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Abstract. A class of parabolic initial-boundary value problems is considered, where ad-
missible coefficients are given in certain intervals. We are looking for maximal values of
the solution with respect to the set of admissible coefficients. We give the abstract general
scheme, proposing how to solve such problems with uncertain data. We formulate a general
maximization problem and prove its solvability, provided all fundamental assumptions are
fulfilled. We apply the theory to certain Fourier obstacle type maximization problem.
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0. INTRODUCTION

In engineering design problems, there are uncertainties associated with geometrical
and material properties as well as with loads. Although by themselves these uncer-
tainties may be negligible, their combination might result in unexpected behaviour
which could lead to failure. Furthermore, most structures demand less weight or
less cost, having at the same time a high performance and reliability measure. It
thus becomes essential to deal with optimization problems considering probabilistic
design aspects. An interesting objective of this is also to design optimal shape sys-
tems under a required reliability. It is a consequence of requirements of an industrial
reliability that demands reduction of costs and fast and continuous evolution of the
products.

* This research was supported by the grant No. 1/8263/01 of the Grant Agency of the
Slovak Republic.
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Many mathematical models involve data which are not easy to determine. This
means that the coefficients of inequalities (or equations), right-hand sides or bound-
ary values can often be prescribed only between certain lower and upper bounds,
resulting from the accuracy of experimental measurements and the approximate
identification problem. In the following, we assume that the main aim of the com-
putations is to find the maximal value of a certain functional which depends on
the solution of the mathematical model. Then we can formulate the corresponding
maximization problem and employ methods of Optimal Design. In the present pa-
per we apply a general approach which is called “the method of reliable solutions
or worst scenario method’, see ([8], [9]), to a class of nonlinear parabolic problems
with uncertain coefficients. We give an abstract general scheme, proposing how to
solve such problems with uncertain data. We formulate a general maximization
problem and prove its solvability by using the method of penalization introduced
by Lions ([11]) for the parabolic state problem. Roughly speaking, the solution of
the state inequality is obtained as the limit of solutions of suitable approximate

“worst

problems. We introduce a functional by means of which we can choose the
scenario”, i.e., the worst admissible coefficients. This choice is then accomplished by
formulating the corresponding maximization problem and we prove the existence of
at least one maximizer. We concretize the abstract results by applying them to a
certain Fourier obstacle type maximization problem (Fourier problem occurs in the
modelling of several heat transfer phenomena), when the coefficients of the parabolic

operator or the obstacles are given with some uncertainty.

1. EXISTENCE AND UNIQUENESS THEOREM FOR
A PARABOLIC VARIATIONAL INEQUALITY

1.1. Basic assumptions.

We describe some function spaces. More details can be found in the books [2],
[5], [7] or [12], [16], [22]. Let E be a reflexive Banach space. If 1 < p < o0,
we denote by L,(0,T, E) the space of all measurable functions v: [0,7] — E such
that ||v(:)||g € Ly(0,T), where T' € (0,00) is fixed. The space L,(0,T, E) is the
Banach space with the norm |[v|z, 01,5 = (foTHv(t)H% dt)l/p ifl <p< o
and |||z 0.1,2) = esssup,e(o 1) V()] 5. Let C([0,T7], E) stand for the usual Ba-
nach space of all continuous functions from [0, 7] to E. Further, C*([0,T], E) denotes
the space of all k-times continuously differentiable functions ([0,7] — E).

The spaces L,(0,T,E), 1 < p < 0o, are reflexive and the dual spaces [L,(0, T, E)]*
can be identified with the spaces L,(0,7, E*), 1/p+1/q=1.
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The space Lo (0, T, E*) can be identified with the dual space [L1(0,T, E)]*, i.e., for
every F € [L1(0,T, E)]* there exists a unique function 6 € L. (0,7, E*) satisfying
the relations

I1F iz, 0,72 = 110l L 0,7, E%)

and
Flo) = /0 (0(t), v(t))pdt for every v € L1(0,T, E).

On the other hand, if E is a Hilbert space with the inner product (-,:)g, then
Ly(0,T, E) is a Hilbert space with the inner product

T
(v, 2) Ly(0,7,B) :/ (v(t),2(t))gdt, wv,z€ Ly(0,T, E).
0

Further, we introduce the Sobolev spaces of vector-valued functions. We denote
by W([0,T], E) the space of all functions v € L,(0,T, E), m > 1, 1 < p < oo such
that there exist functions 6, € L,(0,T, E), i = 1,2,...,m, satisfying the relations

/0 L0 1y at = (-1 / p(t)6i(t) At for every ¢ € C5°(0, ).

Functions 6; are generalized derivatives of the i-th order and we set 6; = d'v/dt’,
i=1,2,...,m. It is clear that W"([0,T], E) is a Banach space with the norm
HVHWI;"([O,T],E) = (HVHZzp(QﬂE) + de/dtnip(ojﬂ) +.oF Hdi/dthip(o,T,E))1/pa

1<p<oo,
and
[Vllwo,r.2) = W01,y + ldv/dt| 0.1y + - -+ A"/t L 0,7.8)-
In particular, v € Wpl([O,T], E) means that v: [0,7] — E is absolutely continuous,
a.e. differentiable on (0,7 and

v(t) =v(0) + /Ot(dv(s)/ds) ds for t €[0,T], dv/dse L,(0,T,FE).

Moreover, if F is a Hilbert space then WJ*([0,T], E) is a Hilbert space with the inner
product

dv dv

dv _) n (dmu d™my
dt’ dt/ L,0,1.E) '

D) — (1,0 ( ——) :
(v )W2 o.1.8) = V) L,07.8) + am At ) Lao1.E)
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Let V' be a Hilbert space with the inner product (-,-)y and the norm | - [|v.
Further, L(V, V™) is the space of all linear bounded operators from V into V* with
the norm || - || (v,v+). We suppose that V' C H, where H is a Hilbert space and V is
dense in H. If we identify H with its dual we have V. C H C V*. We note that this
inclusion holds both in the algebraic and the topological sense. The symbol (-, ) g
denotes the scalar product in H. As a consequence of the previous identifications,
the scalar product in H for F € H and v € V is the same as the scalar product of
F and v in the duality between V and V*. We put

(1.1) (F,v)y = (F,v)g forany F € H and for any v € V.

For a Banach space X and positive constants A\, A we denote by Ejc1 x)(A, A) the
class of the operator functions k(-): [0,7] — L(X, X*) for which the assumptions

L o]} < (s(t)v,v)x < Allvl%,
(A0) 2. (k(t)v,2)x = (k(t)z,v)x forall v,z € X and t € [0,T],

3. k() € CY([0,T], L(X, 7))

hold.
We counsider the initial value problem (B)

u(t) € K (t traversing the interval [0,T]) such that
(1.2) (du/dt,v —u(t))v + (A@®)u(t),v — u(t))y = (L(t),v — u(t))y
for all v e K, for ae. t €[0,T]; u(0)=wug €K,
where K is a closed convex subset of V', du/dt is the strong derivative of u: [0,7] —
V*, and
A(t) € e vy(a, M) forae. te[0,T],
(A1) Lew;([0,7],v:)nC([o,T], H),
A(0)up — L(0) € H.

Let Ix be the indicator function of some closed convex subset K of V, i.e.
Ix(v)=0ifvek, Ix(v)=+o0 if v¢K.

This is a convex, lower semicontinuous, proper mapping on V, and v* € dIx(v) C
V*if v € K and (v —w,v*)y > 0 for any w € K. For every v € K, Ik (v) is a closed
convex cone in V* with its vertex at zero, called the normal cone to IC at v. If v ¢ K,
then Ol (v) is empty.
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1.2. An approximation result for solutions to the initial value prob-
lem (B).

Consider the approximating equations (a penalized parabolic initial-value prob-
lem) corresponding to the equality

(1.3) { due(t)/dt + A(t)ue (t) + (0Ik ) (ue(t)) = L(t), >0,

ue(0) = uo.
We approximate
(1.4) du(t)/dt + A(t)u(t) + 0l (u(t)) > L(t) for a.e. t € (0,T),
by replacing I by its Lipschitz-continuous Yosida approximation (Ix)c, € > 0, where

(Ix)(v) = (2) v = P}, €>0, veV,

(0Ix)-(v) (the Fréchet derivative) = e~ 1J(v — Pk (v)), and
(1.5) J (duality mapping of V): V — V*,

(Ju,z)y = (v, 2)v, v,z€V

is the canonical isomorphism from V into V'*.

Here Py is the orthogonal projection onto K, and it is monotone and Lipschitz
continuous.

The projection operator is defined by (Px: V — K)
— P = mi - V.
lv = Pe()lly = min v - 2|y, veV,

and Px has the following properties arising directly from its definition (see [21]):

1° Pe(v) =v & v eK;
(1.6) 2° (Pc(v) —v,z2 = Pc(v))y 20 forall veV, z€K;
3° ||[Pc(v) — Pe(2)|lv < |jv—z|v for all v,z € V.

On the other hand, the operator (0Ix ). then fulfils the conditions
1° e(0Ix):(v) =0 = v e K;
2° (e(0Ik)e(v) — e(0Ik)e(2),v — 2)v = 0;

3% ||le(dx)e(v) — e(dx)e(2)]
for all v,z € V.

(1.7)

ve <2[lv—zllv

This means that €(0Ix). is monotone and Lipschitz continuous.
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Theorem 1. Let T > 0, ¢ > 0. Then there exists a unique solution
us € CY([0,T),V) of the initial value problem (1.3) and the sequences {uec, }nen
and {due, /dt}nen, €n — 04, are contained in a bounded subset of Lo(0,T,V) N
Leo(0, T, H).

Proof. The initial problem can be rewritten in the form

(1.8) { due,, (t)/dt + Z.,, (t)ue, (t) = L(t),

Ue,, (0) = Uo,

with

Z., (t): V—oV*,
Z. (t) = A(t) + (aI/C)sn-

n

Thus the operators Z. (t) are uniformly Lipschitz continuous and then due to [7]
the initial value problem (1.8) has a unique solution which is also a unique solution
the problem (1.3).

Let us set

(1.9) Ze, = Ug, — Up.

The function 2., € C*([0,T],V) is a solution of the initial value problem
dze, (t)/dt + A(t)ze,, (t) 4 (0Ik)e, (uo + 22, (t)) = L(t) — A(t)uo,
(1.10)
ze, (0) = 0.

For any function v in Ly (0, T, V) which satisfies dv/dt € Ly(0, T, V*), the following
equation holds (see [22]):

(111) (o) = 2du(e) /a0 (e)v-

This result will be used in the next step.
Performing duality pairing in (1.10), we obtain

(1.12) (dze, (t)/dt, ze, (1) v A(t)ze,, (t), 26, (t)v

(0kc)e, (w0 + 22, (1)), 2e,. (£))v
= (L(t) — A(t)uo, 2, (t))v-

By (1.2) one has ug € K, and hence ((0Ik)e, )(ug) = 0. This means that

(1.13) ((0Ik)e, (uo + 2e, (1)), 2, (£))v =0,
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due to the monotonicity of (9Ik)..
Thus, by virtue of (1.13) and (1.11) we get the estimate

d
(1.14) Tz Ol + 2022, DI < 2(L(E) = A)uo, 22, (#)v-
The right-hand side of (1.14) is majorized by

2| L(t) — A(t)uol

ze, (D)l < aflze, O + a7 L) — A(t)uol[5 -

V=

Therefore,

2
Ve

d _
(1.15) 312 Ol + allz=, O} < @ HIL(E#) = AE)uol

Integrating (1.15) from 0 to s, 0 < s < T, we obtain in particular

(1.16) 2, (s)II7 < a‘l/o IL(t) — A(t)uolly- dt

T

< ofl/ | L(t) — A(t)uo ||}~ dt.

0

Hence,
T
(1.17) sup |z, ()[4 < a‘l/ IL(t) = A(t)uol[}- dt.
s€[0,T 0

The right-hand side of (1.17) is finite and independent of ,,, therefore
(1.17); the sequence {z., }nen remains in a bounded set of Lo (0,7, H).

We then integrate (1.15) from 0 to T and get

2
2. dt.

T T
(1.17)2 Hzan(T)ll?qua/O 12, (DI dt < 071/0 [1L(t) — A(t)uol

This shows that the sequence {z, }., remains in a bounded set of L3(0,7,V). This

means that

(1.17)5 the sequence {u._ }. is bounded in Ly(0,7,V)N Lo (0,T, H)

as €, — 0.
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On the other hand, in order to obtain an estimate for the sequence {du., /dt}.,
we formally differentiate equation (1.10) and arrive at
(1.18)  d[dz, (¢)/dt]/dt + d[A(t)z, (D)]/dt + A[(D]kc ), (uo + 22, (1))]/dt

=dL(t)/dt — (dA(t)/dt)ug.

Next, we observe that the functions (9Ix)e, (uo + 2, (-)): [0,T7] — V* are Lip-
schitz continuous by virtue of ((1.7),3°). As the space V* is reflexive the functions
(0Ik)e, (ug+ 2, (+)) belong to the space WL ([0, T],V*) (see [5]). Moreover, the func-
tions Z¢, (-)ue, (+), L(-) from equation (1.8) belong to the spaces WL ([0,7],V*) and
W ([0,T],V*), respectively. This means that u., € WZ([0,T],V*) and by virtue
of (1.9) and (1.18) we can write

(dPue, (t)/dt?, due,, (t)/dt)v
(1.19) + (A(t)due, (t)/dt, due, (t)/dt)y
+(d[(0Ix e, (e, (1)))/dt, due, (t) /dE)yv
= (dL(t)/dt — (dA(t) /db)ue,, (1), due,, (1) /dt)v

for a.e. t € [0,T].

Further, due to (1.11) we have

(120) S ldue, (/A + 2(A@)due, (1)/dt, due, (1)/dt)y

+2(d[(0Ix)e,, (ue, (t)]/dt, duc,, (t) /dt)v
= 2(dL(t)/dt — (dA(t)/dt)ue, (t), du, (t)/dt)y .

However (due to the monotonicity of (0Ix)e, ), we can write
(1.21) (d[(0Ik)e, (ue, (t))]/dt, due, (t) /dt)y = 0 for a.e. t € [0,T].
On the basis of (1.20), (A1), and (1.21) we obtain the inequality
d
— lldue,, (t) /[l + ol due,, () /dt][5,

dt
< 207 '[(dL(8)/dtv-)* + (I(dA(®)/dt)uc, (t)]
< 207 [([[AL(t)/dt]v-)* + [[(dA(t)/dL)]17

(1.22)

ve)?]

DIV,

and therefore, integrating (1.22) from 0 to s, 0 < s < T, and using (1.17)3, one has

(1.23) Idue, (s)/dt]17 + 04/ Idue,, (t)/dt[7dt
0

v+)2dt 4 const | .

< [ldue,, (0)/dt]| + 207" UO (IdL(2)/dt|
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On the other hand, putting ¢t = 0 in the equality
(e, (£)/dt, 0} + (A@)ue, (), 0}y + (D) (e, (1)), v}y = (L(E), o)y
for any v € V, g, > 0, we get (due to the previous estimates, (0Ix)e, (uo) = 0)
(due, (0)/dt,v)y = (L(0) — A(0)ug, v)v.
This yields
(1.24) due, (0)/dt = L(0) — A(O)ug (€ H by (Al)).
By (1.23) and (1.24) we see that

(1.25) the sequences {duc, /dt}nen are bounded in the space
L3(0,T,V) N Leo(0, T, H).

1.3. Solution of a parabolic variational inequality.
Due to the a priori estimates obtained above, we obtain existence and uniqueness
for a solution of the unilateral problem (B) introduced in (1.2).

Theorem 2. There exists a unique solution u € WL ([0,T], H) N W3([0,T],V)
of the initial value problem (B).

Proof. Lete, — 0, &, > 0. Then, due to the a priori estimates (1.17)5 and
(1.25), the sequence {u., }., is bounded in the space W3 ([0,T],V) and in all spaces
W ([0,T],H), 1 < p < co. Hence, there exists a sequence {e,, }ren, €n, > 0, and a
function w, € W3 ([0,7],V) such that

lim e,, =0,
(1.26) =
ue, — u. weakly in Wi ([0,T],V).

"k

Further, due to ((1.3), 2°) we have the relation

(1.27) (%%®WW<KM%%®MQMWL+QWMV

foreach k e Nandv e V.

The expression (fot(dz(s)/ds) ds,v),, for z € W3([0,T],V) represents (for each
fixed t € [0,7] and v € V) a linear continuous functional over W ([0, T], V). This
shows that the sequence {(ue, (t),v)v}ren is (due to ((1.26), 2°)) convergent for
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every t € [0,7] and v € V. Consequently, there exists a function u: [0,7] — V such
that

(1.28) U, (t) —u(t) weakly in V for each ¢ € [0,T].

By virtue of the Fatou Lemma and the Lebesgue Theorem ([5], App. 1), we see
that

(129) {u € Li(0,T,V),

ue, —u weakly in L1(0,T,V).

2"

On the other hand, by comparing ((1.26), 2°) with (1.29) we conclude that u(t) =
ux(t) for a.e. t € [0,T] and

(1.30) Uue, — u weakly in W3 ([0,T],V).

We observe that the a priori estimates (1.17)2 or (1.23) imply that the sequences
{ue,, tren and {duc, /dt}ren are bounded in the space Lo (0,7, H), which is the
adjoint space to L1(0,7, H). Thus by virtue of (1.30) and due to a theorem of
Banach-Alaoglu-Bourbaki ([6], Th. IIT 15) one has

Ue, — U weakly star in L, ,
(1.31) { o Y 10

due,, /dt — du/dt weakly star in Looo,1,5)-

Then according to Proposition ITI.12 from [6] and by virtue of (1.31), we have the

estimates

lu = woll Lo, my < liminf [jue, = oL o,z

[du/dt|| Lo, m) < hknig.}f |due,, /dt||L

00 (0,T,H)?

which imply the estimates (using (1.23), (1.24))

T 2
|w = wol| Lo 0,7,1) < {a1 / |L(t) — A(t)ugl|3- dt] ,
0

v+ + [ A0)uol

ldu/dtllsorm < [||L<o>| 2.
(1.32)

T
+2a71 dL(t)/d¢||?. dt
1%
0

1
2

Jrconst(tgﬁ% ||dA(t)/dt||2L(V7V*))} for all ¢ € [0,T].
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In virtue of the inequality ((1.3), 1°) we can write

eni (00 )z, (ue,, (1) = en[L(t) — due,, (8)/dt — A(t)ue,, (1))
for every ¢ € [0,T].

The sequences {u., }ren and {duc, /dt}ren are bounded in V and in H, respec-
tively, for a.a. t € [0,7]. Then one has (by virtue of ((1.26), 1°))

lim ep, (0lk)e,, (ue,, (1) = lm e,,[L(t) — duc,, (t)/dt — A(t)ue,, (1) =0

k—oo k—o0

strongly in V* for a.a. t € [0,T].

Moreover, using then the monotonocity of €, (8I;C)5nk and the relation (1.28), we
obtain
(1.33) (eny (0Ik)e,, (v),u(t) —v)v <0 foraa. te0,T], veV.
Then inserting v = u(t) + 0z, > 0, z € V, into (1.33) we obtain

(eny (0Ik)e,, (u(t) +02),z)vy 20 forall z €V,

whence (due to the Lipschitz continuity of €, (0Ix)e,, ) the limiting process 6 — 0

yields
(eny (0Ik)e,, (u(t)),2)y 20 forall z€ V.

This means that
(1.34) Eni (01K )e,, (u(t)) = 0 for almost all ¢ € [0,77,

which due to ((1.7), 1°) gives the relation u(t) € K.
We have (after changing u on a set of zero measure)

(1.35) ue WL(0,T],H)nC([0,T], H)

and thus,
t
(1.36)  u(t) = u(0) +/ (du(€)/d€)de for every t € [0,T], 0< & <t
0
Simultaneously we obtain the relation
t
(1.37) U, (t) =uo + / (due,, (£)/d€)d¢  for every t € [0,T], keN.
0
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Hence, due to the convergences (1.28) and (1.30) we obtain the initial condition
u(0) = uo.

Let us suppose again that z is given in Lo(0,7,V) (being an arbitrary function),
where

(1.38) 2(t) e K for ae. t€[0,T).
We then have the inequalities

(1.39) (Eni (01 )ey, (ue, (8), 2(t) = e, (B))v <O,
for a.e. t € [0,7] and every n € N.

We then come back to the equations
(1.40) due,,, (t)/dt + A(t)uenk (t) + (8I;C)snk (uenk (t)) = L(¢t),

and forming the scalar product of (1.40) and [2(t) — ue,, ()] and integrating from 0
to T, we arrive at the inequalities

T
(L4) e, (DI +2 / (At (£),ue,, ()v dt
< e, (O)]13 +2 / (A(t)ue, (), 2(0)v dt
T
+2 /0 (due, (£)/dt, 2(1))v dt

+ 2/T<L(t),ugnk (t) — 2(t))y dt for all k € N.
0

However, using the assumptions (Al), we can easily see that the functionals on
the left-hand side of (1.41) are weakly lower semicontinuous on the spaces H and
L2(0,T,V), respectively. The passage to the limit for k¥ — oo in the integrals of the
inequalities (1.41) is easy, using the relations (1.28), (1.30) and the initial conditions
in (1.2) and in (1.3). Hence, we find

T
Ju(T) |3 +2 / (A(t)u(t), u()y dt
< tynint | e, (DI +2 [ (A, (O, Oy
< [[u(0) % +2 / (du(t) /dt, =(t))v dt
T T
+2/0 <A(t)u(t),z(t)>vdt+2/0 (L(t),u(t) — 2(t))y dt,
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and this gives

(1.42) /0 (du(t)/dt + A®t)u(t) — L), 2(t) — u(t))y dt >0

for all z € Ly(0,7T,V) such that z(t) € K for a.e. t € [0,T).
We deduce from (1.42) that

(1.43) (du(t)/dt, v — u(t))y + (A)ult), v — u(t))y > (L), v — u(t))y

for all v € K and for a.e. t € [0, T, which proves the inequality in (1.2).
Indeed, let s € [0, 7] and v € V' be arbitrary. We consider a family Oy, of neigh-
borhoods of the point s

Or=(s—1/k,s+1/k), k— oo,

and define z(t) = u(t) if t ¢ O and 2(t) = v if t € O.
Then (1.42) yields

2 du(t)
1.44 z < Atyult) — L(t), v — t>dt>o.
(1.44) e (S A — L. ),
Passing to the limit with £ — oo and using the Lebesgue Theorem, we obtain

(du(s)/ds + A(s)u(s) — L(s),v —u(s))y =0

for almost all s € [0, T]. Thus (1.43) follows for a.a. ¢ € [0, T]. This inequality implies
that v is a solution of the initial value problem (B).
Let u,. and ug be two solutions of the problem (B). We take successively

U= Ux, V=Ug,

U =ug, V= U

in (B). Then adding up these inequalities, we get (integrating from 0 to ¢)

(1.45) /0 ((dus(§)/d€ — duo(£)/dE) + A(E) (ux(§) — uo(£)), ux(§) — uo(§))v d€ <0

for every ¢ € [0,T].
Let us denote z = u, — ug. The function z fulfils the initial condition

(1.46) 2(0) = 0.
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The inequality (1.45) then implies (by the relation (1.11))

0 0l [ A©0. O de <o fora 1€ [0.7)
This estimation together with (A1) gives
() = ua(t) — up(t) = 0
and
ux(t) = ug(t) for all t € [0,T],

which proves uniqueness of the solution of the initial value problem (B). O

Remark 1. The a priori estimate (1.17); shows the existence of an element u
in Lo(0,T, H) and a subsequence &, — 0 (for n — o0) such that

(1.48) ug, converges to u in the weak star topology of L..(0,T, H).

Then (1.48) means that for each v € L1(0,T, H)

(1.49) /0 (te, (£) —u(t),v(t))gpdt — 0, e, — 0.

By (1.17)3 the subsequence {uc,, }ren belongs to a bounded subset of L2(0,7, V),
therefore another passage to a subsequence shows the existence of some u, €
L2(0,7T,V) and a subsequence {uank }ren such that

(1.50) Ue, converges to u, in the weak topology of Lo(0,T,V).

"k

The convergence (1.50) means
T
/ (Ue,, (t) —us(t),v(t))v dt — 0 for any v € L2(0,T,V"), &5, — 0.
0
In particular, by (1.1) one has
T T
(1.51) [ e, @00t~ [ w000y
0 0
for each v in L2(0,T, H), €,, — 0. Thus, comparing (1.51) with (1.49), we see that
T
/ (u(t) — s (£), v(t)) g1 dt = 0
0

for each v in Ly(0,T, H), hence,

u=u, € L2(0,7,V)N Lo (0, T, H).
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2. A MAXIMIZATION PROBLEM. THE WORST SCENARIO APPROACH

2.1. Formulation of the problem.

We assume that the data in the problem (B) depend on the input data O belonging
to a compact subset %,q of a Banach space . We assume that the convex set of
admissible states depends also on an input data parameter O.

We consider the state problem

u(t,0) € K(O) for a.e. t €[0,T],
(du(t,0)/dt,v — u(t,O))v + (A(t, O)u(t, O),v — u(t,O))v
= (L(t,0),v — u(t,O))y for a.e. t €[0,T]
and for all v € K£(O),
(2.2) u(0,0) = u(0) € K(0),

(2.1)

where K(O) is a closed convex subset of a Hilbert space V.
The maximization problem we consider here is (see the state problem (2.1))

Maximize ®(O,u(O)) with respect to O € Zag,
(2) where u(0) € W4 ([0,T],V) is the solution
of the state inequality in (2.1).

Here %4 C % is compact and the criterion functional ®(O,u(0)): % x
W3 ([0,T],V) — R is lower bounded and fulfils the assumption

If v, — v weakly in W}([0,T],V) and O,, — O strongly in %,
E
(E0) Oy, € Uua, then one has limsup ®(O,,,v,) < (O, v).

n—oo

In order to characterize the dependence O — K(O) we recall a special type of
convergence of set sequences introduced in ([14]).

Definition 1. A sequence {K,},en of subsets of a normed space W converges
toaset K C W if

1° K contains all weak limits of the sequences {vy, }ren, Un, € Kn,,
(23) where{ K, }ren is an arbitrary subsequence of {K,}nen,
- 2° every element v € K is the strong limit of a sequence {v,}nen,

v € K.

Notation. K = Lim K,,.

n—oo
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We introduce the system {/(O)} of convex closed subsets K(O) C V and
the family {A(t,0)}oes,, of linear bounded operators A(-,0) € C*([0,T7], L(V,
V*), O € Za, t € [0,T], the initial condition and functionals satisfying the
following assumptions:

N KO #0;

Oc,
2° O, —f(’) strongly in % = K(O) = %_l}rgo K(On);
3° (A(t,O), z)v = (A(t,0)z,v)y for all v,z €V,
te[0,T], O € Uu;
4° ||A(t, O)|lLev,vey < Mg for all O € %4 and t € [0,T];
5° ||dA(t, 0)/dt|| pv,v-y < Ma for all O € %q and t € [0,T];
6° (A(t,O)v,v)y = aalv|}, aa >0 foral vev,
te[0,T), O € Ua
(HO) (the real number a4 does not depend on [O,t] and v;
A(t,-) is said to be uniformly coercive with respect to %uq);
7° O, — O strongly in Z = A(-,0,) — A(,0)
in C([0, T, L(V, V*));
8° ug(Op) — ug(O) strongly in V if O,, — O strongly in %,
Oy € Uaa;
9° IL( O)Mlwa (o, 1y, vy < My for all O € Zaa;
10° {L(-,On)}nen is a sequence in C1([0,7T],V*) such that
L(-,0,) — L(-,0) in C([0,T],V*) as O, — O strongly in %;
11° A(0,0)u(O) — L(0,0) € H for all O € Zq;

where M4, M A, My, are constants independent of O.

Theorem 3. Let the assumptions (HO) and (EQ) be satisfied. Then there exists
at least one maximizer O, € Y,q of the optimal control problem (£).

Proof. According to Theorem 2, for every O € %,q there exists a unique
solution u(0) € WL ([0, T], H)NW([0,T], V) of the state initial value problem (2.1).
Let {On}nen C %a be a maximizing sequence for the criterion functional

(0, u(0)):

(2.4) lim ®(O0,,u(0,)) = sup @(O,u(0)).

n— 00 OCU oy
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Due to the compactness of the set %,q there exists an element O, € %.q and a
sequence {O,,, }ren such that

(2.5) lim O, =0, in %.

k—oo
Hence, the state problem (2.1) may be rewritten in the form

u(t,On,,) € K(On,),
(du(t, Op,)/dt + A(t, O )u(t, On,), v — u(t, Op, ) v
(2.6) —(L(t,On,)v — u(t,On,))v =0
for all v € K£(O,,,) and for a.e. ¢t € [0,T],
(0, Oy, ) = uo(On,) € K(Op,).

Due to the estimates (1.17)3, (1.23), and (1.32) (Theorem 2), taking into account
assumptions (HO), we see that

@2.7) { [w(On)lwz o,17,v) < M2,

w(On ) w2 0,11,1) < Mi,00,
where the constants [Mj 2, M7 o] involve only the constants [aA,MA,ML,MA]
from (HO) and the upper bound for the sequence ug(O,,). On the other hand,
if we compare estimates (1.17)2, (1.23), and (1.32) we can see that the constants
[M1,2, M1 o] do not depend on the sequence {K(Op,)}ren. It follows by esti-
mates (2.7) that there exists a function u, € WL ([0,T], H) N W1 ([0,7],V) and a

subsequence of {Onkj }jen such that

(2.8) u(Onkj) — Uy weakly in W4 ([0,T],V),
. u(t,Op,,) — u«(t)  weakly in V' for all t € [0, 7],
and
(2.9) u(Onkj) — Uy weakly star in Lo (0,7, H),
. du(Onkj )/dt — du./dt  weakly star in Lo (0,7, H).

On the other hand, we infer from relations (2.6), ((2.8), 2°), and assumption
((HO), 2°) that

(2.10) ux(t) € #(O,) for all t € [0,T].
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Next by virtue of the relations

(2.11) { ul(t, 00, ) = u0(On, ) + f5(du(€, Oy, )/dE) dé,

we(t) = u(0) + [7(dus(€)/d€) e, t e [0,T],

we obtain, due to (2.8) and the assumption ((HO), 8°), that the initial condition
satisfies

(2.12) ux(0) = up(O4) € K(Oy).
Let k € L1([0,T],V) be an arbitrary function such that
k(t) € K(O,) for a.e. t €[0,T).

The assumption ((HO), 2°) and Definition 1 imply the existence of a sequence
{vk }ren such that

v (t) € K(Oy,,) forall t €[0,7], k€N, and vi(t) — k(t) strongly in V
for a.e. t € [0,7T].
On the other hand, since the sets K(O,, ) are closed in the space V, we can use
Lemma A.0 from ([5], App.), according to which for every (¢/k) (¢ > 0) there exists

a measurable function v : [0,7] — K(O,, ) with only a finite number of values and
such that

T
(2.13) / I5(t) — vn(®)lly dt = (e/k)-

Then passing to the limit in (2.13), we obtain

T
@13 Jim o~ sz, = Jim / on(t) — £(8)[|v dt = 0.
—00 —° Jo

Furthermore, one has, for t € [0, 7],

A(t,On,, v (t) — A(t, O4)w(t) weakly in V¥,
(2.14) { ’

<A(t’ 0. )w(t)a w(t»V < lim inf<A(t’ On,., )Uj (t)v vj (t)>V’
J— 00 J
as vj(t) — w(t) weakly in V' and Oy, — O; strongly in Yy .
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Indeed, for any 0(t) € V we can write
i (A(1, O, oy, 60) = Tim (AL, On, )OO, vy ()
= (A(t, 0.)0(1),w(t))v
= (A(t, 0.)w(t), 6(2))v

due to the assumptions ((H0) 3°, 7°).
Moreover, we have (in view of ((H0), 6°)

(A, Ony,, (s (t) = w(t)), (v () —w(t))v = 0.
Hence, we may write

lim 2(A(t, Onkj Yw(t),v;(t))v

J—0o0

< liminf(A(t, Oy, Ju;(t),v;(t))v + lim (A(t, Oy, Yw(t),w(t))v.

j—oo Jj—00

This yields ((2.14), 2°). By virtue of the inequality in (2.6) we get

T
(2.15) / (du(t, Op,, )/dt + A(t, Op, Ju(t,On, ) — L(t,On, ),
0 J J 3 j
v;(t) = u(t, On,,))v dt > 0.

The last inequality can be rewritten in the form
T
(216)  [ulT, 00, )3 +2 / (A(t, Oy, Jult, Oy, ), ult, Oy )y dt
’ T
< 100 0 By +2 | (A0, Jult, O, )00}
. 0
2 /0 (u(t, O, )/t vy (1)) v

T
42 [ {L(00,)ut.00,) = (0)v .
0

Thus by passing to the limit in (2.16), we have
T
timinf (7, O, )y + 2limint [ (A(t,On, Jult, O ). u(t, O v d
j—oo J Jj—00 0 J J J

T
< i uo(On, I +2 Jim [ (A O Jult, 0, ). vs(E)v
— 00 — 00 0

T
+2 lim (du(t, Op, )/dt,v;(t))v dt
Jj—oo Jo J
T
+2 lim (L(t, Oy, ), ult, On, ) — v (1)) v dt,
i—oo Jo
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and hence (due to Definition 1, ((HO), 8°), (2.8), (2.9), Fatou lemma, (2.13), and
(2.14)) we can write

(2.17) (T3 +2 / (At O, (t), u (1)) v dt
T
< o) +2 / (AL, O yua (), w(t))v dt
0
42 /0 (dus (£) /dt, w())y dt

+2 /OT<L(t, O,), un(t) — w(t))y dt.

On the other hand, we infer from (2.17) that (using the initial condition in (2.12))

(2.18) /OT<du*(t)/dt A, O un(t) — L(t, 0.),w(t) — us(t))y dt =0

for all w € L1(0,T,V) such that w(t) € K(O,) for a.e. t € [0,T].
Then, inequality (2.18) takes the form

(du(t)/dt, v(t) — ux(t))v + (A(t, Ox)ua(t), v(t) — ux(t))v
2 <L(t7 O*),’U(t) - u*(t»V

for a.e. t € [0,T] and for all v(t) € K£(Ox).
This inequality (together with (2.8), (2.9), and (2.12)) implies that (by the unique-
ness of a solution of (2.1))

ue = u(Oy),
(2.19) w(0,,) — u(0,) weakly in W4([0,T],V), and
u(0,) — u(0,) weakly star in WL (0,7, H).

The Aubin compactness criterion (see [1]) gives the result that for a subsequence
{u(On,) }en one has

w(Oh,,) — u(O,) strongly in L(0,T, H).
Finally, in view of the assumption (EQ) and (2.4) we may write

sup ®(0,u(0)) = lim (O, u(0,)) < D(Oy,u(0,)),

OEUaa n—oo

so that O, is a maximizing element (maximizer O, in %q).
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3. APPLICATION TO RELIABLE SOLUTION OF
A FOURIER OBSTACLE PROBLEM

The parabolic obstacle problem occurs in the modelling of several heat transfer
phenomena. Moreover, problems of this kind (optimal control problems in coeffi-
cients for systems described by parabolic equations) can be met in the technology
of semiconductor devices and arise in mechanics and the theory of free boundary
problems.

We start with notations. Let {2 denote an open bounded connected subset be-
longing to the three dimensional real space R® (x = (1,22, x3) is the generic point
in R?) with the boundary 9Q = 9Qy UdQ¢ (is the union of 9Qy and 9 such that
meas 9Qy > 0, meas Qg > 0, meas(0Qy N INq) = 0). Next, (a,b)rs stands for

3

the usual scalar product of R3, i.e., (a,b)ps = Y a;b; for any a,b € R?. Moreover,
i=1
we suppose that 0 is sufficiently smooth (Lipschitz continuous, for example). By

H'(Q) we denote the usual Sobolev space. For v € H() the trace .#Zov(:= v|aq)
is well defined (the trace operator .#j is a linear continuous operator from H;(£2) to
L2(09)), and HT(Q) is the class of functions of C™~1(Q) whose derivatives of order
(m — 1) satisfy a Lipschitz condition on .

Assume that the coefficients of the differential operator of the second order (de-
pending on the control e) and an obstacle ./(x) are given with some uncertainty.
To simplify notation they are denoted as a vector O = [e, #]T € % (), where
w(Q) =C(Q) x C(Q).

Moreover, we have

Una(R2) = U%5(Q) x %Z (), where
U5 (Q) ={e e HL(Q): 0 < emin < e < emax, |0€min/0x;] < const,
i=1,2,3).

We note that %% (€2) is clearly compact in the topology of C(Q). Set

U35 (Q)={7 € HL (Q): const;» <.7(x) < constos
for all [x] € Q, [0 /0x;| < constyy, i=1,2,3, & < —¢p on Iy

where ¢, = const > 0}.

We note that the constants involved are positive so that %,5(Q2) and %7 (Q) are
nonempty.
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For an arbitrary fixed O € %,4(Q2), let the control system be given by the solution
of a nonlinear parabolic value problem (in the general form)

du(0)/dt + Z(e)u(O) = L in (0,7) x £,
u(0) =0 on [0,T] x 0Qy,

(3.1) ([A(e)] grad u(O),n)ps + wu(O) = G on [0,7T] x 0Q¢,
(du(0)/dt + Z(e)u(O) — L)(u(0) — ) =0  in (0,T) x Q,
w0) > .7 in [0,7] x
u(0,0) = up(0) =2 . in Q.

Here
Z(e)u(0) := —div([A(e)] grad u(O)) + ag(e)u(O)

where G(x) and w(x) are given functions defined on 9 with G € L2(09¢), w(x) €
C(09Q), w(x) = 0 on 0fg, while the function .7 (the control variable) represents
the obstacle; n is the outward unit vector normal at 02, grad denotes the vector
{0/0z:}2_1, [A(t,e)] = [A([t, ], e(-))] = [ai; ([, ], e())] denotes a [3 x 3]-matrix (the
system of linear operators from R to R? for any ¢ € [0, 7] depending on x over €,
ao(t,e) = ao([t,-],e(-)), t € [0,T], is a scalar function and e € %5 (€2). The set of
relations (3.1) will be referred to as a differential inequality.

In the following we assume that [A([¢,x],e)], ao([t,x],e) are defined on ([0, T,
Q) X [emin, emax) and satisfy the conditions

1° aij([x],h),a0([-,x],h) € C1([0,T]) for a.e. x € Q
and for any h € [emin, €max),
where ag([t,-],h) > ap a.eon Q, te[0,T],
ag = const > 0;

2° aij([t, ], h), daig([t, ], k) /dt, ao([t, ], h), dao([t, ], h)/dt
are continuous functions on Q for every h € [emin, emax], te [0, T],

(A2) and aq;([t,x], ), day;([t,x],-)/dt, ao([t,x],),
dao([t,x],)/dt are continuous on [€min, €max]
for every [t,x] € [0,T] x Q;

3° the ellipticity condition: ([A([t,x],e)]€,&)rs > o l€|3s
for any &€ € R, for any e € %5 () and for every
[t,x] € [0,T] x Q, where a, = const > 0;

4 asi([t ), h) = agi((t X, ).
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On the right-hand side of (3.1), L(t) denotes a fixed functional defined below in (3.6)
for any t € [0,T].

We shall employ the method of reliable solutions alias the worst scenario method
(see [8], [9]), which consists of the following main steps:

2°  solve the maximization problem: O, = ArgMax (O, u(0)),

1° choose a functional criterion [O,u] — ®(O,u),
(3.2) {
OE€aa ()

where 4(0O) denotes the (unique) solution of the state problem (3.1) for the input
data O.

Consider the following criterion ®. Let us choose 0 < t < T, subdomains G; C (2,
j=1,2,...R, and define

{Jg(v) (meas G,) fG
D(v) = Max;j<r A;(v),

where .#;(v) is the mean value of v over a given subdomain G; C Q or G; C 99,
R is a positive integer.

We shall refer to ((3.2), 2°) as to the maximization problem (7). Preparing our
treatment we deal with the state inequality (3.1) for an arbitrary fixed O € %,q(Q2).
Because of the above space assumptions we have to work in the framework of the
space W3 ([0,T],V), where V.C H, V = {v € H(Q): v =0 on 0Qu}, and H =
L2(€2). This means that u(OQ) € W3 ([0,T],V) is a solution of (3.1) if and only if
u(0O) is a solution of the symmetric operator equation

du(0)/dt + A(e)u(O) > L in (0,T) x Q (in the sense of distribution)
and

u(0) =0 on [0,T] x 0y,

([A(e)] grad u(O),n)ps + wu(O) = G on [0,T] x g,

(du(O)/dt + A(e)u((’)) —L)(u(0)—)=0 in (0,T) x Q,

(0) > in[0,7] x Q,

(0,0) = ((’)) > in Q,

(3.3)

e

u

where A(t,e) (the symmetric linear operator) is a bounded operator: A(-,e):
[0,T] — L(V,V*). It is defined by the identity

(3.4) (A(t,e)v, z)v = a([t, e]v, z) for any v,z €V
and for any ¢ € [0,T], e € %5(9Q),
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where we define the symmetric bilinear form a([t, e]-,-): VxV — Rforalle € % (Q2)
and for any ¢ € [0, 7] by the relation

(3.5) a([t,e]v, z) = /Q{([.A([t, x|, e)] grad v, grad z)ps + ao([t, x], e)vz} dQ

+/ w(Ayv)(Apyz) dS.
Na
Let us define a subset of V'

(A3) D(A(t,e)) ={veV: z— a([t,e]v, z) is continuous on V
in the topology of H}.

The right-hand side is an element belonging to V* (for any t € [0,T1]), given by

(3.6) (L), )y (o) = /Q fpd+ | - G.tovas

for any v € V, f(t) € La(2), G € L2(0Q¢).
Moreover, we introduce a set of admissible state functions by

K(Z,0):={veV: v(x)>.7(x) for a.e. x € Q}.
Now we define

[ (t,e)](x)] = sup [[A([t,x], e)|€]/|€|gs for any ¢ € [0,T].
£eRr\{0}

Then by virtue of ((A2),1°, 2°) we easily find that the function: x — |[&/(¢, €)](x)]|
belongs to L () for all t € [0,T] and e € %5 ().

Lemma 1. The family {A(t,e)}, t € [0,T], e € %5(Q) of operators defined
by (3.4) and (3.5) satisfies the assumptions ((H0), 3° to 7°).

Proof. From the above hypotheses, using the continuity of the trace operator

Mo: HY(Q) — La(0Q¢), we deduce that

(3.7) [{A(t,e)v, 2))v| < max[[[[A(t, e)]llz..(0)- lao(t, )L (0)-

const(Q)||wll . a00)] 0]V I12]v

with some positive const(Q2) for all ¢ € [0,T] and all v,z € V, e € %5(Q) (it is a sim-
ple application of the Schwarz inequality; since [A(¢,e)] € Loo(2) and w € Lo (09Q¢)
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forallt € [0,T], e € %g,(2)). The same estimate (due to ((A2),2°)) can be obtained
for the operator dA/d¢. Consequently, assumptions ((H0),4°, 5°) are fulfilled. On
the other hand, for the bilinear form (3.5) we have (due to ((A2),1° to 3°))

(3.8) (A(t,e)v,v)y > minfax, ag] ||[v||¥ for all t € [0,T] and v € V, e € %5 (Q).

The condition ((HO0), 6°) is verified.
Let e, — e strongly in % °(2) for n — o0, e, € %5 (£2). Then one has

(3.9) [(A(t, en)v, 2)v — (A(t,e)v, 2)v|
/| (t,en)] — [A(t, e)]) grad v, grad z)ps | dQ

+/ [(ao(t, en) — ao(t, e))vz|dQ2

< maxma max fog ([ e0) = ay (1.3, ¢)

X / 3| grad v|ps| grad z|grs dQ
Q

+ max max |ao([tx], en) — ao([t,x], |/ 2] d9.
xeQ t€[0,T]

Furthermore, by the hypotheses ((A2),1°, 2°) and due to (3.9), an application of
Theorem 3.10 ([12]) yields that

m mencnax ma |ai; ([t,x], en) — ai;([t,%],€)| =0

and
li t n) — t,x|,e)| = 0.
i max max, lao([t,x], en) — ao([t, %], €)]
This completes the proof of Lemma 1. O

Lemma 2. For any . € %7 (Q) the set K(.#, ) is a closed and convex subset
of V and

n — strongly in Q); S € = , = Lim ', §2).
< S 1 c(Q); & @/a‘ffﬂ K(<,Q Lim K(.#,,Q

Proof. Let us define for a fixedv eV

O ={xeQ: v(x)—S(x) <cp/2}.
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Since v — . > ¢, holds on 90y, there exists a function o € C*°(Q) NV such
that 0 < pin Q and ¢ > 1 in ;. For any v € K(%, ) we construct a sequence
Up = U+ 0|0 — YHC@). Then v, € V and v, > .%, a.e. in Q. In fact, in Q; we
have

n =S 2=+ (S =)+ S — L@ 20, forall n,

whereas in Q\Q
Un = I 2V =+ (S = F) > /2= |7 = Fllo@ =0
holds for n sufficiently great. Moreover,
[on = vllv = |70 = Ll c@llvllv — 0.

Next, let v, € K(5,,Q), v, — v weakly in V. Then v € V as V is weakly closed in
H'(Q) and v,, — v in L2(Q) strongly due to the Rellich Theorem, v,, > .#,, a.e. in Q.
From the Lebesgue Theorem, v > . follows a.e., so that v € (&, Q).

Let the initial function ug(O) € K(7,Q) for O € Zq(2) be a solution of the
elliptic variational inequality

(3.10) (A0, e)up(O),v — ug(O))v = (L(0),v — up(O))v

for all v € K(.77,Q).
Let {On}nen, On € %.a(Q)), be a sequence such that

(3.11) O, — O strongly in % (Q).
Consider the variational inequality

(312) {uo(on) € K(n,Q),

(A0, n)u0(On), v = uo(On))v = (L(0),v = uo(On))v

for all v € K(S,,9). Then due to (3.6), (3.7) and (3.8) and since the sequence
{On}nen is bounded in C(£2) we obtain an estimate

(3.13) lo(On)|lv < const

with a constant independent of n.
The sequence {uo(Op)}nen is bounded in V', hence there exists an element -
and a subsequence {uo(Oy, )} ren such that

(3.14) ug(On, ) = ug(-y weakly in V.
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Moreover, as ug(On,, ) € K(S,, Q) due to Lemma 2 and Definition 1 we have
By virtue of (3.7) and (3.13) we obtain

| A0, en, )uo(On,)||v- < Mo for all k.

Consequently, there exists an element X € V* and a subsequence
[AQ, €ny, uo(Ony, ) men

such that

(3.16) A0, en,, Juo(Ohp,, ) — X weakly in V™.

By assumption ((HO),2°) there exists a sequence {am }men ; am € K(Om, ), such
that a,, — ug(~y strongly in V.

Henceforth, we will often use the following implication: w, — w weakly in V*,
zn, — z strongly in V = (wn, 2n)v — (w, 2)v.

Now, let us take v := a,, in (3.12). We may write (by virtue of (3.16))

(3.17) lim sup (A(0, en,,,, Juo(Ony,, ). to(Ony,,, ))v
< limsup (A(0, en,,, Juo(On,,, ), Gm)v
Jrnli;;:sgop (L(0),uo(Ony,, ) — am)v
= (X, ug(y)v.

Next, due to the assumption((A2),3°), we have

(3.18) (A(0, €ny,, )uO(Onkm) — A(0, €ny,, v, uO(Onkm) —v)y =0
for all veV.

Taking into account (3.14), (3.16), and (3.17), we derive
(3.19) (X — A0, e)v,ugy —v)y 20 forall veV.
In fact, on the basis of (3.18) we may write

limsup (A(0, e, )v,uo(On,, ) —v)v

m—00

< limsup (A(0, en,,, Juo(On,,, ), u0(On,,, ))v

m—00

+ limsup (A(0, e, )uo(On,, ), —v)v

m—0o0

= <X,’U,O<*>>V + <X, —’U>V.
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This means that (3.19) follows from Lemma 1, ((H0),7°) and (3.18), (3.14).
In (3.19) we set v = ug+y +V(w — ug(=y), ¥ € (0,1), and w € V, and we get

<X — A(O,e)(u()(*) + 19(10 — ’LLO(*))),’U,O(*) — U)>V = 0 forall we ‘/,
0<d<1.

However, due to (3.7), if we set again w = v, we arrive at
(3.20) (A0, e)ug ey, ug+y — v)v < (X, ug(+y —v)y forall veV.
Next, substituting v := ug(~) in (3.18), we obtain
(A(0, Eng,, )U’O(Onkm ), Uo(onkm) - Uo(*)>v
> (A0, en,, Jug(sy, uo(On,,, ) — o)) v-
On the other hand, due to the relations (3.9) and (3.14), we have

lim (A(0, €n,,, Juo(), wo(On,,, ) — tg(y)v =0

m—0o0

so that

(321) hIIl lIlf <A(0, enkm )Uo(onkm ), UO(O”km) — ’U,0<>~<>>V 2 0

m—00

Hence, combining (3.21) with the inequality

limsup (A(0, €5, Juo(Ony,. ), u0(On,,. ) — o)) v

m—0o0

< limsup (A(0, en,, )uo(On,,, ); u0(On,, ))v

m—0o0

+ mlgnoo<A(0, eny,, )UO(Onkm ), —’u,0<*>>v <0
which is a consequence of (3.17) and (3.16), we are led to the equation

(322) lim <A(0, enkm )Uo(onkm ), UO(O"km) — u0<*)>v =0.

m—0o0

Given a v € K(,Q), by Lemma 2 there exists a sequence {v,}men, Um €
K(Fm, Q), vy — v strongly in V. Then, setting v = v, in (3.12) we may write

lim (A(0,en,,, Juo(On,,, ) uo(On,,, ) = vm)v

m—00

< lim (L(0),u0(Ony,, ) = vm)v = (L(0), ug(+) = v)v-
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The limit on the left-hand side exists and can be bounded below, since we can write

W}EHOO<A(07 Cnk,, )uo(o’ﬂkm )7 uO(Onkm) - UO(*)>V
+ n}gnoo<A(07 enkm )UO(Onkm )7 uO(*) - vm>V
= <X,u0<*> — ’U>V 2 <A(0,e)u0<*),u0<*) — v>v,

where (3.22), (3.16), and (3.20) have been employed.
This leads (due to the continuity of the trace operator) to the inequality

Ug(+)y € K(y,Q),
(323) <A(0, 6)’[1,0<*>,1) — uO(*)>V 2 <L(O), v — u0<*>>v
for any v € K(7, Q).

Hence, we deduce that ugy = uo(O) (since the element v € (.7, Q) is chosen
arbitrarily and the solution of the state problem (3.10) is unique) and we may write

(3.24) wo(On) — up(0O) weakly in V.

By virtue of Lemma 2 there exists a sequence {0, }nen, 0n € K(, ), such that
0, — uo(O) strongly in V. Inserting v := 6, in (3.12) and adding (A(0, ey, ) (1o (On) —
01), uo(Opn) — 6y)v to both its sides, we obtain

(3.25) lim sup(A(0, e, )uog(On) — A(0, €5,)0n, uo(Or) — O )v

n—oo

< limsup [(A(0, €,)0n, 0n, — u0(On))v|

n—oo

+ lim sup |<L(O)7 On — UO(On)>V| = 0.
We note that the last inequality follows from the implication
en € %5(9Q), e, — e strongly in °(Q) and v, — v strongly in V
for n — oo = ||{A(0, en)vy, — A0, ep,)v|

v+ < Mallv, —v|ly — 0,

which is a consequence of ((HO0),4°). On the other hand, due to the uniform mono-
tonicity of [A(0,e,)] by ((HO0),6°) and due to (3.25) we obtain the strong conver-
gence ug(Op) — uo(O) strongly in V for n — oo. This means that the assumption
((HO), 8°) is verified. The operator A(0,e) is defined by (3.4) at ¢ = 0. Then
uo(O) € D(A([0,:])) is equivalent (due to the assumption (A3)) to uo(O) € V,
A([0, ))uo(O) € H and [, A([0, ])uo(O)v dQ2 = a([0, Jue(O), v) for any v € V. On
the other hand, in view of (3.6) (for G = 0 on 9Q¢) one has L(0) € H. Hence,
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we have A([0,))ug(Q) — L(0) € H for all O € %,q(?). This means that the condi-
tion ((HO), 11°) is verified. Now if we combine the above arguments we may conclude
that all the assumptions (HO) are satisfied.

Let us consider the criterion ® of the form (3.2). We shall verify the assump-
tion (EO).

Let v, — v strongly in C([0,T], H), then v, (t) — v(t) strongly in L(2) and we
may write

H5(00) = A ()] = (measGs) " [ (o (e) = v(t)) 492
< const [[vn(t) —v(t)||L,) — 0 as n — oo.

Then one has

lim ®(v,) = lim Max.#;(v,) = Max lim A4(v,) = Max A4} (v) = ®(v).
n—oo n—oo j J n—oo J

Now, we are able to define the main task for the maximization problem for a
parabolic inequality. Find

(Pheat) O, = ArgMax ®(0,u(0)),
OEWUna ()

where u(O) € W3 ([0,T],V) denotes the solution of the State Problem

(3.26) {u(t, 0) e K(7,9), t€[0,T], O € %a(),
. (du(t, 0)/dt + A(e)u(t,O),v —u(t,O))yv = (L(t),v — u(t,O))y.

Finally, as a consequence of Lemmas 1, 2 and due to the assertions given above,
we conclude that the assumptions of Theorem 3 are fulfilled. We thus obtain:

Theorem 4. There exists a unique solution of the State Problem (3.26) for any
O € %a(Q). The Maximization Problem (Pheat) has at least one solution.
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