Applications of Mathematics

Joanna Tarasiniska
Making use of incomplete observations for regression in bivariate normal model
Applications of Mathematics, Vol. 48 (2003), No. 1, 67-72

Persistent URL: http://dml.cz/dmlcz/134517

Terms of use:

© Institute of Mathematics AS CR, 2003

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134517
http://dml.cz

48 (2003) APPLICATIONS OF MATHEMATICS No. 1, 67-72
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Abstract. Two estimates of the regression coefficient in bivariate normal distribution
are considered: the usual one based on a sample and a new one making use of additional
observations of one of the variables. They are compared with respect to variance. The
same is done for two regression lines. The conclusion is that the additional observations
are worth using only when the sample is very small.
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1. INTRODUCTION

Let random variables (y,z) have joined binormal distribution with expectation
03 Oyz
oy: 02
[Y1,--.ym| and Zy = [21, ... 2]  make a sample. The usual estimate of the regression
~ m — — m — —
coefficient 8 = 0. /07 is B = Y (yi — Yo)(zi — Zo)/Z(yi —Y0)?, where Y and
i=1 i=1
Zo are means of Yy and Zy, respectively. Thus, 3 is an unbiased estimate of 3 with

vector [u1, u2] and variance-covariance matrix X = [ . Let vectors Y =

variance equal to o2(1 — ¢%) /o2 (m — 3) [1].
Let us assume that the vector Yy can be enlarged by taking k = n — m additional
observations of the variable y. Now let us consider the estimate

R (yi — 70)(21' - Zo) 1>
B="1 — — , whereY:—Zyi.
> (yi—Y)? "

or

Il
—
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In the paper we will compare the unbiased estimates * = 7’:;113 and 3. We will
also compare the predictors based on two regression lines z = Zg + 8*(y — Y) and
z = ZO +ﬂ(y — Yo).

By Y = YO we denote the vector made of Yy and Y7, where Y; contains the
1

additional n — m observations of the variable y. We will assume m > 3 throughout
the paper.

2. COMPARISON OF 3* AND (3

We see that B is a linear form of the quantities z; and for a given Y it has a nor-

mal distribution with mean E(3 | Y) = 85 (y; — 70)2/2 (y; — Y)? and variance
i=1 i=1

Var(3 | Y) = 02(1 — 0*) > (yi — }70)2/[2 (yi — }7)2]2. To compute the mean and

i=1 i=1
the variance of ﬁ we will use the formulas

E(B)=EB[BE(B|Y)]., Var(8) = E[Var(8 | Y)] + E[E(G | Y)?] - [B(B))*.

Random variables o, 2 > (i — Yo)?, 0,2 > (yi—Y1)? and o, *m(n —m)n~" x

=1 1=m-+1
(Yo — Y1)? are independent y? variables with, respectively, m — 1, n —m — 1 and
m

1 degrees of freedom. This implies that b = > (y; — }70)2/2 (yi — Y)? is the beta
i=1 i=1
variable with parameters §(m — 1) and 3(n — m). Variables b and }_ (y; — Y)? are
i=1
independent ([2] p. 38). Thus

A m—1
B(B) = g2,
. 2 2_1
BE(R|Y)) =25 .
y
- o? m—1
B3 1 V)] = 75 - gy (0 )

and finally we have

m—1.(1—92 2(n —m) 2>.

2

N o
Vi _ %z,
ar(f) 05 n—1 n—3 n?—1 e

Of course, B underestimates the parameter 3 so we will take into consideration the

unbiased estimate 3* = 7’:1:11@ with variance
o2 n—1 2(n—m)
Var(8*) — z ) { 2 2}
ar(3") o20m — 1) nale)t— e

68



Theorem 2.1. The unbiased estimate 3* has smaller variance than B if and

only if
n+1
1 ? < .
(1) O S T1t(n—3)(m-3)
Proof. It is sufficient to compare Var(5*) with Var(3) = Z%((ln_fg O
Y

Now, for fixed values of m and ¢? and for n = m + k let us consider Var(3*)
as a function of k. To make further considerations easier let us assume that £ is a
continuous variable. The derivarive of Var(5*) with respect to k is

@ [Var(@) = 20 [ak? + bk + d],

o2(m—1)(m+Fk —3)%(m+k+ 1)

where a = 0?(m +2) — 1, b = 2(m + 1)[¢*(m — 2) — 1], ¢ = (m + 1)[(m? — 5m +
10)0* — (m + 1)].

Corollary 2 1.
(a) If 0* < m+2 then (3* is better than (3 for each k > 0. The bigger k we take the
smaller the variance of 3* is. We have

m—3 Var(ﬂ)<m73 m+l<:71Jr 2k }
m—1 S Var(f) m—1 lm+k-=3 " (m+1L)(m+k+1))
(b) If m—+2 < 0 < ﬁ then (3* is better than (3 for each k > 0. To minimize

Var(3*) the value k = m — 1 for m > 4 and k = 2 for m = 4 is recommended
and then we have
m—3 m—3 Var(8*)  m—3 1
< = < +—.
m—2 m(m+1) ~ Var(f) ~m—2

(c) If o* > #ﬁ% then 3 is better than 3* for each k > 0.

Proof. (a)For o> < =15 the values a, b, ¢ in (2) are less than 0 so the variance

m+2
of 5* decreases for each k£ > 0. We get the inequalities for the quotient % by

putting o? = #ﬁ for the right inequality and 02 = 0, k = oo for the left one.

(b) When ¢? is between 1 and L5 we have a > 0, b < 0, ¢ < 0 in formula (2).

So Var(§*) decreases for each k less than a certain value kg. It increases when
~ 2 2 2 2
k > ko but it stays less than Var(3) because klim Var(p*) = Zlte) o oo )

o2(m—1) o2(m—3)

The minimum value of Var(5*) is achieved when we take k as an integer closest to ko.
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Of course kg depends on the unknown ¢2. The closer o2 to —-— is the greater ko is.

+
When 0* tends to ——, the optimal value kg tends to be in the interval (m—2, m—1).

(c) Now the questlon is: how large must o2 be to be sure that 3 is better than

B* for all k > 0?7 Transforming the inequality (1) with respect to k we get k <

m—+1— m2—5m+10
29(51 2)—1 ) O

Unfortunately, m2m+2 converges to zero rather quickly with m — oco. Thus the

13 —4m+8
improvement of 3 is possible only for small m and o?. In Table 1 we have the optimal

values of kg (for which Var(8*) achieves the minimum) and the corresponding values

of % for different m and ¢2. The calculations were made with Maple V Release
program.
ko
Var(8") 2 _ 2 _ 2 _ 2 _ 2 _
Var(3) || © =01|0°=02|0°=03|0°=04]0°=0.5
_5 o0 15 4
m= 0.611 0.737 0.838 0.917 0.976
_ 6 o0 8 2
= 0.733 | 0.869 | 0.954
— 8 S
= 0.873 |  0.982
00
m=10"1"0 951
10
m=121 """ 983

Table 1. The optimal values of kg and the corresponding values of \\/?r(é)).

3. COMPARISON BETWEEN TWO PREDICTION EQUATIONS

Let us consider the predicted value of z for a given y of the form z* = Zy+3*(y—Y)
and let us compare it with the predicted value based only on complete pairs of
observations, i.e. Z = Zg + B(y —Yy). The variance of the predictor z* for a given

valuey (y £y, i=1,...,n)1is

2
* g,
(3) Var(z") = p[al(y — p1)? + di],
y
where a; = ﬁ [" 1(1 — )—i—2"_~_1 0 ] d| = %L [al + "_$92]. The variance of the

predictor Z is (it is enough to put n = m in formula (3))

2
. o

Var(z) = ;[@(y — p1)? +do),
Yy
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where ag = ;:_92 dy = oZay™=2. The question is: when Var(z*) < Var(2)? Let us

37 m
denote
a=a; — az,
d:dl 7d27
2 n+1
o n+1+(n-3)(m-3)’
ok — n+1
21+ (144l ) (n-3)(m—3)
Theorem 3.1.

(a) If 0* < 03 then for each value of y the predictor z* is better than Z.
b) If 92 > 02 then for each value of y the predictor % is better than z*.
1 Y p
(c) If 03 < 0* < 0% then 7 is better for values of y such that |y — u1| < \/—d/a and
z* is better for the other y’s.

Proof. Var(z*) < Var(Z) & a(y — p1)? +d < 0. Let us notice that

n+1
n+1+(n-—3)(m-3)’
n+1
n+l4+ (1+4—2=L )(n-3)(m-3)

nm—+3—n—m

a<0& 0’ <ol =

d<0<0*<o5=

Because 03 < 0?7 so three cases are possible: (a < 0, d < 0), (a < 0, d > 0) and
(a>0,d>0). O

Corollary 3.1.

(a) If 0* < —L5 then, for each k (where k = n — m) and for each y, z* is better
than Z.
(b) If ¢* > m?%ﬁ-«-s then, for each k and for each y, Z is better than z*.
Proof. It is enough to note that o3 and o? are decreasing functions of F,
lingog%:ﬁandg%:#mforkzl. O

Thus only for small values of m the predictor z* which utilizes all available obser-
vations can be better than Zz.

Example: m =6.
a) If 0? < 0.25 then, for each k and for each y, 2* is better than Z.
b) If ¢? > 0.4 then, for each k and for each y, 7 is better than z*.
c) If o> = 0.3 then Table 2 shows some k’s and the corresponding values of y for
which z* is better than Z.
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k 1 2 3 4 5
2 2 2 2 2
ly —p1| | >0.220, | > 0.370; | > 0.490, | > 0.600, | > 0.720;

Table 2. The values of y for which z* is better than z for different k, m = 6, o = 0.3.
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