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Abstract. For open sets with a piecewise smooth boundary it is shown that a solution of
the Dirichlet problem for the Laplace equation can be expressed in the form of the sum of
the single layer potential and the double layer potential with the same density, where this
density is given by a concrete series.
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1. CLASSICAL SOLUTIONS

Suppose that G C R™ (m > 2) is an open set with a non-void compact boundary
O0G such that 0G = 9(clG). For a given g € €(9G) (= the space of all continuous
functions on the boundary of G equipped with the maximum modulus norm) we
formulate the Dirichlet problem for the Laplace equation with boundary condition g
as follows: Find u € ¢ (c1G) N €*(G) such that

m o2
(1) Au = %zoma, u =g on 0G.
i=1 "t

If G is unbounded we add the condition

(2) lim  wu(z) =0.

z€G,x—00

* Supported by GACR Grant No. 201/96,/0431
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Looking for a solution in the form of the double layer potential is a classical
method. It was shown by J. Kral (see [21]) and independently by Yu. D. Burago
and V. G. Maz’ya (see [7]) that it is possible to define the double layer potential on
G as a continuously extendable function on clG for each density f € ¥(9G) if and
only if the cyclic variation of G is bounded, where

(3) vG(x) = sup{/Vgo -Vhedit,; o€ D,|p| < Lsptp C R™\ {x}}
G

is the cyclic variation of G at the point x € R™. Here
(4) ha(y) = (m —2)7 A o —y[P7,

A is the area of the unit sphere in R™, 2 is the space of all compactly supported
infinitely differentiable functions in R™, 57, is the k-dimensional Hausdorff measure
normalized such that .74 is the Lebesgue measure in R*.

If z € R™ and 6 is a unit vector such that the symmetric difference of G and
the half-space {x € R™; (z — z) -6 > 0} has m-dimensional density zero at z then
n%(z) = 0 is termed the interior normal of G at z in Federer’s sense. (The symmetric
difference of B and C' is equal to (B\ C) U (C'\ B).) If there is no interior normal
of G at z in this sense, we denote by n“(z) the zero vector in R™.

If the cyclic variation of G is bounded then for x € clG and f € ¥(9G) the double
layer potential W€ f(z) with density f at the point 2 has the form

(5)  WOF() = (1 - dg(x))f(x) + / F@InC () - Vho(y) dAon 1 (),
oG

where

r=0r A (U (y;r))
exists for each y € R™ (see [20], Lemma 2.9). Here % (y;r) denotes the ball with
the centre y and the radius r. The operator W€ which maps f onto the restriction
of WY f onto the boundary of G is a bounded operator on € (9G) (see [20]).
If L is a bounded linear operator on the complex Banach space X we denote by
| L||css the essential norm of L, i.e. the distance of L from the space of all compact
linear operators on X. The essential radius of L is defined by

TessL = nh_)néo(HLnHGSS)l/n'

Denote by X’ the dual space of X and by L’ the adjoint operator of L.
In [26] the following theorem is proved:
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Theorem. If reSS(WG — %I) < 1/2, where I denotes the identity operator, and
the set R™ \ G is unbounded and connected and g € € (0G) then the double layer
potential W f is a solution of the Dirichlet problem for the Laplace equation with
the boundary condition g, where

i — W) (2 — 2W%)g.

7=0

The condition that the set R™ \ G is unbounded and connected is necessary for
expressing the solution of the Dirichlet problem for the Laplace equation in the form
of the double layer potential for each boundary condition. If we want to calculate
the solution for an open set with holes we must modify the double layer potential.
We will prove that we can express a solution of the Dirichlet problem in the form of
the sum of the single layer potential and the double layer potential with the same
density where the corresponding density is given by the concrete series. This method
was used in [29].

Fix a nonnegative element A\ of ¢’(0G) (= the Banach space of all finite signed
Borel measures with support in G with the total variation as a norm) and suppose
that the single layer potential % A is bounded and continuous on JG. Here

Uv(r) = /hz(y) dv(y),

R™

where v € €'(0G),
ha(y) = (m —2) 7 A7z —y[*7™,

A is the area of the unit sphere in R™. It was shown in [32] that % A is bounded
and continuous on JG if and only if

lim sup / hy(z)dA(z) =
=0+ yeoG
U (ys;r)

where % (z;r) = {y € R™; |y — 2| < r}. According to [20], Lemma 2.18 this is
true if there are constants o > m — 2 and k > 0 such that A\(% (z;7)) < kr® for all
z € R™ and all » > 0.

We will look for a solution of (1) in the form of the sum of the double layer potential
with density f and the single layer potential corresponding to the sign measure fA.
If f € €(0G) then % (f)) is a continuous function in R™ by [32],Proposition 6 and

(6) sup |% (fA)(x)] < sup % A(x) sup |f(x)].

IG[R"L ZL’GR"" xeaG
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So this sum of the double layer potential and the single layer potential is a continuous
function on clG if and only if the cyclic variation of G is bounded. The cyclic
variation of G is bounded if and only if V& < co,where

VY = sup v%(x)
z€0G

(see [20], Theorem 2.16). There are more geometrical characterizations of v%(x)
which ensure V¢ < oo for G convex or for G with G C UleLi, where L; are
(m — 1)-dimensional Ljapunov surfaces (i.e. of class €' 7%). Denote by

0.G ={x € R™; dg(z) > 0,dpmg(z) > 0}

the essential boundary of G where

- ~ limsu Ao (M N U (x;7))
) = S i)

is the upper density of M at x. Then

vG(x):% / n(0,x) d.s%,—1(0),

0% (0;1)

where n (6, z) is the number of all points of 9.G N {x + tf; t > 0} (see [8]). This
expression is a modification of the similar expression in [20]. As a consequence we
see that V¢ < 1/2 if G is convex. Since v%(z) < V& + 1/2 by [20], Theorem 2.16
we see that if

i=1

and G4, ...,G,, are convex then V¢ < n.
If 7,,-1(0.G), the perimeter of G, is finite then

/\n ()| 410)

for each z € R™ (see [20], Lemma 2.15).

Theorem 1. Suppose that V& < oo, ress(WG 1]) < —, where [ is the identity
operator. Denote C' = R™ \ clG and suppose that \(H) > 0 for each bounded
component H of c1C. Denote on € (0G) a bounded linear operator V

(7) Vg(a) = WCg(z) + % (g))(x).
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Fix

1
(8) a>=(1+ sup Z\(z)).
z€0G
Then there are constants d,, € (1,00),qs € (0,1) such that for each g € €(9G) and

any positive integer number n

® (=)

If g € €(0G) then there is a unique solution of the Dirichlet problem (1) and this
solution has the form W& f 4+ % (f\), where

(10) -y ()L

< dagillglleoc)-

‘%(ac;)

Proof. The uniqueness of the solution of the problem (1) follows by the maxi-
mum principle.

Since regs (WS — 1) < 1 the operator WG —BI is Fredholm for each |3—1/2| > 1/2
by [17], Satz 51.8. Since V — W6 is a compact operator by [32], Proposition 9 the
operators V—3I and V'— (31 are Fredholm for each |5—1/2| > 1/2 by [40], Chapter V,
Theorem 3.1, Chapter VII, Theorem 3.5. For each v € ¥’(0G) (= the Banach space
of all finite signed Borel measures with support in G with the total variation as
a norm) and each Borel set M we have

V’(u):/(l—dg(a:)) du(x)—i—/ / n%(y) - Vha(y) A, - /%ud)\
M AG(8GNM)
:/dc(x)du(x)—/ / nC(y) - Vha(y) d A /% )dA(x
M aC(8CNM)

(see [35], Proposition 8), because the Lebesgue measure of G is equal to 0 by [27],
Lemma 4. Since the Lebesgue measure of 9G is equal to 0 we have V¢ = V¢ < oo.
Denote by (V') the spectrum of the operator V. According to [17], Satz 51.1, [27],
Lemma 4, Lemma 5, Lemma 10, Lemma 11, Theorem 1, [42], Chapter VIII, §6,
Theorem 2 we have o(V)N{B € C; |5 —1/2| > 1/2} C {8 € C; B> 1/2}. Since
the spectral radius of WY — 17 is smaller or equal to 1/2 (see [26], Proposition 1)
and
|WE —V| < sup Z\z)(= c»)
r€0G

by the maximum principle, the spectral radius of V' — ;I is smaller than or equal to
1/2+4cy. Thus o(V)N{B € C; |8-1/2] 21/2} C{Be€C; 1/2< B < 1+cp}. If

147



o > 1(1+c,) then the spectrum of V is disjoint with the set {3 € C; |8 —a| > a}.
Since the spectral radius of the operator V' — [ is smaller than « there are constants
do € (1,00), go € (0,1) such that (9) holds for each g € €(JG) and any positive
integer number n. Easy calculation yields that f given by (10) is a solution of the
equation Vf = g. Since W f + % (f)) is a continuous function on the closure of
G which is harmonic on G and WEf + % (f\) = Vf on the boundary of G, the
function W f 4+ % (f)) is a solution of the problem (1). O

Remark 1. It is well-known that the condition ress(/WG - %I ) < % is fulfilled for
sets with a smooth boundary (of class C**®) (see [21]) and for convex sets (see [31]).
R. S. Angell, R. E. Kleinman, J. Kral and W. L. Wendland proved that rectangular
domains (i.e. formed from rectangular parallelepipeds) in R® have this property (see
[2], [22]). A. Rathsfeld showed in [38], [39] that polyhedral cones in R? have this
property. (By a polyhedral cone in R® we mean an open set Q whose boundary is
locally a hypersurface (i.e. every point of 9Q has a neighbourhood in 99 which is
homeomorphic to R?) and 052 is formed by a finite number of plane angles. By a
polyhedral open set with bounded boundary in R® we mean an open set  whose
boundary is locally a hypersurface and 95 is formed by a finite number of polygons.)
N. V. Grachev and V. G. Maz’ya obtained independently an analogous result for
polyhedral open sets with bounded boundary in R® (see [16]). (Let us note that
there is a polyhedral set in R® which has not a locally Lipschitz boundary (see [27],
Example 2).) In [25] it was shown that the condition reSS(WG — 11) < 1 has a local
character. As a consequence we obtain that this condition is fulfilled for G C R3
such that for each # € OG there are r(x) > 0, a domain D, which is polyhedral
or smooth or convex or a complement of a convex domain and a diffeomorphism
Ve U (z;r(x)) — R3 of class C1F where o > 0, such that 1, (G N % (x;7(z))) =
Dy N e (% (x;r(x))). V. G. Maz’ya and N. V. Grachev proved this condition for
several types of sets with “piecewise-smooth” boundary in the general Euclidean
space (see [13]-[15]).

Corollary 1. Suppose that V& < oo, ress(WG — %I) < % Denote by 7 the
restriction of (m — 1)-dimensional Hausdorff measure onto 0G. Then 7€ (0G) < cc.
Fix ¢ > 0. Suppose that K is such a constant that (% (x;7)) < Kr™~! for each
x € R™, v > 0. (This condition is true for K = Am(m + 2)™(V® + 1/2).) Put

A= cH. Then % X\ is a continuous function in R™ and

(11) sup Z\(z) < cK2m 1A (m — 2)7! diam 0G,
z€0G

where

diam0G = sup |z —y|.
z,y€dG
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If

1
o> 5(1 + zsetng UN(x))

then there are constants do € (1,00),¢a € (0,1) such that for each g € € (0G) and
any positive integer number n

=)
g
e
If g € €(0G) then there is a unique solution of the Dirichlet problem (1) and this
solution has the form W& f + % (f\), where

fZO(VaaI> %.

Proof. J7(0G) < oo by [27], Corollary 1. The function % X is continuous
and (11) is true by [27], Remark 6. For K = Am(m + 2)™(VY + 1/2) we have
H(U (x;7)) < Kr™~! for each z € R™, r > 0 by [20], Corollary 2.17. The rest is a
consequence of Theorem 1. O

< dagilglloc)-

‘%(aa)

—

Corollary 2. Suppose that V& < 00, Tess(WE — %I) < % Fix ¢ > 0. Put
A=cH. Let

o> %<1+ sup %A(x))

z€0G
For x,y € G we define

(12) fo= i(_v;az)"%,

n=0

(13) G(x,y) = haly) — WE fuly) — % (f22) ().
Then ¥ is the Green function for G.

Example 1. Put G = {z € R?; 1/2 < |z;| < 1,5 = 1,2,3}. Let f € €(0G),
g € €(c1G). We want to solve the following problem: Find u € €(clG) N €?(G)
such that

Au =g in G,
u = f on 0G.

Since G is a subset of 12 planes we have 7 (% (z;r)) < 12nr? for each r > 0,
x € G. Fix ¢ > 0. Put A = ¢#. Then % ) is a continuous function in R and

sup % A(z) < 50c¢
z€0G
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by Corollary 1. Put, for example, ¢ = 0.1. Fix a > 3. Put
(oo} n
V—al\"f
h= — =,
>

Then WEh + % (h)) is a classical solution of the problem Av = 0 in G, v = f in
O0G. If we define for z,y € G the function f, by (12) and ¢(z,y) by (13) then ¥ is
a Green function for G. The solution u of our problem has the form

u() = — / 9 (2,1)9(y) Aon () + WOI(z) + % (N (2).
G

2. GENERALIZED SOLUTION

Let g be an arbitrary extended real-valued function defined on dG. We denote by
UgG the set of all hyperharmonic functions u on G which are lower bounded on G,

non-negative outside the trace on G of a compact set of R and such that for any
y € 0G
liminf u(z) > g(y).

T—yY

The function v on G is hyperharmonic if it is lower-semicontinuous and for each
x € G and r > 0 such that cl % (z;r) C G it satisfies u(z) > —oo and

1
U(l‘)>m / u(y) A5, (y)-

U (w;r)

We put U ? = —U(GL g and denote by F? (resp. H ?) the greatest (resp. least upper)
bound of UgG (resp. Q?). (Compare [6], [18].)

A function g on 0G is said to be resolutive (relative to G), if F? = ﬂ? and
|Ff(x)| < oo for any x € G. We set HY = FgG, the generalized solution of the
Dirichlet problem for the Laplace equation with the boundary condition g, provided
g is resolutive. If g € ¥(0G) and u is a classical solution of the Dirichlet problem
for the Laplace equation with the boundary condition g then ¢ is resolutive and
HgG = wu. It is worth noting that any bounded Baire function on 9G is resolutive
([6], Theorem 6 and the text on p. 94).

For fixed z € G there is a unique Borel measure ;& on 9G such that

(14) HE @) = [ gau
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for each g € €(0G). The relation (14) holds for each resolutive g (see [18], Satz 1,2).

Let us note that we have tacitly used the fact that R™ is a strong harmonic space
in the sense of the theory of harmonic spaces (see [3], p. 61).

In the rest of the paper we will suppose that V¢ < co. Denote by J the restriction
of the (m — 1)-dimensional Hausdorff measure onto 9.G. Fix ¢ > 0 and suppose that
if ¢ = 0 then R™\ G is unbounded and connected. Put A = ¢/ Then the single layer
potential % A is bounded and continuous on 9G (see [20], Lemma 2.17, Lemma 2.18)
and A\(H) > 0 for each bounded component H of cl G. Note that if ress(/WG - %I) < %
then 77 = ﬁ(see [27], Corollary 1).

o~

Theorem 2. Suppose 1o (W — 1) < % Fix

1
2

o> %<1+ sup %A(x))

z€0G

Then for each g € €(9QG)
HE =WECf+u(fN),

where

(15) /= g(—v;ﬂ)"g.

Define on L'(5#) a bounded operator T' by

To(a) = 30(0) + [ 9y () - Vi (a) A () + co(o) [ hodor.
oG oG

Then there are constants d, € (1,00),qa € (0,1) such that for each g € L*(#) and
any positive integer number n

P (T

For fixed x € G put

< dagillgllr ey

L)

92(y) = n(y) - Vha(y) + cha(y),

(17) N

n=0

Then u$ = k, . If ¢ = 0 then there are constants d € (1,00),q € (0,1) such that
for each g € L' () and any positive integer number n

(18) [(1 = 21)"2(1 = T)g| 1 ) < datallgllLr )
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oo

(19) ke = go+ Y (I —2T) (21 — 2T)g,.

=0

Proof. Since V is invertible, V' is invertible as well and (V’)~! is the adjoint
operator of V™1, Let » € G, g € €(9G), € > 0, f being given by (15). Then
WCf4+U(f\) +e €Uy and WEf + % (fA) —e € US. Thus HG = WC f + % (f))
and

[ odus = @) = WOV g)(w) + % [V 1) #] (0

= [ ) W are) = [sa[0) g

oG oG

According to [27], Corollary 1, T is a bounded invertible operator on Ll(%),
(V') Ygp ) = (T~ 1g,), (16) holds and

o0 n
T T—aol
193?_2( o ) gogj_kx'

n=0

If ¢ = 0 then (18), (19) hold by [27], Corollary 1. O

Notation. For a bounded #-measurable function f on OG define the double
layer potential W& f on cl G by formula (5). The function W f+% (f)) is harmonic
on G. Denote Vf(z) = WYf(z) + % (f\)(z) for x € G. Then V f is a bounded
J-measurable functi/o\n on dG. Denote by f the class in LOO(L%’?) corresponding
to f (ie. f = {g; #({zx € 0G; f(x) # g(z)}) = 0}). Since for g € f we have
WECf4+U(f\) =WCg+% (g\) on G we denote W f+% (fA\) = WEf+% (f\) on
G. Since for g € f we have 17} = VNg we define on L”(g%/”\) a bounded operator V by
Vf= ‘7}’ Let B(0G) we denote the Banach space of all bounded Baire functions
on JG equipped with the supremum norm. If f € #(0G) then Vf € Z(0G) and

VA< I+ VE + [ ZA]) on 0G.
Lemma 1. Let x € 0G, [ € #(9G), [ being continuous in x. Then

lim  [WEf(y) + % (fN)(y)] = V().

yeG,y—x

Proof. (f)\) is a continuous function in R™ by [32], Proposition 6. The rest
is a consequence of [10], Proposition 1.1 and [20], Theorem 2.16. O
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Definition. For z € G, § > 0 denote by I'g(z) = {y € G; (1+0) dist(y, 0G) >
|z — y|} the nontangential region of opening 3 at the point xz. Here dist(y,dG) =
sup{|y — z|; z € OG} is the distance of y from JG. If f is a function on G, = € G
and there is a > 0 such that = € cl(T'y(x)) we say that ¢ is the nontangential limit
of f in x if

lim =c
yelp(z),y—a 1)
for each 3 > 0 such that = € cl(I'g(x)).

Let us note that if S C G, € S and S is a set such that for each series x,, of points
of OG \ {z} and each series y, of points of S such that nlLH;o Ty = x, nlinéc Yn = X,
lim (X — ) /|20 — x| = 61, nh_)rrolo(yn —2)/|yn — x| = 02 we have 0; # 6, then there
greoz >0, 6 > 0 such that SN % (z;0) C I'g(x) (see [10], Proposition 0.1).

The following lemma is a moderate modification of Lemma 2.1 in [10]. Let us note
that ﬁ(@/ (z;6)) > 0 for each 2 € G and § > 0 (see Isoperimetric Lemma in [20],
p. 50).

Lemma 2. Let x € 0G, let f be an A -measurable bounded function on 0G,

1 —
20 lim ———— Fly) — f(2)] A (y) =
(20) iy 5))8%4%5) ()~ ()| 47 )

If there is o > 0 such that © € cl(T'y(x)) then V f(zx) is the nontangential limit of
WY+ (f)\) at x.

Proof. Fix a > 0 such that © € cl(T(x)). Fix € > 0. Since Z(f)\)
is a continuous function in R™ by [32], Proposition 6, there is r; > 0 such that
|% (fN)(x) — % (fN)(y)| < e/4 for y € T (x) N % (x;71). According to [20], Corol-
lary 2.17 there is a positive constant C' such that

19{’7(02/(33, r) < crmt

for each » > 0. Since

dA(y) < o0

=5/

M—wm

there is R € (0,71) such that

9
42+ )™ +4

1 G T—y =
3 ) 1) ~ £ A <
8GN (z;R)
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and

f ) = @) dA(y) <

OGN (z;r)
for each r € (0,2R). Put

fly) ondG\ % (x;R),

i< [/ T@) mocnw @)
7o on OG \ % (z; R).

r) ond U (x; R),
ﬁ@){f() SO

Since f; is continuous in x there is 5 € (0, R) such that |[WE fy(z) — W f1(y)| < /4
for each y € T'y(z) N % (x;7r2) (see [10], Proposition 1.1 and [20], Theorem 2.16). If
y € To(x) N % (x;r2) then

(W€ faly) = WE fa(a)]

1] (f(2) — F@)nC(2) -

OGN (x3R)

di(2))|.

z—x r—y Z—x ] —

2=yl T -yl [z —am

If z € G then |[y—z| < (14+a)|z—y| and thus |z —z| < |z—y|+|y—2] < 24+a)|y—2z|.
Thus

W fa(y) = W fo()|
1+ (24 a)™]

S E— / £ (2) = f(@)||n%(2) - ‘Zz:jm ’ A2 ()
OGN (z;R)
(2+a)™ ly—z| |~
SR [ e - et

OGNU (z; R\ (z;|z—y|)

DR [ ) - f@ly - o a7

09GN (w3]z—y))
Fix an integer k such that 2*~1|z — y| < R < 2¥|z — y|. Then

(W faly) = WE fa(a )\

€ 2+a 1-m -
sat Z - 20— 1‘ / |f(z) = f(z)|d#(2)
U (2329 |z —yl)
Cl4+a)™ . .. L
AR e ), R PBEAR A
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Thus
(WEF(y) + % (fN(y) = V()| <e

for y € To(x) N % (z;72). O

Lemma 3. Let x € 0G, dg(x) > 0. Suppose that there are positive constants

o~

R, C such that if y € 0GN % (z; R), v € (0,R) then (% (y;r)) = Cr™~1. Then
there is a > 0 (depending only on C, m, dg(z), V) such that z € clT,,. Moreover,

lim C_lg\p,y (.T) =0.

y—0o0

If f is an H-measurable bounded function on 0G,

1 —
lim ———— f — f x)|dA# =0
8. P, 4 _ 1o~ st

then V f(x) is the nontangential limit of W f + % (f)) at x and

_ 1
e TE) B %/( x'é)lWGf(y) YN ) — V(@) dAn(y) = 0.

Proof. Fix 8 € (0,1). We show that there is a positive constant K such that

(21) / dist(y, G)* " don ) < K Ao (U (a5 1))
U (z;r)NG

for r € (0, R/3). Fix r € (0, R/3). Put
E,={y e Gn%(z;r); dist(y,dG) < 2'~"r}

for a positive integer n. Fix n. Compactness of 0G N cl % (x;2r) yields that there
are points z1,. .., zx in OGN cl % (x;2r) such that |z; — z;| > 217" for i # j and for
each y € G N cl % (x;2r) there is j € {1,...,k} such that |2; — y| < 2'7"r. Since
U (z1;27"r), ..., % (21;27"r) are disjoint and

k
Enc |J % (z;22 )

Jj=1
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we have

k
Ko (Ep) < k2MC 00 (U (257)) < Hn (U (7)) O Lptmm2m—n Z ﬁ(% (z;;27"r))

j=1

< Hon (U (;7))C~ Lt =22 32 (0G N U (2 31))
< Am(m +2)™ (% + VG) 3" (U (7)) C L 22m

by [20], Corollary 2.17 and

dist(y, 0G)" ' dtr, (y) < Y 27" (B, \ Epyy)
U (237)NG n=1

<D 27 A (m, + 2)™ G + VG) 3O A (U ()P

n=1
Relation (21) holds with
1 oo
K=A )™ = + V& 33moTty (28,
i+ 2 (5 v Jame o)

If r € (0, R/3) then

Ko@) > [ (st 00) 1 dtin(y)
GN% (z;r)\T'a (z)
> (1+a)? / & — 0 o ()

GN% (z;r)\T'a(x)
> (14 ) PP, (G N U (2;7) \ To(x)).

If > (dclix))ﬁ then

o (GN U (z;7) \ To(x)) < K
Ao (U (7)) S (14 a)l-s

<dg (x)

and x € clT',,. Moreover,
lim C_lg\p,y (.T) =0.

Yoo

The rest is a consequence of this fact, the boundedness of W& f 4+ % (f\) and
Lemma 2. O
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Lemma 4. Let f be an H-measurable bounded function on OG. Then there is

—

M C 0G with (M) = 0 such that if x € 0G \ M and there is o > 0 such that
x € cl(Ty(z)) then V f(z) is the nontangential limit of WE f + % (f\) at .

Proof. We use Lemma 2 and the fact that the relation (20) holds at H-a.a.
points of dG. This fact is a moderate modification of results of A. S. Besicovitch
and A. P. Morse and is in fact proved in the proof of Theorem 1.3.8 in [43]. g

Remark 2. Denote

nC(y) - Vha(y)| dn—1(y)
OGNU (x;r)

for x € R™, r > 0. Suppose that

DN | =

lim sup v%(z) <
=0+ zcoa

(This condition is stronger then the condition ress(WG — 1I) < 1/2.) Denote G =
{y € 0G; nS(y) # 0}. Then H,_1(dG \ dG) = 0 (see [20], Isoperimetric Lemma
on page 50). According to [21], Lemma 3.10 and [28], Theorem 5.6 (compare [21],
Theorem 3.13) there exists a positive constant ¢ such that the following holds: For
each y € OG there is a positive number §, a neighbourhood U of y in {x € R™;
(x —y) - n%(y) = 0} and a Lipschitz function f on U with the Lipschitz constant ¢
such that G Nl % (y;8) = {u+ f(u)n®(y); u € U}. The suppositions of Lemma 3
are satisfied for each x € OG with C which depends only on the set G. If g is an
A -measurable bounded function on dG then Vg(x) is the nontangential limit of
WCg+ % (g)) at x for H aa. points = € 0G.

Example 2. The following example shows that the condition

1 —
lim ———— fly)dt(y) = f(x)
ot %(%(1’, T')) U (x;r)NOG

is not sufficient for the existence of the nontangential limit of W f(y) + % (f\)(y)
at z. Put G = {[21,22,23]; max|z;| < 1}, = [0,0,1], f(21,22,23) = 21/|21]| for
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21 #0, z3 =1, f(21,22,23) = 0 elsewhere. Fix a € (0,1). Then

tliré1+ (WY ([ta,0,1—t(1 —a)]) + % (fN)([ta,0,1 — (1 — a)])]
= T im l 1 ’ t1-a) z1
=U(fN)(z) +tL0+ A /1{/1 [(21 — ta)? + 22 + £2(1 — a)2]3/2 d
— ' tl-a) dz p dzg
/0 [(z1 — ta)? + 23 + 2(1 — 11)2]3/2 }

\ i L T ([T 1 1
(f )( )+t—l>r(€l+2/71 \/flfta 2 2 3/2 21

e [+ 23+ 1)

1—ta

t(1—a) 1
— / —3/2 le} dZQ
= (22 + 22 + 1]

I—a

1 14-ta
1 [m-a t—a) 1
=U(fN)(x )+ hm Z/ {/ — ., 2 3/2d21
=0+ t(a— a) t%f:Z) [Zl + 25 + 1]

a

i—a 1
— / —3/2 le} dZ2
= [ +22+1]

1—a

2 [ (1% 1
=% (f))(x)— Z/ /0 —[zf A 1]3/2 dz; dzs.

Since
Jim, (WEF([0,0,1—1]) + 2 (fA)([0,0,1 — )] = % (f\)(=),
the nontangential limit of W& f + % (f)) in x does not exist.

Example 3. The following example shows that the condition

1 —
lim e —a—— f — f x)|ds”Z =
r—0+ %(%(x;r))%(zlmc ) (@)| (v)

is not sufficient for the existence of the limit of W& f(y) + % (f\)(y) over G at z.
Put G = {[z1, 22, z3]; max|z;| <1}, A=0, 2 =[0,0,1], f(21,22,23) =1 for z3 =1,
271 — 272" < 22 4 22 < 27" and an integer n, f(21,22,23) = 0 elsewhere. Lemma 2
yields that the nontangential limit of W f at x is equal to 0 and the nontangential
limit of W& f at [27™ — 273" 0,1] is equal to 1/2. Thus there are ,, € G such that
Y tend to z and lim WY f(y,,) = 1/2. Therefore the limit of W f over G in = does

not exist.
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Lemma 5. Denote by Vi the operator V considered as an operator on € (9QG)
and by Vg the operator V. mentioned as an operator on %(0G). Then

—~ 1 1 1 ~ 1
Tess (WG - 5I> = Tess(v%” - 5I> = Tess(VgB - 51) = Tess (V - 51)

Proof. Since Vo — WE is a compact operator (see [32], Proposition 9),
Tess (WY — %I) = Tess(Vig — %I) Since ress(Vp — %I) = Tess(Vip — %I) by [25],
Lemma 1.5, we have ress(Vp — %I) = Tess(Vip — %I) by [40], Chapter IX, Theo-
rem 2.1, Theorem 1.3 and Chapter VII, Theorem 3.5. Define an operator j from

E(0G) to L= () by j(g) = g. Since J(% (x;5) N IG) > 0 for each z € G, > 0
by Isoperimetric Lemma (see [20], p. 50) we have ||j(g)|| = ||g|| for each g € €(IG).

Thus - <Vg B % I) — ( {f/ - %I] /g (%(ac:))) < Tess <‘7 - %I>

by [19], Lemma 15. If o € C, [ov — 1/2| > ress(Vig — 1) then Vi — ol is a Fredholm
operator by [17], Satz 51.8 and thus (Vi — ol )(#(9G)) has a finite codimension in
B(G). Since L=(H) = {f; f € B(IQ)}, the subspace (V — al)(L®(H#)) has
a finite codimension in L”(z%/ﬂ\). Since V — ol is semi-Fredholm it is a Fredholm
operator because the index is constant on each component of the semi-Fredholmness
(see [12], Theorem 2.2, Theorem 8.1). Thus ress(f/ - %I) < Tess(Vaz — %I) by [17],
Satz 51.8. O

I) < %. Fix a such that

Lemma 6. Suppose that ress(WG — %

1
o> 5(1 + zsetg%%)\(x))

Then there are constants d, € (1,00), qo € (0,1) such that for each g € B(0G) and
each positive integer number n

@) ()

If g € B(0G) then there is a unique f € B(JG) such that Vf = g and this f is
given by the series

(23) ;= ﬁ;(v Of”)”g.

If the set R™ \ G is unbounded and connected and ¢ = 0 then there are constants
d € (1,00), q € (0,1) such that for each g € B(0G) and each positive integer number
n?

(24) 1(F=2V)" (21 = 2V)g]| 50 < " 9]l z06)-

< dagnllgll zc)-

L&(aa)
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If g € B(0G) then there is a unique f € HB(OG) such that Vf = g and this f is
given by the series

(25) i —2V)i (21 — 2V)g.

Proof. Denote by Vi the operator V considered as an operator on € (9G)
and by Vg the operator V' considered as an operator on %(9G). Lemma 5 and
[27], Theorem 2 yield that the spectral radius of the operator Vi, — ol is smaller
than |a| and thus the spectral radius of the operator V.7 — al is smaller than |o| by
[42], Chapter VII, § 1, Theorem 2’. Since Viz is the restriction of the operator V/
onto A the operator Vg — (I is injective for each S € C such that |5 — o > |a].
Since Vg — BI is a Fredholm operator with index 0 by Lemma 5, [17], Satz 51.8,
Satz 51.1, the spectral radius of the operator Vg — ol is smaller than |«|. Therefore
there are constants d, € (1,00),qq € (0,1) such that the relation (22) holds for each
g € B(0G) and an integer number n. Since V is invertible in £ there is a unique
f € B(0G) such that Vf = g for each g € #(0G). Easy calculation yields that f
given by the series (23) fulfils Vf = g.

Suppose now that R™\ G is unbounded and connected. We can suppose that A = 0.
Then the operator V, — (I is invertible for each § € C such that |5—1/2| > 1/2, 3 #
0, 8 # 1 by Lemma 5, [42], Chapter VII, § 1, Theorem 2’ [17], Satz 51.8, Satz 51.1,
[26], Proposition 1, and the operator V7 — (I is invertible by [42], Chapter VIII,
§ 6, Theorem 1. Since Viz is the restriction of the operator VZ onto % the operator
Ve — (1 is injective. Since Vg — (1 is a Fredholm operator with index 0 by Lemma 5,
[17], Satz 51.8, Satz 51.1, the operator Vg — (1 is invertible. The operator Vi is
invertible by [17], Satz 51.8, Satz 51.1, [26], Theorem 2 and the operator Ve, is
invertible by [42], Chapter VIII, § 6, Theorem 1. Since Vz is the restriction of the
operator V7 onto # the operator Vz is injective. Since Vi is a Fredholm operator
with index 0 by Lemma 5, [17], Satz 51.8, Satz 51.1, the operator Vg is invertible.
Since Ker(V, — I)? = Ker(V, — I) by [26], Proposition 2, we have Ker(Vy — I)? =
Ker(Ve — I) by [17], Satz 51.8, Satz 51.1. Since Ker(Vy — I) = Ker(Vy — 1),
Ker(V) — I)?> = Ker(Vy — I)? by [40], Chapter VII, Theorem 3.1, Theorem 3.2
and Vi is the restriction of the operator V. onto % we have Ker(Vg — I)? =
Ker(V/ —I)> = Ker(V/ — I) = Ker(Vz — I). The space Z(dG) is the direct sum of
Ker(Vg —I) and (Vg — I)(2(0G)) by [17], Satz 50.2. Denote by V the restriction of
Vg onto (Vg —I)(B(0G)). Since V — B1 is invertible for each 8 € C, |[6—1/2| > 1/2,
the spectral radius of V — 11 is smaller than § and there are constants d € (1,00),
q € (0,1) such that the relation (24) holds. Easy calculation yields that f given by
the series (25) fulfils V f = g. O

160



Theorem 3. Suppose that reSS(WG — %I) < % Fix « such that

> %(1—1— sup %A(m)).

z€0G

Let g be a bounded #-measurable function. Then
HE =WCF+u(fN),

where

o

(26) _Z( V- OJ) 2

There is M C G with (M) = 0 (depending on g) such that if x € 0G \ M and
there is 3 > 0 such that x € cl(Tg(x)) then g(x) is the nontangential limit of HS' at
x. Further,

sup HS (y) < |lgllzo= (o)
yeoG

If g € #(0G) then
G G
Hy =W fHaZ(fN),
where

o

(27) f= Z( V- OJ) 2

If the set R™ \ G is unbounded and connected and ¢ = 0 then

(28) i 21 — VY (2I — 2V)g.

7=0

Proof. Let g € B(0G). Then f given by the series (27) is a solution of the
equation V f = g by Lemma 6. If the set R™ \ G is unbounded and connected then
the relation (28) holds by Lemma 6. Let us denote by .7 the set of g € #(9G) for
which HS = WC f + % (f)). Theorem 2 yields that ¢ (0G) C .7

Let f, g € B(0G), Vf=g,let {gn} be a uniformly bounded sequence of elements
of .7, limg, = g pointwise on dG. Let {f,} be a sequence of elements of Z(0G)
such that V f,, = gy, Hg = WS f, +%(fu)\). Fix z € G and observe that

lim H " (2) = lim gnd,uzG:HgG(z)

n—oo n—oo
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by the Lebesgue dominated convergence theorem. Put
v, =n%(y) - Vh,(y)H + h\.

Denote by Vi the operator V' considered as an operator on %(0G) and by Vg the
operator V considered as an operator on #B(9G). There is p € €'(0G) such that
Vo = v, by [27], Theorem 1. Since V, is the restriction of V/ onto €’(9G) (see
[35], Proposition 8) the Lebesgue dominated convergence theorem yields that

HY(:) = Jim (WOL(2) + 2 (0] =l [ fudve = i [ £,V

= nlgrgo gndu=/gdu=/Vfdu=/deégu=/fdvz
=W (2) + % (f2)(2).

Therefore .7 = Z(0G).

Let now g be a bounded J#-measurable function. Then there is h € #(9G) such
that h = g at J#-a.a. points of dG. Since ,uf is absolutely continuous with respect
to s for each # € G by Theorem 2, we have HY = Hf’ and relation (26) holds.
Lemma 4 yields that there is M C G with s#(M) = 0 such that if x € G\ M
and there is § > 0 such that x € cl(I'g(z)) then g(x) is the nontangential limit of
HgG =WCf+%(f\) at x. Fix y € G, put ¢ identically equal to 9]l Lo (). Using
the maximum principle for H f and the fact that ,uyG is absolutely continuous with
respect to 7, we conclude

G _ G
|Hy (y)| = ’/gduy

< / pduC = HS(y) < gl (op)-
O

Lemma 7. Let x € 0G, R > 0, let ¢: % (x;2R) — R™ be a diffeomorphism of
class C1*t% where o > 0 and D (z) = I, where D1 (z) is the total differential of 1)
at the point x. Denote H = ¢ (GN% (x; R)), u = ¢(x). Suppose that if f € B(0G)
and

. 1 o
(29) B e, 4 )= s a) =0
then

N S weaé WS (2 200 —
iy [ W) - WO @) a7 = o

OGNU (;6)
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Denote by # the restriction of the (m — 1)-dimensional Hausdorff measure onto
0.H. If f € B(0H) and

1 -
31 lim ——— — f(w)|ds(y) =0
@ i %(%(“;5))6}104(“;5)“” )| 4 ()
then
. 1 TOH _WH(u 7)) —
32 52%173@(%(%5))%04 S0 =010 0) =0

Proof. Let f € (H) and let the relation (31) hold. Fix ¢ > 0. Then there is
r > 0 such that for each y € 9H N % (u;r) we have

[f(2) = I Vhy(2) -0 (2) A2 (2)
U (w;r)NOH

- / [F($(2)) = F(W)]Vhy(2) -nC(2) dH#(2)| <

=1 (% (u;r))NOG

= M

(see [25], Lemma 2.1). Put

() = {f(u) on OH N % (u;r),
fly) on 0H\ % (u;r),
) { F(y) — flw)  on OH N (ui),
0 on OH \ % (u;T).

Since Y(0.GN% (x; R)) = 0. HNp(% (x; R)) and Dy(x) = I, for each § > 0 there is
r1 > 0 such that if E is a Borel subset of % (z;71) then (1 —6)72(E) < 7(Y(E)) <

(14 6)#2(F). Easy calculation yields that (31) implies

: (0((w)) — Fa(b((2))] A7) = 0.

OGNU (;6)

0=0+ (U (x;6))
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Since |WH f5(y) — /WG(fg o) (Y1 (y))| < /4 for y € OH N % (u;7r) we obtain using
the fact that Dy(z) =1

1 -
5—04 %(%(u, (5)) oH () f2(y) f2(u)] (v)
< lim W fay) = WH () = WO f20 bW ) + WO 0@ 4 0
o A (U (439))
U (us;6)
1 — — -
lim ————— WG o -1 _ WG ° x d%
"5 72 () . 4 W)l (f20 )@ (y)) (f2 0 ) ()| A2 (y)
£ . 1 — - _ .
<2 By / WO (f204)(y) = WO (f2 0 4)()] A (y) = 5.

U (z35)

Since f; is continuous at u there is 7; > 0 such that |[W# f;(y) — WH f,(u)| < /4
for y € 0H N % (u;r1). The relation (32) holds. O

Lemma 8. Suppose that ress(/WG i) <L 9, feBOG),Vf=g zecdq.
Then g is continuous at x if and only if f is continuous at x. If g is continuous at x
then

. G _
i Hy'(y) = g(y).
Suppose that ¥(0G N % (x; R)) is a subset of the union of finite number of hyper-
planes, where : % (z;R) — R™ is a diffeomorphism of class C**? (R,3 > 0).
Then

. 1
(33) o ) 4 CREECE
if and only if

: 1 _
(34) o, AU (:9) 4 <x.5)|g(y) —g(@)|d(y) = 0.

If relation (34) holds then g(x) is the nontangential limit of HS at x and

. 1
S AIEORIN %/(m,é)Hf WA =0

164



Proof. Suppose that f is continuous at x. Fix € > 0. Then there is § > 0 such
that | f(x) — f(y)| < e/[6(||V] 4+ 1)] for y € OG, |y — x| < 6. Put

fily) = f(x) for y € 0G,

fala) = {f(y)—f(x) if y € 0G, |y — x| >4,
0 ifyedG,ly—z| <9
0 ity e 0G, |y — x| > 4,

fslw) = {f(y)f(x) if y € 0G, [y — x| <6

Since V f1, V fa are continuous at x, there is r € (0,6) such that |V fi(y) =V fi(z)| <
e/3, |Vfa(y) — Vfa(x)] < €/3 for y € OG, |x —y| < r. For such y we have
V@) = Vil <IVfi(z) =V A +IVf(z) =V ) +V @)+ Vi) <e

Therefore g = V f is continuous at x.
Suppose now that g is continuous at x. Lemma 6 yields that

(36) = Z( O‘I) g

and

6 (=)

where g, € (0,1). Fix € > 0. Then there is ng such that
V—al\"
(-2 <
o Al zoa)

o V—al\"g
() 8

n=0

‘ < dagilgllzoa)
B(OG)

oo

(38) >

n=ngo

We have proved that

is continuous at x. Therefore f is continuous at x, too. Lemma 1 and Theorem 3
yield that
lim  H{ (y) = g(y)-

yeG,y—x

(This assertation is known (see [18], Satz 3).)

Suppose that ¥ (0G N % (x; R)) is a subset of the union of a finite number of
hyperplanes, where v): % (2; R) — R™ is a diffeomorphism of class C**7% (R, 3 > 0).
Suppose that relation (33) holds. With respect to Lemma 7 and the fact that % (f\)
is continuous, we can suppose that

OGN % (x; R) o

Jj=1
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where L; are different hyperplanes intersecting x. Put

foly) = {f(a:) for y € 0GN % (x; R),

fly) foryedG\ % (x;R),
fly) = f(z) foryeL;NOGN% (z;R),
fily) =

0 elsewhere.

Since fj is a continuous fuction the function V f; is continuous, too. If y € L; then

VIily) = Vi) = 1 = deW)(fy) — f(2) + % (f;\)(y) — % (f;))(x) and thus
relation (33) yields

1
lim — () — V() ) —
50 AU (39)) 8Gm%£5)mL;|Vfg (y) = Vfi(z)|do#(y) =0,

because % (f;\) is a continuous function. Let now i # j. Let M be a component of
% (x; R) \ Lj, let S be the restriction of J¢,_1 onto OM. Put

fity) = fi(x) ify € 0G NIOM,n%(y) = nM(y),
hi(y) =4 fi(@) = fi(y) ify € 0GNIM,n%(y) = —nM(y),

0 elsewhere.

Ity € MAL; then Vj(y)—V f;(x) = WMy (y) = WM h (2) +2 (;0) (9) 2 (£, ) (@),

Since % (f;A), % (hjF€) are continuous functions, Lemma 2 yields that

yGLiILHI\I/[l,yHm Viily) =V ).
Therefore (34) holds.
Suppose now that (34) holds. Then f is given by the series (36) by Lemma 6 and
relation (37) holds, where ¢, € (0,1). Fix € > 0. Then there is n¢ such that relation
(38) holds. We have proved that

. 1 2 V—al\n V —al\»
5 ey %/(IJZ(_ o B G

ds”7(y) = 0.

n=0

For sufficiently small § we have

1

W / |f(y) — f(@)[dA(y) <e

OGN (236)

and relation (33) holds. Therefore g(z) is the nontangential limit of H, QG at z by
Theorem 3 and Lemma 2. Relation (35) holds by Lemma 3. O
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