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Abstract. In this paper, our attention is concentrated on the GMRES method for the
solution of the system (I — T)x = b of linear algebraic equations with a nonsymmetric
matrix. We perform m pre-iterations y; 11 = Ty; + b before starting GMRES and put ym
for the initial approximation in GMRES. We derive an upper estimate for the norm of the
error vector in dependence on the mth powers of eigenvalues of the matrix 7'. Further we
study under what eigenvalues lay-out this upper estimate is the best one. The estimate
shows and numerical experiments verify that it is advisable to perform pre-iterations before
starting GMRES as they require fewer arithmetic operations than GMRES. Towards the
end of the paper we present a numerical experiment for a system obtained by the finite
difference approximation of convection-diffusion equations.

Keywords: GMRES, iterative method, numerical experiments, solution of discretized
equations

MSC 2000: 65F10, 65N22

1. INTRODUCTION

One of the basic problems of numerical computing is the ability to solve linear
systems Az = f arising from finite difference or finite element approximations of
partial differential equations or as intermediate steps in computing the solution of
nonlinear problems. The matrices of such systems are usually large and sparse.

The iterative or semi-iterative methods generate a sequence of approximate so-
lutions {z;} and the evaluationof an iterative method invariably focuses on how
quickly the iterates xp converge. A difficulty associated with SOR, ADI and other

This paper was supported by the Grant Agency of the Czech republic under Grant No
201/96/0918.
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accelerated iterative methods or Chebyshev semiiterative methods is that they de-
pend upon parameters that are sometimes hard to choose properly. How to avoid this
difficulty? In 1952, Hestenes and Stiefel introduced the conjugate gradient method
which is an algorithm for solving symmetric positive definite linear systems. The
CG-type methods need no accelerated parameters and have been developed later by
many authors.

For nonsymmetric systems a lot of methods were proposed which are based upon a
projection onto a Krylov subspace. In 1986, Saad and Schultz ([S-S 86]) introduced
an iterative method, theoretically equivalent to GCR (see [E 82]), which has the
property of minimizing at every step the norm of the residual over a Krylov subspace.
The GMRES method has become very popular for the solution of nonsingular and
nonsymmetric linear systems.

Another way to accelerate the convergence of basic linear iterative methods has
been the use of extrapolation procedures. However, it was shown in the paper [Si-88]
that the extrapolation methods MPE, RRE and the topological epsilon algorithm
when applied to linearly generated vector sequences are Krylov subspace methods.

On the basis of the paper [Zi 83], where an improvement of the convergence of
iterative processes is described, the GMRES method is introduced here for theoreti-
cal investigations as an extrapolation procedure for accelerating the convergence of
successive approximations xy11 = Tz + b for solving the linear system (I —T)x = b.
Let x* denote the solution of this system. By practical use of GMRES the stor-
age requirements per iteration grow linearly and a number of multiplications grows
quadratically. Therefore restarts are necessary. But successive approximations need
only one iteration vector and every iteration needs the same number of operations.
Therefore, a question occurs, what happens if we first proceed m successive approx-
imations and then take the resulting iteration z,, as a starting vector for GMRES.
Will the convergence behaviour of such a modified GMRES be better? Numeri-
cal tests confirm this hypothesis. The theory presented in this paper explains this
observation.

In Sections 2 and 3 we present some auxiliary considerations which enable us for
a given k to calculate x — x* in the case that the matrix T possesses a general Jor-
dan canonical form. In Section 4 we show that ||z — 2*|| < L(m)m®|\,|™ (ux(m) +
wi(m)), where L(m) € (1,|[I = T||[[(I=T)7*!|), & is an integer, A, is an eigen-
value, {ur(m)}So_, and {wi(m)}So_, are sequences of nonnegative numbers such
that limsup,,, . ur(m) < oo and klirglo wi(m) = 0. We obtain the index p = p(k)
easily from the Jordan canonical form of the matrix 7. Complete formulas and es-
timates are given in precisely formulated propositions. This estimate inspired us to
use successive approximations before starting GMRES. Numerical examples show
that this approach could be very advantageous because one successive approxima-
tion costs less work. In Section 5 we study under what eigenvalues lay-out the upper
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estimate for ||z — z*|| is the best one. The numerical examples are focused on the
systems which we obtain by finite difference approximation of convection-diffusion
equations. We have tested our generalization of GMRES, i.e. the use of the so called
“pre-iteration” on systems with ten and twenty thousand unknowns and we have
found it very effective especially when SOR pre-iterations were used. Numerical
examples and graphs conclude the paper.

2. AUXILIARY CONSIDERATIONS

Let us consider the system
(2.1) (I —T)x=0b,

where T € L(R"), 1 & o(T), x,b € R*. Here o(T) denotes the spectrum of the
matrix 7. Recall that the symbol e( *) denotes the ith column of the identity matrix
I, € L(R®) and &) = Z ei . Ifu; € R" oru; € C*, 4 =1,...,r, then the sym-
i=1

bol (u1,us,...,u,) denotes a rectangular n x r matrix with columns us, us, ..., u,.
The symbol (Uy,Us,...,U,), where U; € L(R¥ R") or U; € L(CF ,C"), denotes,
analogously, a rectangular matrlx with block columns U;, Us, ..., U,. The symbol J,
denotes the square matrix (0, ¢! e{” ... el).

Let g € R", 7o =b— (I — T)xo # 0. Let k < n be an integer and
(2:2) . (ro, I —T) = span{ro, (I = T)ro, ..., (I = T)"'ro}

the Krylov subspace generated by the matrix of the system (2.1) and the residual
ro. It is well known that the GMRES-algorithm computes for any starting vector
zo € R™ the kth approximation xj to the solution z* of the equation (2.1) in the
form xy, = xg + uy, where uy € #i(ro, I —T) with the minimization property

2.3 —(I-T = -—I-T
(23) Iro— (= Tyusll = min__ro (1 = T)ul.

The symbol ||z|| denotes the l;—norm of the vector z. In practice the minimum in
(2.3) is usually being looked for so that in the space J#;(ro,I —T) an orthonormal
base is constructed according to the Arnoldi process. For the sake of clarity let us
present here the whole GMRES algorithm. The following algorithm combines the
procedures given in [V-V 93] and in [S-S 86].

Algorithm 2.1.
1) Choose zg € R™ and put ro =b— (I — T)xo and vy = ro/||70]|-

323



2) Forj=1,2...,kdo
Uj41 = (I = T)vj5 vjy1 = Ujpa;
Fori=1,2...,5 do
hij = v{ Uj41;
Vj41 = Vj41 — hijUi
End for 1.
Put hj1; = ol vjrr = vira /Ry,
End for j.
3) Calculate xx = xo + uy on the condition (2.3).
End of Algorithm 2.1.
It is easy to show that if for k¥ < n the equality dim #ji1(ro, I —T) = k+ 1
holds then it is possible to construct nonzero and mutually orthonormal vectors

V1, V2,5 Uk41-
Assumption 1. Let for k < ndim #j11(ro, I —T) =k + 1.

If it would be

dim A (ro, I —T) =k and dimJ4, (ro, I —T) =k

for some k < n then z* = x;. We define a matrix Hy = (hi;)i j=1,...x With hj; =0
for i > 5+ 2. Let

~ H ~
(2.4) Hy, = < ?L’f>, where = (0,0,...,0, hpi1p)-

The matrix Hy, is a rectangular (k +1) x k matrix.
Algorithm 2.1 immediately reveals that

(2.5) (I = T)Vi, = Vi1 Hy,
where
(2.6) Vi = (v1,...,0x) and  Vigr = (vi,...,0k41).

If we multiply (2.5) from the left by the matrix V;I', we obtain
(2.7) ViI(I — TV, = Hy.

Let us now put u = Vjz in (2.3). The problem of finding uy is usually formulated so
that we look for a vector z, € RF in such a way that

(2.8) llro — (I = T)Vizg|| = min ||ro — (I — T)Viz|.
zERFK
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The expression on the right hand side is modified using (2.5). Let us denote 5 = ||79||.
Then

HTO - (I*T)VkZH = ||ﬁ'01 Vk+1HkZ|| = HﬁVkHG(H_ Vk+1ﬁkz||
= Vi1 (B — Hyz)|| = (|8 — Hyz|].

(k+1)

In practice the minimalization of the functional ||Fe; — Hyz|| is done by using

the QR-decomposition, and it is described in [S-S 86] in great detail. Computer
programs are prepared according to the just presented procedure.

Now we will start by studying the behaviour of ||z; — 2*||, analogously as in the
papers [Zi 83], [Zi 84] and [Si 88]. First, we will generalize the GMRES method in
the sense of the following algorithm.

Algorithm 2.2.

1) Choose yo € R™ and an integer m > 0.
2) Calculate the m-th iteration y,, by the following iterative process:

(2.9) yr1 =Ty +b, (=0,1,2,....m

3) Put 29 = ym and carry out k steps of the GMRES (i.e. calculate xj according
to Algorithm 2.1).
End of Algorithm 2.2.

Throughout the paper we assume exact arithmetic. It is easy to see that
(2.10) Hio(ro, I = T) = H,(ro, T) = span{ro, Tro, T?ro, ..., T" ro}.

(See [F-F] or [Zi 96].)

On the basis of (2.10) the approximation xj can theoretically be expressed in the
form

(2.11) xk = zo + voro + 1Tro + sT?ro + ... + ve_1TF rg

while in the sense of Algorithm 2.1, the numbers v;, i =0, ...k — 1, are constructed
so that

[rell = min = |ro = (I = T)(poro + paTro + - .. + pr—1T* 'ro)]|.
(Hosp1seespin—1)T ERE

Let us define numbers ag ), agk), . 7a§€k) as the solution of the following nonsingular

system with a lower triangular matrix,
k
(2.12) Zagk) =vs_; fors=kk—1,...,0,
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putting v_y = 1. If we define further iterations ¥.,,41,Ym+2, ... according to (2.9),
then

(2.13) ro=b—I—-T)xo=Txo+b—20=TYm +b— Ym = Ym+1 — Ym
and thus
(2.14) T'70 = Ym+t+1 — Yme+t

for any nonnegative integer ¢. If we substitute (2.12) and (2.14) into (2.11), we obtain

k

(2.15) T = Zagk)ymﬂ,

t=0

and analogously for r; we obtain the expression

k=0b— (I — Txk—Za (b— (I = T)Ymit)
(2.16)

k
k k
=> A Ymtt11 = Ymest) Z o T,

where we have used the relation (2.14) in the last equation. Let us calculate

k T,k
|rell? = rirg = <Z agk)Ttro) <Z agk)Ttro)
=0

t=0
k k k k k k
0,0, a4 00, o,
where Ajy1 € L(R*1) is a matrix in the form
rdro, & Tro, & T?ry, o rETkr,
A — (Tro)Tro,  (Tro)™Tro, (Tro) T?ro, ..., (Tro)"TFro
k+1 =
(TkT‘()) To, (Tk’I"O)TT’I"O, (TkT‘o)TTQTO, ey (Tk’I“O)TTkT‘O
We can see that
(2.17) (Ags1)ij = (T )T T Mg
If we denote
(2.18) i1 = (0,0, a7,
then
(2.19) el = 07£+1Ak+15k+1~

(k)

Note. The upper indices of the coefficients a; "’ mean that & relates to zj or 7.

The lower index of @1 or Axi1 denotes the dimension.
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The matrix Agy; is symmetric and according to Assumption 1 it is positive def-
inite. Thus the condition of the minimum can be formulated as follows. Let us
denote by the symbol .# the set of all vectors from R**! for which the sum of their
components equals 1. Then

(2.20) Apy1 = argminw’ Ay w.
weM

Theorem 2.1. There exists only one vector dky1 which solves the problem
(2.20). If Biy1 € L(RF1Y) is a matrix whose elements have the form

(Bry1)ts = (THT = Drg) T g fort=1,...,k;s=1,...,k+1,

(2.21)
(Brt1)k+1,s =1 fors=1,... k+1,

then the vector dj41 is the only solution of the system

(2.22) Bjt1z = e,(clfll), z € RFL
Proof. Forw € RFHL w = (wy,wa,...,wie1)T let us put
E+1

F(w) =w" Ay qw, G(w) = Zwt -1,
t=0

in order to shorten the notation. If the function F' possesses on the set .Z its
minimum at a1, then there exists A € R such that the following equations hold:

where F'(d,41) and G’(@41) denote the Gateaux derivative of the functionals F'
and G respectively at di41. In our case the Gateaux derivative equals the Fréchet
derivative. If we calculate both derivatives and make a transposition, we obtain a
system of k + 2 linear algebraic equations

(2.23) Apy18py1 + e =0,
(2.24) ("N Tq 1, = 1.

From (2.23) and (2.24) we easily obtain that &1 is a solution of (2.22). As the
system (2.23), (2.24) is nonsingular, the matrix By is nonsingular as well. O
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Let us remark that the matrix Bg1 has the form

((T— I)’I“O)T)T‘o, ((T— I)T‘O)TTT‘(), ey ((T—I)T‘o)TTkT‘O
(T(T — Iro)Tro, (T(T — Dro) ' Tro, ..., (T(T—1)ro)TTFrg
(TH=1(T — Iyro)Tro, (T=N(T — Dyro) ™ Tro, ..., (TF=1(T — Iyro) Ty
1 1 1

The relations (2.15) and (2.24) imply

k
(2.25) xp —at = Zagk) (Ymyt — ).
t=0

For calculating x; — =* we need to express y,,++ — 2" and estimate agk). For this
purpose we first express vectors

T (yo —a*), T HT —I)ro=T'ro —T" 'ro, T°ro

for integers t > 1, s > 0 and on the basis of the obtained formulas we will modify
the elements of the matrix Bjy.

3. MODIFICATION OF THE AUXILIARY ELEMENTS OF THE MATRIX Bk+1
Let the matrix U transform the matrix 7" into its Jordan canonical form, i.e.,
(3.1) UT'TU = diag(M iy, + Jiy, Aoiy + Jig, AsLig + Jig, o, M1y, + J3).
The matrix U is in general a complex matrix, i.e., it is an element of L(C").
Assumption 2. Let
(32) (Al = A2 = [As] = ... = [Ap] >0,

and let all eigenvalues A1, A2, A3, ..., A\, be mutually different. If |A\;| = |Aj41] let
ij 241

Let us denote the columns of the transformation matrix U successively by
U1, Us, ..., U, and let us put

l
t = is forl=0,1,...,p,
653) 2

Ui+1 = (uti+1,uti+2, ce ,’U,tiJrl) for i = 0, ]., B 1.
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Accordingly,

(3.4) U= (U,Us,...,Up).

It follows from the relation (3.1) that

(3.5) T'U = Udiag((M i, + Ji,)', Madiy + Jiy)' ALy + T30 (MpLi, + Jz‘p)l)

for any positive integer [. Let P; denote the projection of the space C" into the
subspace generated by the columns of the matrix U; for : = 1,2,...,p. Let

(3.6) Y1 —Yo=a1+az+ ...+ ap,
Yo— " =a1+az + ...+ ap,
where a;j,a; € P;C" Vj. Let us define the vectors bj,gj € C'% Vj by the relations
(3.8) a; =U;b; and @, = Ub;.
For a positive integer [ let us calculate T'ry and T'(yy — x*). We perform the

calculation only for T'rg, the procedure for T%(yo — x*) is identical. Since according
to (3.5) Tla; = U;(\Ii, + Ji,)'bj, we have

!
(3.9) "(y1 — o) Z UM\, + J3,)'b;.
Jj=1

If we denote b; = (5; (7) ,...,ﬁ(J))T then

(3.10) UM Ty + 3,y = <Z B 1) Awji

i=1

where we have put

I - I
(3.11) vy = (Zﬁgj)utjl+si+1> /)\; L' and (s) =0 fors>I.

Consequently,

P
l
(3.12) T'(yr — yo) = Y11 — Y1 = § (z B 1) )‘é'”ji-
j=1i=1
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By analogy, if we put
ij .
(3.11) Vj = <Z ﬂgj)utj1+si+1> /)\;fl where b; = (5§J) ﬂ(y))
we obtain
P
(3.12') T' (yo — z* => < B 1) ALy,
7j=11i=1

Without any loss of generality let us suppose

Assumption 3. Let 3 #£0and ) #0 Vj=1,2...p.

We will further simplify the notation (3.12) and (3.12).
Let ./ denote the set of the following pairs of positive integers:

(3.13) (1,41), (1,41 — 1),...,(1,1),(2,42),...,(2,1),...,(D,ip)s .- -, (P, 1).

Let ¢; be a vector from R'» whose g-th component equals (Z 1)/\l, where the pair
(4,4) occupies the g-th position in the sequence (3.13).The number ¢, was defined by

P
the relation (3.3), i.e., t, = >_ 4;. Let us introduce matrices
j=1

(314) V: (Ulil,...7’(}11,1}21‘2,...,1}21,...7’1}[,%,...,1}1]1),
(314/) V= (i}\lil,...75)\11,@\212,...,@\21,...7513%,...,@\1]1),

where the indices of the column vectors of these matrices are arranged in accordance
with (3.13). On the basis of the above introduced notation it follows from the
relations (3.12) and (3.12’) that

(3.15) Y1 —y=Vey y—at = YA/cl.
According to (2.14) and (3.15)

(316) TtT‘() = Ym+t+1 — Ym+t = VCm+t and
(3.17) TN T —Drg =Tlro — T trg = AT rg = VAC, 141

Let the inequality m > max i; — 1 hold for the number m introduced in Algo-
J=1,...p
rithm 2.2. Let ¢ < t, and let the pair (4,4) occupy the ¢-th position in the sequence
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(3.13). Then

m+1 m+t—1 _
(eétp))T(cm+t — Cmgto1) = < . ))\;n-s-t _ ( ‘ )/\;_n-i-t 1

1—1 1—1
S [COJCATEC WIS,
_(m—l—t—l) (m+t—2)“.(m+trgi+1)](iA§_11)!
(10 )0 ) (e

1+ 1><1+%>---<1+“;“>]ﬁ‘;!

—156: ‘Pl(t)

=0

where the series has only a finite number of nonzero members, however, as we will
use it further it is of advantage of to consider it as an absolutely convergent series.
Obviously <p0 ( ) # 0. Thus

(t)

tp A\ z 1 Yl
(318) (e((l )) (Cm+t_cm+t 1 ] Z ml ’

and by analogy

m, i— . wS) q
(3.19) (e,(]tp))Tcm+s = Aj'm IZ L ),

=0 m
where w((,t)(q) # 0. According to (2.21)
(Br+1)t.s = (T — thlro)TTsflro wheret=1,...,k; s=1,....k+1.
On the basis of the formulae (3.18), (3.19) let us define sequences of vectors

{<I>(t };)OO C Cl» and {\I/(S)};)OO th’ such that the ¢-th component od the vector
<I>(t and \I/(S) equals <p( (q) and 1/)l ( ), respectively. Moreover, if we define vectors

l [ l l I\T
(3.20) gl - ()\1,...,)\1,)\2,...,)\2,...,)\p,...,)\p) 5
S—— —— ——
i1 —times iz —times i, —times

(321) Ay =(n7t a2 2 e 2 )T
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for any positive integer ! then according to (3.15), (3.16), (3.17), (3.18) and (3.19)

o0 (I)(t)
(3.22) Tirg — T 'rg = V diag(gm) diag(hm) Y ﬁ

=0

i ‘I/(S)
(3.23) T try = V diag(g, ) diag(h,) Z ﬁ

=0

Let us summarize the result of the above consideration in the following theorem.

Theorem 3.1. Let Assumptions 1-3 be valid. Let the inequality m >

nllax i; —1 hold for the number m introduced in Algorithm 2.2. Then there
J=1,...,

exist sequences of vectors {<I>l( )}1:0 C Cl» and {\I/l( 12y € C» fort = 1,....k
and s = 1,...,k+ 1 such that all components of the Vectors <I>(t) and \Ilés) are

©
nonzero, the series (all components of the series) Z - and Z -L— are absolutely

convergent and the equalities (3.22), (3.23) hold. Consequently, the elements of the
matrix By are in the form

(Brt+1)k+1,s = 1,

0o (I)(t) T 00 ‘Il(a)
(3.24) (Br+1)t,s = (V1 Z ﬁ) Vi (Z #)
1=0 1=0
for t=1,...,k, s=1,...,k+1, where Vi ="V diag(g.)diag(hnm).

4. THE ESTIMATE FOR |z — z*||

If m > 0 is an integer then according to (3.12) we have

m—+t\ .,
(41) Ym+t — .’I} = VCm+t ZZ < ))\ +tU]z

Jj=11i=1
for any nonnegative integer ¢. The relation (2.15) implies that
k
(4.2) xp —at = Z agk) (Ymyt — ).
t=0

For the purpose of simplifying the formulas let us make the following assumption.
We will describe in the discussion later what would happen if the assumption were
not met.
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Assumption 4. Ifk is a positive integer for which we calculate x;, then let there
exist a positive integer T € [1, p] such that

(4.3) k= Zz]

Let us introduce the polynomial
Po(z) =612 + 0k 12" 14 450 = (2= A1) (z— X)L (2 = M)

Note. In case Assumption 4 were not fulfilled, we would have to construct the
polynomial Py (z) in a different way.

Let us put
(4.4) Pu(z) = Py(2)/Pu(1) = 012" + 0p12" " + .. + 00.

If we now substitute in the relation (4.2) o; for ag-k) V4 and for y,,+: — x* from the
relation (4.1), we obtain

k k i
m+1 ~
(45) th(ym+t —x* Zcrt Z (Z _ 1>)\m+t ji

t=0 t=0  j=1i=1

- zzz'a{’?i)w“w 3 3 (1 e

j=11i=1 t=0 j=74+1i=1 t=0

Let us denote @, +k(z) = 2™ Pi(z). The polynomial @Q;,+r(z) has the root zero of
multiplicity m while A; is the root of multiplicity i; for j = 1,2,...,7. Thus the
polynomial

. c—1
m—+k m—+k +.

Qm+k(z) = Oz + 0k—_12 oo™

satisfies

A D Qi (2)

(4.7) s

=0 forj=1,2,...,7 and i=1,2,...,%;.
Z:)\j

If we multiply the equation (4.7) by the number z:~1/(i — 1)!, we obtain

(4.8)

{(m+k)(m+k1) (m+Ek—i+1) .

] "
(m+k—1(m+k—2)...(m+k—1i) mtk—1
(i —1)! T
m)(m—1)...(m—i7+1 m
rop e N

forj=1,2,...,7 and i=1,2,...,i;.
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If we rewrite the relation (4.8) using binomial coefficients and reverse the order of
addition, we obtain a system of equations

k

¢

(4.9) zk(?:>WH0ﬂnjLZmﬁ and i=1,2,...,i;.
t=0

If we substitute (4.9) into (4.5), we obtain

k P i K m-+t
@100 Sl = 3 S Y e s
t=0 j=741 i=1 t=0

On the basis of the above we can formulate a proposition.

Theorem 4.1. Let Assumptions 1-4 be met. Let xp(m) be a vector obtained
by applying Algorithm 2.2 for a non-negative integer m. Then there exist numbers
L(m),

1< Lim) < k=T =T)II(I =D

independent of k and sequences {ui(m)}So_q, {wr(m)}_y, ug(m) > 0, wg(m) >
0 Vm, such that

(4.11) i (m) — 2| < L(m)m' ™+ A1 ™ (ug (m) +wy (m))
and
(4.12) mlgnC>C wi(m) = 0.

Ifi,41 =1 then

p k
(4.13) up(m) < Y DN [Tal vm.
j=r+1 lt=0
[Xj1=IA7 41l

If i, 41 =1 and |Ar41| > |Ar42| then

— 1
(4.12) lim

m—oo mir+2—1

() winf <.

/\T+2

Ifi; 41 > 1 then

P k
(4.14) ug(m) < > > o185, 11/ (5 — D).
j=r+1 t=0

Xjl=1Ar gl i =irga
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In this case wi(m) ~ O().

Remark. An analogous theorem could be formulated for the behaviour of ||ry||.
The upper bound for the constant L(m) is ||[I — T'|| and the other estimates remain
unchanged in this case. Therefore, it is sufficient to investigate only the behaviour
of the norm ||y — 2*|| in what follows.

Proof. Inthe sequel we will write z, instead of x(m). The linear combination
k k
> 0tym+t € xo + Hi(ro,T) in view of > oy = 1. From the minimization property

=0 =0
(2.3) it follows that

k
(7 = T) (s, —2™)| <N =T) ) 0e(ymse — 27)|
t=0

and hence
k
(e =) < I =) I = DY oe(yrmere — w*)H
=0
It agk) = oy, then ||z — z*|| = | Z 0t(Ym+t — )| would hold according to (4.2).

Therefore there exists a number L( ) € (1, k) such that the inequality

k
ZUt(mert - 95*)H
t=0

holds. For the sake of brevity let us denote

(4.15) l(z — 27)|| < L(m)

t
(4.16) d(t,m,i ) = o (m ’ )Amﬂgz
i

According to (4.10) we have

k P ik
Zat(ymﬂ*f*): Z szt m, i,j) = z1(m) + 22(m)
t=0

j=74+1 i=1 t=0
where
p
(4.17) am)= >

j=7+1 =1 t=0
[Ajl=Ar 41l

(4.18) zo(m) = Z ZZd t,m,i,j).

j=r4+1 i=1 t=0
(X5 1<IAr41]
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If i741 = 1, then according to Assumption 2

P

k
z1(m) = Z Zd(t,m,l,j).

j=7+1 t=0
[Aj1=[Ar 1]

It we put ug(m) = [|z1(m) /A7, | and wy(m) = |z2(m)/A%,, [, then
k

S 04 (s — “H < Prra ™ (i om) + g (m),

(4.19)

where the numbers uy(m), wi(m) conform to the relations (4.13) and (4.12). The

k
equality (4.12') is evident from the transcription of > oy (ym+t — ).

t=0
If i;41 > 1 then according to (4.17)
P ok P ik
z1(m) = Yoo D D dtmin+ Y D> d(t,m i)
j=r+1 i=1 t=0 j=r+1 i=1 t=0
[Xi =M g1l i3 =i 41 [Xil=1Ar g1, 45 <irga
P k ;=1 k
= > {Zd(t,m,z‘j,jHZZd(t,m,i,j)}
j=r+1 t=0 i=1 t=0
[Xj1=IAr g1l iy =ir g
P ok
+ > > d(t,m,i,j).
j=r+1 i=1 t=0

X 1=1Ar 41, 45 <irga
Taking into account that
t -t t t—1 t—i+2
mEE 2 L(l—i——)(l—i——)...(l—i—zi—'—)
i—1 (i—1)! m m m
mi—1 1 1
- e A ().
(1 —1)! ( Tt
where R;_s is polynomial of the degree ¢ — 2, and putting

k

P
(4.20) 21 (m) = >
j=7+1
Ajl=Ar1l 45 =tr41

o™ T IN i /(i — 1)
0

and
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then we conclude

(4.21)
p k
> — ir1—2 Mt .
Za(m) = E E om! T TENTTIR, o (1/m)vgi, /(i1 — 1!
j=r+1 t=0
[Xj1=[Ar g1l ij=irqa1
ij—1 k P i k
+ E g g d(t,m,i,j) + g g E d(t,m,i,7)
Jj=7+1 i=1 t=0 j=7+1 i=1 t=0
P\j\=|>\r+1\7i9‘=ir+1 IXjl=Ar g1l i <irgr

P Yok
+0Y DD d(tmyig),

j=r+1 =1 t=0
(X1 <|Ar41]

and also putting

ug(m) = [|Z1(m)/(m* 7 IAT),
wi(m) = [|Z2(m)/(m* =+~ A ™)
we obtain
k .
(4.19") ZUt(ymH - ﬁ)H <m YA 1™ (ug(m) + wr(m)),
t=0

where up(m) fulfils (4.14) and for wg(m) the relation (4.12) holds. Moreover,
wi(m) = O(L) for m — oo in this case, i.e., ir41 > 1. O

The formula (4.11) inspired us to use Algorithm 2.2 because successive approxi-
mations (2.9) (we have called them pre-iterations) cost less work then GMRES (see
Algorithm 2.1).

For demonstration. let us consider the system obtained by the finite
difference approximation of the convection-diffusion equation on the unit square (see
(6.1). We took n = 900 and tested GMRES without any restart for such a small
system. From Algorithm 2.1 it is easy to obtain that for the calculation of x; with
m = 0 we need

dnk + k(k 4 1)n + 2nk + 6n = nk? + Tnk + 6n = nk(k +7) + 6n

multiplications if we consider the system (6.3). An analogous formula holds for (6.4).
The m successive approximations (2.9) need 4nm multiplications.

For m = 600 we found ||( — T')(z9 — x*)|| < 1078 where xg is the first iteration
for which the norm of the residual is less then 1078. In this case we needed 2 550n
multiplications and stored 9 vectors.
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For m = 0 we found ||(I—T")(z107—2*)|| < 10~8, we needed 12 204n multiplications
and stored 109 vectors.

Now it remains to specify what would happen if Assumption 4 were not fulfilled.
Let

T—1 T
D i<k <Y i
j=1 j=1

Then only the construction of the polynomial P, would be different. All the rest
would remain the same. With regard to the above extensive description it is easy to
imagine that the estimate obtained would be

(4.22) s = 2 || < Lem)mP A ™ (ur(m) + wi(m)),

where again lim |ug(m)| < oo and |wy(m)| meets the relation (4.12). The integer

6 < i, — 1 in general case. From the point of view of convergence the best k’s are
those for which Assumption 4 is fulfilled. O

Our exposition reveals that Algorithm 2.2 is theoretically derived for all nonnega-
tive integers m while in practice we consider only one m. Thus from the theoretical

viewpoint the components of the vector diy; are functions of m although we have
gk) so far. Further on we will respect this dependence, i.e., instead of
(k)

%

written only «

agk) and @1 we will write ;"' (m) and d41(m), respectively.

Now the question is what relation occurs between the components of the vec-
tor d@r41(m) and the coefficients of the polynomial Py, because if the sequence
{@k+1(m)} converged to the coefficients of the polynomial P, for m — oo then
the number L(m) in the estimate (4.11) which is for all m bounded by the condition
number of the matrix I 6@ )T would be close to 1. That is why it will be useful to

study the behaviour of a; "’ (m) in dependence on m.

5. THE BEHAVIOUR OF THE FUNCTIONS Oégk) (m) IN DEPENDENCE ON m

Let us put
(5.1) o(k+1) = (00,01,...,01)7,
(5.2) Ik +1) = Bprio(k+1) — el Y.

From the latter relation it follows that

(5.3) Fre1(m) = Byl = o(k + 1) — By Lio(k + 1).
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As the last component of the vector J(k + 1) is zero, we omit the calculation of
the last column of the matrix B, +11. Now we use the well-known formula for the
calculation of the inverse matrix ka_&l, namely

Bt (i, )

B, )i =
( k+1)z] detBk+1 ’

where Bl?—s—l denotes the adjoint of By41. To make things clear let us take the matrix
By (for k = 3) and let us show what Bj'(3,2) looks like:
(5.4)
((T - I)’I”O)TT‘(), ((T - I)T‘o)TT’I"O, ((T - I)To)TT37”0
B}(3,2) = —det | (T*(T — I)ro)Tro, (T*(T — I)ro) T Tro, (T*(T — Iro)T T3r)
1, 1, 1

We subtract the second column from the third and the first from the second obtaining
(5.5)
T—Dr))T (T -1 T—Dr))TT(T? -1
50002~ —aer (T DT Do (@ DT o ),

(T2(T — I)ro)T(T — I)ro, (T2(T — Iro)TT(T? — Iro

If we modify det By in a similar way, we obtain

(5.5
(T—=Dro)T(T—D)ro, (T—Dro)TT(T—I)ro, (T—1)ro)TT*(T—1I)ro

det By = det (T(T—1)ro) T (T—1)ro, (T(T—1)ro)TT(T—1)ro, (T(T—I)ro)TT*(T—1)ro
(T*(T=1)ro) T (T—I)ro,(T*(T—=1)r0) T T(T—1)10,(T*(T—1)r0)TT*(T—1)70

According to Assumption 1 the matrix in (5.5") is strongly nonsingular. Each element
of this matrix is a scalar product of vectors in the form (3.22). The same holds for
each element of the matrix (5.4), only the series are different.

Our concern here is to express the determinant of the matrix By and the deter-
minant of the corresponding adjoints with one formula. Let us now go back to the
general formulation. The matrices whose determinant we will calculate have in gen-
eral the dimension k or k — 1. Let us consider a matrix from L(R¥), the calculation
for matrices from L(RF~!) would be analogous.

Let us now make the following general consideration. Let {A((;l) 1720, be sequences
of vectors from L(C») for ¢ =1,...,k, s = 1,2 such that the series

o A(él)
(5.6) > #
1=0

absolutely converge for all ¢, s under consideration. We suppose that k& < ¢, = n.
(See (3.3).) Let K,gs) (m) denote the sum of the series and let us define also the
vectors Lgs)(m),

(5.7) L) (m) = diag(gn,) diag(hm) K (m),
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where g, and h,,, were respectively defined by (3.20) and (3.21). Let us consider the
matrix Cy € L(C*) constructed as follows:

5.7
e (VLEP m)NTVLE (), (VL )T (VLE (m)), oo (VI (m) (VLD (m))
o (VLY (m) T (VL (m)), (VLS (m) " (VLY (m)), ..., (VLY (m) T (VL (m))
kE — )

(VLD (m)T (VLD (m)), (VL (m)H (VLY (m)), ..., (VLY (m)"(VLP (m))

where V' was given by (3.14).
Let us suppose that the matrix C} is regular. Then the matrices

LD (m) = (L (m), LY (m), ..., L) (m)),

(5'8) L(2)(m) — (L?)(m)’ Lg)(m), Cey L;(f)(m))

are of the rank k£ and therefore the matrices
KW (m) = (K (m), KV (m), ..., K" (m)),

(59) KO (m) = (KD (m), KO (m), ... K2 (m))

are of the rank k as well. According to (5.7)
(5.10) L©) (m) = diag(gy,) diag(hm ) K (m) for s =1,2.

In the following considerations we will write the index s in the sense that everything
holds for s =1, 2.

Assumption 5. Let matrices H®)(m) constructed from the first k rows of the
matrix K()(m) be strongly nonsingular for s = 1,2.

Therefore there exists an upper triangular matrix R,(f) (m) with a unit diagonal
such that the matrix H(*) (m)Rés) (m) is lower triangular. Furthermore there ex-
ists a lower triangular matrix Wés)(m) with a unit diagonal such that the matrix
H®) (m)Rés) (m)Wés)(m) is diagonal. Therefore the matrix K(S)(m)R,(:) (m)Wés) (m)
has the following form: It is a rectangular matrix ¢, x & whose first k£ rows form a di-
agonal matrix. We expect that the elements of the matrix K(S)(m)R,(:) (m)Wés) (m)

o0

have the form 3 5t(é) /mt, where v is an integer and the series is absolutely conver-
t=v

gent. After all this is clear from the following auxiliary proposition and assumption

if we bear in mind that by triangular decomposition we perform Gauss elimination.
(o)
Lemma 5.1. Let the series ) -1% be absolutely convergent and 7o # 0. Then

t=0

0o
there exists a positive integer mo and a sequence {7;}22, such that the series ) X%
=0
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is absolutely convergent and

o —1 [CoPN
(5.11) <Z %) =3 Yz mg

t=0
holds.

This lemma is proved in [Zi 84].
o0
Note. If we consider the series ) X where v # 0, then instead of (5.11) we

t=v
obtain

(5.11') <i %) i Z—

t=v

Assumption 6. Let |A;| > |A\;11] and m > my, where all series are invert-
ible in the sense of Lemma 5.1 by the decompositions K () (m)R,(:) (m)W,ES)(m) for
m = my.

Assumption 6 introduces the positive integer my. We have seen in the previous
sections that polynomials or quotients of polynomials with an argument have been
represented by absolute convergent series. Therefore we can expect that the second
part of Assumption 6 will be fullfiled for all m considered.

Let us put M,is)(m) = R,(f) (m)W,gs) (m) and calculate (M,gl)(m))HCkM,?)(m).
Taking into account what has been said about the form of the matrix K () (m)M ,gs) (m)
and using the formula (5.10) we can immediately write the following proposition.

Theorem 5.1. Let Assumptions 1-6 be fulfilled. Let i < k and j < k, let (p1,q1)
and (p2,q2) be the pairs occupying the i-th and j-th position respectively in the
sequence A (see 3.13). Then

(5.12) (M )T OM ()i

g1—1ym = 5t(1)(p1aQ1) (1) "
=\m )\Pl Z mt Uprgr +dy, (pl,q1)

t=vgq,

1 - 5t(2)(p2 QQ) 2
X (qu_ /\g; Z Tt’vpzqz + dSn)(p%QQ))’

t=vg,

where v, are integers, both series absolutely converge, 5,,% (ps,qs) # 0 and there
exists an integer l;; such that the relations
(5.13)
lim |5 (ps, 45)/ (M"Y A7) < oo and  lim [|df (ps,4s)/(m'A7)] =0
m—o0 m—oo
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hold for s = 1,2 and every integer I.

If we carry out the multiplication in the formula (5.12), we obtain

(5.14) (M (M) CM P (m))i; = m"™ (A I’W"Z% (1+ fin(i 5)),

where 7;; is an integer, W}l_r}n()O fm(3,5) =0, y0(i,5) = (51(,(13 (p1, (]1)(5,(4,2 (p1,q2) # 0 and
the implication vy, = vy, = 0 = 7;; = g1 + g2 — 2 holds. Moreover, there exists an
; (1)

integer [;;” such that

(5.15) lim ‘m(l) ()\A—TJ fm(z',j)’ < 00

m—00 T+

Let us remark that if all sums start from zero then the number Zz(;) = min(q1,q2) —
Trg1-

Based on the above, we can express the determinant of the matrix Cy.

Theorem 5.2. Let Assumptions 1-6 be fulfilled. Then there exists an integer
1M such that

(5.16)  detCl = m"(JAr|™ [ Xal ... [Ar_1[i1 AL [i7)2M <Z 5; )(1 + Cm),s

t=v

where

(5.17) lim ¢, =0, lim ’m“”(AA—T) Cm’ < 0,

m—0o0 m—0o0 T+1

the series is absolutely convergent and &, # 0. If v = 0 then

(5.17') W =1-i,py and r=>) ik
=0

Proof. We use the previous theorem which describes the element in the (4, j)th
position in the matrix (M(1 (m))Cy, M(2 (m). The determinant of the matrix is
the sum of (k!) products with each term resulting in such a way that from each
row and each column we take exactly one element and multiply it by the sign of
the corresponding permutation. We can see from the forms of the elements that all
summands have a common factor m”(|A;|®|Xa|®2 ... |Ar_1]'7=1|A+|"7)?™ which may
be factored out and the remaining absolutely convergent series may be multiplied
and summed up. After a simple modification we obtain what is given in (5.16) in
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view of det((M,il)(m))HCka)(m)) = det(Cy). If (5.17’) holds, then the exponent
r equals the number

(5.19) 2y %zj( —1)=> i~k

j=1 j=1

The above expression for the exponent equals the sum of exponents of the dominant
diagonal entries of the matrix (M( (m ))HC;CM(2 (m). In the other products in
the sum for det(M,gl)( ))HCkM,g )( ) the exponents are added up in a different
order (according to the appropriate permutation) but their sum equals (5.19) in all
summands. O

For the case of the adjoints of the matrix Bj1 we can use exactly the same argu-
ment with the difference that instead of a matrix from L(R¥) we would consider
matrices from L(RF~1). Let us take a matrix of the form (5.7’) from L(RF~1)

T

and denote it by Cr_i. The assumption k& = ) ¢; is of course valid. Then
j=1
the formula (5.16) remains the same with the difference that instead of the fac-
tor (|Ar|® x| ... [ Ar_1]i=1|A-|'7)2™ we have (|A1[7|Ag|2 ... [Ar_q i1 |\ in )2,
Moreover, we have assumed the following
Assumption 7. Let |A-—1| > |\-| if 7> 1.

The relation (5.17) changes in the following way: there exists an integer IV such

that \ .
lim ‘ml(l)( T_l) Cm’ < 00
m—0oQ AT

And now everything is ready for demonstrating what the elements of the inverse
matrix B, , look like.

k+1

Theorem 5.3. Let Assumptions 1-7 be fulfilled. Then the element in the

position (i, ) in the matrix BkJrl fori=1,...,k,j=1,...,k+1 has the form

m*i (o= wi(i, ) .
(5.20) WER (Z )(1 +em(i,9))

t
m
t=0

where s;; is an integer, the series is absolutely convergent, wo(i,j) # 0 and there
exists an integer Z( ) such that

(5.21) lim ¢,(4,7) =0 and lim |mu q"em (i, j)| < oo,
m—00 m—00
where ¢ = min (’ )\i‘ll |, )‘;:1 ).
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The proof follows immediately from (5.16) if instead of the matrix Cj we consider
the matrix Bjy1 modified for calculating the determinant as shown in the special
case in (5.5’), and instead of the matrix C_; we consider the corresponding adjoint
again modified as in the special case the determinant (5.5). The scalar product
by which the elements of the matrices C and Cy_; respectively are expressed is
substituted from (3.24).

Now we return to the beginning of the section. We will calculate the 1,..., k-
th component of the vector ¥(k + 1). The last component equals 1dent1cally Z€ero.

According to (5.2) and (2.21) it suffices to calculate Z o¢T"rg. Using the relation
=0
(4.9), we have

k k
(5.22) ZUtTtTO = ZV(Cm+t0t) =m 1IN y(m)

where  lim |ly(m)]|| < oo.
m—00

Note. By analogy the vector y(m) could be re-written using an absolutely con-
vergent series. Since this is clear, we omit it. Here we have assumed the following

Assumption 8. Let |A1]| > |A2| and |Ary1| > [Arial-

Let us substitute the expression (3.22) instead of T¢"Y(T — I)rg in Bry1 We
immediately obtain the following theorem.

Theorem 5.4. Let Assumptions 1-4 and Assumption 8 be fulfilled. Then for
the components of the vector ¥(k + 1) the equalities

(I(k +1))kt1 = 0,
(i)

(O(k +1)); = ma T =2 (N A )™ <Z ’77; )(1+5<2>), for i=1,... k
t=0

(5.23)

hold, where the series are absolutely convergent, 77 7é 0V7 and there exist integers
l; such that

(5.24) lim ¢ =0 and Tim |mliq}"5£,?| < oo Vi,
where g1 = min (’ i; i:; |)

From the above mentioned theorems we finally have the main theorem of this
section.
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Theorem 5.5. Let Assumptions 1-8 be fulfilled. Then fori =0,...,k

o (2)

. m w i
(5.25) ol (m) — i = mX (A Ari1/ A ) (Z ﬁ) (1+25),

t=0

where the series absolutely converge, x; are integers, w((]i) # 0Vi and there exist
integers l; such that

(5.26) lim 2{) =0 and Iim |mliqglz,(,?’ < oo Vi,

m—0o0

where gz = min(q, q1). If [\ A\;+1/A2] < 1 then

(5.27) lim dpsr(m) = o(k +1).

m—0o0

Proof. The formula (5.25) immediately follows from (5.3) and Theorems 5.3
and 5.4. The rest is obvious. O

The formula (5.25) reveals that the coefficients agk) (m) do not alvays converge to
the corresponding numbers o;.
Now we focus our attention back on the estimate (4.11). Let us remark that

k=i,
j=1
Let |/\‘r+1‘ > |/\‘r+2‘- Then

(5.28) up(m) < Criq

b

k
t
E Ut)‘7+1
t=0

where C 41 are constants independent of k£ and m.
If i11 =1 then

S 1
llm —_—
m—oo mir+2—1

(22 win] <

)\'r+2

but if ir 1 > 1 then wi(m) ~ O(%).

Moreover, let us suppose for the discussion that o(T) < 1. We have two typical
lay-outs of the numbers |A;|, |Ar+1| and [A; 2.

Case 1
0 |)‘T‘2 A1 Ar 1] [Ars1] A7 |A1] 1
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Case 2
0 |/\1/\T+1‘ "\T-i-l‘ ‘/\T|2 ‘/\T| A1l 1

In the case 1 we drew the situation when |A\;\;1/A2| > 1. In this case, L(m)
could increase to x but the upper estimate for ug(m) is small (see (5.28)) in view
of the continuous dependence of roots and coefficients of the polynomial Py. In
the case 2 we drew the situation when [A;A;4+1/)\2| < 1. In this case we can put
L(m) =1 for m > 1 but ux(m) could be a larger number in view of the distance
between A; and A;y1. The dominant term in the estimate (4.11) is |A;41|™ and
therefore if |A\;11] < 1 (or more generally if T is convergent), then for a large m we
can obtain a very good estimate in (4.11).

Remark. We have used the coefficients agk) (m) only for theoretical investiga-

tions. In practice we proceed according to Algorithm 2.1 and do not calculate any
(k)
a;(m).

6. NUMERICAL EXPERIMENTS

Let us consider a discrete approximation of the partial differential equation
(6.1) —Ax(s,t) + 28%x, + 25°x; = f(s,1)

on the square @ = (0,1) x (0,1) with homogeneous Dirichlet boundary conditions,
where x = x(s,t). We discretize (6.1) on a uniform N x N grid using Green’s
Theorem (see [V] Chapter 6). Let us suppose that the grid points are ordered using
the rowwise natural ordering. Then the coefficient matrix A has the form

A =tri[A; 1, Ajj, Aj i),

where A; j_1, Ajj+1 are diagonal matrices and A; ; tridiagonal matrices in L(RY)
for j =1,2,..., N. We write the system of linear algebraic equations obtained as

(6.2) Az = f,

where A € L(R") and n = N x N.

Let us decompose A = D — Cp, — Cy, where D is a diagonal matrix, C, a strictly
lower and Cy; a strictly upper triangular matrix. Putting T'= D~1(Cp, + Cy) and
b= D1f, we rewrite the system (6.2) in the form

(6.3) (I-T)x=b.
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We obtain the system to which Algorithm 2.2 has been applied. When the iteration
index k increases, the number of vectors requiring storage in GMRES increases like k.
The problems with memory occur for a large n. To avoid these difficulties we can
use the GMRES iteratively (the so called restarted GMRES) or we can perform a
large number of successive approximations (2.9) or (for large systems) we can restart
GMRES with pre-iterations. A more detailed analysis of restarted GMRES will be
the subject of a separate paper. We have put T = D~1(Cp + Cy), i.e., the system
(6.2) is preconditioned by the diagonal of the matrix A. Another preconditioning
strategy involving incomplete LU-decomposition is studied in the papers [Zi2 96] or
[Zi 97]. We tested the computer time needed for the norm of error vector to be less
than 10~®. The pictures in Graph 1 show the dependence of time on the number
of pre-iterations (m) for various values of the restart. The behaviour of GMRES
with restart 100 is close to the behaviour of GMRES without restart. The matrix
T € L(R™) for n = 10000. We took 3o = (1,1,...,1)T and f = 0, i.e., the error vector
is identical with the iteration. It is seen from the figures that we have obtained the
best result (the smallest time) for relatively small restart (for the restart = 20 (time
= 84s)). Moreover, in a large neighbourhood of 1500 pre-iterations, the decrease and
increase of curves is very slow. Practically, we can choose the number of pre-iterations
in the interval [1000, 2500] for the restart = 20. In other examples we observed an
analogous phenomenon. Therefore, we propose (for diagonal preconditioning) to take
the restart in the interval [20, 60] and m = 1000 and, if the convergence is slow, to
add further pre-iterations.
We have further applied Algorithm 2.2 to the nonsymmetric linear systems

(6.4) (I — %))z = co,

where
L, = (D - wC’L)_l(aJC’U —+ (1 — w)D),

o = (D —wCr) twb.

The systems (6.4), (6.2) and (6.3) have the same solution. For the test we took
the same system with 10000 unknowns and we tested the computer time needed for
the norm of the error vector to be less than 1075, In both the last tests we took
yo = (1,1,...,1)T. The following graphs show the dependence of time on w for 0
and 200 pre-iterations.

We tested this example for various values of restarts and numerical results showed
that for the use of GMRES on the modified system it is convenient to take a small
number for the restart. We stored few vectors and as we saw in this case the con-
vergence was, for w = 1.9, more than 5 times faster than in the case of Jacobi
pre-iterations. In the optimum case the time was 14s. The relaxation factor w has
been found experimentally.
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The program for GMRES in FORTRAN 77 was prepared by my student Miroslav
Folprecht.
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