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THE BOUNDARY REGULARITY OF A WEAK SOLUTION OF
THE NAVIER-STOKES EQUATION AND ITS CONNECTION
TO THE INTERIOR REGULARITY OF PRESSURE*

Jikf NEUSTUPA, Praha,

Abstract. We assume that v is a weak solution to the non-steady Navier-Stokes initial-
boundary value problem that satisfies the strong energy inequality in its domain and the
Prodi-Serrin integrability condition in the neighborhood of the boundary. We show the
consequences for the regularity of v near the boundary and the connection with the interior
regularity of an associated pressure and the time derivative of v.
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1. INTRODUCTION
Suppose that  is a bounded domain in R® with a C* boundary 9 such that

Q is locally on one side of 9Q. Let 7" > 0 and Qr = Q x (0,7"). We deal with the
Navier-Stokes initial-boundary value problem

ov

(1) n +(w-V)v=—-Vp+rvAv in Qr,

(2) V-v=0 in Qr,

(3) v=20 on 90 x (0,7),
(4) 'U|t:0 =g

where v = (v1,v2,v3) and p denote the velocity and the pressure and v > 0 is the
viscosity coefficient. We will assume for simplicity that v = 1.

*This work was supported by the Northern Illinois University, DeKalb, by the Grant
Agency of the Czech Republic (grant No. 201/02/0684) and by the research plan of the
Ministry of Education of the Czech Republic No. MSM 98,/210000010.
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We deal with a weak solution v of the problem (1)—(4) that satisfies a strong energy
inequality. (Such a solution can be constructed.) The notion of a weak solution of
the problem (1)—(4) is well known. The readers can find the definition and a survey
of important properties e.g. in [3]. Let us only recall that v € L2(0,T; W, *(Q)?) N
L%(0,T; L?(2)3). The associated pressure is a scalar function p such that v and p
satisfy equation (1) in Q7 in the sense of distributions. p is defined a.e. in Qr, it is
determined modulo an additive function of time and can be chosen so that it belongs
to L/3((e,T) x Q) for each ¢ € (0,T) (see [13]).

A point (z,t) € Q x (0,T) is called a regular point of the weak solution v if there
exists a neighborhood U of (x,t) such that v is essentially bounded in U N Q7. The
points of Q x (0, T) which are not regular are called singular.

The following lemma gives more information on interior regularity of the weak
solution v of the problem (1)—(4). ¢; and t5 will always denote instants of time such
that 0 <t; <to <T.

Lemma 1. Let 1 be a subdomain of 2 and let at least one of the conditions
(i) v € L%(t1,ta; LY(Q4)3) for some a € [2,+00), b € (3, +00) such that 2/a+3/b =
L,
(i) v € L®(t1,t2; L3(1)3) and the norm of v in L™(ty,te; L3(Q1)3) is sufficiently
small
be satisfied. Let Q5 be a sub-domain of Qq such that Q, C Q; and let ¢ be a positive
number such that t; + ( < to — (. Then
a) v and its space derivatives of arbitrary orders belong to L>°(Q x (t1 4+, t2—())?
and

b) Vp and dv /0t and their space derivatives of arbitrary orders belong to L*(t; +
Cota — ¢ L%°(Q2)3) for each a € [1,2).

Statement a) follows from [11], while b) is proved e.g. in [10].

Regularity up to the boundary of a weak solution v of the problem (1)—(4) was
studied by S. Takahashi [14]. S. Takahashi worked with a domain €, of the form
Q1 = Us(x0) N Q for some xy € I under the assumption that 9Q; N 9N is part
of a plane. He has shown that if v satisfies condition (i) or condition (i)’ then it
has no singular points in Us (xo) N Q in the time interval (t; + ¢,t2 — () for all
¢ €(0,(t2 —t1)/2) and ¢’ < §.

We shall use the following notation:

e n is the outer normal vector on Jf).

e L2(0)3 is the closure of {® € C§°(Q)?*; V-® =0 in Q} in L?*(Q)?. Functions
from L2(2)® have the normal component on 92 equal to zero in the sense of
traces and [L2(Q)*]F = {Vp € L2(Q)3; ¢ € W,-2(Q)} (see e.g. [3], Chap. III).
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o ||-]lg and || - ||s,q, Will denote the norm in L9(Q2) and in W*7(02), respectively.
The norms of vector-valued or tensor-valued functions will be denoted in the
same way as the norms of scalar-valued functions.

e P, is the orthogonal projector of L?(Q2)? onto LZ(Q)3. Put Q, = [ — P,. If
w is smooth enough, i.e. if V- w € L?(Q)3, then Q,w has the form Vi where
 satisfies the Neumann problem

¢

Ap=V- -w in Q,
on |5

= (w-n)|y.

Using the assumption about the smoothness of 92, one can deduce from the
results on the regularity of solutions of this problem (see e.g. [5], p. 15) that P,
and @, are continuous linear operators in W*4(2)3 for all s > 0 and q > 2.

e A= —P, oA with D(A) = W22(Q)3 N W, 3(Q)> N L2(Q)3. A is a selfadjoint
positive operator in L2(£2)3. It was proved in [1] and [4] that the domain of the
fractional power A° (0 < s < 1) is D(A°%) = D((—=A)*) N L2(Q)? where —A is
considered to be the operator in L?()? with the domain D(—A) = W22(Q)3n
Wy2(2)3. Since D((—A)Y?) = Wy*(Q)? and consequently D((—A)®) is the
interpolation space [L2(2)3, W, 2(Q)3]2s = W252(Q)? (0 < 5 < 1), we have
D(A%) = W252(Q)3NL2(2)% (0 < s < 1). It can be also deduced from [4] that
A® is a continuous operator from W?2%9(Q)3 into LI(2)® (0< s < 1, ¢ > 2).

o Ur=U,(00)NQ (for r > 0).

We shall further use the conditions
(ii) v € L(t1,to; L2(U})?) for some r > 0 and a € [2,+00), b € (3, +00) satisfying

2/a+3/b=1,
(i) v € L>®(t1,t2; L3(UF)?) and the norm of v in L>(t1,t2; L3(U})?) is sufficiently
small.

Both the conditions (ii) and (ii)’ are obviously fulfilled if v has no singular points
on 9N in the time interval [t1, t2]. The main results of this paper are given by the
next two theorems.

Theorem 1. Let condition (ii) or condition (ii)’ be fulfilled and let ¢ > 0 be
such a number that t; + ¢ <ty — (. Then v € L*>(t; + (,t2 — (; W2+‘5’2(U;‘)3) and
both dv/dt and Vp belong to L™ (t1 + (,ty — (; W2(U;)?) for each § € ([0, 1) and
o€ (0,r).

Let us note that statement b) of Lemma 1 holds with v = +00 in the case when
Q) = R®. (This will easily follow from Lemma 2 and the identity p!! = 0. It was
also independently proved by P. Kudera and Z. Skaldk—see [6] and [12], where this
question and other related topics are also discussed.) Thus, a challenging question
arises about the influence of the boundary of €2 on the interior regularity of pressure
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and the time derivative of velocity, even if 0} is arbitrarily far from the considered
domains 7 and 5. Theorem 2 shows that conditions (ii) or (i)’ enable us to obtain
the same result as in the case when Q = R3.

Theorem 2. Let Q; and Q5 be subdomains of Q such that Qy C Q; and
let { be a positive number such that t1 + { < to — (. Suppose that at least one
of the conditions (i) and (i)’ and at least one of the conditions (ii) and (ii)’ are
satisfied. Then Vp, v/0t and their space derivatives of arbitrary orders belong to
L% X (t1 + ¢, ta — ())3.

2. PROOFS OF THEOREM 1 AND THEOREM 2

The problem (1)—(4) can be localized to U in a standard way: Let ¢ € (0,r) and
let 7 be a C> cut-off function such that n(xz) = 1 for x € Uy, 0 < n(x) < 1 for
T € Ui, 3 — Uy and nx) =0if x € Q — Ulit20)/3- Put w = nv —V where
V-V = Vp-v. Function V can be constructed so that it has a compact support in

[U(*2r+g)/3 — U;/Q] X [tl, tg] and
(5) V"V 2 < e(m) [V ol
for all m € N. (See e.g. [2], Theorem 3.2, Chap. III.3.) u satisfies the equations

(6) %—;‘ +(u-V)u==Vnp-pl+Aut+h in Qx(t,t),

(7) Veu=0 in QX(tl,tQ)

Blt) = /U P, ) da,

(2rt0)/3 Vg2
ov
h=—-—-~ (V-V)(nv) = (nv) - V)V + (V- V)V + (nv - Vn)v

—n(l—n)(v-V)v—2Vn-Vv—vAn+ AV + (p—Dp)Vn.
Note that supph C (U(*2r+g)/3 — U;‘/Q) X [t1,ta]. u satisfies the boundary condition
(8) u=0 on 00 x (tl,tg).

An analysis of the system (6)—(8) requires some information about regularity of the
function h, which is closely connected with the interior regularity of functions p and

550



the time derivative of v. p can be written as a sum p! +p!! where Vp! = —Q,(v-V)v
and Vp!! = Q,Av. Then for a.a. t € (t1,t2) one has

. op’
(9) Apl = —V;,5V5,¢ 1M Q? —(ma t) = 07
n on €00
3pII
(10)  Ap'f=0 in Q, —(x, 1) = (Av(x,t) - n)’xeaﬂ.
on z€dQ

The harmonic part p!! of pressure is connected with velocity only through the
behavior of Av on the boundary. This is also observed and discussed in [9], pp. 83—
85.

Lemma 2. Let Qy be a subdomain of Q and let at least one of the conditions (i)
and (i)’ be satisfied. Let Qo be a subdomain of ; such that Qy C Q) and let ¢ be
a positive number such that t, + ¢ < ty — (. Then Vp! and its space derivatives of
arbitrary orders belong to L™ (3 x (t1 + (,t2 — ¢))3.

Proof. A solution v can have singularities only at time instants ¢t € I" where
the set T' is closed in (0,7") and its measure is zero. Moreover, v is of class C* on
Qx ((0,T)—T). (See e.g. [3].) Suppose that t € (t; + (,t2 — () — I and a is a unit
vector. Let 1 be a C™ cut-off function such that pu(x) =1 for & € Qq, 0 < p(x) < 1
forz e O — Qs and p(x) =0if ¢ & Qy. Let @ € Q2. Then

Ay [u(y)Vyp' (y,1)] dy
R3 ly — |

Vypl (y,t)dy

- (@) Vp

! (=,
RN
u(y)

41T oly—z|

1

5 [ Ve Vil vy + TG

t) =

Vylvi, i (y,t)vj,i(y, )] dy

where the integral I belongs to L>(Q; x (t; + (,t2 — ¢))? (due to Lemma 1) and
V™% (y) = QoAy(au(y)/|y — x|). One can derive that

where

Ayw®(y|) =0 in Q,
ow”(y) n (y—z)-n
=(- +3 y—x
oym yeo9 ( ly — |3 ly — x|® ( )>
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Then we have

1
w(x)Vp' (x,t) = — y Q@x’“(y)vi,j(y,t)vj,i(y,t) dy +a - I(z,t)
1
= " %,J )iy, tv;(y, t)dy +a - I(x,t).

This shows that Vp! belongs to L>(Qy x (t1 + (,t2 — ¢))3. The same statement
about the space derivatives of Vp! can be obtained analogously, provided we deal
with DIF'vp! (where DIl = Ol joxh 1 dxk2 0285 k = (K1, ko, k3) is a multiindex)
instead of Vp'.

Lemma 3. Let Qs be a subdomain of Q such that Qs C Q. Let ov/on €
LP(ty,t2; LY (0Q)3) (where 3 > 1) and let ¢ be a positive number such that t, +
¢ < ty — (. Then Vp'! and its space derivatives of arbitrary orders belong to
LO(t + Gt — G L% (Q)?).

Proof. Let Q; be a domain in  such that Q, C Q; C Q. Suppose that t, x,
a, ¢** and p have the same meaning as in the proof of Lemma 2. Then

17
1, Aulk®Vyp (y, 1)) dy
An Jps ly — x|

1 au(y) II
=— [ A : t)d
4]_[ o y<|'y7.’13|> vyp (y’ ) Yy

= ﬁ A (lzu_( )|> Q-Ayv(y,t)dy

= L/ QaAy — w)|> “Ayv(y,t)dy

1 ov
/Vyso -Ayv(y,t)dy = E/an Vo™ (y) - 8—n(y,t) dyS

1 ov
- /s@u (Y)vij(y,t)dy = E/‘m Vyso””’“(y)-a—n(y,t)dys

i [ TiA ) vl dy

a- p(x)Vp'(x,t) = -

This proves the statement about Vp!!. The same statement about the space deriva-
tives of Vp!! can be obtained analogously. O

The conclusions of Lemma 2 and Lemma 3 imply that if at least one of the con-
ditions (i), (i)’ is fulfilled and dw/dn € LP(t1,ty; L*(09)?) for some § > 2 then
Vp has all space derivatives in L?(t; + ¢, t2 — (; L>®(2)3). Using also Lemma 1 and
equation (1), one can obtain the same statement about dv/dt.
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Thus, conditions (i) or (ii)’, Lemma 1 (used with Oy = U and Qp = U5, ) /5 —
U /2) the assumption that dv/dn € LP(ty,ta; L' (092)3) for some 3 > 2 and inequal-
ity (5) imply that the function h has all space derivatives in L?(t;+(, ta—(; L(92)3).

We shall further assume that (ii) or (ii)’ holds. At the beginning, we do not
have sufficient information on the integrability of dv/0n on 9Q X (t1,t2) and we
can only derive by means of Lemma 1 that h has all space derivatives in L*(¢; +
C ta — ¢ L*°(02)3) for each o € [1,2). However, this enables us to prove a higher
smoothness of w in Q x (1 + (,t2 — ¢) (Lemma 4). It implies certain integrability of
Ov/On on 0N X (t1 4+ (,t2 — () (see estimate (13) which further makes it possible (by
means of Lemmas 1, 2 and 3) to improve the information on function h, etc. This
procedure will be repeated several times.

In the sequel, ¢ will denote a generic constant, i.e. a constant whose value may
change from line to line. It will depend on the function w, but it will be always
independent of time.

Lemma 4. Let condition (ii) or condition (i)’ be satisfied and let ¢ > 0 be
such a number that t; +( < to — (. Then AY?u € L>®(t; + (,ty — ¢; L*(Q)?) and
Au S LZ(tl + C,tQ — C,LZ(Q)B’)

Proof. Assume that e.g. condition (ii) holds. (The case of (ii)’ could be treated
analogously.) Suppose that ¢ € (t; + (,t2 — () — . (T is the set from the proof of
Lemma 2.) If we multiply equation (6) by Awu and integrate over 2, we obtain

(11) /|A1/2u|2dm+/( )u~Audm+/ |Au|2dm:/h~Audm

where

/(u Vu - Audx

< /|Au|2dw—|—c/ |ul?|Vu|* dz

2/b b3 1/b
/ |Au|? dx + c(/ |u|bdw) (/ |Vu|2dw) (/ |Vu|6daz)
Q Q
1 1/3 =
< =||Aull3 +5</ |Vu|6d:c) + c(9) (/ |u|bd:c) (/ |Vu|2dm>
8 Q Q Q

a/b
1
< glautg e [ upas) Al

(4 is an appropriate positive number.) Let 0 < s < 1/4. Then D(A%) = W?252(Q)3 N
L2(2)? (see Sec. 1). Thus, P,h(-,t) € D(A?®). Let us further choose v € (0,1) and
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> 2 so that 2 — v < ¢ and 3v/4¢q < s. Then 2¢(1 —v)/(¢ — ) < ¢ and

/h-Aud:B =
Q

AP h - A'Sude
Q

</ |A*P,h|" |A*P,h|* 7 |AYSu| de
Q

(a—7)

N

M 1 _2q
||ASPah||3</ |A° P, b =) dw+/ A S| @ dw)
Q

s 2(1— —s
clBl3,, 1A P52 oy + Bl A w3y )
2 —s
clRl3:7 + el ol At 5y g2
2 —s
clRl3:7 + clhld,, | AT =51 40y 3

2 4s—3 2—45+3
c||h||2ﬂ+c||h||2s,q||A1/2u||; | Ay

INCINCININ

2 2 4sq—3
< IRy + 7l 4wl + el e AV )

Substituting this to (11), we have

(12) LI 2l 4 [ Auld < el + IRIZY )42l + el

||ue||f is, due to condition (ii), an integrable function of ¢ on (¢1,t2). We can choose y €
(0,1) so small and ¢ > 2 so large that (1+3/¢)y < 4s. Then 2vq/(4sq—37) < 2 and
therefore ||h||2w/(4sq ) and Hh||§s_?1 are integrable functions of t on [t1 4+ ¢, t2 — (]

The number ¢ can be chosen not only arbitrarily small, but also such that t; +( &
L, ie. [[AY2u(- 1 + Q)2 < +o0.

Recall that inequality (12) holds for ¢ € (¢1 + (,t2 — () — I'. It implies that
A%y and Aw satisfy the statement of the lemma if ||AY/?u)|y is a left-lower and
right-upper semi-continuous function of ¢ at instants of time ¢t € T'. (Or in other
words, unless ||A'/?u]|, has jumps up at the time instants ¢ € I'.) This would be an
easy consequence of classical results about the Navier-Stokes equations (see e.g. [3]
or [7]) if h, in addition to its space regularity, were at least square integrable in time.
However, we actually know that the function h is only integrable in time with an
arbitrary exponent « € [1,2). Nevertheless, we can exclude the jumps up by means
of the following argument: Let ¢’ € (¢; + (,t2 — () NT". We can choose t{ < t/
arbitrarily close to ¢’ and construct a local in time strong solution u’ to the problem
(6)—(8) on a time interval (t(,t(, + T") overlapping (ty,t'], such that w'(t() = w(tf).
The existence of a local in time strong solution is well known—see e.g. [3] or [7]
for details. In fact, we only need u’ to satisfy the energy inequality and the norm
IVu/||2 to have no jumps up and such a solution can be constructed even if h is
integrable in time only with an exponent strictly less than two, but arbitrarily close
to two. Since wu satisfies the Prodi-Serrin integrability condition, u coincides with u’
on the interval (t),t) + T’) and therefore its norm ||A'/?u||; has no jump up at the
time instant t'. O
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The theorem on traces now implies that

4
(13) (/mwmds) < clulld s » < A uld + ¢ < | AV?ul3 | Aul +c
< cHAu||% +c.

Since the right hand side is an integrable function of time on (¢; + (,t2 — ¢) and v
coincides with u on 9% x (t1,t2), we also have dv/On € L*(t; + (,ta — ¢; L1(02)3).
Due to Lemma 2 and Lemma 3, Vp and dv /0t have all space derivatives in L*(¢; +
C,ta — ¢ L°(922)3) (where Qo = U(*27‘+g)/3 — Fg/z). Hence h and all its space
derivatives belong to L*(t; + ¢, ta — ¢; L%°(2)3).

Lemma 5. Let condition (ii) or condition (ii)’ be fulfilled, 0 < ¢ < 1 and
t1 +( <ty — (. Then A=y € Loo(tl +(,ta — C,L2(Q)3)

Proof. We can assume without loss of generality that ¢ is chosen such that
t1+¢ €71, ie ||Au(-,t1 + Q)||2 < 4+o0. Let t € (t1 + (,t2 — (). We will denote
to = t1 + ¢ for simplicity. We can obviously deal only with & € (0,3). Using the
integral representation of w(-,¢) by means of the semigroup et we have

t
(14) Al (- 1) = AV ATy (1) + / A=A P (. 7) dr

to

t
—/ Al_aeA(t_T)Pg(u(-,T) -V)u(-,7)dr.

to

Let us choose a number ¢ € [0, 1) such that e + ¢ > 1. Then 4(1 —e —¢)/3 < 1
and P,h(-,7) € D(A®) for a.a. T € (to,t). Thus, we obtain

t
/AligeA(tiT)Pa-h(',T>dT

to
| APAC s
5 to (E—T)7e¢

t dr 3/4 t 1/4
4
<(/ —(t_7)4(1_5_@/3) (/ ||h<-,f>||§,2dr) <e
0

Suppose that ¢ = 1 + x where x € (0, 1] for a while. (Hence 4(1 —¢)/3 < 1.)
Using the results of Lemma 4, we can derive that

1) |

2

t
/Al_a_geA(t_T)Agpgh(',T)dT

to

t
/ AlfgeA(t*T)Pg(u(-,T) . V)u(-,T) dr

to

(16) |

2

t
&
</ 7@_T>1—a A7) dr
to

t 3/4 /4
o ) (i)
0
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Inequalities (15) and (16), together with Lemma 4 and identity (14), imply that
A=y = A4 Ry € L°(t 4, te — ¢ L2(Q)?).

Let ¢ € (0,3) now. Let us choose £ > 0 so small that 1 — e < (1 + 2x)/(1 + 4k).
Using the above information on A3/4~*u, we can replace estimates (16) by

¢
(17) / AV AP (u(e, 1) - V)u(, 7) dr

¢ 2

o 1 3/4

<C/t0 WHA U(',T)HQ dr

t
1
< 3/4 K 1/(1+4k) Au 4k /(14+4kK) d
[ G Al ) r
¢ dr T
<o [ ) ([ 1wnar) ™ <
(t — 7—) T+2r

The statement of the lemma follows from Lemma 4, (14), (15) and (17). O

We can now proceed similarly as after the proof of Lemma 4: We have
(18) / IVl dS < cllulls/a.2 < A uls +c.
o0

This estimate and Lemma 5 imply that Ov/0n € L (t;+(,ta—C; L1(992)3). Thus,
Vp and 0v/0t have all space derivatives in L>((U(y,. o /3 — U;‘/Q) X (t1 4+t —(C))?
and consequently, h and all its space derivatives belong to L>(Q x (t1 +(,t2 —())3.

Lemma 6. Let g € L®(t1 + (,ta — (;W?52(Q)3) for some ¢ € [0,3). Then
the operator Biw = (g(-,t) - V)w is for a.a. t € (t1 + (,t2 — () and for 0 < s < 1 a
continuous linear operator from W*+1.2(Q)? into W*2(Q2)® and the estimate

(19)

2 < cf|wlls41,2

holds uniformly for a.a. t € (t1 + (,ta — (].

Proof. It can be verified that

1g( Dll2—¢2llwll,2 < cfjwl]y, 2,

c(llgls O)lla—g,2 + [lg (s t)ll,2)

[ Brw[2

NN

2 < cf|wl|z,2

| Biw|[1, 2

uniformly for a.a. ¢t € [t1 + (,t2 — ¢]. Hence B is a linear continuous operator from
(W22(Q)3, WH2(Q)3]1_5 = W*TL2(Q)3 into [W12(Q)3, L2(Q)%]1-s = W*%(Q)? and
the norm of this operator can be estimated by a constant which is independent of ¢
for a.a. t € [t1 + ¢, t2 — ¢]. (This can be deduced e.g. from [8], p. 27.) O
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Lemma 5 implies that w € L*(t1 + (,t2 — (;W2752(Q)?3) for each £ € (0, 3).
Hence we can use Lemma 6 with g = u and w = u(-,¢) and obtaining the estimate

(20) [(u(- 1) - V)u(-,t)

ls,2 < clul, D)ls1,2 < ] AT Pul 1)

for a.a. t € [t1 4+ (,ta —(]. (Of course ¢ depends on u, but it does not matter because
we work only with just one function wu.)

Proof of Theorem 1. Put e = §/2. We can assume without loss of generality

that t1+C €T, i.e. ||A1+8’U,(-,t1 +C)||2 < 4o00. Let t € (tl +(,to —C) and tg =t1+C.
Then

t
(21) AlFey (-, t) = AlteeAlt—toy (. t)) —|—/ A= p p(., 7)dr

to

t
- [ AR ) Dyl ) dr

to
Let us choose £ such that ¢ < ¢ < 1. Then P,h(-,7) € D(A®) and P, (u(-,7) -
V)u(-,7) € D(A®) for a.a. T € (to,t) and

t
/ AFeACT P (u(-,7) - V)u(-, 7)dr

to

2

t
/ A1+5*56A(t77)A§Pg(U('7 7)-V)u(-,7)dr

to

2

< [ el Yt g 2dr

t
C
< | G A ) o
to

t
< ;d7<c
S, eSO

t
/AHEeA(t*T)P,,h(-,T)dT :‘
2

t
/AHE*feA(t*T)AEPah(-,T)dT
to

t C
¢
< [ Gl

to

2

t
< ¢ dr <c
X ‘o (t _ 7_)1+57§ X C.

The statement of Theorem 1 about v now follows from these estimates, (21) and
the relation between the solutions w4 and v. The statements about dv/dt and Vp
further follow from equation (6). O
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Proof of Theorem 2. Lemma 5, estimate (18) and the coincidence of u and v
in the neighborhood of 9 imply that dv/dn € L>(t; + (,ta — (; L1 (09)3). The
statement of Theorem 2 is now an easy consequence of Lemma 2 and Lemma 3. O
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