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Abstract. A unilateral contact problem with a variable coefficient of friction is solved by
a simplest variant of the finite element technique. The coefficient of friction may depend
on the magnitude of the tangential displacement. The existence of an approximate solution
and some a priori estimates are proved.
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INTRODUCTION

The problem of a unilateral contact with Coulomb friction attracted attention of
many research workers both in engineering and mathematics. Among the numerous
literature we have chosen the paper by Licht, Pratt and Raous [7], who proposed an
efficient approximate method of solution on the basis of a simplest variant of the finite
element method. They justified the method by numerical experiments and presented
some theoretical numerical analysis, namely the proof of existence of a solution and
some conditions guaranteeing its uniqueness. They restricted themselves, however,
to a constant coefficient .# of the Coulomb friction. See also the papers by Haslinger
[5], [6] for similar results.

The aim of the present paper is to extend the above-mentioned results to the
cases when the coefficient .% is not constant, but depends on (i) the place (¥ =

* This research was supported by grant No. 201/97/0217 of the Grant Agency of the Czech
Republic.
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Z(x)) or (ii) on the place and on the magnitude of the tangential displacement, i.e.
F = F(z,|ur|).

The first section contains the definition of a continuous unilateral problem of
contact with a variable coefficient of friction. In the second section an approximate
problem is formulated by means of a simple finite element technique. We prove
the existence of an approximate solution and some a priori estimates for the case
F = ZF(x). The proof is based on a fixed point theorem, like in [7] for .# = const.
The uniqueness is guaranteed if the ratio ||.7||2, /ho is sufficiently small. (Here |||
is the standard norm in C(I'c¢) and hg is the norm of the triangulation near the
contact boundary I'c.)

The third section contains a proof of the existence theorem and some a priori
estimates for the case # = .Z(x,|ur|). We employ the same method of proof as
that used by Eck and JaruSek in [2], [3], i.e., a penalization and regularization,

followed by a successive limiting process.

1. SETTING OF A CONTINUOUS CONTACT PROBLEM

Let Q C R?, d € {2,3}, be a polyhedral domain with Lipschitz boundary 0.
Assume that
N=Tyul'rulc

is a mutually disjoint partition, I';;, I'r, I'c are of positive surface measure. More-
over, let I'c be an open subset of a straight line or of a plane

{z: x=(21,...,24-1,0)}.

Let the body occupying the domain €2 be elastic, so that the stress-strain relations

are
(1.1) Oij = Qijkl €k,
where
1 auk 4 8um
ekm == — + ——
k 2\ 0x,, Oxy

and u is the displacement vector,

Qijkl = Qjiki = klij € Loo(S2),

Qijkm Tij Thm = Qg Tij Ti; for all symmetric 74; and a.a. = € (Q,

with some positive ag. Here we use the summation convention for repeated indices
within the range {1,...,d}.
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The equations of equilibrium are

(1.2) L+ fi=0 inQ, 1<i<d,
Iz

where f € [L(€2)]? are given body forces. We consider the boundary conditions

u=0 only,

oiyn; = (To)i, 1<i<d onTp,

where Ty € [La2(T'r)]¢ are given surface tractions and m denotes the unit outward
normal vector.
On the part I'c a unilateral contact with friction is considered:

(1.3) uny <0, on <0, unyony=0
(1.4) lor| < F(ur)lon|,
ur = 0= |op| < .Z(0)|on]|,
ur 7& 0= or = 79(UT)|0N|UT/‘UT|.
Here

UN = UiT,  UT; = Ui — UNTY,

ON = 055115, OTi = 04jNj — ONTG, 1 g’L gd,

F is the coefficient of the Coulomb friction, such that % (ur) = Z(x,|ur|) is a
bounded nonnegative function on I'c x [0,00) and .#(z,-) is Lipschitz continuous
for almost all 2 € I'c with a constant C, independent of z; .%(-, &) has a compact
support in I'c.

We define the subspace

V= {ve [H(Q)" v=00nTy},

the subset
K={veV:vy<0onlc},

the bilinear form
a(u,v) = / Qijkm €i5 (W) epm (V) da
Q

and the linear functional
L(v) = / fividx + / To; v; ds.
Q I'r
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fweV,o0i(w) = aijem exm(w) and 0oy (w)/0x;+ fi = 0 in 2, the Green formula
enables us to define a functional t(w) = t(o(w)) € H'/?(I'¢) as follows:

d
(1.5) (t(w),v)) = a(w, Pv) — L(Pv) v e [Hy*(Tc)],
where Pv € V is any extension of v such that Pv = 0 on I'p, and HS/Q(FC) is the

subspace of traces of functions from H'(f) vanishing on I'yy UT' .
If 0, (w) € HY(Q), the standard formula for surface stress vector holds:

tl(w) = crij(w)nj S LQ(FC), 1 < 7 < d,

and ((-,-)) reduces to the inner product in [Ls(I'¢)]".
Finally, we define the normal component of the surface stress vector

(1.6) (ty (W), w) = (tw),nw) Yw € HY*(Te).
The weak solution of the contact problem is a function u € K such that
(1.7) a(u,v —u) — (tn(u), Z(ur)(lvr| — lur])) = L(v —u) Yo e K.
For the existence and regularity of a weak solution we refer to Eck and Jarusek

[2], [3], who considered even more general domains {2 and functions .7 (z, |ur|).

2. APPROXIMATE CONTACT PROBLEM

We shall approximate the problem (1.7) by a simplest finite element technique,
i.e., by means of linear simplicial elements.

Assume that {Z,},h — 0+, is a quasi-uniform (strongly regular) family of tri-
angulations of the domain 2 (see [1], (17.13) for the definition). We introduce the
following finite element spaces on simplexes T' € J}:

X, ={weCQ): wlr e P(T) VYT €%},

Vi, = {w € [X4]*: w=0onTy},

K,={veV,: vy <0onT¢}

X ={wlre: w € Xp, w=0o0n0lc} = Xn|r. N HY*(Te).

The following discrete analog of the definitions (1.5), (1.6) will be used:

(2.1) {(t"(u),?)) = a(u, RD) — L(R®), 7€ [X4]% ue W,
(2.2) (thi(w), ) = ({(t"(u),9n)), weXp u€V,



where R: [X,]? — Vj, is a linear mapping such that Ri(a;) = #(a;) at the nodes
a; € 'c and R? = 0 at the other nodes of the triangulation .7},.

Let II" denote the Lagrange interpolation operator of X, restricted to the part
I'c of the boundary, 1" : C%(T¢) — X}, where C° denotes the space of continuous
functions vanishing on 9I'c.

The approzimate solution is a function u” € Kj, such that

(2.3) a(u",v—u) — (th @), I"(Z W) (jor| = Wh])) = Lv —u") Yo € K.
The main result of the section is represented by the following

Theorem 2.1. There exists at least one approximate solution u” of (2.3). Positive
constants Cy and M exist, independent of % and such that

lu"[l1.0 < | Ll|-1/Co,
1% (™)« < MLl —1hg 2,
where
a(v,v)

1mn
veV\{0} [[vll o

|L||~1 is the norm of L in the dual space ([H'(2)]%); ||-||« is the norm in (X},)’;

qg,v

lll. = sup 9
sex, 10llo,re

ho = max (diamT).
T Csupp Rv

Let Z: X — X, be the extension determined by the nodal values of 2 € X}, on
T'c and by zero values at the other nodes of 7},.

Lemma 2.1. There exists a positive constant C , independent of hy and such that

(2.4) 122)0.0 < Che*|Zllore  VE € Xn.

Proof. (i) Let d = 2. Consider a triangle T (aiaza3), a1 = (0,0), az = (a12,0),
as = (ai13,as3) and the barycentric coordinates

M =1-X2— A3, o= (x1—aizx2/a)/a12, A3 =x2/ass.
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We find that

1 1 a1z
(2.5) ; /\12 dz = EmeasTl = Za23/0 )\? dz1, 1=1,2,
1

where 5\2 = Ai|zy=0. Furthermore, we have
1 @z 1

(2.6) / Ao dr = = a23/ M2 dz; = — measTy.

- 4% ) 12
Consequently, we obtain for ZZ = z1\1 + 222, 2 = 21:\1 + z25\2

2 1 ai2
(2.7) / (#Z%)° dw = = a23/ 2 da;.
T: 4 0

For the adjacent triangle Th(ajasas) (with asq > 0) we derive

1
/ (#%)° Az = / 213 (z) de = 8 22 meas T,
T>

T>

where p; is a barycentric coordinate and (2.5) has been used. Since the family of
triangulations is strongly regular,

meas Ty < CmeasT)

holds with the constant C' independent of h and therefore
9 1 _ a1z
(2.8) / (2z)" dx < 6 sz’measTl < C’zfagg/ /\% dz;.
T> 0

Due to the regularity of the family of triangulations, there exist at most M triangles
with the vertex a;, M being independent of h. Since as3 < hg, adding the estimates
of the type (2.7) and (2.8) we arrive at

Z/ (#%)* dz < ho(i +Mé>/ 22 day,
j Tj 1—\C

so that (2.4) follows.

(ii) d = 3. Cousider a tetrahedron Ti(a1,asz,as,as), where a; = (0,0,0), as =
(a12,0,0), az = (a13,a23,0), as = (a14,a24, a34), aszqs > 0, ays > 0. Using the
barycentric coordinates \;, we derive

1 ~
(2.9) Mdr=—azs [ MNdrydrs, 1<i<3,
T1 5 Tl
1 ~ ~
(210) / )\Z)\j dr = g 1134/ )\ZAJ dl’l d.Zg, ) 7& j, 1 < i, ] < 3,
T1 Tl
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- -~ 3 3 - o~
where Ty = Ti(a1,az2,a3). Then for ZZ = > 2N, 2 = > zidi, Ni = Ai|ag=0 We
j i=1

=1
obtain
1
(2.11) / (#%)* da = —a34/ 22 dxy day.
T1 5 fl

Next, let us consider the tetrahedron T5(as, as, a4, b), where b = (b1, be, b3), bs > 0.
We may write

(2.12) / (%E)de:zg/ ,u%derzg/ ugdx+22223/ popes da.
T2 T2 T2 T2

Using (2.9), we obtain
1
(2.13) / pade < = ho/ faadS, A= A(az,as,a4).
T 5 " Ja

The results of part (i) and the definition of a strongly regular family of triangulations
imply that

1 1 ~ - -
/ﬂ%dS:gmeasAgﬁhg:Cmeasleo/ )\gdxldxg.
A

T

Substituting this estimate into (2.13), we arrive at

1 -
(2.14) / pade < —Cho/ A2 day day.
T2 5 Tl

In the same way we derive that

1 1 1 - -
(2.15) / popsdr < — ho/ fiofizdS = — hgmeas A < — C’ho/ Ao Az dxy das.
To 5 A 60 5

Ty

There exist at most M tetrahedrons with the vertex a;, ¢ = 1,2,3, where M is
independent of h. Combining the estimates (2.11), (2.12), (2.14) and (2.15), we are
led to the estimate (2.4). O

The case % = .7 (x).

First we introduce an auxiliary problem of unilateral contact with a given slip
stress.
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Let G be the set of positive linear functionals g on Xj. For any g € G let us define
the problem Pg to find ug € K} such that

(2.16) alug,v )+ (g, I"(F (Jor| — |ugr]))) = L(v —uy) Vo € Kp,.

Proposition 2.1. The problem (Pg) has a unique solution for any g € G.

Proof. Let us denote
h( g 1
Ji(u) = (g, I"(Fur|)), Jo(u) = ia(u,u) — L(u).
Since J; is convex, J, strictly convex and differentiable on V},, the inequality in (Pg)
is equivalent to the minimization of the sum J = J; + J5 over the set Kj,.
We can show that the functional J; is Lipschitz continuous on Vj, i.e.,

(2.17) [1(w) = ()] < Col| F lloclu = V][0 Vu,v € Vi,

where |||« denotes the standard norm in C(T¢).
Indeed, let d = 2. For any v € H'(T'¢) we have

"0 = v[lo,rc. < Crholv|,re

so that

(2.18) M vllore < Crholvlire + [[v]o.re-
We may write

(2.19) [J1(w) = Ji(0)] < [lgll[[T* (F (lur| = [or]) [l ..

11141 2 lloo | T (| fuz | = [or] )] r

<
< gl 17 | 11" (0]

since
0" (Z (|lur| = [or])| < | Z oIl (|luz|  [o7]]) < 17| oI1" (fwr]),
where w := u —v. For w; € Xj|r, the “inverse inequality”

(2.20) lwjllire < Chg*lw;llore
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holds [1]. Using (2.18), (2.20) and the Trace Theorem, we obtain

(2.21) [ (Jwr ) Crhollwil|, p + [[lwrlfly r.

<
< Chollwill1,re + [lwillo,re
<

L C

Cllwifore < COllw|1q.

Inserting (2.21) into (2.19), we arrive at (2.17).
Next, let d = 3. Let us consider

v :‘wj|a wj GXh‘Fca (j:132),
and realize that for any triangle K € I'c we may write (cf. [1], Theorem 3.16)
(i) Mo = olff 5 5 < Clmeas K)' =2/ CHIn3 ol . o, &> 0.

Since we have

8wj 8|wj\ . .o
=|— .e. in K =1,2
(ii) = [wj]3,

holds. By means of the “inverse assumption” (cf. [1], (3.2.33)), we may write

C(h2)2/(2+a

(i) w2
Inserting (ii) and (iii) into (i), we obtain
[Txv — v||(2),2,K < Ch%(h”j‘%,l[('

Summing over all K € I'¢, we arrive at the estimate

[T wj| = |wj] flo,re < Cho
As a consequence, we have

< Cllwjllo,re-

Since

[V

"(Jwrl) < ZHh (Jw; ),

Jj=1
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we obtain

2 2

(2.21a)  I"(jwrore < D IM™(JwjDllore < Z lwillore < COJlwll1,0.
j=1 j=1

Combining (2.21a) with (2.19), (2.17) follows.

As a consequence, the functional J is continuous and coercive on V}, by virtue of
Korn’s inequality and the non-negativeness of Jj(u). Since the set K}, is convex and
closed, a minimizer exists. The uniqueness follows from the fact that Js is strictly
convex and J; is convex. O

Next let us define a mapping T': G — (X},)" by the formula

(2.22) T(g) = — ¥ (ug)-

Lemma 2.2.
T(G) CG.

Proof. Letwe )N(h, w > 0. We may write
(2.23) (T(g9),w) = (—th(ug), W) = a(ug, R(—im)) — L(R(—1im)).

If v = ug+R(—wn), then v € Kp, since (R(—nw))nv < 0onT'c. From the inequality
(P2) we deduce

a(ug, R(—im)) — L(R(—uin)) > —(g. 11" (F (lugr + Rr(=dn)| — |ugr|))) =0,
since Ry (—wn) = 0. Inserting this into (2.23), we obtain

(T'(g), w) > 0.

O
Lemma 2.3. The mapping T is Lipschitz continuous, i.e.,
IT(92) = Tg0)ll < Chg [ cllgz = gl
where C' is independent of hg, %, g1, g2-
Proof. Denote u' := ug,, u? := ug, and choose an arbitrary w € Xp. Tt is

readily seen that
(2.24)  [(th(u!) = th(u?),@)] = |a(u’ —u®, R(wn))| < Cilu' —u?|10 |20 0,
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since n; = 0 and R;(wn) = 0for 1 < j < d—1, ng = —1, Ry(dn) = —Zw.
Lemma 2.1 and the inverse inequality for elements of X, yield

(2.25) [ 20]1,0 < Cahg | #1000 <

Thus we have the following estimate from (2.24) and (2.25):

1,Q-

)

(2.26) IT(91) — T(92)|+ < Cshg /?|ul —u?

On the other hand, the definition (2.16) and Korn’s inequality imply

a(u' —u? ut —u?)

<
< (91— gz,Hh(9(|U2T| - |U1T\))>
<

lgr = gall.| [T (| = [ )-Z) ] p -

(2.27) Collu' — 7|3 g

Using (2.20) and (2.21) or (2.21a), we obtain
T (Z (w7 ] = D)o pe < 12l (wrh)g p, < ClFZ lcllu® = ullle
so that (2.27) yields
(2.28) Collu® = u'll1a < CllF [lsllgr — goll+-
Combining (2.26) and (2.28), we arrive at
IT(61) = T(92)ll- < G5 CllFllochg " lon = o]l
O

Lemma 2.4. There exists a constant M > 0, independent of hg and %, such
that
~-1/2
IT(9)ll < M|Ll-1hy " Vg eG.

Proof. Setting v := 0 in the definition (2.16) and using Korn’s inequality, we
obtain

COH“gH%,Q < a(ug,ug) < L(ug) — <9,Hh(j‘ugT‘)> < L(ug) <

so that
(2.29) lugll1.0 < Co LI -1
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holds for all g € G. We may write

(2.30) [(T(9), @) | = |a(ug, R(nw)) — L(R(nw))|
< Cillugllig [Zol10 + | LIl #2010
< (Co'Cr+ D Lf -1 %0l 0.

On the other hand,

|%5]| 1,0 < Cohy Y| %00 < C2Chy /2 ||@

lo.re

follows from the inverse inequality on the domain supp(#®¥) and from Lemma 2.1.
Inserting this into (2.30), we arrive at

IT(9)ll < (1+C1/Co)Cahg ?||L]| .

Proof of Theorem 2.1 in case % = .%(x). Let us denote
~1/2
Bho) = {g € G: [lgll. < M||Ll|-1hg "/},

where the constant M is that of Lemma 2.4. Since the set B(hg) is bounded and
closed in the dual space (X,)’, B(ho) is compact and convex. By virtue of Lemma 2.3
the mapping T is continuous and T'(B(ho)) C B(ho) holds by virtue of Lemma 2.4.
As a consequence, the Brouwer Theorem yields the existence of a fixed point of T'.
It is easy to see that a solution of the problem (2.3) exists if and only if there
exists a fixed point of T
The a priori estimates of Theorem 2.1 follow from (2.29) and Lemma 2.4. O

Theorem 2.2. There exists a positive constant C, independent of hy, %, and L
such that the problem (2.3) has at most one solution provided

ho > C|| 7|3

Proof. If u and @ are two solutions of (2.3), then

(
(

)
).

>Lu—u
>Lu—u

By addition, we derive that

alu — 1,7 — ) + (th (@) — the(w), 11" (Z([ar| - ur]))) > 0.
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By definitions (1.5), (1.6) we may therefore write
alu—u,u—1u) <alu— u,R(th(f(Wﬂ — |url)))).
Denoting w := w — u, we obtain

(2.31) Collwllf o < Cillwly,el %

1,9

where

s = 2 (W"(F ([ur| - [ur)))).
Since %; € X}, the inverse inequality and Lemma 2.1 imply
(2.32) (a0 < Cohg | Zallo.o < CoChy ™| T (Z ([ar| — fur))) [lo -

Arguing as in the derivation of the estimates (2.20), (2.21), we obtain
(2.33) [ (Z ([ar] — lur)[lo . < CsllF llsollwl,o-
Combining (2.31), (2.32) and (2.33), we arrive at

(2.34) lwlle < Cg ' C1C2CCshg 2| Z locw] 1.0

Let us denote Cy := Cjy 101026’03 and assume that

(2.35) Cihg || F |l < 1.

Then w = 0 follows from (2.34). O

Remark 2.1. It is easy to see that the mapping T defined by (2.22) is contractive
if (2.35) holds. O

3. THE CASE % = F(z,|ur|)

Following the line of thoughts used by Eck and Jarusek in [2] and [3] for the contin-
uous problem (1.7), we shall prove Theorem 2.1. Thus we will apply a penalization
with respect to t% (u) and a regularization of the absolute values in the definition
(2.3). After that, we will pass to the limit with the parameters of regularization and

penalization.

Remark 3.1. The approach of the previous section, based on the fixed point,
fails in the present case since we are not able to prove the continuity of the mapping T’
outside a small ball in (X},)’, where the uniqueness for (P?) is guaranteed. O
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Let us introduce the functionals
By (1, v) = / T (5~ fun], on ) ds,
Tc
Js(u,v) = / Hh(é_l[uN]+§(uT)|vT|) ds,
Tc
where § is a positive parameter, and the problem (Pj): find u € V}, such that
(3.1) a(u,v —u) + ®5(u,v — u) + js(u,v) — js(u,u) > Llv —u) Vv € Vj,.

Let £ > 0 and let

|t] for |t| > e,
P (t) = bt 32 3
*@‘F?*Fg&‘ for\t|<€

be a regularization of the absolute value |¢].
We define also

Joe(u,v) = / " (5*1[uN]+ﬁ(uT)cpg(vT)) ds
I'c
and
V5e = /\111& (ds,e(u,u+ Av) — jse(u,u))

= /1“ " (6 [un]+Z (ur) grad ¢e (ur) - vr) ds.

The regularized problem (3.1), where js is replaced by jse, is equivalent to the
following variational equation (Ps.): find u € V},, such that

(3.2) a(u,v) + @5(u,v) + Vs (u,v) = L(v) Vv € Vj,.

In what follows, we prove the existence of a solution of (3.2). Then passing to the
limit successively with ¢ — 0+ and § — 0+, we obtain the existence of a solution of
the problem (2.3).

Let us introduce the operators

AV, =V Q:V,—V, F:V,—-V
by the formulae
<Aua ”U> = a(U, U), <Q7.L, U> = (I)é(uv ”U), <Fu, U> = %,a(% ”U)
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and the operator T: V;, = V;,/, T=A+Q+F.
We can show that the operator 7" is continuous and coercive. To this end we need

an auxiliary
Lemma 3.1. For any u,v,w € [X]¢, we have
[un]+ < lun| = |udl,
lor| = |v1| for d=2 and lvr| < |vi| + |ve| ford =3,

" (Jun |+ o) | < T (fun]+ |ow ) < T (Jugl val) < Jlualloo vall,

d—1
" (Ju | [wr]) < [[uglloo D lwsloo)-
j=1

Proof is obvious. (]

Lemma 3.2. The following assertions hold:

(i) A is continuous, linear and elliptic,
(ii) @ is continuous and (Qu,v) > 0 for all v € V},,
(iii) F is continuous and (Fv,v) > 0 for all v € V},.

Proof. (i) is obvious.

(ii) Since |[a]+ — [b]+]| < |a — b] holds for all a,b € R, we have

(Qu=Quiw) | <57 [ | (ful — ] )on) ds

I'c

< 571/ I (luny — wn|fon])ds < 6 |ua — walloo [Vl -
I'c

Hence @ is Lipschitz continuous. Since

we have

(Qu,v) =61 " (jux |y vn)ds > 0.
T'e

(iii) We may write

(3.3) | (Fu — Fw,v) | =01

[T s ) Vi) - r

" (fwn]+ F (wr) Ve (wr) - vr) } ds

<o U I 4 Jo + J3)|ds
Tco

<o U [ (It 4 Tty 4 M) ds,
Tco
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where

J1 = ([un]+ = [wn]4) F (ur) Ve (ur) - vr,
Jo = [wn]+.F (ur) (Ve (ur) — Vi (wr)) - vr,
Jg = [wN}Jr(f(uT) — <9\(11)]1))VQ)05(UJT) s UT.

We have
/ " 1| ds < C|LF ||so|ltia — wallso | [v7 ] [|se,

Te

since V.| < 1 everywhere;

d—1

/ " Ja| ds < C||Z|sollwalloo D llu; = wjllooll [vr] [|so,
Te j=1
since
3
Ve (ur) — Ve (wr)| < 2_€‘UT —wrl;
d—1
/ 1" J5| ds < CCL|wallse Y 1t = w; ool [07] [l

Tc =

since

| #(s) — F(t)| < Crls—t| Vs,t€[0,00) and a.a. z € .

Inserting these estimates into (3.3), we obtain
(3.4) [{Fu— Fw,v)| <C§*

d—1
x {n%mmd = wdlloo + (1 F oo + Co)lwalle 3 1y wjloo}l o] 1o
j=1

where C' = C(g), so that F' is continuous. Finally, we have
(Fv,v) = 5_1/ Hh([vN]Jrf(vT)Vgog(vT) -vr)ds >0,
T'e

since
VQPE(”UT) - UT > 0.

In fact, the latter inequality follows from the convexity of ¢. and the fact that ¢,
attains its minimum at the origin. O
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Proposition 3.1. The problem (Ps.) (3.2) has at least one solution for any
positive § and ¢.

Proof follows from a general theorem—see [4], Theorem 2.5, since the operator
T = A+ @ + F is continuous and coercive by Lemma 3.2. O

Proposition 3.2. The problem (3.1) (P5) has at least one solution for any posi-
tive 4.

Proof. Let us denote the solution of the problem (3.2) with parameters J, € by

ue and let us substitute v := u. in (3.2). We have

Collucll} o < (Tue,ue) = L(ue) < || Ll|-1lue

1,0

so that
[uell1,0 < ||IL[|-1/Co Ve > 0.

There exists an element w € V}, and a sequence {ex}, k — 00, such that e, — 0 and
ur — w hold for uy := u.,.
The equation (3.2) is equivalent to the variational inequality

a(ug, v — uk) + Ps(up, v — uk) + o.ep Wk, V) — Jo.o (Uk, ug) = L(v —ug) Yv € Vi,
Let us pass to the limit with k¥ — oo and use Lemma 3.2. Thus we obtain
(3.5) a(ug,v —ug) — a(w,v —w), L(v—ur)— L(v—w),

Ds(uk, v — uk) = (Qug,v —ug) — (Qw,v — w) = P5(w,v — w).

Next, we may write

|j5,8k (ukvv) - j5(w7v)|
< |j5,8k (ukvv) - jts(ukav)‘ + |j5(uk7v) - j5(w7v)|
=J1+ Ja,

Jl = (5_1 /1—\ Hh([ukN]—&-'gz(ukT)((pEk (UT) - ‘UTD) ds

<5Vl / I (juiw| | 02, (vr) — [or ] |) ds

T'e

< O T || otk || tkall o — O,

since

|pey (vr) — oz || < ew;
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Ty <5t / 110 (g )4 — Joo ). F (uxr)or]) | ds

+ 571/F 10" (wn ] (ZF (urr) — F (wr))|or]) | ds

d—1

< cal{wnocnukd ~ ulloe + Crlwalloo 3 ks — wjloo}l (o] loc — 0.
j=1
As a consequence, we get
(3.6) Js.e (U, v) = Js(w, v).

In a similar way, we can write

‘jts,ek (uka Uk) - ]5((*)’(*))‘ < ‘jtS,ek (uka Uk;) - j5,6k (Uk,(d)‘ + |j5,8k (ukvw) - ]5((*)’(*))‘
= J3+ Js.

From (3.6), J4 — 0 follows immediately. Finally, we have

(3.7) Jy =061 / " ([urn]+F (urr) (e, (urr) — ¢e, (wr))) ds
Tc
d—1
< O5 | Fllocllurall oo D llutrs = wjllos = 0
j=1

using Lemma 3.1 and the estimate
|per (urr) = ey (wr)| <[ |upr| = lwr|| < fupr —wrl.
Combining (3.5)—(3.7), we arrive at the inequality
a(w,v — w) + Bs(w, v —w) + js(w,v) — js(w,w) = L(v — w).

As a consequence, w is a solution of the problem (Ps) (3.1). O

Next let us consider a solution u := us of the problem (3.1) with a parameter ¢
and substitute v := 0 into (3.1). Then

a(u,u) + Ps(u,u) < js(u,0) — js(u,u) + L(u),

O5(u,u) =6~ [ T ([un]})ds,
Tc

Js,0) = st ) =~ s(uw) = ~57 [ M (fun] F(ur)fur) ds <0.
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We arrive at the estimate

(3.8) Collullf o +67" g 1" ([un]?) ds < || Lll-1l|u
C

1,0

and at

Lemma 3.3. There exists a positive constant C' independent of 6 and such that

us|l1,0 + 571/ Hh([wNﬁ)ds <C
T'c

holds for all solutions us of the problem (3.1).

Proof. The estimate (3.8) yields that
(3.9) lusllo < [ILI[-1/Co,

and inserting this into the right-hand side of (3.8) we get
5 [ sl ds < LI/
C

O

As a consequence of Lemma 3.3, there exist u € V3, and a sequence {4y}, k — o0,
such that é; — 0 and

(3.10) Uk = Us,, — U.

Let us denote
G = 0;;  urw]+

and define functionals %, € (X,)" as follows:
@)= [ W(Gw)ds, v e K.
T'e

Each % is linear and bounded, since

| (Zr, 9) | < CllGlloo |9 [l oo-

Let
1%5]l" = sup (%, ¥) /|¢[|so for ¢ € X\ {0}
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Lemma 3.4. There exists a positive constant C' such that

%] < C VEk =1

Proof. Let us insert
v=u,+ R(Yn), ¥eX,
into (3.1), where R is the mapping from (2.1). We obtain
(3.11) a(ur, R(Ym)) + @5, (ur, R(Yn)) = L(R(yn)),
since (R(¢n))r = 0 and therefore
Jor, (up, up £ R(Yn)) = js, (up, ur)-

The equation (3.11) implies that

(3.12) |5, (ur, R(¥m))| = [L(R(Yn)) — a(ug, R(yn))|
< (L] =1 + Cullukllr.0) [ R(¥n)[|1.0
< Cy||ZY |10 < CsllY

|0’Fca

where Lemma 3.3, the definition of R, the inverse inequality and Lemma 2.1 have
been used. Since (R(yn))n = 1, (3.12) and the definition of &5 imply that

[ (G, ) | = [ @5, (ur, R(ym))| < Cé[¥]| oo

where Cg does not depend on §. O
Proof of Theorem 2.1. By Lemma 3.4, there exist a functional & € (X},)’
and a subsequence {9} C {%} such that

(3.13) G, — 9 in(Xp).

Choose an arbitrary v € K. Since vy < 0 on I'c, we have
D5, (U, V — Up) = 6,;1 Hh([umN]+(vN — umN)) ds
Te

< - (5;1 Hh([umN]+umN) ds < 0.
Tc
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As a consequence, we may write
(3.14) (U U — U ) + J5,, (U, ©) — Fo,, (U, Um) = L0 — ).
Passing to the limit with m — oo and using (3.10), we obtain

(U, v — Um) — a(u,v —w), L(v—1um,)— Llv—u).

Next, we have

\

T8 (U ©) = J6,, (Urn, Unn) Hh GmZ (Umr)(Jvr| — ‘“me ds

I'c

I
—

Tc

+/ " (G 7 (ur) (Jor| — |ur])) ds
+ / I (G (ur)(Jur| = ) ds
= Jl + J2 + J3~

For any ¢ € C(T¢) we may write

/ " (G ) ds = / (G, IT"p) ds = (%, 1" ) .
FC 1_‘C’
Therefore, J; can be estimated as

[ J1| = [(Gon, T ((F () — F (ur)) (Jor| = [tmr])))]
< O ((F (umr) — Z (ur))(lvr| = [tmr])) [l

~
< CCOL| fumr| = ur| [loo | [or| = [tmr| [loo — 0,

using also Lemma 3.4.
On the basis of (3.13) we obtain

Jo = (G, 1" (F (ur)(lvr| = |ur]))) — (4, 1" (F (ur)(Jvr| — url))).

Finally,

[J3| = (G, I (F (ur) (Juz| — [umt]))) < CIZ ool fur| = [mr] o — 0.

Employing these results in the limiting process of (3.14), we arrive at

(3.15) a(u,v —u) + (4, 11" (F (ur)(Jvr| — |ur]))) = L(v — w).

(G (F (umr) = Z (ur))(lor| = |umr])) ds
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Lemma 3.3 yields the estimate
/ " ([umn]?) ds < Cop.
I'c

Passing to the limit, we obtain
/ " ([un]3 ) ds = 0,
Te

so that [uy]y = 0 at all nodes of the triangulation of I'c. Since uy € Xp|r., we
have uy < 0 everywhere on I'c and u € K, follows.
Let us set
v = Uy £ R(Yn),

where 9 = IT1"p and ¢ € Cy(T¢) as in the proof of Lemma 3.4. The definition of ®4
and (3.11) imply that

@5, (um, R(Ym)) = (G, ¢) = L(R(Yn)) — a(um, R(Yn)).

Passing to the limit and using the definition (2.1), (2.2), we obtain

(3.16) (¢, 4) = L(R(yn)) — a(u, R(yn)) = — (tx (1), ).
If we set
o =1"(F (ur)(lor| — luz])),
the inequality (3.15) can be rewriten as
a(ut, 0 — ) — (£ (), T (F () (or| — fur]))) > Lo — u).
Thus w is a solution of the problem (2.3). The estimate

lull1,0 < [[L]|-1/Co

is an immediate consequence of (3.10) and (3.9).
From (3.16) we deduce

| (t%(u), &) | < (ILl-1 + Cullull.0) | RWn)|1.0

<
< (14 CiCy YL 1Chg P ¢ lo,re

as in the proof of Lemma (2.4). Consequently,
~1/2
Itk (w)ll. < Mhg ?|[L] -y
follows. O
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