Applications of Mathematics

Tadeusz Jankowski
Boundary value problems for systems of functional differential equations
Applications of Mathematics, Vol. 47 (2002), No. 5, 427-458

Persistent URL: http://dml.cz/dmlcz/134506

Terms of use:

© Institute of Mathematics AS CR, 2002

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134506
http://dml.cz

47 (2002) APPLICATIONS OF MATHEMATICS No. 5, 427-458

BOUNDARY VALUE PROBLEMS FOR SYSTEMS
OF FUNCTIONAL DIFFERENTIAL EQUATIONS

TADEUSZ JANKOWSKI, Gdarisk

(Received November 13, 2000)

Abstract. Algorithms for finding an approximate solution of boundary value problems for
systems of functional ordinary differential equations are studied. Sufficient conditions for
consistency and convergence of these methods are given. In the last section, a construction
of methods of arbitrary order is presented.
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1. INTRODUCTION

Let R? denote the real g-dimensional space with a norm || -||. For real numbers a4,
b1, a1 < by and an integer i > 0, let C?([a1, b1], R?) denote the space of functions with
continuous derivatives up to the order i on [a1, b1] into R? and C(-, R?) := C°(-, R?).
Let J = [a,b], J = [a — ag,a] U [b,b + bg), J=JUJ, a<b, ap,bp > 0 and let
Y € C'(J,R7) be given. By C*(J,R?) we denote the class of functions 2 € C(.J, R?)
which are identical with () on J, i = 0,1; C(J, R?) := CO(J, RY).

For given ¢ € CY(J,R?) and f: C(J,R?) x C'(J,R?) — L°(J,R?), where
L*>°(J,R?) denotes the space of bounded measurable functions on J with values in
R?, we consider the system of functional ordinary differential equations of the form

(1a) y'(t) = fly.y)@), teld

subject to the boundary condition
(1b) y(t) = (), tel.
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By a solution of (1) we mean a function y: J — R? which has an absolutely con-
tinuous first derivative on .J, satisfies (1b) and y” equals f on J except on a set of
Lebesgue measure zero. Indeed, if f is continuous, then the solution of (1) reduces
to the solution in the classical sense.

Notice that equation (la) is a very general type of equation. It includes, as a
special case, the system of ordinary differential equations of the form

(2) y'(t) = folt,y(®),y' (1), tel,

with fo: J x R™ x R™ — R™, so we have ag = by = 0 and J = {a,b}. The system
of differential equations of the form

B y') = hlya®) - ylap),y' (B®), -y (B,(1), te T,
is also a special case of (la) with fi: J x (R™)Pt4 — R™, o, 8; € C(J,J), i =
1,2,...,p,7=1,2,...,q. In this case,

a — ap = min(inf «o;(¢), inf 5;(¢)), b+ by = max(sup o;(t), sup 3;(t)),
teJ teJ teJ teJ

i=1,2,....p, 1=1,2,....q.

If oi(t) < t, Bi(t) <t, teJ, i=1,2,...,p,5=1,2,...,q, then by = 0 and (3) is
a problem of delay type. Integro-differential equations of the Volterra or Fredholm
type are also special cases of (1a), for example,

v(®)
@ 0=t GO, [ ey o)), te

a
with fo: J x R™ x R™ x R™ — R™, k: J x J x R™ x R™ — R™ for a,, B € C(J, J)
and v € C(J, J).

The existence and uniqueness of solutions for problems of type (1) has been in-
vestigated in [3], [4], [8], [13], [14], [20], [21], [22], [23]. We quote only a few papers
in which numerical methods are used for problems which are special cases of (1).
We can indicate that a shooting method (see for example [12], [19], [22]) and a fi-
nite difference method (see [5], [9], [12], [16], [17]) are frequently used for finding
a numerical solution of problems of type (1). A collocation method [7] or iterative
sequences [11] can also be used (see also [6]).

Condition (1b) can be placed into the operator f to have the boundary problem
with boundary conditions at the points a and b. For ¢ = 0,1 and y € C(J, R?) such
that y(a) = 1 (a), y(b) = 1) (b) we define operators T} by

PO (1), ted,

(Tiy)(t) == {y(t), teJ
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Notice that for ) € C1(J,R?) the operator T; maps C(.J,R?) subject to the above
boundary conditions into C*(.J, R?), i = 0,1. Under the above notation, problem (1)
takes the form

(5a) y'(t) = f(Toy, Thy)(t), te
(5b) y(a) = P(a),  y(b) = ¥(b).

Indeed, if y is a solution of (5), then Tyy is the corresponding solution of problem (1).

Assume that (5) has a solution ¢. The purpose of this paper is a numerical
approximation of ¢ which will be denoted by y". By 2" we denote an approximation
of ¢/. Here h is a constant stepsize, Nh = b —a, t, = a+nh, n = 0,1,...,N.
It must be emphasized that the approximate solution 3" of (5) must be computed
at all points ¢ € J and not only at the points ¢,,. Denote by wgi) a continuous
approximation of 1(?), i = 0,1. For y € RY we define two operators T and T} by
the relations

h o wh(t) te ja
(To'y)(t) = {y(t) e

h o 7/’;;(75) te j\{a,b}a
0= {y(t) ted.

Under the above notation a numerical solution of (5) may be constructed by the
difference method of the form
y"(t) = ¢Yn(t) for t =a or t = b,
(6) y"(tn +h) = 20" (tn) + " (tn — Th) = W2 F 0 (Toy", T12") (),
relo,1], n=1,2,...,N —1,

(1) k) = Sl - rh) — g (b )

relf0,1], n=1,2,...,N—2.

Here the operators Fi, ,): C(J,R?) x C(J,R9) — L>®(J,R?) are defined for (h,r) €
H x [0,1] with H = [0, ho] for some hg > 0, where C(J,R?) denotes the class
of piecewise continuous functions from J into R? In addition, we assume that
Fipo)(Tey", T{2")(t) = 6, where 0 is the zero element in RY.

Formulas (6)—(7) can be obtained in the following way. Observe that equation (5a)
is identical with the system of first order differential equations

{y’(t) = z(t),
Zl(t) = f(TOyale)(t)a teJ
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Now, if we apply to this system the approximations

{rhz (t) = y"(t +7h) — y"(t),
rh(z")"(t) = 2"(t) — 2"(t —rh),

then we obtain (6). If we apply the approximations

{hz() y'(t) =yt —h),
rh(2")!(t) = 2"(t + rh) — 2"(t),

then, instead of (6), the following expression will arise:

h(t) = Yyu(t) for t =a or t =b,
Mt +1h) = y" (tn) =y (tn—r +7h) +y" (1) = 2 Fip oy (T3, TT2") (),
rel0,1, n=1,2,...,N —1.

y
(8) v

Similarly, using the approximations

{rhz (t) = y"(t +rh) — y"(t),
rh(z")"(t) = 2"(t +rh) — 2"(t),

instead of (6) the expression

h(t) = ¢n(t) for t =a or t =0,
"(tn +2rh) — 2y" (tn + 7h) + Yy (tn) = W2 F o) (T3y", TE2") (80),
relo0,3], n=0,1,....N -1

Y
9) Y
will be obtained. Basing on the above we see that a numerical solution of (5) may be
described by different formulas because different approximations for 2" can be used.

In this paper, only the method (6)—(7) will be analysed.
It is simple to see that if

Fippy(z1,22)(t) = A(r)Fp(21,22)(t), A(0) =0 and A(1) #0,

then, forn =1,2,..., N—1and r € [0, 1], the second formula in (6) can be rewritten
in the equivalent form

(" { Y (tnr1) = 29" (tn) +y" (tn1) = AR Fr(T3y", T{2")(t0),
Y (tn +1h) = 29" (tn) + y" (tn — rh) = A(r)[y" (tns1) — 29" (tn) + y" (tn-1)]



with A(r) = A(r)/A(1). Moreover, in this case, (7) and (6') yield

o [00= o " (tn2) — 9 (0],

2ty +rh) — 220(t,) + 2"t —rh) = A(r)[2" (tha1) — 22" (tn) + 2" (tn1)].

Notice that for the linear approximation
h _ h h
Y (tn +1h) = (L =)y (tn) + 19" (tns1), 7 €[0,1],

we need to take A(r) = r, while using the quadratic interpolation

y"(tn +1h) = Y (ta1) = (r* = 1)y" (tn)

)yh(tn+1), re [_1’1]’

we find A(r) = r2.
Taking F;, = f", we have the simplest numerical method for solving (5) (here f"
denotes an approximation of f). If the mapping F has the form

2
(1) Fun(Thy" TP (1) = 32 Bilt, by ) ATy TRt — b+ ih),

=0

where B;: J x H x [0,1] — R are bounded and B;(¢,h,0) = 0, then (6) yields
nonstationary linear methods with variable coefficients (see Example II).

The paper is organized as follows. The problem of consistency of the method (6)—
(7) is briefly considered in Section 3. In Section 4, sufficient conditions under which
the procedure (6)—(7) is convergent are given. Error estimates are also discussed.
The last section deals with a construction of methods of a fixed order and some new
algorithms of the corresponding order are produced. Finally, we note that in litera-
ture, numerical methods have been considered for special cases of (1), usually when
the operator f has the form f(y,5')(t) = £(t,y(£)) or £(y,5/)(t) = F(t,(t), y(a(t)))
or £y, y)(#) = £(t,y(t), y(B(t y(E)):
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2. LEMMAS

In this part we investigate a difference problem of type (6). A description of its
solution will be given by the corresponding formulas. To formulate a convergence
theorem also some properties of this solution will be stated.

For given g,: [0,1] — R?, g,(0) = 6, n = 0,1,..., N, we define two sequences
{g™ and {s;} by the relations

gD (r) == g (r),
g# () 1= 20 (1) — gO (A 1)+ gia (), k=12, N1
for r € [0, 1], and
1 if 4 is odd,
"7 10 if i is even.

Taking into account the definition, we see that

N —-1.

)

9" *0) = g™ (1), k=12,..

Lemma 1. Assume that g,(0) =6, n=0,1,...,N. Then the solution y" of the
difference problem
yh(tn + Th) - 2yh(tn) + yh(tn - T'h) = gn(r)a
(11) rel0,1], n=1,2,...,N —1,
y"(a) = ¢Yn(a), y"(b) =Pn(d)

can be expressed by

b = (n=1)vn(a) = y"(ts = rh) + g™ (r),

n=13,.... N—1—sy, rel0,1],
(12)  y"(t, +7h) = 0,1}

Un —nn(a) +y™a+rh) + g™ (r),

n=24,...,N—2+4sy, 7r€]0,1],
where
Un = n(b) + (N = D (a) — gD ().
Proof. Using induction with respect to n, it is simple to prove that
(n+1)y"(t1) = (n = Don(a) — y"(t1 = 7h) + g™ (r),
n=13...,N—1—sy, 7€]0,1],
ny"(tr) — nn(a) +y"(a +rh) + g (r),
n=24,....,N—2+sy, re]0,1].

(13) y"(tn, +rh) =
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Indeed, (13) is true for n = 1. Assume that it is true for n = k and let & be odd.
Thus (11) and (13) yield
y" (trsr +7h) = 29" (b)) — y" (te + (1= 7)R) + g (7)
=2((k + 1)y"(t1) — (k — Doon(a) =" (a) + ¢V (V)]

= [(k+1)y"(tr) = (k = Don(a) —y"(a +rh)

+ 9" (1 =) + gy (r),
which proves that formula (13) is true (for example, if ¥ = 1, then (13) holds for
n = 2). For k even, (13) is also true.

Our next objective is to show that (12) holds. Assume that N is even, hence
sy =0. Take n = N — 1 and r = 1. By applying (13) we obtain the equality

y"(tn) = n(b) = Ny" (t1) = (N = 2)un(a) = ¥n(a) + ¢ D(1)

and hence we have immediately

This and (13) yield (12). For N odd, the proof is similar. O

Remark 1. Relation (12) implies that

Y (tn + h) = y"(tny1 +0h) = lirél+ y"(tns1 +7h), n=1,2,...,N—1,

if g is continuous.

Remark 2. Let ¢ = 1, g,(r) = anr, r € [0,1], a, € R, n = 1,2,...,N.
According to the definition of {g*)}, we have immediately

k
9B @) =N "(k+r—i)a, k=1,2...,N-L

i=1

Now, after some calculations, (12) takes the form

N-1
n+1 n+1 -
Un(b) + < )m() Vi —rh) = 3 d(r)as,
i=1
n=13,....N—1—spn,
y" (tn +1h) = . o N-1
Nwh(b)fﬁwh(a) a+rh ; nz aza
n=24....,.N—2+4sp,
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where

Z—l—sn—r—ﬁ(n—f—sn) if i < n,
dni(T’):: i
n+snfﬁ(n+sn) if ¢ > n.

Lemma 2. Forn=1,2...,N and r € [0,1] we have the identity

w =2 e
+ Z(*l)%ﬂ_ignﬂ—i(sﬁ +(1=r)(1-s)),

0
where [ -] denotes the integer part of the argument and ... =0.
1

Proof. This formula can be proved by induction.

Remark 3. It is simple to see that
n
g(n)(l) = Zign+1—i(1), n=12...,N.
i=1

Lemma 3. Let

) 1
z'—f—si—% ifi<n—1,
dpi = forn=1,3,...,N —1—sp,
" Ly iy N
n - if n <1,
N
n
T i< —
i—8; N if i<n-—1,
dpi = ) forn=24,....N — 2+ sy.
nf@ if n<i
N X Y

Then we have

N-1 n—1r.
(15) SIS gy () 2 Y {” l]gniu)

‘ ‘ 2
i=1 i=1

N-1
= =Y duigi(1), n=12... N-1
i=1
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Proof. To prove (15) we assume that n is odd (for n even the proof is similar).
Then we have

N-1

n—|—1 1+

P, = ign—i( —1—22{ ]gn (1)

i=1 i=1
N-n N-1

n +1 n+1 .

= N ign—i(1) — N Z ign—i(1)

i=1 i=N—-n+1

+2 ; [%]gn—i(l)'

Furthermore, by changing the sum index in the second sum, we get

N—n n—1 n—1r.
n-+1 . n-+1 . 1+1
Py=—— ; fon=ill) = = D (N =t gai(1) +2 Z;{ 5 ]gn_i(l)
n+ 1 N—n n—1
= - > ign-i(1) = = Y (N —n—1)+5;N)gi(1)
i=1 i=1
N-1 n—1
n+1 . 1 )
= - (N—z)gi(l)—ﬁ (i(N—n—1)+sN)g(1),
1=n i=1
and hence we have (15). The proof is complete. O

If we use the results of Lemmas 2 and 3 and Remark 3, then expression (12) takes
an equivalent form

n+1

on®)+ (2= S5 Yona) = 401 = ) + Qulr),
n=1,3,...,N—1—sN, re0,1],
Un(b) = 1 Yu(a) + ¢ (a+ rh) + Qu(r),
n=24,...,N—2+sy, relo1],

(16) y"(tn+rh) =1
N

with

n

_ i dnigi(1) + S (12 g,y (s + (1= r)(1— 7).

i=1

From (16), by taking n = 1 and r = 0, we can simply compute 3" (1), namely

yh(tl) = %1# (b) + (1 - —)1% 5 Z dlzgz
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Notice that (16) is well defined if y”

is extra given on (a,a + h) and thus y" of
form (16) is a solution of (11).

In our considerations, we will need to have also some properties for z" defined
y (7). Using (16), we can easily write

(17) y"(tn1 + Th) Y (tn_1 +7h)

[Vr(b) — ¥n(a)] + Qui1(r) — Qn-1(7)

N
~10n(b) — (o))
N-1
— Z (dnt1i — dn-1,i)9i(1) + gns1(r) — gn(1 — 1),

n=12,...,N—2 rel01]

with Qo(r) =0, r € [0,1] and do; =0, i =1,2,.

.,N — 1. In the next lemma, some
properties of @, will be given.

Lemma 4. The following equalities hold:
N—1
(1) Qn(0) + (1/N)sng™ =1 (1) = — Zl dy;9:(1),

(i) Qni1(0)+ (2/N)(1 = 5,)g™N =D (1) = Qu(1),

(iii Qn(r) =2Qn(0) + Qn-1(1 =7) = (2/N)s,g™N (1) = gn(r),
(iv) Qn-1(1) = (1/N)sngN (1) = 6
forn=1,2,..., N, where

r €[0,1],

n .
7 — — if 1<n-1
dv*n'_ .
in
nfﬁ if n<1

Proof. Assume that n is odd. Then s, = 1, and because of Remark 3 we get

n—1 N—-1 -
1 1
LNy — 1) . 2 _
Qn(0) + N9 (1) = ;ﬂ dnigi(1) E dnigi(1 + Eﬁ i)gi(1

1N71
+N;( —i)gi(1 +Z i — Dgi(1

- TZ;(% - i)gi(l) + ; <% - n)gi(l),

which proves that (i) holds. In the same manner, we can prove (i) for n even.
By the same argument we can prove (ii), (iii) and (iv).
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Remark 4. The difference system (11) can also be solved for a fixed number of
r € (0,1]. If » = 1, then it is known that the solution of (11) has the form

(18)  y'(tn) = %w (b) + (1 - —>wh Z d5g:(1), n=0,1,...,N.

Thus (18) follows immediately from (16), (11) and (i) of Lemma 4. If r is fixed and
€ (0,1), then we need two extra values y"(a + rh) and y"(t; — rh) to solve (11)
(see (16)); for r = 5 only the value y"(a + 1h) is needed.

Lemma 5. The following results are true:

n+1

N—1 5 (N —n), n=13,...,N—1-sp,
i—1 g(N,nfl), n=24,....N -2+ sy,
N—-1 )2
(20) maxzdm < )
i=1
N 1
<
(21) myz;mxmiaxdm ST + N

Proof. First, we prove (19). Assume that n is odd. Indeed, (19) is true for
n = 1. Consequently, from the definition of d,,; we obtain

N-1 n—1 —

dni = dm + Z i

<z+ si — ”;1 )+1Vz:1(1;) (n +1)

=n

i=1

I
M: 5

=1

ng1+<1n;1);i+(n+1)§(1%>.

Hence we get (19) when n is odd. In the same manner we can prove (19) if n is even.
Notice that inequality (20) results from the relation

1
ax 1de— max(maxn+ (N —n), max E(N—n—l))

1,2,.., n odd 2 n even

(N+1)2 (N —1)2
8 ' 8 )

< max(
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Moreover,

maxmaxd,; — max| max max dp;, max maxdy;
n 7 n odd n even 1

n+1 n
= e (14 (00 (1225 ) ) (1))

(N 1 N) N
< max| —+ —, — :Z+

1
4 "N’ 4 N’

0 (21) holds. This completes the proof. O

Lemma 6. The following statements hold:

2n(n+1
(22) Z |dn+1,i7dnfl,i‘:¥+N*2n*1, n=12,...,N—1,

(23) max max |dp+1,; — dn—1,4| < 2.

Proof. Assume that n is even, hence n + 1 and n — 1 are odd. Observe that

N-1

:Z‘dnJrl,i* nlz(z+ Z Z)|dn+1z
i=1 i=n—1 i=n+1
According to the definition of d,; we have
=3 i(n+2)
Dn:;’z—i—si— N _1+N
2 mn
ﬁ;l” -1 e

)

N-1 . .
i(n+2) in
+,:Z et N "Tw

so, after some calculations, (22) holds for n odd. Formula (22), when n is even, can

be proved in the same manner. Condition (23) is obviously satisfied. g

Remark 5. It is simple to see that max D, = N — 1.
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3. CONSISTENCY
Convergence and consistency are important notions in numerical analysis. Before
we formulate some theorems about them, let us introduce

Definition 1. The method (6)—(7) is called convergent if

lim sup 4" (1) — ()] =0 and  lim sup [12(2) — (8)| = 0.
h—0 teg h—0 teJ

The order of convergence is p if

sup |y (t) — ¢(t)|| = O(h?) and sup|[2"(t) — ¢’ ()| = O(h?) as h — 0.
teJ teJ
Definition 2. The method (6)—(7) is called consistent with (1) if there exists a
function e: J, x H — Ry =[0,00), J, = [a + h, b — k], such that the conditions
1° [lo(t +7rh) = 20(t) + @(t — rh) — h*Fp . (Tow, Ti) ()| < e(t, h), € [0, 1],

N-1
2° lim h=! 3 e(t;,h) =0
h—0 i=1

hold. The order of consistency is p if

-1
YN e(ti,h) = O(hP) as h— 0.

i=1

The problem of consistency of method (6)—(7) is considered in

Theorem 1. Suppose that
1° f: C(J,R?) x CY(J,RY) — L®(J,R?), ¢ € CY(J,RY), Fp: C(J,R) x
C(J,R?) — L*(J,R%) are defined for (h,r) € H x [0,1]; F y(z,y)(t) is
continuous and
Fono)(Toa, T{y) (1) = 6,

2° there exists a unique solution ¢ of (1),
3° " is a Riemann integrable function,
then (6)—(7) is consistent with (1) provided

N-1
(0 Jim b S 2 (T, Tg) () — Foury(Tow, T ) (1) = 0, 7 € 0,1,
i=1

Proof. The proof is similar to the corresponding one given in [16] and therefore
it is omitted (see also [9]). O
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Remark 6. If

N-1
hY P f(Top, Tig)(t:) — Firy (Toe, Tog ) ()| = O(RP)

i=1

uniformly in 7 as h — 0, then (6)—(7) is consistent with (1) of order min(1,p) or
min(vy,p) if ¢ is of bounded variation or ¢ satisfies the Holder condition with the
exponent v € (0, 1], respectively (see also [9], [16]).

Remark 7. If F(. ,y(z,y)(t) is continuous, then (24) remains true provided

For)(Towp, Ty ) (t) = 1 f(Toe, T1')(t).

4. CONVERGENCE

In this section we show that method (6)—(7) is convergent. The result is obtained
under the assumption that the method is consistent with (1) and the operator F
satisfies the Lipschitz condition with respect to the last two arguments with the
corresponding constants. Error estimates are given, too. But first, we put

A(h) = g(4K2 + 10K1(b — (l) + hKl),

b—a h 3
B<h) -—Kl( 4h +m+1)+%K27

) = (K-t Kahu(h) + (264 K 52 Ko (o)
E(t,h) :== h?6(t,h) + (t, h),

where constants K7, Ky and functions d, n and 7 will be defined later.
We formulate the following convergence result.

Theorem 2. Suppose that
1° condition 1° of Theorem 1 holds,
2° there exist constants K1, Ko > 0 and a function §: J x H — Ry such that

N1
}llin%)h >~ 6(ti, h) = 0 and the condition
-0 0

1 En (@, 9)(8) = i (Z,5)(0)

< Kysup [lz(r) — 2(7)[| + Kz sup [[y(7) = 5(7)[| + 6(¢, h)
TEJ TEJ

holds fort € J, h € H, r € [0,1], =,z € C(J,R?), y, 5 € C(J,R9),
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3° problem (1) has a unique solution p, and ¢" is bounded,
4° method (6)—(7) is consistent with (1),
5° 0:=Ki(b—a)?/8+ Ks(b—a)/2 < 1,
6° 1/1,(;) are continuous approximations of ), i = 0,1, such that
sup [ (1) = O (1)) < A(h) and A(h) 0 as h—0,

teJ

7° y" is defined and continuous on (a,a + h), y"(a+) = vn(a) and there exists
n: H— Ry, n(h) — 0 as h — 0, such that

sup [y (7) = @(7)I| < n(h),
(a,a+h)

8° 2" is defined and continuous on Jo = [a,a + h) U (b — h,b], and in addition

sup 12"(7) = ' (DIl < n(h).

Then method (6)—(7) is convergent; for sufficiently small h, the estimates

sup (T3 (" — )OI < K7'¢(h) if K1 >0,

(25) la—aq, b+bo] )
sup  [[(TP(z" = @)@) < K3 '¢(h)  if K2 >0
l[a—ao ,b+bo]
hold with
N—-1
C(h):==(1—o0—A(h { Z (ti, h) +7(h) + O(h?)].

i=1

Here, the operator Tihy is defined as Ty with wy) instead of (), i = 0,1 (wg) is
defined in the proof).

Proof. Put
o (t) = y" () — o(t),
Av(t) == v"(t + h) — " (t — h),
ul(t) = 2"(t) — ' (1),
V= E\I(Té‘ M),
U" = sup | (T{a")(#)]],
teJ
W) = — D), i=0,1, tel,
Plt) 1= 5t + 1) — olt = W] - (1), t€ i,

G(t,h,r):=h F(h,r)(Télyh, T 2" (t) — @t +7h) 4+ 20(t) — @(t — rh).
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First of all, we shall find a bound for |[v"||. It is easy to see that v" satisfies the
difference problem

vh(t) =wi(t) for t=a or t=0b,
(26) v (t, +7h) — 20"(t,) + 0" (t, — rh) = G(tn, h,r), n=1,2,...,N —1,
r e [0,1].

Indeed, G(t, h,0) = 6. Furthermore,
1
(27) u"(t, +rh) = o AV (t, +rh) + 3ty +7h), n=1,2,...,.N—2, re[0,1].
By Lemma 1, (16) and (26), we see that for r € [0,1]

O—h(n)ivh(tlirh)+Q’n(r), TL:1,3,...,N7175N,

(28) v"(t, +7h) {
on(n) +v(a+rh) + Qu(r), n=24,....,N -2+ sy,

with G(t,, h,r) instead of g, (r) in the definition of @Q,,, and

1 1
n;\} wh(b)+<2n;\; )wh(a), n=13,...,N—1—sn,
= 2cu(b)—ﬁcu (a) n=24 N—-2+s
N h N h ) R ) N-

Moreover, (17) and (28) yield

N-1
(29) AV"(tn +7h) = = > (dny1i — dno1,)G(ti 1) + Gltnsn, hy1)

— G(tn, h, 1 —7) + %[Wh(b) — wn(a)],

n=12...,N—2 rel0,1].

It results from the above that an estimate for the operator GG is needed. By
conditions 2° and 4° we obtain

(30) |G (tn, by )| < B2 Fgy (To'y"™ T 2") (tn)
= Fin)(Tow, Trg") (tn) || + €(tn, h)
<RKV" + BPKoUM + &(t, h).
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This, (28), (20)—(21) and 7° yield a bound for ||v"||, namely

" (8 + rh) | < Qu(r)l + Su(n)

N—-1
< Y duillG(ti, b 1)|
=1
+ > G tns1—is by sir + (1 —=7)(1 = 50))|| + Sn(n)
1=1
N-1
< Z dm{hQKth + hQKQUh + é:(tz', h)}
=1
+ Y ARV + WP KU + E(tpg—i, )} + Su(n)
1=1
N +1)2
< hﬁ% + N}[Klvh + KyU"
N-1
N 1 _
+ (Z +t 1) ; E(ti, h) + Sn(n)
b—a+ h)?
= {% + h(b— a)}[Kth + KU
b—a A e
(Tt X e 200+t
= ¢ n=12,...,N—1, 7€(0,1),
where
n+1 ON —n—1 )
Sn(n) = —= llwn(O)]| + N lwn(a)]l +n(h) < 29(h) + n(h)

(here wp,(t) = w,(l )( t) for t = a or t = b). Furthermore, (18) leads to
n
HWMKNM@H@—JMIHZ%WMMI
< = lwn®)l + (1= = ) wn(a)]
B N h N h

+ Z 4[R2 EK VI + B2 KU + 2(t;, b))

(b ) [K1Vh+K2Uh]

Z (ti,h), n=0,1,...,N.
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This and the previous estimates for |[v"(t,, + rh)|| give the relations

sup [[o"(T)| < ¢ n=0,1,...,N—1
[tnvtn+1]

sup [|o" (t)[| < ¢,
teJ

)

and from that and 6° we finally obtain

(31) V= sup [[(Tgo") ()] < (1

teJ

By the same argument, using (27), (29)—(30), (23), 6° and Remark 5, we have

1 N—-1
|u”(t, +7h)| < o |dn+1,i — dn—1,4] [|G(t:, R, 1]
i=1
LG Ensr, by )+ Gl 1= 1)l| + i1(h)
o n+1, 1, T n, I, r Nn
+ |@(t + Th)||
< g(N—f— 1)[K V4 KyU")
3 N—-1 9
+ o 2 &t h) + g——1ii(h) + O(h?)
i=1
N—-1
b h 3 2
= 2O vl 4 KU 4 2 S et h) + o i(h) + O(h2)
2 2h p b—a
=& n=12,...,N-2, r€][0,1];
hence
(32) sup [Ju(t)]] < ¢5.
[a+h,b—h]
This, 6° and 8° yield
(33) U™ < ¢+ n(h) +a(h).

In order to achieve (25), we first introduce the notation

[0"]]. := K1V + KoU™.
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Combining this with (31) and (33), we get

0" ]l+ < Kall + Ka[C5 + n(h) +7(h)]
N-1
= (0 + A"« + B(h) Y &(ti, h) + i(h) + O(h?).
i=1
Because 9 < 1 and A(h) — 0 as h — 0, there exists an h such that ¢+ A(h) < 1 for
h < h; hence we have (25).
The proof is complete. U

Remark 8. Assume that method (6)—(7) is consistent with (1) of order p and

N—-1
n(h) = O(h?), 7(h)=O(h") and h»  &(t;,h) = O(h?) as h — 0.
i=1

Let K1, K5 > 0. Then the order of convergence is min(2,p). If f does not depend
on y’ then Ko = 0 and, in this case, only the first formula of (25) remains true with

N—-1
6 = (1= 0= A0 B X et +0)].

i=1
The order of convergence is now p.

Remark 9. It results from the proof that condition 2° of Theorem 2 is needed
only to get estimate (30). It means that Z and § appearing in 2° can be replaced
by Top and Ty¢’, respectively.

Remark 10. According to 7° and 8°, the approximations y” and 2" have to be
defined in advance on the corresponding sets. We will distinguish only two types of
approximations. One of them is the linear approximation for y",

(34) y"(a+rh) = (1=r)gn(a) +ry"(t), rel0,1],
and then

h(atrh) = %[ Mty + ) — y(a + rh),
(35) 1

(b —rh) = —[n(b) = " (b — h)] +r2"(b — h)

for r € [0,1). Indeed, we also can use the quadratic approximation for 3", namely

(36) o+ rh) = 507 = 3r 4+ 2)0n0) - (2 = 200" (1)
F07 (), re .1,
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and then

2Ma+rh) = ;—h[—3yh(a +7h) + 4y (t1 + rh) — y"(t2 + rh)],
(37) 2M(b—rh) = E(r2 — 31+ 2)[3¢5,(b) — 4y" (b — h) + y" (b — 2h)]
—(r2 = 2r)zh(b— h) + %(TZ —r)z"(b — 2h)
for r € [0, 1).

Below, we consider method (6)—(7) with (34)—(35). Our objective is to verify the
estimates (31) and (33) for this method. We will use the notation introduced in the
proof of Theorem 2. First of all, a corresponding estimate of ||v" ()| for t € (a,a+h)
and also of ||u”(7)|| for 7 € Jy will be stated. Notice that the following results hold:

p1:= (L= 1r)p(a) + re(tr) — p(a +rh) = O(h?),

g2 1= Flplts + 1) — pla rh)] = & (a -+ 7h) = O(h),

w3 = p(a) +p(a+h) — p(a+ (1 —1)h) = pla+rh) = O(h?),
1—r

pa = ——[p(0) = (b = )] +r¢'(b— h) = ¢'(b = rh) = O(h)

as h — 0.
By this, (34) and (18), we can write

vh(a +rh) = yh(a +rh) — p(a+rh)
= (1 —r)wp(a) + rvh(tl) + 1

_ %wh(bH <1__) —erh (tish, 1) + O(h?).

Using estimate (30), this implies

N-1
|v"(a +rh)|| < 7(h) +7 Z (1 — N) (WK VP + W2 KU 4 &(t;, h)] + O(h?)

dl

<a(h) + NT WKV 4+ KU + <1 - %) Z E(ti,h) + O(h?)

h(b—a)

N-1
(K V! + KoUM + ) &(ti, h) + O(h%), r€[0,1).
i=1
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Combining this with the previous estimates of ||v"(¢)| obtained in the proof of Theo-

rem 2, we see that (31) remains true with ¢? instead of (', where (7 is defined as ('
with n(h) = O(h?).

Our next objective is to have an estimate for ||u”(a + 7h)||. By (34) we obtain
v"(a+ (1 —7)h) + 0" (a + rh) = wp(a) + V" (t1) + 3.

This, (35) and (28) yield the result

u(a+rh) = %{%wh(b) + (2 — %)Wh(a) + Qu(r)

— v a4+ (1 —r)h) —v"(a + rh)} + O(h)

o n(h) — wn(a)

N-1

{ > ldii — duilG(ti, h, 1) + G(ta, b, r)} + O(h)

i=1

SRS

+

and hence we get

(38) (-t rh) < 5 q(h)]

{Z |df; — dyi| [R2K VR + R2K,U" +5(tz,h)]}

+ E[hQKlvh + h2KU" + &(t1, h)] + O(h)

2 b—a-+h
+——

[K V" + KU
9 1o\ vl
R . =(t;, h h
+(h b_a> ;s( ) +O(h)
for r € [0,1). Similarly as above, by (35), (18), (27), (29), we easily obtain
1—7r

u(b—rh) = [wi(b) —v"(b— h)] +ru(b— h) + ¢4

=

lfr
b—a [wh(b)iwh ZdN 1,0 thh’l)

(dn-1, —dN—3,:)G(ti, h, 1)
Gb—hh 1)+ O(h), relo1).
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Because of (30), (23) and Remark 5, this yields

VAN
)

/d_l\
=
+
—

=>| |
<3
7N
—

\
2|
——
M
[\v]

M)
=
=
+
>
—x
=
<
>

+
Z
d
=

=1
1—r 1 p N1
+— (1—)s(tN1,h)+Ei_1 E(ti h) + 5-e(tn 1, k) + O(h)
< 2 ) + =KV 4 KU
\bfan 2 ! 2
N—-1

+<%7 1 ) E(t;,h) + O(h?), rel0,1),

which, combined with (32), (38), (39), obviously reduces to
"< G ah),
where

b—a+h

5 (K VP + KU +

b= =7i(h) + O(h).

N—
Z (ti, h) +

J‘IM

Based on the above we can say that estimate (25), with the corresponding form of ¢,
remains true for method (6)—(7), (34)—(35). Under the assumptions of Remark 8,
the order of convergence equals min(1, p).

The next method (6)—(7), (36)—(37) is a little more complicated one. Similarly
as for (34)—(35), we can prove that method (6)—(7), (36)—(37) is convergent and its
order of convergence is equal to min(2, p).

It is also possible to define y” and 2 on the “initial” sets in the following way:

y'(t) =tna),  te(aath)

and

ZMa+rh) =+ [y"(t1) — ¥u(a)],

2(b—rh) = 3 [Yn(b) — y" (b —R)],

S = >
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atrh) = o [30n(0) + 49" (1) — ()
(b= rh) = 5 [BUn(b) — 45" (b — ) + 4" (b — 2)

for 7 € [0,1). Notice that y" will be now only a piecewise continuous function, while
before it was continuous.

5. SOME COMMENTS

In [5], problem (1) is considered for

(40) F,y)(t) = folt,y(t), y(7(t, y(1) = fF()®), te,

with 7: J x R — R of advanced type and fyp: J x R x R — R. For finding the
approximate solution 3", the following procedure is proposed:

Y (tnr1) = 29" (tn) + 9" (tn1) = B2F§ (tn, y" (tn), 4" (7 (tn, 4" (0)))),

Yot ) = 35 PPy (taris). 7€ (0,1],

7=0

(41)

where

1 1
PO(T') ::*6(T3*3T2+2T), Pl(T') = 5(7,,3727,277,4»2),
1 1
Py(r) == _5(7"3 —r? —2r), Ps(r) := 6(T3 —r)

are the Lagrange fundamental polynomials of cubic interpolation (in [5], f& is re-
placed by fp). According to the results of paper [5], method (41) is convergent if
condition 5° of Theorem 2 is replaced by

(42) {Ll + Lg(%o QP + Dﬂ b ;“)2 <1
with
Q= max{L¢,S(b —a)+ W} D= sup{zgj |Pi(r)]: 7 € [0,1}},

‘fO(taxvy)‘ < S.

Here Ly and Lo are Lipschitz constants of f; with respect to the second and third
variables, respectively. P is a Lipschitz constant of 7 with respect to the second
variable, while L, denotes a Lipschitz constant of 1).
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Let us introduce the abbreviation

= 0 (" (), (To'y™) (7t " (80)))),

where f} denotes an approximation of fo. After some calculations using (41) and
(18), the equality

3 3 3
re—r

S P =)y (tn2y) = > Pi(=r)y (ta145) + e R2fry =200+ frial

Jj=0

can be proved. Now, it is simple to see that
yh (tn + T'h) - 2yh(tn) + yh (tn - Th)

= B+ B () — 20 + TR 28+ £l

- N
= 2 [y (tns1) — 20" (tn) + " (tn-1)] +

r
RAfh_ —2fh + 7};-&-1}

r

3
=R+ —— R fh - 2fh + r’f+1]-

It means that if we take

oy (T y") (tn) = 12 fl + Ry — 2+ ],

6

then y" defined by (41) satisfies (6), too.
If  is the solution of (1), then, after some calculations, we obtain
[¥®) —¢(@)]| , Sb-a) _ ¢

"(t)] < =:L,
o) < A 20

teJ

Hence, for @ := max(Ly, L) we have

[foltn, y" (tn), y" (7 (tn, 4" (t0)))) = foltu, o(tn), o(7(tn, o(tn))))]
< Laly" () = ()]
+ Laly" (7(t, y" (tn))) = (7 (tu, y" (ta)))
+ (7t y" (t))) = @(7(tn, o(tn)))]
<L1\vh(tn)l+Lz\v (T(tn, 4" (£0)))] + L2QP[0" (t)].

Assume that

N-1

F0© = SOOI an) it fimh 3 61(6,) =0
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and put f, := f(y")(t,). Then we can write

|Fnary (T0'y") () = Finry (Tow) ()]
2

3 _ 3 _
T6T{$4+ﬂhllnlﬁwﬂ+<rT37>U£m]

r—r
g a1+ farr = f(@)(ta-1) = f(@) (tnra)]

3 _
+ (7 = ) f)
_ 3 _ 3 2
< T 1, )+ Baltng, )]+ 2 (1, )

.3 R 249 _
+<r 3r + = Jr?: s T)[Ll + Lo(QP + 1)V

According to Remark 9, we see that condition 2° of Theorem 2 remains true with

Ki=11 +L2(C_2P+ 1), Ky =0 and (5(tn,h) = (51(tn_1,h) +(51(tn,h) +(51(tn+1,h).

Moreover,
|o(t +7h) = 20(t) + (t — rh) — h*Fp ) (Tow, Ti') ()]
= ’go(t +7rh) —2p(t) + o(t — rh)

377"
wwtfww%w+¢W+hﬂ

— h2 |:7"2g0”(t) + r
T'3 —-Tr
+ hQ{TZ [F@)) = (@O + ——(f(p)(t =) = (@)t = h))]

7“3 -T
2 (D)) = F1O)0) + (F(@)E+h) = FH )+ h))]}‘

+
4 o[ =13 +3r2 +2r r—r3
=O(h*)+h {fél(t,h)jL 5 [51(t—h,h)+61(t+h,h)]},

which proves that method (41) is consistent with (1), and now e appearing in Defi-

nition 2 is of the form
e(t,h) = O(h4) + h2[51 (t—h,h)+01(t,h) + 61(t + h, h)]

(if 61(¢, h) = O(h") uniformly in ¢ as h — 0 for some v > 0, then (41) has the order

of consistency equal to min(v, 2)).
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Now, condition 5° of Theorem 2 yields

(b—a)®
8

(43) [L1 + La(QP +1)] <1,

which is superior to (42) because D = % and @ < Q. If 7 does not depend on
the second variable, then P = 0, and thus (43) reduces to the corresponding result
obtained in [15]. If fy does not depend on the last variable, then Lo = 0 and thus
we have the problem considered, for example, in [9], [16].

Theorem 2 gives also sufficient conditions which ensure the convergence of method
(6)—(7) for the case when the mapping f is of the form

fQy,y')(t)
= filt,y(t), y(n(t, (1)), y(r2(t, v (1)), v’ (1), v (73(t, y (1)), v (1a(t, 4 (1)),

ted,

for fi: JxRC =R, 7;: Jx R —= R, i=1,2,3,4. If we assume that the conditions

‘fl(taylay27y3ay4vy5ay6) - fl(taglagQag3ag4ag5ag6)| < ZL1|yZ - yl‘? Ll 2 07

‘Tz(t yl) _Tl( g ) Pl|y1 _gl|? PZ 2 07 i = 1a273a47
[0 (t1) — ' (t )\gZ [t1 —ta|, ti1,ta € J, 5'::max(S,I_/¢)

hold for some nonnegative L;, P; and E¢, then, for F' = f1, condition 2° of Theorem 2
is obviously satisfied for
Ki=Li+ L2(1 + Qpl) + L3 + L5§P3,
Ky = L3QP>+ Ly + L5 + Lg(1 4+ SPy).
Notice that Theorem 2 is quite general. It gives sufficient conditions which ensure

that the difference method is convergent when, for example, the operator f is of the
Volterra-Fredholm type of the form

fly,y)(t) =
falt, e (0). 1/ aa(0). [

a

7(t)

b
(7, y(7), o/ (7) d, / o (.1, y(r), 4/ (7)) dr),

telJ

for fo: Jx (R™)* - R™, ki: Jx JxR™ x R™ - R™, o;: JXR™ — R, i=1,2,
and v: J — R, v(t) <t
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6. CONSTRUCTION OF METHODS OF ARBITRARY ORDER

In this section, a scheme for constructing methods of arbitrary order will be given.
This technique can be applied for methods of type (6)—(7) for which the operator F’
is defined by

k
(44) Fopmy (Toy", Th")(t) = ;b, (t,h,r)f < - (%z— 1)h>,
(45) FhE) = Iyt T (@),

where an integer k > 0 is given, b;: J x H x [0,1] — R and b;(¢, h,0) = 0. Denote
by F the operator obtained from F by replacing f* by f on the right-hand side of
(44)—(45). Indeed,

F(h,r)(- . ) = F(hﬂn)(. . ) — F(h,r)(~ . ) —+ F(hﬂn)(. . )

We say that the method (6)—(7), (44)—(45) is consistent with (1) if Definition 2
remains true with F instead of F. To give some conditions on the consistency and
convergence of (6)—(7), (44)—(45) we introduce

Definition 3 (see [10], [16]). We say : J — R? is in class S}'(J), p > 1,if ¢ is
— 1 times differentiable on J and there exists a bounded function which we will
denote by ¢ : J — RY, such that the (p — 1)st derivative ©®=1) is the Riemann
integral of (). We write ¢ € SB(J) if p € SR(J) and ¢(®) is of bounded variation,
i.e. there exists a constant V' such that, for any partition a < 5o < s1 < ... <54 <9,

we have
q

Do lleP(si) = 0P (simn)| < V-

i=1
We write ¢ € S (J) if ¢ € SF(J) and ) satisfies the Holder condition with an
exponent vy € (0,1].

Put

. i 1 k 5 =2
C’j(t,h,r)::?[lnL( 1] — = .Zbi(t’h’r)(Ell) , J=2,3,....

The order of consistency of method (6)—(7), (44)-(45) will be defined under the

assumptions given in the next lemma.
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Lemma 7. If

1° problem (1) has a unique solution ¢,

2° b;: J x H x[0,1] — R are continuous with respect to the last variable; b; are
bounded and b;(t,h,0) =0,:=0,1,...,k,

. Ci(t,h,r) =0 forteJ, heH, rel0,1] and j=2,3,...,p—1,

{ C’I’f(t, h,r) # 0,
then the method (6)—(7), (44)—(45) is consistent with (1) of order p — 2 if ¢ €
SE(J), of order p — 1 if p € SE(J) and of order p — 2+ if ¢ € SH(J).

Proof. The Taylor formula for ¢ € SF(J) yields

Qt, h,r) = p(t +rh) — 20(t) + p(t —Th)
k
2 . Vo 2 i —
—h ;bz(t,h, ) (t—i— (k 1>h)
= zp: hip® (t)CE(t, h,r) + T(t, h,r)
=2
= O(hp) + T(t’ h, T)a

where

t+rh
Tthr)i= oy [ (s ) — O 0] ds

1

e 1) )
*M/t (t—rh — )P [p)(s) — P (1)] ds

2 k t+(2i-1)h 9 p—3
_(Th?))'Zbi(t,h,r)/ ' (t—i—(Ei—l)h—s)
9 =0 ¢

% [p7) () — P (1)) ds.

Changing the intervals of integration and putting k = [%k‘], we have

rh
Tlt.hr) = o [ =P ) - (0] du

(p—1)!
_1)p-1 p-rh
+ ((pl_) o /0 (rh +u)P~ @ (t 4+ u) — P ()] du
B2 k ~Q-Fih g p—3
_(p3)!;bi(t,h,r)/0 <(Ez—1>h—u>
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s e [ ()i

1= k+1
X [@“” (t+u) — @ (1)) du

- hp—l{% /Orh <1 - %)IH[ @) (t + 1) — @ (t)] du
i ) P (=1)P /Orh <1 _ %)p_l[@(p) (t —u) — o® ()] du

o1
(V7§
+ (p—3)l Zz;(l— EZ) bi(t, h,r)
h P ®) (¢
(- ) e -l

5> <_@_1) e

x-lm

u

i=
( )h 7w ®)
. 1= ) O - 0] duf.
/0 ( (2i- l)h)
Now, after some calculations, we can prove the assertion of the lemma (see also [14]).
The proof is complete. O

7. EXAMPLES

We assume that b;(t,h,r) = bi(r), (t,h,r) € Jx H x[0,1], i = 0,1,...,k.
Notice that condition 3° of Lemma 8 influences the order of consistency of the
method (6)—(7), (44)—(45). The integer p appearing in 3° depends on both & and b;.
Below, the integer p will be found for given values of k£ and b;.

L Put k = 1. Then, for by(r) = bi(r) = 3r?, we find p = 4, while if by(r) = r?,
by =0, then p = 3.

II. Put k = 2 and by = by. Then, for by (1) = 72 —2bs(r), we have p = 4 (compare F'
from Section 5, where by = by = 5 L(r3 —r)). The method is simplest if by = by = 0.
If by(r) = 75r?, then bi(r) = r?(1 — 3r?) and thus p = 6. It is very popular and
widely used for the case when r =1, i.e. for bo(1) = ba(1) = &, by(1) = 2.

ITI. Put k£ = 3. For

455



we obtain only p = 6. If

1
bo(r) = %r4 - §r2, b1 (r) 727"4 + Zvﬁ, ba(r) = 1367“4 + 27“2, by =0,
then p = 5.
IV. Put k = 4. For
2 1
bo(r) = ba(r) = —r% — —r*
o(r) = ba(r) = 21 — ze1%,
8 4
b =b — _ .6 =4
1(r) = bs(r) i + s
124 15,
ba(r) T T4 +7r
we have p = 8. If
rt 2 4 9
bop=by=0, bl(T‘):b;;(T): 3 bg(’l“):—gr +re,

then p = 6.

V. In numerical considerations only the methods from Example II are known, so
when p = 4 or p = 6. The above examples show that choosing in the corresponding
manner the integer k£ and the coefficients b;, we can always construct the method to
be of a fixed order p. Such methods are new.

Concluding this paper, we apply the results of Theorem 2 and Lemma 8 to formu-
late the main theorem of this section. This theorem gives the order of convergence
of the method (6)—(7), (44)—(45).

Theorem 3. If conditions 2°-3° of Lemma 7 are satisfied, and

1° f, f*: C(J,R?) x C(J,RY) — L>°(J,R?) and the assumptions 1°, 3°, 5°-8° of
Theorem 2 are satisfied with F' of the form (44) and n(h) = O(h®), f(h) = O(h®)
as h — 0 for some s > 0,

2° there exist constants Ay, As > 0 such that the condition

1f(@,y)(t) = @O <A sup  a(r) —Z(7)||

[a—ao,t-‘rbo]
+ A4z sup  ly(7) = g(7)]|
[a—ao,t-‘y—bo]

holds for x,% € C(J,R?), y,5 € C(J, R?),
3° fh is an approximation of f, i.e.

1", 9)(t) = f(z, ) @) = O(h*)
uniformly in t as h — 0,
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then the method (6)—(7), (44)—(45) has convergence of order m(2,s,p — 2) if ¢ €
R : B : H

8,4 (J), of order m(2,s,p—1) if o € S;°(J) and of order m(2, s,p—2+7) if p € S;'(J).

Here

min(2, s, p) if As >0,

m(2,s,p) =
(2.5.7) { min(s, p) if A =0.

Proof. It is simple to show that the assumptions of Theorem 2 remain true for
5(t,h) =0 and

k k
K, :A1ZBi, K, :AzzBi, |bi(t,h,r)| < B, 1=0,1,...,k.
i=0

=0

Now, by Theorem 2, Remark 8 and Lemma 7, the assertion of the theorem is obvi-
ously satisfied. This completes the proof. O

Remark 11. It results from Theorem 2 (or Remark 8) that the order of conver-
gence of our method may be greater than two only if f does not depend on 3/, and it
is reasonable to construct the method (6)—(7), (44)—(45) in such a way, to guarantee

its maximal order of consistency.
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