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Abstract. On a closed convex set Z in RY with sufficiently smooth (W%°°) bound-
ary, the stop operator is locally Lipschitz continuous from VVl’l([O7 T]JRN ) X Z into
Wl’l(LO7 T],RY). The smoothness of the boundary is essential: A counterexample shows
that C"-smoothness is not sufficient.
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1. INTRODUCTION AND MAIN RESULT

Throughout the paper we will use the following notation: For 1 < p < oo, an
interval [0,77], and a set Z C RY, the space W1P([0,7],Z) denotes the space of
absolutely continuous functions f: [0,7] — Z whose derivative is in L?. We use the

norm

T T
1B = / P+ / PP .

If Q ¢ RM is a domain, W*>(Q, Z) is the space of functions f: Q@ — Z whose
partial derivatives up to order k — 1 are Lipschitz continuous. By B(x,r) we mean
the closed ball with center = and radius r.

Partially supported by Spezialforschungsbereich F 003 “Optimierung und Kontrolle” at
the Karl-Franzens-Universitdt Graz, and by National Science Foundation and Fonds zur
Forderung der Wissenschaftlichen Forschung within the US-Austrian Cooperative Science
Program, P10552-MAT
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Let Z < RY be a closed convex set. Given zp € Z and a function u €
WLL([0, 7], RY), we seek a function 2 € W11(]0, 7], RY) such that

e 2(0) = xp.

o 1(t) € Z for allt € [0,T].

e For almost all ¢, 2/(¢) is as close as possible to u/(t).

Then x is characterized by the variational inequality

2(0) = xo,
(1.1) (t) € Z,
(Vy € Z) (u'(t) — 2'(t),y — 2(t)) < 0.

We denote by 0Z the boundary and by Z° the interior of Z. By Nyz(x) we denote
the normal cone of Z at the point z. We can rewrite the variational inequality as

a differential inclusion

If Z is the closure of an open domain Z° with C!-boundary, so that for each point
x € 0Z the outward unit normal vector n(x) is defined and depends continuously on
x, then the differential inclusion is in fact a differential equation

u'(t) if z(t) € Z°,
(t) if 2(t) € 0Z and (n(x(t)),u/(t)) <0,

(t) = (n(x(t)), v (8)) n(x(t))
if (t) € 0Z and (n(x(t)),u/(t)) > 0.

(1.2) Z'(t) = Z/

Given any closed convex set Z, it is shown in [6], that for any 2o € Z and any
u € WH1([0,T], RY) there exists a unique function z € W11([0, 7], Z) solving (1.1).
(See also [7, Proposition 2.2], [8].) The operator

.{Wl’l([O,T],[RN)xZ — WLi([0,711],2),
| (u,z0) — T

is called the stop operator with characteristic Z. This operator plays a fundamen-
tal role in the theory of elastoplastic materials (see, e.g., the monographs [3], [6],

8], [11]).
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According to [7, Proposition 3.1 and Corollary 3.4], the stop operator maps
WLr([0,T], RY) x Z continuously into W1P([0,T],RY) for 1 < p < co. Moreover,
global Lipschitz continuity has been proved on W! x Z into W1, if Z C R is an
interval [10], and, more generally, if Z C R is a (bounded or unbounded) poly-
hedron [4]. If p > 1, the stop operator is not Lipschitz continuous from W1? x Z
into W1 [10]. The unit ball in R? provides a counterexample to global Lipschitz
continuity in W11 for general convex sets, however, if Z is a ball in RV, the stop
operator satisfies a local Lipschitz condition

2(t) — y(t)| + / 2/(t) — o/ (1)]
T
< M(u) [m ol + / /(1) — o/ (1) dt

if @ = S(u,z0), y = S(v,y0), and M(u) is a Lipschitz constant depending on
fo |u/(t)] dt [2, Corollary A.4 and Example A.6].

It is announced without proof in [6, Chapter 4, Theorem 20.1] that a similar local
Lipschitz condition holds on domains with smooth boundaries. In this paper we give
a proof for the local Lipschitz continuity of the stop operator if the domain Z is
smooth enough so that there exists a unique outward unit normal vector n(z) to 02
at every boundary point z € 9Z and n(z) depends Lipschitz continuously on x.

Hypothesis 1.1. Let Z C RV be a closed convex set with W%>-boundary, i.e.,
for all z € 0Z there exists an orthonormal system (v1,...,vy), some ¢ > 0 and
a map a € W% ([—¢,e]V =1 R) such that a(0,...,0) = 0 and for all {; € [—¢,¢] the
following holds:

2+ Zm a6y, En1) +En)on € Z ff &y >0

By n(z) we will denote the outward unit normal vector at z:

— ! 2% ).
o 1+za§]<>(;%(0) )

With this assumption we prove the following theorem:
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Theorem 1.1. Let Z C RY satisfy Hypothesis 1.1, and let K be a compact subset
of Z. Let R > 0 be fixed. Then there exists a constant L > 0 (depending on K and
R) such that the following local Lipschitz estimate holds:

If %0, y0 € K and u,v € WH1([0, T], RY) for some T > 0 with

T
(1.3) / (' (8)] + [/ (B))) dt < R,

then x = S(u, x9) and y = S(v,yo) satisty

T

(R x’(t)—y’<t>|dt<L[|xo—yo|+ | o v

We will give the proof in Section 2. The smoothness assumption on 07 is essential:
In Section 3 we present a cone in R? as a counterexample to local Lipschitz continuity
of the stop operator in general convex sets. Moreover, in Example 3.2 we show that
Holder continuous dependence of the normal vector n(z) on x is not sufficient to
imply that the stop operator is locally Lipschitz.

Acknowledgement. The author wishes to thank P. Krej¢i and an anonymous
referee for valuable information, in particular for drawing his attention to the cru-
cial reference [6]. Moreover, Example 3.2 was motivated by the referee’s conjecture
that C'-smoothness of the domain is not sufficient to ensure Lipschitz continuity.
The author also thanks P. Krejéi for communicating his manuscript [9] containing
a thorough discussion of Lipschitz continuity of the stop operator.

2. PROOF OF THE MAIN RESULT
For the proof of the main theorem, we will require some simple facts from differen-
tial geometry. Let V be a relatively compact subset of 9Z. The tubular neighborhood
of radius 6 > 0 around V is defined by

Tub® V = {z + Mn(z) | A€ (=6,0)}.

If 0Z is a C?-manifold, the implicit function theorem can be used to show that for
sufficiently small § > 0, the map

V x (=6,0) — Tub’V
can
(x, ) — x4+ An(x)
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is a Cl-diffeomorphism. (This is, e.g., a special case of the situation treated in [I,
Section 2.7].) Since we have required less smoothness than C?, the map can will in
general not be contained in C!, and the standard versions of the implicit function
theorem do not work. We will therefore relax the smoothness assumption a little
and give a different proof:

Lemma 2.1. Let Z be as in Hypothesis 1.1, and z € 0Z. For x € RY we define

(@) dist(z,072) ifx € Z,
YT —dist(2,02) ifed 2.

For § > 0 let Us be the tubular neighborhood of radius ¢ around 0Z N B(z,0). Then
6 > 0 may be chosen sufficiently small, such that the following assertions hold:
(i) can: [0Z N B(z,0)] x (=96,0) — Us is a Lipschitz continuous homeomorphism
with a Lipschitz continuous inverse.
(ii) d is differentiable on Us, and its gradient Vd(z) depends Lipschitz continuously
on x. Namely, if x = can(y, \), then Vd(z) = —n(y).

Proof. Let z € 0Z. We utilize the chart generated by v1,...,vn, € > 0, and
the function a as in Hypothesis 1.1. Without loss of generality (by rotation of the
coordinate system, if necessary) we may assume that n(z) = —vy. We define

(7{5’5)1\/71 X (7575) - RNa

T: N-1
(&) 2+ Zl &vj + (a(§) + Mow,
J:

and write the map can and the normal vector n in local coordinates:

(7€’€)N71 N RN

)

n: N—-1
£ »—>n(z+ > &v; +a(§1,...,§N_1)UN),
j=1
(—,e)N "I x (—g,6) — RN,
can: N-1

(&N — 2+ Z:l §vj + a(§vn + An(§).

We have to prove that can has a Lipschitz continuous inverse on a suitable suffi-
ciently small neighborhood of z. It is easy to prove that 7! exists and is Lipschitz
continuous on a suitable neighborhood of z. Let M be a Lipschitz constant for 77*.
Notice that

(T' = can)(&, A) = Mon —n(§))-
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)N—l

Therefore, if € (0,¢) is sufficiently small, (T' — can) is Lipschitz on (—n,n X

(—n,n) with a Lipschitz constant L < 1/(2M). From the contraction principle [5,
10.1.3] we infer that for y sufficiently close to z, there exists a unique solution to

(fa )‘) = T71 [y + T(§7 >‘) - aﬁ(fa /\)]a

which is equivalent to
y = Gan(g, A).

The proof of the contraction principle shows that this solution depends Lipschitz
continuously on y. Therefore can possesses a Lipschitz continuous inverse on a suf-
ficiently small neighborhood of W of z.

Now choose a neighborhood V' of z and § > 0 sufficiently small, such that U =
Tub’ V € W and for any x € U the closest point II(z) to = on dZ is contained in
W. For x € U, elementary geometry shows that

can”!(x) = ((x), —d(z)).

The proof above implies therefore that d is Lipschitz continuous. However, we can
improve the result and obtain continuous differentiability of d. Let x € U and Ax
be sufficiently small. We define

ATl = II(x 4+ Az) — II(z),
Ad = d(z + Az) — d(z),
An = n(Il(z + Az)) — n(II(x)).

Notice that by the Lipschitz continuity of n and can™!, all of the following terms,
AIl, Ad, and An are of order O(Ax). Thus

Az = [Il(z + Az) — d(z + Az)n(Il(z 4+ Az))| — [II(z) — d(z)n(I1(z))]
= Il(z) + Al = (d(z) + Ad)[n(Il(z)) + An] — TI(z) + d(z)n(Il(z))
= Al - d(z)An — (Ad)n(Il(z)) + o(Ax).

Since n is normalized, we infer that (n(II(x)), An) = o(Ax), and since n is orthogonal
to 0Z, we infer that (n(Il(z)), AIl) = o(Ax). We obtain therefore

(n(I(x)), Az) = —Ad + o(Ax).

This says that Vd(x) = —n(II(z)). O
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The following lemma is the core of the proof of Theorem 1.1.

Lemma 2.2. Let Z be as in Hypothesis 1.1, and z € Z. Then there exists
a neighborhood V' of z, a constant R > 0 and a constant M > 0 such that the stop
operator satisfies the following local Lipschitz condition:

IfT >0, 29,90 €V, u,v € WH([0,T], RY) with

T
/0 (I (®) + /(1)) dt < R,

and x = S(u,x0), y = S(v,yo0), then

T

/0 x’(t)—y/(t)dth[xo—yOH/o (1) — o (£)] dt |

Proof. If z € Z°, then choose a neighborhood V and a constant R > 0 such
that V + B(0, R) is entirely contained in Z°. Since |2/(¢)| < |u/(t)], |¥'(¥)| < |V/(¢)]
(e.g., [4, Proposition 1.2]), we infer that xz(¢) and y(¢) remain in Z° for t < T, so
that 2’ = v’ and ¢’ = v’. In this case, the assertion is trivial.

Assume now that z € 0Z. According to Lemma 2.1 we choose a neighborhood
U = U; of Z such that d is differentiable with Lipschitz continuous derivative on
U. For shorthand we denote n(xzg) = —Vd(zp). This notation is consistent with the
fact that n(zo) is the outward unit normal vector to Z at xg, if 9 € 0Z. Let L be
a Lipschitz constant for n on U. Notice also that |n(zg)| < 1 for any xg € U, since
n is the negative gradient of a distance. Again we choose a constant R > 0 and
a neighborhood V of z such that V + B(0, R) C U, therefore x(t) and y(t) remain
inUfort<T.

We keep track of the functions |2/(t) — ¢/(¢¥)|, |x(¢) — y(t)| and B(t) = |d(z(t)) —
d(y(t))|- Let ¢t be a Lebesgue point of all of the following functions, ', ¢/, [d(x)]’,
[d(y)]’, and |z(t) — y(t)|’, and such that (1.2) holds. From [7, (2.6)] we infer easily
that

L a(t) ~ wo)] < ') — (1)
Thus
(21) o) = 9(0)] < 20—l + [ Ju'(s) = /(9] .

To handle the other two functions, we will prove the inequality

|2'(t) =y’ (D) + (1)

2.2
22 < 20w (1) =o' (0)] + 2L(Jw' ()] + [0' (D) [2(8) — y(®)]-
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Once this equation is proved, we may integrate and obtain
T
| -yl
0
T
<B0) =B +2 [ (o)~ o) ar
0
T
+ 2L/0 (W' @]+ 1" (@)D (t) —y(t)] dt
T
< Jwo —yo| =0+ 2/ [u/(t) — o' (t)| dt
0
T T
+ 2L<aj0 —yo| + / [/ (s) — v'(s)] ds) / |u'(t) + o' (t)| dt
0 0
T
< (2LR+1)|xo — yo| + (2LR+2) / [u'(t) — o' (t)| dt.
0
Therefore, Lemma 2.2 is proved, if we can show (2.2). For this purpose we distinguish

the following cases:

Case 1: z(t) € Z°, y(t) € Z°:
In this case, 2’ =« and y’ = v'. For shorthand we will omit the argument (¢) in
the following computations. Thus

L0 < | )~ AW =~ (@) ) + (o), )

< [n(@), " =)+ [(n(x) = n(y), o) < |[u" =] + Lz — y[ V'].

Equation (2.2) follows easily.

Case 2: x(t) € 0Z and y(t) € 0Z.

Since x is differentiable at the point ¢ and x(t) € 0Z while z(s) € Z for all s, the
derivative ’(t) is necessarily in the tangent space of Z at x(t). This is only possible
if u/(t) does not point strictly inward, i.e. (n(z),u’) > 0. The same argument holds
for y’. We have therefore

We infer that

2" —¢'| = [u' = (n(x), u'In(x) =o' + (n(y), v')n(y)]
< Ju' =" = (n(z), v = o)n(@)] + [(n(z) — n(y), v')n(z)]

+[(n(y), ') (n(z) = n(y))l

< o' =o'+ 2Lz — y[ [V'].
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Since 2’ and ¥’ are tangential to Z, we infer that
d d d
—3<|= — =0.
@’ < ’ dtd(x(t))‘ * ’ dtd(y(t))‘ 0

Summing up these estimates, we infer again (2.2).

Case 3: x(t) € 0Z and y(t) € Z°, or vice versa.
Again (n(z),v’) > 0 and 2’ is tangential to 9Z. Then

2" —y'| = [u' = (n(x),u)n(z) — '] < [u" = 0] + (n(2), u).
Notice that in this case d(x) = 0, d(y) > 0, and again %d(z) = 0. Therefore

45— 9 (a@) - d@)) = (~n(y).v') — 0
< l{n(y) — n(@), ') + (@), — )] — (n(z), o)
<Lz —y| '] + o/ — o] — {n(a), o).

This implies again the estimate (2.2). O

Proof of Theorem 1.1. For each z € Z, choose a neighborhood V(z) and
constants M (z), R(z) according to Lemma 2.2. Let W(z) be a neighborhood of z
and let 6(z) be sufficiently small, such that W(z) + B(0,0(z)) C V(z). We cover
K + B(0, R) by a finite union of neighborhoods W(z;) (i = 1,...,m). Put M =
max{M(z)| i=1,...,m}, S =min{R, R(21),...,R(zm)} and 6 = min{d(z;) | i =
1,...,m}. We start proving Equation (1.4) with R replaced by S in (1.3), and with
the assumption that

(2.3) zo,y0 € K + B(0, R) with |zo — yo| < 4.

Choose i such that xo € W (z;) C V(z;). Assumption (2.3) implies yo € V(2;). There-
fore we may apply Lemma 2.2 on the set V'(z;) and obtain exactly Equation (1.4)
with L = M.

Next we remove the condition (2.3). Let o, yo € K + B(0, R) with |z¢ — yo| < k6,
and let u,v € WH1([0,T], RV) satisfy (1.3) with S instead of R. For j =0,...,k we
define functions z; = S(uj,x;) with u; = u + %(v —u) and z; = zo + %(yo — o).
Notice that z = zg and y = 2, and the initial data satisfy |z; —x;_1| < . Therefore
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(1.4) holds for each of the differences z; — z;_1 and we obtain

/OT 2" (t) — ' ()] dt < ]il/OT |24 () — 24(1)| dt
Mzk:[:cj 1 —33j|+/0T U}l(t)—u;-(t)|dt]

Jj=1

= M[l ol + [ |u'<t> () dt].

Finally we ged rid of the assumption that R is replaced by S in (1.3). Assume
that R < kS with fixed k. Let 29,90 € K and let u,v € WH1([0, 7], RY) satisfy
(1.3). Since |2/(¢)| < |u/(t)|, we infer that x(t) € K + B(0, R) for all ¢t € [0,T]. The
same holds for y(t). Choose 0 =1ty < t; < ... <t =T such that

/ )]+ @) dt < 8.

ty

The estimate (1.4) holds on the intervals [t;_1,¢;]. Utilizing Equation (2.1), we

obtain
tj
[ wo-vor
t,

j—1

<Ml ~utnl+ [ W) - ool

L ti—1

r ti—1 t;
<Moo -l + [ WO - vOlac+ [ o - v’<t>|dt}
L 0 ti—1

i—

r T
< M jao ol + u’(t)v’(tndt}
0

Summing up all intervals we obtain

T T
/ 2/(t) — /(D) dt < kM[m gl + / (£) — o/ (1) .
0 0

Therefore (1.4) holds with L = kM. O
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3. COUNTEREXAMPLES

We show that the local Lipschitz condition proved in Theorem 1.1 for smooth
domains is not valid in general convex sets. Our first counterexample is a cone of
revolution in R3. For preparation we show that a local Lipschitz condition in a cone
in fact implies a global condition.

Lemma 3.1. Let Z C RN be a closed convex cone with vertex 0. Suppose that
there exist R > 0, M > 0 and T > 0 such that for all u,v € W11([0,T], RN) with

T
| @won+ wnae <k,
0
the solutions x = S(u,0) and y = S(v,0) satisfy the estimate
T T
[ 1w -yorae< [ e - vl
0 0

Then for all z,yo € Z and all w € WL1([0,00), RV) the solutions = = S(w, zo),
y = S(w, yo) satisty

(3.1) / T - ()] dt < Mo — ol

Proof. Let w € Wil([0,00), RN), let 20,90 € K and = = S(w,xq), y =

loc

S(w, yo). For n > 0 define xy,, vy, uy, vy by u,(0) = v,(0) = 0 and

txg ift € [0, 7], Yo if t € 0,7],
xn(t = t . y"](t) = t .
nz(y; —1) ift>n, ny(; —1) ift=n,
Zo if t € [0,7], 70 ift € [0,n],
up(t) =14 : vt =9, .
w(;fl) ift >n, w(ﬁfl) ift=n.
For ¢ < n we have x; (t) = 2o = uy(t). For t > 1 we obtain
!/ / / t / t t
ul (t) — 2, () = w (5 - 1) _z (5 - 1) €Ny <x(; - 1)) = Ny(,(2)).

Here we have used that Z is a cone. Thus z,, = S(u,,0). Similarly, y, = S(v,,0).
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Now we fix some S > 0. Notice that for any n > 0,

n(S+1)

AR CACIEAEACILY
y

n n(S+1) t
(\x0\+\yo|)dt+2/ [ (= = 1)]at
0 n n

S
= (ool + o) + 20 [ ' (s)] .
0

Therefore we can pick 7 sufficiently small such that (S + 1) < T and

n(S+1)
/0 (W' (8)] + /(1)) dt < R.

Then by assumption we have

s n(S+1)
A\M@—Mﬂw=1/ (0 — w0 e

n

M
Y ey - otar =2 [~ el
= M\CCO = yol-
As S — oo, we obtain (3.1). O

Now we give our counterexample.

Example 3.1. Consider the cone

&1
Z = L | eR[&G2\/E+&
&3

Then for any R > 0, M > 0, and any T > 0, there are functions u,v €
W10, 7], R®) and = = S(u,0), y = S(v,0), with

A<ww+wwma<R

and

/0 \:c’(t)—y’(t)|dt>M/0 /(1) — o (1)] d.
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Proof. Assume the contrary. Then the assumptions for Lemma 3.1 are satisfied.
We construct w,  and y in order to arrive at a contradiction to (3.1). We put

(t+ 1)L cos(t)
x(t)=| ¢+1)"tsin(t) |, y() =0,
(t+1)71
(1—(t+1)"%)cos(t) — (t+ 1) Lsin(t)
w'(t)=| (1—(t+1)"2)sin(t) + (t;i— 1)~tcos(t) |, w(0)=0.

Thus

2'(t) = | —(t+1)"2Zsin(t) + (¢t + 1)~ cos(t)

The normal cone at zero is given by

&1
Nz0) =S | & | e R | —& > /2 +¢2
€3

A straightforward computation shows that w'(t) € Nz(0) for all ¢, thus S(w,0) =
0 = y. At the other points of 07, the normal cone is given by

~ cos(t) cost
Ny v sin(t) =< A | sint | |A=0
¥ -1
Thus
cos(t)

w'(t) —2'(t) = | sin(t) | € Nz(z(t)).

Thus z = S(w, x(0)). From (3.1) one infers

/ Tl ()] dt = / T (1) — o (1) dt < Ma(0)].
0 0

However,

2] =20t + 1) 4+ (t+1)"2> (t4+1)71

so that 2’ is not integrable on [0, 00). O
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Remark 3.1. Although Example 3.1 shows an unbounded convex set, a careful
analysis of the proof shows that also a truncated cone provides a counterexample.

The following example shows that the stop operator is not necessarily locally
Lipschitz continuous if the characteristic is a domain of type C!, i.e., the normal
vector n(x) in each boundary point z € 9Z is unique and depends continuously
on z. In fact, the normal vector in the following counterexample depends Holder

continuously on z.

Example 3.2. Let

Z{(Z)GW|@>ﬁ@n}

with

pm
T+2

6@%=Am%ﬂdﬂ'Wﬂ=

Then for all R > 0 and M > 0 there exist zg,y0 € Z, T > 0, u € W11([0.T], R?),
x = 8(xo,u), y = S(yo,u) with |zo| < R, |yo|] < R,

T T
(3.2) / /(1)) dt < R and/ 2 (1) — /()] dt > Mlzo — o).
0 0

Proof. Notice that Hypothesis 1.1 holds everywhere except at the origin. To
exploit the singularity at the origin we will construct a forcing function u and solu-

B £(t) [ n)
x“)<mmm>>eaz “”(ﬂ@@»)ea&

such that ¢ < 0 and 1 > 0 oscillate in a neighborhood of the origin. More precisely,

tions

we construct sequences 0 =tg <t; <ts...and go > q1 > g2 > ... > 0 with

—q; for even 1, 0 for even i,
(3.3) £(ti) = and n(t;) =
0 for odd ¢, q; for odd 1,
do
3.4 % > T
(34) ¢ 1+1iqo

17
(3.5) / (1)) dt < g5 1v3 < o2,

ti—1

t; \/5
3.6 2 (t) —y ()] dt > =23
a0 [ e -vels Tl

We will show later that this construction ensures that the solutions satisfy (3.2).
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With
2v/2 ) 1

3V3 1+ R/V8

we choose gy > 0 sufficiently small such that

) K? R
qo < mm({l, SV ﬁ}) and /g2 + (q0)? < 2qo.

We put to =0, o = (—qo, 3(q0))T, yo = (0,0)T and proceed by induction. Suppose
sequences t; and ¢; and a forcing function v € W11([0,t,], RV ) have been established
such that the conditions (3.3), (3.4), (3.5) and (3.6) are satisfied up to t,,. Without
loss of generality we assume that n is even. The other case is treated similarly with
the roles of z and y interchanged. We put ¢, 11 = t,, + ¢, and continue the forcing
function « on the interval [t,, t,41] by

u'(t) = (V(qn : t + t)) '

Put £(t) = —gn +t — t,,. Obviously z = (£(¢), B(|€(t)|)T satisfies 2/ = v/, so that
x = 8(xg,u). In particular £(¢,4+1) = 0. We obtain y(t) by

V0 =20 ()

with
— (€D (n(#))
o) = ey
Consider the outward unit normal vector n(y(t)) to 0Z given by
e A((8))
wit) = <= (]
and let
AE) = v(EOD +2(m®) -

L+~2(n(t))
A straightforward computation shows that y'(t) + A\(t)n(y(t)) = u/(t) so that y =
S(y0> u)

Since 0 < «a(t) < 1 we infer that n(t) < ¢, for t € [t,,tnt1]. A more careful
estimate shows now that

1—~2 11— 1
1+9%(qn) 1+ P an +1
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We put ¢,+1 = 1(t,) and obtain

. dn q0
> (t —t min (a(t)) > >
Int1 = ( ntl n) tE[tn,thrl]( ( )) - dn + 1 ~ 1 + (’ﬂ + l)qO

Using the inequalities g < 1 and v(7) < 1 we obtain

tn41 tnt1
/ (1)) dt = TT 2D dt < 4uv2 < qoV2,
t

n in

and

o a'(t) —y'(t)| dt = tnﬂ/\t as [ (|£()Dt
/|<> vola= [ agas [

n

a1 =t / F
tne1 —t+2 f 5+ 2
1 V2 &2,

V6 Jo 3\/_

At this point the inductive construction is complete.

We choose now an integer n such that ngov/2 < R < (n+ 1)q0\/_ Since gp <
this implies R/v/8 < ngo < R/v/2. From (3.5) we infer immediately

tn
/ /(1)) dt < R
0

From (3.4) and (3.6) we infer now

tn \/5 n—1 q 3/2
2 (t) — o/ (H)] dt > 0
/0 w0 =0 3\/§Z<1+ZQO)
3/2
> / >/d5 1/22\/_
3v3 Jo \1+sqo 3v3

1
_ q1/2 2V/2 1_ Kq1/2

Ve 1+ R/VB

> 2Mqo = M|z — yol.

(1 —(1+ng)~ 1/2)

R/V8

O

Remark 3.2. Again the domain in Example 3.2 can be modified to be bounded.
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