider a more general model of a suspension bridge

(3.1) MyVs — Q1Vzz + bive — o(u — v) = Wi () + efi(z, 1),
(3.2) MUt + QaUzzzz + bots + @(u — v) = Wa(z) + efa(z,1)

with the boundary conditions

(3.3) u(0,t) = u(L,t) = uzz(0,t) = uzz (L, t) = v(0,t) = v(L,t) =0

and the periodicity condition

(34) v(z,t+7T)=v(z,t), ulz,t+T)=u(zt), z€(0,L), teR, T>O0.

The time T is a positive number, bearing no relation to the length of the z-interval.
The present paper is based on the technique of L. Sanchez’s work [9].

Under suitable hypothesis on W3, W5, f; and f2 we can show that weak solutions
of (3.1)—(3.4) exist, by using a combination of Galerkin’s method and a compactness
argument with a version of the Leray-Schauder principle.

Introducing the vector functions

Wi(a) = [%;E:;] » f@i)= [283]

we consider in this section the problem (3.1)—(3.4) with the functions ¢, W and f
satisfying the following hypotheses:

(H1) ¢ is a continuous function on the real line such that
o(uw)u>0, VueR

and ¢ has polynomial growth at infinity, i.e. there exist two numbers C > 0
and p > 1 such that

lo(w)| < C(juf? +1), VueR;

(H2) W € L? x L%
(H3) f e L*(T;L? x L*(T;L?) ~ L*(Q) x L*(Q), Q=(0,L) x (0,T).

Remark 1. Of course, the condition (H1) is satisfied for ¢: R = Ry, ¢(u) =
kut, k> 0.
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Definition 1. A weak solution of (3.1)-(3.4) is a mapping
w = [v,u)t € L3(T; HY) x L2(T; H2 N HY)

having a derivative w = [0,u])' € L*(T;L2?) x L*(T; L?) such that, for any function
6 = [o,]* satisfying the same requirements, we have

T T T
(3.5) —-m1/0 (b,@)dt+a1/(; (v’,g’)dt+b1/0 (iz,g)dt—//c;go(u—v)gdzdt

:// ngdzdt—f-e// fiedz dt,
Q Q

T T T
(3.6) —mg/; (it,) dt + ap /0 (u”,9")dt + bz/0 (@, ) dt + //Q p(u—v)pdzdt

=//;)W2'¢dxdt+e//;?f21/)dzdt.

Remark 2. We note that the fourth term in (3.5) makes sense because u,v €
H'(Q) and the imbedding H'(Q) — L9(Q) is compact for all 1 < ¢ < co. The same
holds for the fourth term in (3.6).

Theorem 2. Under the assumptions (H1), (H2) and (H3), the problem (3.1)-
(3.4) has a weak solution w = [v,u]® € L®(T;H}) x L=(T; H2 N H}) such that
w = [v,u]t € L®(T;L?) x L>(T;L?).

Proof. Step 1. We use the Galerkin approximative pfocedure. Let

nr
n = in — =1,2,...
wn = sin —-g (n )

be an orthogonal basis for H}, H2 N H} and L? ([1], Lemma 2).
We search the n-th approximation

wn(t) = [va(t),un(t)]) (n=1,2,...)

which satisfies the system of equations

(3.7) My (Un, w;) + a1(vy,, w;) + b1 (9, w;) — (P(un — vn),w;),
:(lewj)+€(flywj)7 ISan’
(3.8) My (iin, wj) + az(u;,, w5) + ba(n, w;) + (P(un — va),w;)

= (Wa,w;) +e(fo,w;), 1<j<n



and the periodicity conditions

(3.9) Un(2,0) = vn(z,T), Va(x,0) =Va(z,T),
(3.10) Un(x,0) = un(z,T), tUn(z,0)=1d,(z,T).

Some estimates of these approximations wy,(t) enable us to establish the conver-
gence (in a certain sense) of a convenient subsequence of {w,(t)}32; to a weak
solution of our problem (3.1)—(3.4).

We define approximations wy(t) = [vn(t), un(t)]* of the form

(3.11) vat) = D yin(t)wi,
=1

(312) un(t) = zn: zin(t)w,-
i=1

where y;n(t), zin(t) are real-valued functions. Inserting the expression (3.11) in (3.7)
and (3.12) in (3.8), we obtain a system of ordinary differential equations

2
. ™ . .
(3.13) mlyjn(t) +a; ﬁfyjn(t) + blyjn(t) — (p(un — vn)v“’j)
=& +efii(t), 1<j<n,
4
(3.14) MaZin(t) + G275 2in(t) + bazin(t) + (P(Un — vn),w;5)

L4
=& +ef2i(t), 1<j<n

where &;; = (Wi, w;) € R and f;;(t) = (fi(t),w;) € L*(0,T), i = 1,2.
Next, we show that the system of nonlinear ordinary differential equations (3.13),
(3.14) has a solution

Zn(t) = [(Yin(2)), (zin ()]

such that
(3'15) yjn(O) = yjn(T)7 :’Jjﬂ(o) = '!]jn(T),
(3.16) zjn(0) = 2jn(T),  2jn(0) = 2jn(T)

forall j =1,...,n.

Step 2. Existence of the Galerkin approximations.
Let HZ be the closed subspace of H2(0,T) consisting of functions f which satisfy
the boundary conditions

O =£(T), {0 =)
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We consider the linear and bounded mapping
L: (HP)™ x (H})" = (L*(0,T))" x (L*(0,T))"

defined by . 2 .
L [ (M1§jn + a1725%Yjn + b19sn) ]
Tp = oty .

(m2Zjn + ag T j*2jn + baijn)

Computing the scalar product of Lz, = 0 with z,, we get
n_ T 23 [T n T
(317) -my Z/ Ui dt + a1 75 Z/ 72y2, dt —my Z/ 2, dt
j=170 j=170 j=1"0
(T,
+a2222/0 J z5,dt =0.
j=1

Now, we multiply Lz, = 0 by £, and integrate over (0,7"). We obtain

n T n T
(3.18) bIZ/ 92, dt+bzz/ 22.dt =0.
=170 j=170

By (3.17) and (3.18) we obtain z, = 0.

Thus L is an injection and we conclude, by virtue of Lemma 1, that L is an
isomorphism from (HZ)™ x (HZ)™ onto (L%(0,T))™ x (L?(0,T))™ because it is the
sum of an isomorphism between (H2)™ x (HZ)™ and (L%(0,T))™ x (L%(0,T))™ with
a compact linear mapping.

Next, we consider the mapping

H: (H7)" x (H7)™ = (L*(0,T))" x (L*(0,T))"

defined by n
(~(#(2 Gin(t) — gin(®)r) 05) )

(o esntt) ~ vin(®s) 5)

Because the mapping ¢ is continuous and the imbedding H!(Q) — L(Q) (1 <
g < 00) is compact, H is a continuous, compact mapping from (HZ)" x (H2)" to
(L%(0,T))™ x (L%(0,T))".

Now, writing & = [(&17), (&2;))' and fu(®) = [(fuj(1)), (fas (®))]", the prob-
lem (3.13), (3.14), (3.15), (3.16) coincides with

Hz, =

(3.19) Lz, + Hz, =&, +cfn.
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By a version of the Leray-Schauder principle the existence of solutions for (3.19)
will be a consequence of the boundedness in (H2)™ x (HZ)™ of all possible solutions
of

(3.20) Lz, + ) \Hzx, =&, +efn

with 0 < X\ < 1, which we now prove.
We compute the scalar product of (3.20) with Z, which yields

n T n T T
(B21) by / Poadt+by ) / 2,dt+ A / (@(tn — V), tn, — D) dt
=170 =1J0 0
n T n T
j=1 0 j=1 0
n T n T
+EZ/ flj:l]jndt+EZ/ fzjijn dt.
i=1"0 j=1"0

If we denote by G a primitive of y, then we have

L
(o(tn — vp),%n — 0n)) = a(—lt-/o G(un — vy,) dz.

n T 1/2 )
(E [ sow)” <y 2inlee, i=12
j=1

we have by (3.21):
n T no T
e2) by [ Barnd [ 2
j=1 70 j=170
b} n_ T 1/2 n_ T 1/2
<2Vt (3 [ dpeae) "+ vEmLA(3 [ )
j=1

=1

Since

n

n T 1/2 T 1/2
+e||f1um)(2 / y,?ndt) +euf2um>(z z,?,.dt) ]
j:l 0

=1

Then, we have by (3.22):

n T 1/2 n T 1/2
(3.23) (Z / y;‘.’"dt) + (Z / z]?ndt)
j=1Y0 =170

< CL(VT|Wllz2x2 + el fllz2@yx12(@))»
(3:24)  lallfz20,my)mx(z2@yn < C2(VTIW | z2x12 + el fllz2@)x22(@)) -
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From (3.20) multiplied by z, we obtain
™ T 2.2 e [T 4.2
(3.25) alﬁZ/ J yjndt+a2—L—42/ i zj,dt
j=1"Y0 j=10
T
+A/ (p(un — un), un — v,) dt
0
n T n T n T
=mlz/ yjfndt+m22/ g;nnglj/ Yin dt
j=1"0 j=170 =1 0
n T n T n T
+Z§2j/ Zjndt+62/ fljyjndt"‘EZ/ fszjndt

If we denote a = min{a, %27,0,2'1[—[;'}, we have by (3.24) and (3.25):

n T n T

Z/ j2y§ndt+2/ j*22, dt

j=170 j=170

maCs

Ta
1 /2

+ E\/;(ﬁ"W"LQXLz + el fllL2@)x12(Q))

n AT 1/2 n AT 1/2
NG (2 )|
=10 =10

1/2

2
< (VTIW || 2x 2 + ell Fll L2 @) x 22(@))

n T 1/2 n T
(3.26) (Z / i*y2, dt) + (Z / j*22, dt)
0 =170

i=1

< C's(\/T”W”LZxL2 +ell fllz2@)x22(@)-

In particular,

(3.27) (zn: /0 ' v2, dt)1/2 + (2:; /0 ’ 23, dt)

=1

1/2

< C3(VTIW|l2xs2 + €l fll2(@)x £3(@))
2
(3-28)  ||znllfz2(0,7)m x (2200, < C3 (VTIWlL2x12 + €l fllL2@)xL2(@))

n T n T
(3.29) > / Py dt+ ) / jz3, dt
j=1"0 =170
2
< Ca(VT|W |22 + €l fllz2)x22(@) -
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By (3.24) and (3.28) we have
(3.30) lwnll i @yx a1 (@) < Cs (VTIIW | 22522 + €ll fllL2(@) x22(@))

Computing the scalar product of (3.20) with £,, we get
n T n T T
(3.31) my E / yjzn dt + mq Z/ zfﬂ dt + /\/ (p(un — vp), iy — Bp) dt
2 (T, B T, n T
=a1FZ/(; Jyjndt+agﬂ§:/o Jj zjndt+Z§1j/0 Jindt
j=1 j=1 j=1
n T n T n T
+ Zfzj / Zjn dt+EZ/ flj':ijjn dt+62/ fgjfjn dt.
=1 0 =170 =170

Let
®;(t) = (p(un — vn),wj), 1<j<n

Using (3.30) and the imbedding H(Q) < L?(Q) we have
18l 20,7y < Co(VTIIW | L2x 22 + €ll fll 2@y x L2(@)) -

Then we obtain by (3.31):
n AT 1/2 n LT 1/2
(3.32) (Z / i dt) + (Z / 5?,,dt>
j=170 j=170

< Cr(n) (VT |IW || L2x 2 + €ll fllz2@)x12@))”

and

" 2:
(3:33)  |IZallfz20,m)m (2200, < C2(n) (VTIIW || p2x 12 + el fll 2@y x £2(@))

where C7(n) is a constant depending on n.
The estimates (3.24), (3.28) and (3.33) show that

lznll(H2yn x (H2)» = (”-’Bn“?m(o,fr))n x(L2(0,T))» t ||f"3n||?m(o,'r))n x(L2(0,T))"

+ lEnlitLao,ryymx z20,m2)' 2

is bounded for all possible solutions of (3.20) and this implies that (3.19) has a

solution.
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Step 3. Estimates on the Galerkin approximations.
Let n

> Yin(t)w;

wa(z,t) = |73}

_221 Zjn (t)w;

be the solution of the system (3.7)—(3.10) where the y;n(t), zjn(t), 1 < j < n
satisfy (3.13)—(3.16) and the estimates we have just found.
We obtain from (3.24), (3.29):

(3.34) ”wn"%ﬂ(T;H(})xL2(T;H2ﬂHl§) + ”""n”iZ(T;L?)xLZ(T;B)
2
< Cs(VT|IWlLaxr2 + ell fll2@x2(@) " -

From (3.34) it follows that there exists ¢, € [0, 7], such that

(3.35) a1l|vn(ta)ll3y +mallon(ta)llZz + azllun(tn)li2nm
Cy

+malin(ta) 3 < -

On the other hand, as u,, v, satisfy (3.7), (3.8), respectively, we have

1d . . .
(3.36) g (m [onll72 + atllvallzz) + bullonlZz — (@(un — vn), 9n)
= (lei)n) + E(fl, 'Dn)7
1d . . .
(3.37) 5&(7”2““7»"%2 + a2”un”§-12n1-16) + b2|lun||%,2 + (P(un — vn), Un)

= (W27i"‘n) + €(f2,1ln).

Integrating the equalities (3.36) and (3.37) over any subinterval (¢,,t) or (¢,t,) of
(0,T) and using (3.34) and (3.35) we get

(3-38) ma [0 (B)I172 + a1 llon ()7 < Cro,
(3.39) maliin(8) 122 + a2lltn(®) 1320 < Cu-
Then, by (3.38), (3.39), we have
(3-40) ”wn”ioo(T;Hé)xLoo(T;H2nH(}) + ”'“"n”:';,W(T;L?)xLW(T;L?) < Cha.

Step 4. Convergence of the Galerkin approximations.
The estimates (3.40), (3.30) imply that

{wy} is bounded in L®(T; H}) x L>(T; H2 N H});
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{wy} is bounded in L>(T; L?) x L*(T'; L?);
{w,} is bounded in H*(Q) x H(Q).

Thus, by virtue of Lemma. 4 of [1] and using the classical diagonal procedure, we
can extract a subsequence {wn,} of {w,} with the properties

wm = w = [v,u]T in L®(T; H}) x L>(T; H2 N H}) weaks;
Wy, — W = [0,4)T in L®(T;L?) x L>(T; L?) weaks.

Furthermore, the injection H(Q) < L?(Q) is compact and as w,, — w in L2(Q) x
L?(Q) weaksx, it follows that

Wy = w = [v,u]’ in L*(Q) x L?*(Q) strongly and a.e.

Now, let 8 = [, %] be any function of the form

N
o(z, t)] _ Y oi(t)wi(z)

=1
Y(z,t)

0(z,t) = [ N
g,l Pi(t)wi(z)

where g;(t), ¥:i(t), 1 < ¢ < N, are continous, T-periodic functions with L2(0,T)-
derivatives g;(t), ¥:(t), respectively.
By construction, for m > N we have

T T T
s ) dt+arf @, o) dt+ [ (6, 0)dt - // (tim — vm)oda dt
0 0 ()} Q

=// ngdzdt+e// fredzdt,
Q Q

T ) T T
—migf (b, $) dt + anf (@, 9") At + bof (i, ) dt + // (i — V)b dz dt
0 0 0 Q

= //ngzpdzdt—i-e//Qfgzpdxdt

and this implies that the equations (3.5), (3.6) hold for w = [v,u]* and 6 = [, ¢]* as
above.

By a density argument the last equalities imply that the equations (3.5), (3.6)
hold for those 8’s mentioned in Definition 1 as well. [m]

51




Theorem 3. In addition to the assumptions of Theorem 2, assume that f has a
derivative f € L>®(T;L?) x L°°(T; L?) and that ¢ € C'(R,R), its derivative being
nonnegative and bounded. Then the problem (3.1)—(3.4) has a solution

w = [v,u]t € L®(T; H? N H}) x L=(T; H),
with
w = [0,4]* € L®(T; Hy) x L®(T; H* N HY), # = [4,i)' € L>(T; L?) x L=(T;L?)
and (3.1)—(3.2) hold a.e. on Q.

Proof. We use the approximations w,(t) = [va(t),un(t)]* (n = 1,2,...) whose
existence has been shown in the preceding theorem. Now we differentiate (3.7) and
(3.8) with respect to t to obtain
(3.41) My (Vp,wj) + a1(0,,,w5) + b1 (D, w;) — (9 (Un — Vo) (Un = Dn),w;)

:E(flij)a lsjgny

(3.42) mz('u",,,wj) + 0,2(11:1, w}') + bz(ﬁn, w]-) + ((P,(’U,n - 'Un)(’!:l.n - 1')n),wj)
=e(fowj), 1€<j<n

and it follows that
2
vee ™ 5. . . .
(3.43) m1Y;n(t) +a1 ﬁﬂyjn(t) + b1Gin(t) — (' (Un — va)(Un — Vn),w;)
=chjit), 1<ji<n,
4
(344) ma%;n(t) + a2 ZzJ4Zjn(t) + baZjn(t) + (' (Un — v5) (tn — 5),w;)
=efoi(t), 1<j<n,

where fi;(t) = (fi(t),w;) € L=(0,T), i =1,2.
From (3.43) and (3.44) and the hypotheses of the theorem we deduce that

2a(t) = [(Win (), (2in ()] € (H3(0,T))" x (H* (0, T))".

Furthermore,
(3.46) Zin(0) = 2n(T), 1<j<n

because of the periodicity of f and by (3.13) and (3.14).
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Multiplying (3.41) by §;» and (3.42) by 2;,, adding for j = 1,...,n and integrating
over (0,T), we have

b // 92 dzdt = // (p’(u,.—v,,)(ﬂn—1),.)1'3,,d:1:dt+e/ frin dz dt,
Q

bo // 42 dzdt = // n — Un)( vﬂ)undzdt+€/ fgundxdt
Q

Now, (3.34) and the hypothesis on ¢ and f imply

(3.47) llionl|Z2(r;12)x L2(T;12) < Ch13,

where C;3 denotes a constant which does not depend on n.
Multiplying now (3.41) by 9;» and (3.42) by Zj», adding for j = 1,...,n and
integrating over (0,T), we get

—-my // 92 dz dt + ay // 2 dzdt = // @' (Un — Vo) (Un — 05 )0, dzdt
Q Q Q .

+ s/ f'li)n dz dt,
Q

-my // 42 dz dt + ag // w2 dzdt = —// @' (Un — Vn)(Un — Up)tn dz dt
Q Q Q
+e// fotin dz dt.
Q

By the hypotheses on ¢ and f and the estimations (3.34) and (3.47), we deduce
that

(3.48) lnll72(7; 13y x L2(7s 20y < Cras

where Ci4 denotes a constant which does not depend on n.
From (3.47) and (3.48) it follows that there exists ¢, € [0,T] such that

. .. C
(3.49) ax[n(tn) Iy +mallon(tn)llEz < 25,
. . C
(3.50) @alltin (t) 2y + maliin(tn)lI72 < =5

| Multiply (3.41) by #;» and sum for j = 1,...,n. It follows that
1d . 112 . 2 . N2
(3.51) 3 g Mltnlizz + allvnlly) + bulldnllza
— (¢ (un = vn)(tin — 9s),05) = E(flvi}n)-
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Now, multiply (3.42) by %;, and sum for j = 1,...,n. We have

1d

(352)  q(malinls + azllimlbangy) + ballialZa

+ (‘p,(un - vn)(i‘n - 'bn)’ﬁn) = E(f% Un)

Integrating the equalities (3.51) and (3.52) over any subinterval with endpoints
tn, t € (0,T) (regardless of their order), and arguing as in the step 3 of the proof of
Theorem 2, we obtain the estimate

.2 .
(353) ”wn”Lw(T;H(})XLm(T;Hané) + ”wn”ioo(T;L2)xLoc(T;L2) < Cl7.

On the other hand, the approximations w,(t) = [vn(t),u(t)]* (n = 1,2,...) sat-
isfy (3.7) and (3.8), so that

(3.54) M1ty — a10Q) + b10y — Polp(un(t) — vn(t))] = Pa[Wi + f1(2)],
(3.55)  maiin + a2ul!) + batin + Palp(un(t) — va(t))] = Pu[Wa + e fa(t)]

where P, denotes the orthogonal projection of L? onto sp{wi, - ..,wn}-
Since by our hypotheses we have f € C([0,T]; L?) x C([0,T]; L?), the rela-
tions (3.53), (3.54) and (3.55) imply

< Clg

(3.56) ”w"”Lw(T;Hang,)xLoo(T;fi) =

where C;g denotes a constant which does not depend on n.
Now, on the basis of (3.53) and (3.56) we may extract from {w,} a subsequence

converging to a function w as stated in the theorem. The last assertion is an imme-
diate consequence of passing to the limit in (3.54) and (3.55). O
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