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Abstract. In this article we introduce the notion of a minimal attractor for families of
operators that do not necessarily form semigroups. We then obtain some results on the
existence of the minimal attractor. We also consider the nonautonomous case. As an
application, we obtain the existence of the minimal attractor for models of Cahn-Hilliard
equations in deformable elastic continua.
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0. INTRODUCTION

The study of the long time behavior of partial differential equations arising from
mechanics and physics is a capital issue. It is indeed essential, for practical purposes,
to understand and be able to predict the asymptotic behavior of the system under
study.

Many parabolic equations, but also some (partially) dissipative wave-type equa-
tions, possess a finite dimensional (in the sense of the fractal or the Hausdorff dimen-
sion) global attractor, which is a compact invariant set attracting the trajectories as
time goes to infinity (see [3], [20], [22] and [33] for extensive reviews on this subject).
Since it is the smallest (with respect to the inclusion) set enjoying these properties,
it is a suitable object for the study of the long time behavior of the system.

In all these studies, one considers a family of operators S(¢), t > 0, acting on
a functional space E (a closed set of a Banach space in general) which forms a
semigroup (i.e. satisfies S(0) = Id and S(¢t) o S(s) = S(t+ s), V¢, s > 0) and
associates with the initial condition the solution at time ¢ (assuming of course that
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the system is well posed). One then constructs the global attractor associated with
this semigroup.
Let us consider a family of operators

(0.1) Ft): E>F, t>0,

where, typically, E # F. In that case, we cannot have a semigroup (of course, we can
also consider situations in which £ = F but the family of operators F(t) does not
form a semigroup (e.g. for multivalued operators, see [30]); this is in particular the
case when considering nonautonomous systems, although other problems also occur
in that case, see [9], [18], [21], [29], [30], [31], [32] and also below). Furthermore, the
notion of a global attractor is no longer valid (in particular, the invariance property
no longer makes sense). It is however interesting to study the asymptotic behavior
of such systems and to find “good” objects that will characterize this behavior, or,
in other words, to find a good notion of an attractor in such situations.

Our investigation was initiated in [7] and [8] and was motivated by the study of
the long time behavior of models of Cahn-Hilliard equations in deformable elastic
continua (we refer the reader to [4], [5] and [19] for the physical derivation of the
classical model and of generalizations of the Cahn-Hilliard equation and to [6], [7],
[8], [26] and [27] for the mathematical study of models of Cahn-Hilliard equations
in deformable continua). The study of these systems led to the study of systems
of the form F(t): oo — (S(t)0o, L o S(t)oo), where S(t) is a semigroup, which we
called weakly coupled systems (in the sense that the initial conditions for the two
components of the system are not independent; we noted in [27] that some models
in which the order parameter and the displacement were coupled in the equations as
well as in the boundary conditions led, when deriving the variational formulation,
to a weakly coupled system as above). Now, one can think of other types of systems
that would be interesting to study, e.g. a system of (noncoupled) partial differential
equations having the same initial condition.

In [7] and [8], we noted, for a weakly coupled system as above, that the family of
operators F(t): (0o, uo) — (S(t)oo, £ o S(t) o L7 (up)), t > 0, forms, assuming of
course that £ is regular enough, a semigroup. We thus called the global attractor
associated with the weakly coupled system F(t) the global attractor for F (t). The
problem is that this notion cannot be generalized to more general families of operators
of the form (0.1) (see Section 1 below). Also, this global attractor is, in a sense, too
big (we note that the trajectories lie on the manifold y = £(z)).

In this article, we introduce the notion of the minimal (for the inclusion) attractor
for a general family of operators of the form (0.1) (we note that the minimality
property has been used with success in the context of nonautonomous systems for
which we do not have semigroups, although we can often reduce the problem of
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the research of the minimal attractor to the research of the global attractor for a
semigroup on an extended phase space in that case, see [9] and also [21], [30] and
[31]). We then obtain some results on the existence of the minimal attractor. In
particular, we are able to prove the existence of the minimal attractor for a weakly
coupled system and, as an application, for the models of Cahn-Hilliard equations in
deformable elastic continua considered in [26].

1. THE AUTONOMOUS CASE

Let Ey and G be two closed subsets of Banach spaces £ and G. We consider a
family of operators

(1.1) F(t): Eoy— G, t>0.

When G # Ey, we cannot have a semigroup. We can nonetheless define the notions
of trajectories, w-limit sets, attracting sets and absorbing sets as in the case of
semigroups (see for instance [33]; see also [8]). Concerning the notion of the attractor,
we give the following definitions (which generalize that given in [7] and [8], where we
actually talked of the global attractor; see Remark 1.4 below).

Definition 1.1.
(i) A compact set A C G is an attractor for F(t) on Ey if VB C Ey bounded
lim dig,t(f(t)B,A) =0,

t——+o0

where distg (A, B) = sup bin]fg la — b||¢ denotes the non-symmetric Hausdorff
acAbe

distance between the sets A and B (in G).

(ii) A compact set A C G is the minimal attractor for F(t) on Ey if it is an attractor
and if it is minimal (with respect to the inclusion) among the closed sets that
attract the bounded sets of Ej.

Most of the known results on attractors (in the autonomous case) concern attrac-
tors associated with semigroups (see [3], [20], [22] and [33]; see [30] for some results
in more general situations). It is thus natural, in the first step, to see in which situ-
ations we can reduce the problem of the research of (minimal) attractors for F(¢) to
the research of (global) attractors for a semigroup (we proceeded in that way in [7]
and [8], although the construction considered did not give the minimal attractor).
We have the following result:

Theorem 1.1. We assume that [ = F(0) is invertible, that | and [~! are bounded
and that F(t +s) = F(t)ol to F(s) = F(s)ol to F(t), Vt, s > 0. Then, if
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F(t) = F(t) o l~! possesses the global attractor A on G, A is also the minimal
attractor for F(t) on Ejy.

Proof. We first note that .7}(75) is a semigroup on G. We already have that A is
compact. Let By C Fy be a bounded set. Then By = I(By) is bounded in G and A
attracts By for F(t), which is equivalent to A attracts By for F(t). Let now A’ C G
closed be such that A’ attracts the bounded sets of Fy for F(t). Let By C G be a
bounded set. Then By = [~!(Bj) is bounded in Ey. Writing that A’ attracts By
for F(t) is equivalent to writing that A’ attracts By for F(t). Therefore, A’ attracts
the bounded sets of G for F(t) and, in particular, A. Since A is invariant by F(t),
it follows that A C A’, hence the minimality property. O

Unfortunately, Theorem 1.1 is too restrictive. It can be applied for instance to
systems of the form (g, ug) — (S1(¢)00, £ o S2(t)ug), where Sy (t) and Sa(t) are two
semigroups, £ is invertible and bounded and £~ is bounded (and more generally to
systems of the form (o}, ..., 05) — (S1(t)0}, - - ., Ss(t)0s, Ls+10Ssy1(t)ogt, ..., Lo
Sr(t)oh)). We note that in these examples, Ey and G have in a certain sense the
same structure.

If G = Ey and F(t) is a semigroup, the theorem can also be applied. We note
however that if the global attractor is the minimal attractor, the converse is not
necessarily true (the minimal attractor need not be invariant; the two definitions
thus do not coincide). If we assume in addition that F(¢) is uniformly continuous,
we can prove that if A is the minimal attractor for F(¢) in Ey, then F(t().A is an
attractor, Vig > 0. Therefore, we have

ACF@)A, Vt=0.

In particular, if F(¢) is a uniformly continuous group, we deduce that A is invariant
and, in that case, the two definitions coincide.

Remark 1.1. In [3], the authors introduced the notion of the F-E global at-
tractor for a semigroup S(t). A typical situation arises when S(t): E — E is well
posed only on bounded subsets of FF C E with compact injection. The F-FE global
attractor A is then compact in E, bounded in F, invariant by S(¢) and attracts the
bounded sets of F' in the topology of E. Since A is invariant by S(t), we easily prove
that it is the minimal attractor for S(¢): F — E.

It is also natural to look whether the classical proofs of existence of the global
attractor (see for instance [33]) can be adapted to our more general setting. We
have, in this direction, the following result.
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Theorem 1.2. We assume that F(t) possesses a bounded absorbing set B in E

and that exists to such that |J F(t)B is relatively compact in G. Then the w-limit
t>to
set of B,

A= UF0B

s=>0t>s

is the minimal attractor for F(t) on Ej.

Proof. We first note that since |J F(¢)B is relatively compact, A is a compact
t>to
and nonempty set. Now, to prove the attraction property, it suffices to prove that

A attracts B (since B is a bounded absorbing set). Let us thus assume that A does
not attract 5. Then 36 > 0 and a sequence t,, — +00 such that

digt(]—'(tn)B,A) >46>0, Vn.
Therefore, Vn, 3b,, € B such that

dist(F(tn)bn, A) > 5 > 0.

NS>

Furthermore, since F(t,)b, € |J F(¢)B if n is large enough, we deduce that, at
t>to

least for a subsequence, F(t,)b, — [ as n — 400, where 3 belongs necessarily to
A = w(B), hence a contradiction. Let finally A’ C G be a closed set that attracts
the bounded sets of Ey for F(t). Let y belong to A. Then 3t,, — +o00 and y, € B
such that F(¢t,)y, — y as n — +oo. Since A’ attracts the bounded sets of Fy, it
follows that diste(F (tn)yn, A’) — 0 as n — +oo. Therefore, distg(y, A’) = 0, which
yields the minimality property. ]

Remark 1.2. Proceeding as in [33], we can adapt the proof of Theorem 1.2 to

the case where F(t) = F1(t) + Fa(t), . li+m sup | F1(t)¢|le = 0, VC C Ey bounded,
TTX el

and |J Fz2(t)B is relatively compact. Also, we note that if G is uniformly convex

t>to
and if F(t) possesses a bounded absorbing set in Ey, then the above decomposition

is equivalent to the existence of a compact attracting set and to the asymptotic
compactness property (see [33] for more details).

Example 1.1. We consider a system

}%f): Eb — Eb X Eb
00 — (So(t)oo, S1(t)00),

where S;(t), i = 0,1, are continuous and uniformly compact semigroups on Ey. Such
a system can be seen as a system of two noncoupled partial differential equations
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with the same initial data. We assume that S;(t) possesses a bounded absorbing
set B; C Ey, i = 0,1. Then B = By U B; is bounded and absorbing for both the

semigroups. Let us prove that 3tg such that |J F(¢)B is relatively compact in
t>to
Ey x Ey. To do so, it suffices to note that |J F(¢)B C J So(t)B x |J S1(¢)B and
t>T t>T t>T
that So(t) and Si(t) are uniformly compact. We thus deduce that F(t) possesses the

minimal attractor A = (| |J F(¢)B on Ey. We note here that the semigroup S;(t)
s=20t>s
possesses the global attractor A; on Ey, i = 0,1, and we easily prove that Ay x A; is

an attractor for F(t) on Ey. Of course, we have A C Ay x.A;. It would be interesting
here to see whether this inclusion is strict or not. For instance, when Sy = S7 (and
thus Ag = Ay), we can prove that A = {(ag,a0), ao € Ag} (see below) and, in
that case, the inclusion is strict. One could also consider systems of coupled partial
differential equations having, for instance, the same initial condition (e.g. systems
of reaction-diffusion equations) and study the existence of the minimal attractor (in
that case, we do not have semigroups, either).

We now have the following result:

Theorem 1.3. We assume that F(t) possesses an attractor A on Ey and that
there exists a bounded operator I1: G — FEy such that

(1.2) F(t)olI(A) = A, V> 0.

Then A is the minimal attractor for F(t) on Ey.

Proof. Let A’ C G closed be such that A’ attracts the bounded sets of Ey for
F(t). Then
digt(f(t)[H(A)LA’) —0 as t— +oo,

which implies, thanks to (1.2), that
dist(A, A") =0,
G

hence the result. O

For instance, when Fy = G and S(t) is a semigroup, we recover, for IT = Id, that
the global attractor is the minimal attractor (however, as already noted, the converse
is not necessarily true).

Let us now consider a more interesting case, which actually motivated our study
(as well as [7] and [8]). We assume that G is of the form G = &y x &1, where & is a
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Banach space, and that G is of the form G = Fy x E;, where E; is a closed subset
of £1. We then consider a system of the form

(13) .F(t) EO — EO X El

Qo (S(t)907 Lo S(t)go)v
t > 0, where S(¢) is a continuous semigroup on Fy and £: Ey — Fj is a bounded
and uniformly continuous operator. We have said in [7] and [8] that (1.3) defines a
weakly coupled dynamical system, in the sense that the initial conditions for the two

components of the system are not independent.
Let us assume that S(¢) possesses the global attractor Ay on Ey. We set

(1.4) A = {(ao, L(ao)), ao € Ao}
We have

Theorem 1.4. The set A is the minimal attractor for the family of operators F(t)
defined by (1.3) on Ey.

Proof. We first prove that A is an attractor for F(¢) on Ey. Since the mapping
x +— (z,L(x)) is continuous, A is compact. Let now B C Ey be a bounded set. We
have
lim dist(S(¢)B =0.
D GRS (08, A0) =0

Let ¢ > 0 be fixed. Then there exists n > 0 such that if ||z — y||g, < 7, [|L(z) —
L(y)|| g, <e. Let us fix such an 7 (which we can choose, without loss of generality,
strictly less than €). Then there exists tg > 0 such that if ¢ > ¢ is fixed then
dist(S(t)B, Ag) < 7.
Eo
Therefore, Vb > 0, Jag € Ag such that

[S()b — aollE, < m,

which implies
|I£oS(t)b— L{ao)|E, <e.

In particular, we deduce that Vb € B, Jag € Ap such that
[F ()b — (a0, L(ao))llzox B <€
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and, by the definition of A, we conclude that

i <
Jist (F(H)B.A) <.

hence the attraction property. In order to prove the minimality property, we first
note that, since Ay is invariant by S(t), we have

(1.5) F(t)Ag = A, Vt=0.
Therefore

(1.6) F(t)oly(A) = A, Vt >0,
where

H()S E0><E1*>E0

is the projector on the first component (indeed, we easily prove that oA = Ag
and 1134 = £(Ap), IT; denoting the projector on the second component). We then
conclude the proof by Theorem 1.3. g

Remark 1.3. If we assume that S(t) possesses a bounded absorbing set By
in Ey and if S(t) is uniformly compact, then we can also use Theorem 1.2 to prove
the existence of the minimal attractor for F(t) on Ey. However, we have a more
precise description of the minimal attractor in Theorem 1.4.

Remark 1.4. Properties (1.5) and (1.6) (and, more generally, (1.2)) can be
seen as generalized (or partial) invariance properties for F(t) and thus we could also
use the term global attractor in such a context. Actually, in [7] and [8], we used the
term global attractor for weakly coupled systems of the form (1.3). However, in these
references, the global attractor for F(t) was the set A = Ag x A;, where A; = £(Ap)
is the global attractor for the semigroup S(t) = £ o S(t) o £~ (assuming that £ is
regular enough) on E;. The problem is that this set is too big (in particular, it does
not lie on the manifold y = £(z) as could be expected here). Furthermore, it loses,
in a sense, the fact that the system is coupled via the boundary conditions.

Remark 1.5. If Ay has a finite (fractal or Hausdorff) dimension and if £ is
Lipschitz, then 4 has also a finite dimension and dim A < dim A4y. Furthermore, if £
is bi-Lipschitz (onto its image), then dim .A = dim .4y. We note that for more general
operators of the form (1.1), the study of the finite dimensionality of the minimal
attractor is in general very difficult, if not impossible, the main reason being the lack
of invariance. However, when the generalized invariance property (1.2) holds, such
a study can be carried out by using, for instance, the Lyapunov exponents (see for
example [33] for more details and for the assumptions needed).

38



In the case of semigroups (and one would expect a similar situation here for the
minimal attractor), the global attractor presents two major drawbacks for practical
purposes. Indeed, it can attract the trajectories at a slow rate and it is very sensitive
to perturbations. In order to have a more stable (and perhaps a more realistic)
object, the notion of an exponential attractor was introduced in [11]. An exponential
attractor is a compact semi-invariant set which contains the global attractor, has a
finite fractal dimension and attracts the trajectories at an exponential rate. Also,
the global attractor may be trivial (say, reduced to one point only) and thus may fail
to capture important transient behaviors. Again, in such situations, an exponential
attractor may be a more suitable object.

Exponential attractors are now as general as the global attractor (see [2], [11], [12],
[13], [14], [17], [23], [24], [25], [26], [27] and the references therein). We note that the
classical constructions of exponential attractors make an essential use of projectors
with finite rank (in order to prove the so-called squeezing property) and are thus
valid in Hilbert spaces only (see [2], [11], [17], [24] and [25]). In [12], however, we
proposed a construction that is valid in Banach spaces and that no longer requires
to prove the squeezing property.

For the more general operators (1.1), we give the following definition:

Definition 1.2. A compact set M C G is an exponential attractor for F(t) on
a closed subset X of Ej if it contains the minimal attractor for F(¢) on X, has a
finite fractal dimension and satisfies the attraction property

diGst(f(t)B,M) <cre @t V>0,

VB C X bounded, where c; and cy are strictly positive constants that depend only
on B.

The known constructions of exponential attractors (see [2], [10], [11] and [12])
cannot be adapted to general operators of the form (1.1), the reason being again the
lack of (semi) invariance.

Let us however consider the particular case of weakly coupled systems of the
form (1.3). Let us assume that £ is Lipschitz and that S(t) possesses the global
attractor Ap on X and an exponential attractor Mo on X. Then F(t) possesses the

minimal attractor

.A = {(ao,ﬁ(ao)), Qg S AO}

on X. We set
M = {(ao,ﬁ(ao)), ag € Mo}

We have
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Theorem 1.5. The set M is an exponential attractor for F(t) on X.

Proof. We easily prove that M is compact and contains the minimal attractor.
Furthermore, since the mapping L = (Id, £) is Lipschitz and since M = L(My), we
deduce that M has a finite fractal dimension and that

dimp M < dimpg Mo.
Let now B C X be a bounded set. Then
déit(S(t)B, My) < cre™ 2t vt > 0.
Since L is Lipschitz (say, with a constant k), we deduce that
dEi?t(E 0 S(t)B, L(My)) < kere™ ', Vit > 0,
which yields, by the definition of M, that

dist (F(t)B, M) < Max(cy, key)e™ !, Vt >0,
E()XEl

which completes the proof of the theorem. O

Remark 1.6. We note that, in Definition 1.2, we no longer have the semi-
invariance property for an exponential attractor. We note however that, for a weakly
coupled dynamical system of the form (1.3), we have the following partial semi-

invariance property:

(1.7) F(H)Mo C M, Yt >0,
or, equivalently

(1.8) F(t) og(M) C M, Vit = 0.

Example 1.2. Let Q= (0,L1) x (0, Lz). We consider the following problem:
Find (g,u): [0,7] =V x W, T > 0, such that

d .

(1.9)  Flle.a) +(e.d-Va) + (BVe, V)| + a(VB'2Vo, VB'/2Vq)
+ e* Tr(CI)(BVo,Vq) — g(BV Tr C(Vu + 'Vu), Vq)
+(BVf'(),Vq) =0, VgeV,

(1.10) (C(Vu + 'Vu), Vv) = 2e(oCI,Vv), Vv e W,

40



where V' = HZ (Q) and W = {v € H]

per

()2, m(v) = mfﬂ~vdx = 0}. We

assume here that o and e are strictly positive constants, B and B are symmetric

er

and positive definite matrices (the matrix B is called the mobility tensor) and C'is a
constant, symmetric and positive definite linear transformation that maps symmetric
matrices onto symmetric matrices (C' is called the elasticity tensor). Furthermore,
we assume that f is a polynomial of degree 2p + 2 with a strictly positive leading
coefficient, p > 1. Finally, Tr denotes the trace operator and I the identity ma-
trix. These equations were derived in [26] and correspond to generalizations of the
Cahn-Hilliard equation that take into account the work of internal microforces, the
anisotropy of the material and the deformations of the material (see also [19], [6] and
[27]); the unknown ¢ corresponds to the order parameter and w corresponds to the
displacement. We restrict ourselves to two space dimensions here; we could as well
consider the three dimensional case, except that we would then have restrictions on
the degree of f (see [26]). We set, for u,v € W and o € L?(f2)

(1.11) E(u,v) = (C(Vu + 'Vu), Vv),

(1.12) lo(v) = 2e(oCI, Vv).

We proved in [26] that [, is a continuous and linear form on W and that E is a
continuous, coercive and bilinear form on W. We thus see that (1.9)—(1.10) could be

uncoupled and we first have to solve the following problem:
Find ¢: [0,7] — V such that

d i
(113)  —[(0,9) + (e.d - Vq) + (BVo,Vq)] + a(VBY?V o, VB?Vq)

dt
+e2Tr(CI)(BVo,Vq) + (BVG(0), Vq)
+(BVf'(0),Vq) =0, Vg e V.
We then set
(1.14) u(t) = L(o(t)), te€]0,T],

where L is defined by (1.10) (it is a linear and Lipschitz mapping from L?(£2) onto W;
it is bi-Lipschitz (onto its image) if CT is positive definite) and

e
(1.15) G(o) = ) Tr C(VL(0) + 'V L(0)).
We proved in [26] that the problem is well posed and that the semigroup

S(t): Hs — Hs
00 — o(t),
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where g is the solution of (1.13) with initial data go and Hs = {q € H],(Q), [m(q)| <
0}, 6 > 0, is continuous and uniformly compact when e is small enough. It thus
possesses the global attractor A} on Hj (we have here the existence of bounded
absorbing sets for e small enough). Furthermore, setting

Xs = U S(t)Bs,

t>t

where B§ is a bounded absorbing set on Hs and t¢; is such that ¢t > ¢; implies that
S(t)B} belongs to a bounded absorbing set on Hs NV, we obtained the existence of
an exponential attractor M} on X; (we note that A} C X5). Thus, thanks to the
above results, the weakly coupled system

f(t): Hs — Hj X ,C(H(;)
00 + (S(t)oo, Lo S(t)eo),

possesses the minimal attractor As = {(ao, L(ap)), ao € A}} on Hs and an exponen-
tial attractor Ms = {(ag, L(ap)), ao € M}} on Xs. In particular, we deduce that
As has a finite fractal dimension with dimp As < dimp A} and dimp As = dimp A}
if C1 is positive definite.

Remark 1.7. In [16], the authors introduced the notion of an inertial manifold,
which is a smooth (at least Lipschitz; we note that an exponential attractor is not
regular in general) hyperbolic (and thus stable, contrary to the global attractor) finite
dimensional manifold which contains the global attractor and attracts exponentially
the trajectories. Furthermore, it yields an interaction law between the small and
large structures of the flow. This object is thus particularly interesting for the study
of the long time behavior of the system. In the case of a system of the form (1.1), we
can give a definition similar to Definition 1.2 for an inertial manifold. Furthermore,
for a weakly coupled system of the form (1.3), we can prove a result similar to
Theorem 1.5 (in that case, the regularity of the inertial manifold constructed will
depend on the regularity of the inertial manifold for S(t) and on the regularity
of £). Unfortunately, all the known constructions of inertial manifolds are based on
a very restrictive condition, namely the so-called spectral gap condition (see [16]).
Consequently, the existence of inertial manifolds is not known for many physically
important equations (e.g. the Navier-Stokes equations, even in two space dimensions)
and a nonexistence result has even been obtained for a reaction-diffusion equation in
higher space dimensions (see [28]), hence the interest (and an additional motivation)
for the notion of the exponential attractor. Actually, an exponential attractor may
be viewed as an intermediate object between the two ideal objects that the global

attractor and an inertial manifold are.
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2. THE NONAUTONOMOUS CASE

We consider in this section operators that are, typically, associated with partial
differential equations in which the time appears explicitly (in the operators and/or
in the forcing terms). Furthermore, we shall consider the approach initiated in [21]
and further generalized and developed in [9] which consists in studying actually a
whole family of equations. Of course, we could very well take one equation only; we
would then be in the general framework developed in Section 1 (see also [30], [31]
and Remark 2.2 below). We refer the interested reader to [18], [29] and [32] for other
approaches to nonautonomous systems.

We consider in this section a family of operators depending on a parameter o € T*,
T* being the k-dimensional torus

(2.1) Fot,7): Eo — G, t=71, 1T€R,
where the spaces are as in the previous section, and we give the following definitions
(inspired by [9] and [21]):

Definition 2.1.
(i) A compact set Ayx C G is a uniform (with respect to o) attractor for F, (¢, 7)
on Ej if for every B C Ey bounded

lim sup dist(F,(¢,7)B, Arx) =0, Vr € R
=400 STk G
(ii) A compact set Ayx C G is the minimal uniform attractor for F,(t,7) on Ey if
it is a uniform attractor and if it is minimal among the closed sets that attract
uniformly (with respect to o) the bounded sets of Ey for Fy(t, 7).

We have the following result, whose proof is exactly the same as those of Propo-

sition 5.1 and Theorem 5.2 of [9] (see also [21]):

Theorem 2.1. We assume that F,(t,7) possesses a compact uniformly (with
respect to o) attracting set P on Ey. Then the set

A = U U Wr Tk (Bn)’

TER neN

where
Bn:{IEEEo, HI”EO gn}v TLEN,

wy ke (By) = ﬂ U Ufg(s,T)Bn,

t>7 oeTk s>t

and

is the minimal uniform attractor for F,(t,7) on Ey.
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We now consider a weakly coupled dynamical system of the form

(22) fg(t,T): EO — EO X E1
00 — (Us(t,7)00, Lo Us(t,7)00),

o €Tk t>71, 7€ R, where Ey, E; and L are as in Section 2 and U, (t,7) is
a family of processes on Ej (see [9]). Let us assume that £ is Lipschitz (actually,
it suffices to have £ uniformly continuous) and that U,(t,7) possesses a compact
uniformly attracting set Py on Ey. Then we easily prove that P = Py x L(P) is a
compact uniformly attracting set for F, (¢, 7) on Ey. Thus, according to Theorem 2.1,
Fo(t, 7) possesses the minimal uniform attractor Ayx on Ey. Now, U, (¢, 7) possesses
the uniform attractor (in the sense of [9]) A, on Ej and we easily prove that the
set

AT’“ = {(ao,ﬁ(ao)), ap € A%k}

is a uniform attractor for F, (¢, 7) on Ey. However, contrary to the autonomous case,
we are not able to prove that Apx = Ay in general (of course, we have Apx C Ayr).
Let us now further assume that Ugs10(¢t,7) = Uy (t+ 8,7+ 8), Vi = 7 € R, Vs € R,
Vo € Tk, where a = (a1, ..., as) € R is such that the a; are rationally independent.
It is proved in [9] that

AL, = U {u(0), wu is a bounded complete trajectory of U, (t,7)}.
oc€Tk

Consequently, we have

Ape = U {(u(0), L(u(0))), u is a bounded complete trajectory of Uy (t,T)}.

ocTk

Let A% » C Eg x Eq be a closed set that attracts uniformly the bounded sets of Ej
and let u be a bounded complete trajectory of U, (¢, 7), o € T* being given. We have
uw(0) = Us(0, —n)u(—n) = Upn)o(—n)(0, —n)u(-n) = Uy_p)(n,0)u(—n), where
T(s)o = o(s) = as+o (mod T¥), Vs € R, Yo € TF. Therefore, (u(0), L(u(0))) =
Fo(=n)(n,0)u(—n). We set B = {u(—n), n € N}. We easily see that B is bounded
in Ey and we have

dist (u(0), £(u(0))), Au) = dist (Fo(n,Opu(—n), Ap)

< sup dist (F,(n,0)B, Api),

oeTk BoxEr

which yields that (u(0), £(u(0))) € A%, hence the minimality property for Ayx. We
thus deduce that Ayr = Ags.
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Remark 2.1. We have implicitly considered only nonautonomous systems with
a quasiperiodic dependence on time here (by taking T* as the symbol space). Of
course, we can consider a more general time dependence as in [9]. However, we
are able to obtain finite dimensional attractors only in the case of a quasiperiodic
dependence (see [9] for more details).

Remark 2.2. Of course, for every fixed o € T*, we can construct, assuming for
instance that the assumptions of Theorem 2.1 are satisfied, the (nonuniform) minimal

attractor A, (in the sense of Definition 1.1). We easily prove that |J A, C Ayx.
c€Tk
However, this inclusion can be strict, see [21]; the two sets coincide when k = 1

(i.e. when considering periodic time dependence; actually, in that case, A, does not
depend on o € T, see [21] and [31]). Also, it is proved in [31] that, in the periodic
case (and also in the asymptotically periodic case), one can use the approach of [18]
to prove the finite dimensionality of A,. More generally, one interest of studying a
whole family of equations instead of a single one is that, for a family of processes
(and thus for a family of weakly coupled systems), one can generally reduce the
problem of the research of the uniform attractor to that of the research of the global
attractor for a suitable semigroup. This then allows to study the finite dimensionality
of the minimal attractor (see [9] for more details). Here, by considering the family
of operators

?(t): Ey xTF 5 G xTk
(00,0) — (Fo(t,0)00,at + o (mod T)),

t > 0, we can, in the spirit of [9], transform the nonautonomous problem into an
autonomous one on an extended phase space (again, we see the interest of studying
a family of operators). The next step would then be, if A denotes the minimal
attractor for F(t), to prove that Ayx = IIg.A, Iy denoting the projector on the first
component, is the minimal uniform attractor for F, (¢, 7). Unfortunately, for general
operators, we are only able to prove that Ay is a uniform attractor. Indeed, to
proceed as in [9], we would need, in order to prove the minimality property, to prove
that A is made of all the bounded complete trajectories of F(t). Now, in the case of
the global attractor, this property is a consequence of the invariance.

Remark 2.3. As in Section 1, we can define a notion of (uniform in that case)
exponential attractor for a family of operators of the form (2.1) (we refer the inter-
ested reader to [1], [14], [15] and [23] for constructions of exponential attractors for
nonautonomous (quasiperiodic) systems). Furthermore, for a weakly coupled sys-
tem of the form (2.2), we can prove, as in Theorem 1.5, the existence of a uniform
(with respect to o) exponential attractor (of course, we shall not have partial semi-
invariance properties in that case). We note that in the nonautonomous case, the
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attractor, and a fortiori an exponential attractor, has in general infinite dimension
(see [9] and also Remark 2.1), even for physically relevant situations (e.g. a cascade
system constructed on an equation in R?, see [13]). We proposed in [13] a generaliza-
tion of the notion of an exponential attractor by using the notion of the Kolmogorov
e-entropy in that case (we recall that, by definition, an exponential attractor has a
finite fractal dimension).

Remark 2.4. We can obtain results similar to those obtained in Example 1.2
in the nonautonomous case by considering (quasiperiodic) external actions (external
mass supply and external microforces, see [27]).

References

[1] A. Babin, S. Chow: Uniform long-time behavior of solutions of parabolic equations
depending on slow time. J. Differential Equations 150 (1998), 264-316.
[2] A. Babin, B. Nicolaenko: Exponential attractors of reaction-diffusion systems in an
unbounded domain. J. Dynam. Differential Equations 7 (1995), 567-590.
[3] A. V. Babin, M. 1. Vishik: Attractors of Evolution Equations. North-Holland, Amster-
dam, 1992.
[4] J. W. Cahn: On spinodal decomposition. Acta Metall. 9 (1961), 795-801.
[5] J. W. Cahn, J. E. Hilliard: Free energy of a nonuniform system I. Interfacial free energy.
J. Chem. Phys. 2 (1958), 258-267.
[6] M. Carrive, A. Miranville and A. Piétrus: The Cahn-Hilliard equation for deformable
elastic continua. Adv. Math. Sci. Appl. 10 (2000), 530-569.
[7] M. Carrive, A. Miranville, A. Piétrus and J. M. Rakotoson: The Cahn-Hilliard equation
for an isotropic deformable continuum. Appl. Math. Lett. 12 (1999), 23-28.
[8] M. Carrive, A. Miranville, A. Piétrus and J. M. Rakotoson: Weakly coupled dynamical
systems and applications. Preprint No 121. Université de Poitiers.
[9] V. V. Chepyzhov, M.I. Vishik: Attractors of nonautonomous dynamical systems and
their dimension. J. Math. Pures Appl. 78 (1994), 279-333.
[10] A. Eden, C. Foias and V. Kalantarov: A remark on two constructions of exponential
attractors for a-contractions. J. Dynam. Differential Equations 10 (1998), 37-45.
[11] A. Eden, C. Foias, B. Nicolaenko and R. Temam: Exponential Attractors for Dissipative
Evolution Equations. Masson, 1994.
[12] M. Efendiev, A. Miranville and S. Zelik: Exponential attractors for a nonlinear reac-
tion-diffusion system in R®. C. R. Acad. Sci. Paris Sér. I Math. 830 (2000), 713-718.
[13] M. Efendiev, A. Miranville and S. Zelik: The infinite dimensional exponential attractor
for a nonautonomous reaction-diffusion system. Math. Nachr. To appear.
[14] P. Fabrie, A. Miranville: Exponential attractors for nonautonomous first-order evolution
equations. Discrete Contin. Dynam. Systems 4 (1998), 225-240.
[15] E. Feireisl: Exponentially attracting finite dimensional sets for the processes generated
by nonautonomous semilinear wave equations. Funkcial. Ekvac. 36 (1993), 1-10.
[16] C. Foias, G. Sell and R. Temam: Inertial manifolds for nonlinear evolution equations.
J. Differential Equations 73 (1988), 309-353.
[17] C. Galusinski: Thése. Université Bordeaux-I, 1996.
[18] J. M. Ghidaglia, R. Temam: Attractors for damped nonlinear hyperbolic equations.
J. Math. Pures Appl. 66 (1987), 273-319.

46



[19]
[20]

[21]
22]

[23]
[24]

[25]

[26]
[27]
28]
[20]
30]
31]
32]

(33]

M. Gurtin: Generalized Ginzburg-Landau and Cahn-Hilliard equations based on a mi-
croforce balance. Physica D 92 (1996), 178-192.

J. Hale: Asymptotic Behavior of Dissipative Systems. Math. Surveys and Monographs,
Vol. 25. AMS, Providence, 1988.

A. Harauz: Systémes dynamiques dissipatifs et applications. Masson, 1991.

O. Ladyzhenskaya: Attractors for Semigroups and Evolution Equations. Cambridge Uni-
versity Press, Cambridge, 1991.

A. Miranville: Exponential attractors for nonautonomous evolution equations. Appl.
Math. Lett. 11 (1998), 19-22.

A. Miranville: Exponential attractors for a class of evolution equations by a decompo-
sition method. C. R. Acad. Sci. Paris Sér. I Math. 328 (1999), 145-150.

A. Miranville: Exponential attractors for a class of evolution equations by a decompo-
sition method. II. The nonautonomous case. C. R. Acad. Sci. Paris Ser. I Math. 328
(1999), 907-912.

A. Miranville: Some generalizations of the Cahn-Hilliard equation. Asymptotic Anal.
22 (2000), 235-259.

A. Miranville: Long time behavior of some models of Cahn-Hilliard equations in de-
formable continua. Nonlinear Anal. Series B 2 (2001), 273-304.

J. Mallet-Paret, G. R. Sell: Inertial manifolds for reaction-diffusion equations in higher
space dimensions. J. Amer. Math. Soc. 1 (1988), 805-866.

G. R. Sell: Nonautonomous differential equations and topological dynamics, I, II. Trans.
Amer. Math. Soc. 127 (1967), 241-262, 263—283.

F. Shuhong: Global attractor for general nonautonomous dynamical systems. Nonlinear
World 2 (1995), 191-216.

F. Shuhong: Finite dimensional behavior of periodic and asymptotically periodic pro-
cesses. Nonlinear Anal. 28 (1997), 1785-1797.

M. Smiley: Global attractors and approximate inertial manifolds for nonautonomous
dissipative equations. Appl. Anal. 50 (1993), 217-241.

R. Temam: Infinite Dimensional Dynamical Systems in Mechanics and Physics, 2nd ed.
Springer-Verlag, New-York, 1997.

Author’s address: A. Miranville, Université de Poitiers, Laboratoire d’Applications des

Mathématiques, SP2MI, Téléport 2, Boulevard Marie et Pierre Curie, 86962 Chasseneuil
Futuroscope Cedex, France, e-mail: miranv@mathlabo.univ-poitiers.fr.

47



		webmaster@dml.cz
	2020-07-02T10:35:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




