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Abstract. We present the convergence analysis of an efficient numerical method for the
solution of an initial-boundary value problem for a scalar nonlinear conservation law equa-
tion with a diffusion term. Nonlinear convective terms are approximated with the aid of a
monotone finite volume scheme considered over the finite volume barycentric mesh, whereas
the diffusion term is discretized by piecewise linear nonconforming triangular finite elements.
Under the assumption that the triangulations are of weakly acute type, with the aid of the
discrete maximum principle, a priori estimates and some compactness arguments based on
the use of the Fourier transform with respect to time, the convergence of the approximate
solutions to the exact solution is proved, provided the mesh size tends to zero.
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1. INTRODUCTION

Many processes in science and technology are described by convection-diffusion
equations with convection dominating over diffusion. We can mention, e.g., processes
of fluid dynamics, hydrology and environmental protection. There is an extensive
literature on the numerical solution of convection-diffusion problems. Let us mention,
e.g., the papers [1], [2], [22], [23], [27], [29], [32], [34], [35], the monographs [26], [28]
and the references therein, devoted mainly to linear problems. The main difficulty
which must be overcome is the accurate resolution of the so-called boundary layers.
If the equation under consideration represents a nonlinear conservation law with
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a small dissipation, then beside boundary layers also shock waves appear (slightly
smeared due to dissipation). This is particularly the case of the system describing
the viscous gas flow.

In [6], [9], [10], [12] we developed numerical methods for the solution of high-speed
viscous compressible flow in domains with complex geometry. These methods are
based on the combination of a finite volume scheme for the discretization of inviscid
convective terms and the finite element discretization of viscous terms. Numerical
experiments proved the efficiency and robustness of these methods with respect to
the precise resolution of boundary layers and shock capturing. (For the finite volume
solution of an inviscid gas flow see, e.g., [3], [8], [16], [17], [18], [19], [20], [24], [33]).
Since the complete viscous gas flow problem is rather complex, the theoretical analy-
sis of the combined finite volume—finite element method has been carried out for
the case of a simplified scalar nonlinear conservation law equation with a small dissi-
pation which is the simplest prototype of the compressible Navier-Stokes equations.
Papers [11], [13], [15] are concerned with the convergence and error estimates for the
method using dual finite volumes over a triangular mesh combined with conforming
piecewise linear triangular finite elements.

Another possibility is the combination of the so-called barycentric finite volumes
constructed over a triangular grid with the well-known Crouzeix-Raviart noncon-
forming piecewise linear finite elements used for the numerical solution of incom-
pressible viscous flow ([5], [8], [31]). The upwind version of the Crouzeix-Raviart
finite element method was developed and analyzed in [27] for a linear stationary
convection-diffusion equation. This was the inspiration for Schieweck and Tobiska
who investigated in [29] upwind schemes for the steady incompressible Navier-Stokes
equations.

In the present paper we are concerned with the convergence analysis of the
combined barycentric finite volume—nonconforming piecewise linear finite element
method for the numerical solution of the nonstationary initial-boundary value prob-
lem for a scalar nonlinear conservation law equation with a diffusion term. The
main technique used in this paper is based on the discrete maximum principle, a
priori estimates and discrete compactness results derived with the aid of the Fourier
transform with respect to time.

2. CONTINUOUS PROBLEM

Let Q C R? be a bounded domain with a Lipschitz-continuous boundary 9. In
the space-time cylinder Q7 = Q x (0,7) (0 < T < o0) we consider the following
initial-boundary value problem:
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Find u: Qp — R, u = u(x,t), z € Q, t € [0,T], such that

2

ou Ofs(u) B )
(2.1) 5 + ; oz, vAu =g in Qr,
(2.2) ulpox 0,1y = 0,
(2.3) u(z,0) = u’(z), €,

where v > 0 is a given constant and f,: R = R, s =1,2,g: Qr — R, u®: Q@ = R
are given functions.
We denote

(2.4) V = H}(Q) = Wy 2(Q).

In the space H!(f2) besides its norm we will often work with the seminorm

1/2
Q

which is an equivalent norm on V: there exist constants ¢;, ¢ > 0 such that
(2.6) allvll ) < Ivla@) < ellvllm @)

We can write |u|g1(q) = (w,u)/?, where

(2.7) (u,v)) = /QVU -Vodz, wu,ve HY(Q),
is a scalar product on V. Further we set

(2.8) (u,v) = /qudx, u,v € L*(Q).

We will assume that

(2.9) fs €C*(R), f,(0)=0, s=1,2,
(2.10) g€ C([0,T);Wh4(Q)) for some q > 2,
(2.11) u® € WhP(Q)  for some p > 2.
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Now we derive the weak formulation of problem (2.1)—(2.3). Multiplying (2.1) by
an arbitrary v € V, integrating over (2, using Green’s theorem we obtain the identity

2
(2.12) %/ﬂu(t)vdx/ﬂgfs(u(t))aa;s dx+u/QVu(t).Vvdx

= /g(t)vdx, Yv eV, Vit e [0,T].
Q

Here, for t € [0,T], u(t) means the function “x € Q — wu(t)(x) = u(x,t).” Let us
set

2
0
(2.13) b(p,v) = 7/ Zfs(@—” dz for p € L®(Q), veV.
Q p— 8.’1?3
Definition 1. We say that a function u is a weak solution of problem (2.1)-

(2.3), if it satisfies the conditions

(2.14) uw € L%(0,T;V) N L>(Qr),

(2.15) % (u(t), v) + b (u(t), v) + v((u(t),v) = (9(t),v) Vv eV,
in the sense of distributions on (0,7,

(2.16) u(0) = u°.

The identity (2.15), which is (2.12) rewritten with the aid of the above notation,
means that

(2.17) —/0 (u(t),v)z/)/(t)dt—i—u/o ((u(t),v))w(t)dt—i—/o b (u(t), v) (1) dt

T
_ /0 (9(t),0) () dt Yo € V, Vo € C5°((0,T)).

It follows from [11] that problem (2.14)-(2.16) has a unique solution.
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3. DISCRETE PROBLEM

Let Qj be a polygonal approximation of the domain Q. By .7}, we will denote
a triangulation of 2, with standard properties (see e.g. [4]): T € 9, are closed
triangles and

(3.1) = T

TET

(3.2) if 71,175 € 9, then Ty NTy, = () or
Ty NTy is a common side of T7 and T3 or T3 NT5 is a common vertex of T and 75,
(3.3) P € Q for any vertex P of each T € .7},.

By %, we denote the set of all sides of all triangles T' € Z},. We introduce a
numbering of triangles T' € 7}, and their sides S € .}, in such a way that

I =A{Ti; 1 €1},
yh: {Sja jGJ}a

where I and J are suitable index sets. By ); we denote the centre of a side S; € .3,
and put &, = {Q;; j € J}. Moreover, we set

(3-4) JO={ieJ; Qie}.

Sometimes we will use the local notation S;; and Q;;, j = 1,2, 3, for the sides of a
triangle T; € 9}, and their centres, respectively. Then

(3.5) {Q;, j€J}={Qir, k=1,2,3, i € I},
{S;, j€J}={Si, k=1,2,3, i € I}.

By h(T) and 6(T) we denote the length of the longest side and the magnitude of
the smallest angle, respectively, of the triangle T' € .7}, and put

(3.6) h = max r(T), 0= Trrel%%e(T)

Now let us construct the barycentric mesh P, = {D;; i € J} over the basic mesh
Th. The barycentric finite volume D; is a closed polygon defined in the following
way: We join the barycentre of every triangle T' € 9}, with its vertices. Then around
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the side \S;, i € J°, we obtain a closed quadrilateral containing S;. If S; C 09, is a
side with vertices P;, P of a triangle T' € 9}, adjacent to 09, then we denote by
D; the triangle with the sides S; and segments connecting the barycentre of 7" with
Py and Ps. (See Figures 1, 2.)

Si

D;
Fig. 1. Barycentric finite volumes, D;, D; € Dy, Qi, Q5 € Ph, Si, Sj € S, S; C Q.

Fig. 2. Triangular mesh and associated barycentric finite volume mesh.

It is obvious that

(3.7) Q) = U D;.
i€J

If D; # D; and the set 0D; N 0D; contains more than one point, we call D; and
D; neighbours and set I';; = 0D; N 0D; (= a common side of D; and D;). Further,
we define the set s(i) = {j € J; D; is a neighbour of D;}. If Q; € 9, then we set
S() =s(@)U{-1}and I'; -1 = S; C IQy,, otherwise (for i € J°) we put S(i) = s(i).

In the sequel we use the following notation: |T'| = area of T' € 9}, |D;| = area of
D, € 9, (ie., i € J), l;; = length of the segment I';;, n;; = (n;j1,nij2) = unit outer
normal to 0D; on I';; (i.e., n;; points from D; to D;). Moreover, let us consider a
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partition 0 = tg < ¢; < ... of the interval (0,T") and set 7, = tx11—tx for k =0,1,....
Obviously, we have

(3.8) oD; = |J Iy
jes(i)

Let us define the following spaces over the grids .73, and Zj:

X, = {vh S LQ(Qh);vh|T is linear VI' € J,, vy, is continuous at Q); Vj € J} ,
(3.9) Vi={vn € Xp;un(Q;)=0Vie J—J%,

Zy, = {wh € L2(Qh);wh D, = counst Vi € J},

Yy =Awy € Zps;wp, =000 D; € Gy Vie J—J°}.

Let us notice that X, ¢ H*(Qp,) and V), ¢ V = H (). Therefore, we speak
about nonconforming, piecewise linear finite elements. (By G. Strang, the use of
nonconforming finite elements belongs to one of the basic finite element variational
crimes, see [30].)

In the spaces from (3.9) we easily construct simple bases: The system {w;; i € J}
of functions w; € Xj, such that w;(Q;) = d;; = Kronecker delta, 4,j € J, forms a
basis in Xj. The system {w;,i € J°} is a basis in V},. Furthermore, denoting by
d; = xp, the characteristic function of D; € %, we have bases in Z;, and Y}, as the
systems {d;; ¢ € J} and {d;; i € J°}, respectively.

By I, we denote the interpolation operator in the space of nonconforming finite
elements (see [8], 8.9.79). If v € H(), then

1
(3.10) Iyv € Xy, (I}ﬂ))(Qij) = m/ vdS, 7=123, i€l
ij1 J S

This integral exists due to the theorem on traces in the space H(T'):
(3.11) lellzaory < cllellmery, € HYT), T €Ty (c=c(T)).

By Ly: X; — Zp we denote the so-called lumping operator: if v: &, — R, then

we set

(312) Lyvy, = Z'L}h(QZ) d; € Zp,.
iceJ

ObViOllSly, Lh(Vh) = Yh.
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In order to derive the discrete problem to (2.14)—(2.16) from Definition 1, we put

(3.13) (u,v), = /Q (Inu)(Ipv) de,  w,v € HY(Q),
(u, v)p = / Vu-Vodz, u,ve L*(Q4),

il
U‘T,U|T c H! ( ) vT € D,

(u,v) Z/ Z a‘(];‘;é dr, we L>(Qn),
iel Y Ti =1

v e L (), ulr € HY(T) VT € F,.

By | - |» we denote the discrete L?>-norm induced by (-,-)n. For v, € X we set
Ipv, = vy, and then

(3.14) (un, vn)n = (Un, Va)L2(Qn)s [Vl = lVnllL2@,)s  un,vn € Xa.
If Qp = Q, then for “regular” functions we have

(3.15) (u, ) = (u,v)), u,v € HY(Q),
bp(u, v) = b(u,v), ue H (Q)NL>®(Q), ve L*9Q).

The form ((-,-)), induces the seminorm

1/2
(316) ||uh||th = <Z/ Vuhzdx) , up € Xp.

i€l

Under the notation

1/2
(3.17) ||uh||Xh,(Ti) = (/ Vuthx) , 1 €1, up € Xy,
T;
we have
(3.18) lunl%, =Y llunl%, zy  un € X
i€l

The following Cauchy inequality holds:

(3.19) (un,vn)n < |lunllx, [lvnllx,,  wn,vn € Xa.
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In the case when the diffusion v is small, it is suitable to modify the discrete “con-
vection” form l;h with the aid of the finite volume approach. Let u € Hl(Qh), vy € Vp.
Then we write

[, v /Q,Eaézs
/ Z JA

Z€J Di 5=1
— fS )nsdS
~ Y w@) Y / Zfs Jne dS
i€J JES(7) Tij s=1
_ )Y / Zfs Jne dS
zeJ j€s(i) Tij s=1
~ > u(@Qi) Y H (u(Qi),u(Q)),ni;) Lij.
ieJ j€s(i)

The function H defined on R? x S, where S = {n € R?;|n| = 1}, is called a
numerical fluz.
It is easy to see that the form

(3.20) bn(u,v) = ZU(Qz) Z H (u(Qi), u(Q;), nij) lij

i€J JjEs(3)

obtained above has sense for all u,v € X;. We will use it as an approximation of
the form Eh.

Definition 2. We define the approzimate solution of problem (2.1)—(2.3) as
functions uﬁ, ti € [0,T], given by the conditions

(3.21) uf) = Iyu® (€ Vi),
(3.22) uftt e Vi, ty €10,7),

1
(3:23) —(uy ™ =k, vn)n + on(uf, on) + (™ o) = (6 on)n,
Yop € Vi, ti € [O,T),
where g¥ = g(-, ;). The function uﬁ is the approximate solution at time tg.
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Properties of the numerical flux. In what follows we use the following as-
sumptions:

1. H = H(y, z,n) is locally Lipschitz-continuous with respect to y, z: for any
M* > 0 there exists ¢(M™*) > 0 such that

(3:24)  |H(y,2m) — HQy", 2" n)| < o(M*)(ly —y°| + |2 — 2*])
Vyﬁy*,ZaZ* S [7M*,M*], Vn € .

2. H is consistent:

2
(3.25) H(u,u,n) = Zfs(u)ns, Yu € R, Vn = (n1,n2) € <.

s=1

3. H is conservative:
(3.26) H(y,z,n)=—H(z,y,—n) Vy,z€ R, ¥Yne.”.

4. H is monotone in the following sense: For a given fixed number M™* > 0 the
function H(y, z,n) is nonincreasing with respect to the second variable z on the set

(3.27) My ={(y,z,n);y,2 € [-M",M*],n € S}

Lemma 1. Problem (3.21)—(3.23) from Definition 2 has the following properties:
1. The bilinear forms (-, ), and ((-,-))n defined in (3.13) are scalar products on Vj,.
2. For each up, € X}, b (up, ) is a linear form on Vj,.
3.Ifie JandT € 9, is a triangle for which Q; € T, then

1
(3.28) TN D;| = 5IT].

4. The approximation (-,-);, of the L?-scalar product can be defined with the aid of
numerical integration using the centres ();; of sides S;; of T; € 9}, as integration
points:

(3.29) (u,v) Z|T|Z w(Qij)v(Qij) /Q(Lhu)(th) dz, u,v € X,.

ZGI j=1
5. We have
(3.30) (wi,wj)n = 55| Dsl, 0,5 € J,
1 .
(3.31) (u, w;)p = 3 Z |T|u(Q;:) = |Di|u(Qi), i€J, ue X,
{T€T;Q:eTNP}
(332) (gk,wi)h = ‘Dz|g(Qz,tk)a 1€ Ja tk S [O,T]
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6. Problem (3.22)—(3.23) has a unique solution u} .
7. Function z € Xy and y € V}, can be expressed in the form

(3.33) z= Zz(Qj)wj and y = Z y(Qj)w;,

JjeJ jeJ°

respectively.
8. Problem (3.22)—(3.23) is equivalent to the system of algebraic equations

(3.34) 1Diluf Qi) + v D (wi wi)nuf Q)
jeJe
(3.35) = |Di|uf (Q:) — 7o (uf,w;) + 7Dy |g(Qis tr), i€ J°,

for unknown values uh (Q]) j € J°. This system is uniquely solvable.

Proof. Assertions 1, 2, 3 and 7 are obvious. By [4], Par. 4.1, the numerical
quadrature

w

(3.36) / wdz ~
T;

is exact for polynomials of degree < 2. This together with 3 implies assertion 4.
Assertion 5 is a consequence of 3 and 4. Assertion 6 follows from the Lax-Milgram
lemma, 8 is obtained from 5, 6 and 7. O

4. CONVERGENCE

In what follows, for simplicity we assume that the domain Q is polygonal and,
hence, 25, = Q. Let us consider a system {J}ne(0,n) (ho > 0) of triangulations
of the domain Q, set 7 = T'/r for any integer > 1 and define the partition of the
interval [0, T] formed by time instants t;, = k7, k =0,1,...,r.

We define functions up,, wp,: (—00,00) — Vj, associated with an approximate
solution {uf}7_,:

(4.1) upe(t) = ul), <0,
uhT(t):uﬁ, te€ (tg—1,te], k=1,...,m
up(t) =up, t=T;
(4.2) wpr is a continuous, piecewise linear mapping of [0, 7] into V4,
whe(tr) =uf, k=0,...,7

wpr(t) =0fort <0ort>T.
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Our goal is to prove that the functions wup,, wp,, constructed from the values
of the approximate solution u, ¢, € [0,7] with the aid of scheme (3.21)—(3.23),
converge in some sense to the exact solution of problem (2.1)—(2.3) as h,7 — 0
in a suitable way. In what follows we shall work with a number of constants. By
c,C1,C2,...,6,C1,...,C,C1,... we will denote constants independent of h, 7, v, and
C,C4,... will denote constants that are independent of h, 7, but depend on v.
Moreover, ¢ will be used as a generic constant attaining in general different values
at different places.

Assumptions:
1. Let the system {7, }re(0,ny) be regular, i.e. there exists o > 0 such that

(43) 0, >9 >0 Vhe (O,ho)

2. Let the magnitude of all angles of all T € F},, h € (0, hg), is less than or equal to
n/2, ie.

(4.4) The triangulations ., h € (0, ho) are of weakly acute type.

3. The inverse assumption is satisfied: There exists ¢; > 0 such that

h
. — < s .
(4 5) h(T) ¢ VT e ,%L Vh € (0 ho)

In view of [4], Remark 3.1.3, assumption (4.3) implies the existence of a constant
co > 0 such that

(4.6) h? < c|T|, T €, he(0, hg).

5. L°°-STABILITY

In virtue of (2.10) and (2.11), «° € C(Q) and g € C(Q;). Hence, there exist
constants M and K such that

(5.1) ufllzoo(@) < M, |lgll=(gr) < K.
Let us put
(5.2) M*=M+TK.
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If up, € Xy, and [up(Q;)] < M* for all i € J, then |[upl/peo) < M := 3M*. The
main tool for proving the L°°-stability is the discrete maximum principle represented
by the following results.

Theorem 1. For i € J° and j € J let real numbers a;;, b;j, 0;, @i, uj, Uj, T
satisfy the following conditions:

T>0,
a; >0 VielJ®, a; <0 VielJ°, jeld i#j,
bij >0 YieJ®, jeJ,

Zaij :Zbij =46 >0Vie J°

jeJ jeJ
Zaijﬁj = E bijuj +7’52g02 Vi S JO,
jeJ JjeJ

u; = u; =0, VieJ—J°.

Then
5.3 Ui < i il-
(5.3) max [ii;| < max [u;| + 7 max ;|
Proof follows from [22], Lemma 3.1.1, page 29. O

Lemma 2. Let w;, i € J be the basis functions of X}, defined above. Then under
assumption (4.4) the following relations are valid:

(5.4) (wi,wi))n >0, i € J,
((wi’wj))h < Oa Z,j € J, { #ja
(5.6) > (wiswj)n =0, i€ J.
jed

Proof. By the definition, we have

(5.7) (wisw)n = > |TIVwilr - Vw7
TEI,

If Vw;|7-Vw;|r # 0 then @Q;, Q; must be the midpoints of the sides of the triangle T'.
So, let T be a triangle with nodes Q; = (z1, Zi2), Q; = (Tj1,%j2), Qr = (Tk1, Th2)-
Taking into account that w;|r is uniquely determined by its values at the vertices of
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the triangle Q;Q;Qx and using the standard results (Cf., e.q., [14], Section 4.4), we
have

1
Vw;|r = 5(%‘2 — Tk2, Tkl — Tj1),
1
(5.8) Vwj|r = 5(%2 — Ti2, Ti1 — Tk1),
1
Vuglr = 5 (@iz = 2j2, 21 — win),
where
Tily,  T42,
(5.9) D=z, wxj,
Tkl, Tk2,
This implies that
2 1 2
(5.10) |Vw;|r|” = 2 |Q; — Qk|” > 0.

Since w; + w; +wi = 1 on T, we have
(5.11) |Vw;|? + Vw; - Vw; + Vw; - Vwg = 0 on T.

Further, using (5.8), the well-known expression of the cosine of the angle between
two vectors and denoting by «; the angle in the triangle Q;Q; Q% at the vertex Q;,
we find that

1
(5.12) Vwi\T~ij|T= —E‘Qi_QjHQi_QHCOSOQ <0

(similarly for Vw; - Vwy and Vw; - Vwy). The last inequality is a consequence of
the assumption (4.4) on the angles of T' € T}, which implies that «; € (0,7/2]. Now
we multiply (5.10)—(5.12) by |T'|, sum over all T € T}, and use (5.7). As a result we
immediately obtain (5.4)—(5.6). O

Theorem 2. If 7 > 0 and h € (0, ho) satisfy the condition
(5.13) Te(M™)|0D;| < |D;l, i€ J,
where ¢(M™*) is the constant from (3.24), and if (5.1) and (5.2) hold, then

(514) Hum|L°°(Q) <M, i€ [O,T]a
(5.15) unrll Lo (@rys lwnrllLoe(@ry < M.
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Proof. In virtue of (3.34) and the fact that un(Q;) = 0, Q; € 09, identity
(3.23) can be written in the form

(5.16) |Dilu (@ +TVZ (wi, w; )ruf Q)
jeJ

= |Di|uf (Q:) — Thn(uf,w;) + 7|Di|g(Qistr), i€ J°, k=0,
By induction with respect to k we will prove that
(5.17) lun (@il =0y < M +krK < M*, 1, € [0,T], Qi € P

Obviously, (5.17) holds for £k = 0. Let us assume that (5.17) is valid for some
tr €[0,7).

Let us denote by L; the left hand side of (5.16) and set u; = u’fL(Qz) and p; =
9(Qi, t1) (for simplicity we omit the superscript k). Then (5.16) reads

L; = |Dj|u; — 7bp (un, w;) + 7| D;|ei
= ‘Dz‘uz - T Z H(ui,uj,nij)lij +T‘DZ‘()02
jes(i)

= |Dilu; + 7 Z { (wis i ;) — H(ui, uj,m45) — H(uiauianij)} Lij
j€s(i)
+T|D2|§01, ie Je.

In view of the consistency of the numerical flux H (see (3.25)) and Green’s theorem,

Z H(ui, ug,ny5)l; 7/ Zfs (u;)nsdS = 0.

we have

j€s(1) Di s=1
Hence, if we set
0, U = Uy

(518) Hij = H(ui,ui,nij) —H(ui,uj,nij) lij, " #u]‘,
U (7

we can write

(5.19) L;, = |Dz|’u,Z+T Z Hz’j(u]‘ —ui)+T|Di\<pi.
Jes(d)

Due to the monotonicity of the numerical flux,
(520) Hij > 0, 1€ JO, ] S S(’L)
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In virtue of the induction assumption, |u;| < M + k7K < M* for i € J. This and
the local Lipschitz-continuity of H imply that

0 < Hyy < e(M7)li; = c(M7)[Lyjl.
Using (3.8), we find that
< 3 Hy <) Y [Tyl < e(M*)joDy
j€s(4) j€s(4)
and hence, by (5.13),
(5.21) IDi[ =7 > My >0, ieJe
jes(i)

From (5.19) it follows that (5.16) can be written in the form

(5.22) | Dilup™(Q; +TVZ (wi, w) )ruy Q)
jeJ

= (|Di|—7 > Hij)u'ﬁ(Qz‘)+T > Hiup(Q) + 7IDilef, i€ e
j€s(7) j€s(7)

Taking into account (5.4)—(5.6), (5.20) and (5.21), we see that Theorem 1 can be
applied if we set

(5.23) ai; = |Ds|dij + v ((wi, wy)n,
bii = |Di| =7 D Ha,
kes(i)
b” - THij, [ 7& j,
U = UlfL(Q)
U; = UZ—H(Ql)’
8; = |Dy].

Inequality (5.3) and the fact that uﬁ“(Qj) = 0 for Q; € 09y, imply that

mase o Q1) < maax [ (Q0)| + 719 (- ) | <.

In view of the induction assumption and (5.1), we find that

max [uj b (@) < M+ (k+1)7K < M*.

Hence, Huﬁ-‘rlHLoo(Q) < M = 3M*, which we wanted to prove. O
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Lemma 3. Assumption (4.3) and its consequence (4.6) imply that there exists a
constant ¢z > 0 such that

(5.24) Di|/|8D;| > esh, Vi€ J, Yh € (0, ho).

Proof. From (3.28) we deduce that
1
(5.25) Vi € J Jjo € I such that |D;| > g\TjOL

which together with (4.6) implies that

1
(5.26) |D;| > —h? Vi€ J.
302

Further, it is easy to see that |0D;| < %h, which together with (5.26) gives assertion
(5.24). O

As we see, we can consider the stability condition
(5.27) 0<7<ege(M) h.

Obviously, (5.24) and (5.27) yield (5.13).

6. CONSISTENCY

Lemma 4. (Discrete Friedrichs inequality) There exists a constant ¢; indepen-
dent of h such that

(6.1) HuhHLz(Q) < 61||uh||Xh, up € Vi, h € (0,h0).

Proof. In [31], Chap. I, Par. 4, Proposition 4.13 or [8], Lemma 8.9.92, this
lemma is proved provided ) is convex. For the case of a general polygonal domain
see [7]. O

Definition 3. Let us define the space L2(0,T;V}) as the set of all functions
vp: (0,7) — V}, such that

T 1/2
(6.2) lonll oo = ( [ oo, dt)
T 1/2
_ </ (Z/ Vvh(t)de) dt) < .
0 iel T;
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Lemma 5. The interpolation operator I, defined by (3.10) has the following

properties:
(6.3) If p € V, then Inp € V},.

Let o € H*(Q), where k = 0 or 1. Then for h € (0,ho) we have

(6.4) le = Ingllx, < ch® ol s,
(6.5) le = Ingll 20y < ch** ol ares (),
(6.6) Hnellx,, < cllellm ),
(6.7) € HYQ) = llp— Ingllx, —0ash—0
with ¢ > 0 independent of ¢ and h.
Proof. See [8], Lemma 8.9.81. O

Lemma 6. There exists a constant ¢ > 0 such that for any h € (0, hy) we have

(6.8) lvnllLz() = [ LavnllLz),  vn € X,

(6.9) |vn — Luvnllz2() < chlvnlx,, vh € Xa,

(6.10) (un,vn) = (Wh, Vn)n, Un,vn € X,

(6.11) (g%, vn) = (g%, vn)n| < chllg"lwra@llvnllx,s  vh € Vi

If M >0 and k € (0,1), then there exists a constant ¢ = ¢(M, k) such that

(6.12) [bn(un, vn) = ba(un, vn)| < ER" (funl%, + lunllx,) llonllx,,
up € Vi, N L>2(Q), ||Uh||Loc(Q) <M, vy, € Vi, h e (0,ho),
where the forms by, and by, are defined by (3.13) and (3.20), respectively.
Proof. 1. Let v, € Xj. We can write
(613) H’UhH%z(Q) = / "Uh|2 dx = Z/ |’Uh|2 dx.
Q icr /T
By the definition of X}, vy |7, is a linear function. Since the quadrature formula
1 3
(6.14) | wdom3ImIS el
3 =1
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is precise for quadratic functions on T;, we immediately find that

3
1
(6.15) o720 =Z§\T¢|th(%)2-
j=1

icl

On the other hand, from the definition of Lj and (3.28) it follows that

(6.16) ILhonll720) = / |th\2dx:2/ | Lol da
Q . D;
jeJ J
1 3
= Z 1D;|vn(Q;)% = Z g‘Ti‘ th(Qij)2'
jeJ iel j=1

Now (6.15) and (6.16) yield (6.8).

Fig. 3. Partition of a triangle T; into subtriangles T;1, T3z, T;

2. Each v, € X}, is linear on T; € 9}, and can be expressed in the form
(6.17)

0 0
Uh(.%‘l,.%‘g) = ’Uh(Qij) + U U

a. - ij . - ij)) -:1a27 )
| @mn@+ 5| @@, -1

where (21(Q;;), 2(Q4j5)) are the coordinates of Q;;.
Next we have | (z1 — 21(Q4j)) | < h,y | (x2 — 22(Qi5)) | < h for (x1,x2) € T;. Every
triangle T; € 5, can be divided into three subtriangles T;1, Ti2, Tis (see Fig. 3).
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Then we have

||vh_thhHL2(Q / ‘Uh —Lh’l)h| dx—ZZ/ |’Uh—LhUh‘ dx

i€l j=1
8’Uh 8’Uh 2

= ZZ/ 92 I 901 —xl(Qij)) 92s (952 —$2(Qz‘j)) dz

el j=1

vy, (%h 5vh 3% ?
2 OV 2
el j=1 =

= 2h2\|vhllxh,

which proves (6.9).

3. Assertion (6.10) immediately follows from (3.13) and the fact that uj, = Inuy for
up € Xp.

4. Assertion (6.11) follows from relation (3.29), the fact that the quadrature formula
(3.36) is exact for polynomials of degree < 2 and [4], Theorem 4.1.5.

5. Let us define the form

(6.18) 5 (Up, vp) th Z / Zfs (up)ns dS, up,vp € Vi,

ieJ j€s(i) Pij =1

We write

(619) Bh(uh,vh) — bh(uh,vh) = [l;h(uh,vh) — l;h(uh,thh)}

+ by (un, Lyon) — b;(uhvvh)} + [bZ(UhaUh) - bh(uhavh)}

and estimate the expressions in square brackets separately. Obviously, due to (6.9)
and the bound |ul| L) < M,

(6 20) bh(uh,vh) — bh uh,thh ‘ =

Z/ Zfs uh Uh — thh) d.%‘

icl Ti s=1

N

nax max £ @IVunllrz@)llvn — thh\lm(n)

< eh|lunllx, [lvnllx,, &= ¢&(M).
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Using notation from Fig. 3, we have

2
(621) l;h(uh, thh) = Z/ Z af(;iUh)thh dx
T; s

el i g=1

= ZZ%(QU)/T“ Z Lfggzh) dz

el j=1 P
3 2
SDIPITACHY I S AT

iel j=1 Tij s=1

It is evident (see Fig. 4) that for each k € J there exist ¢, i* € [ and j, j* € {1,2,3}
such that

(6.22) Dy =T UT; 4+, S = Tij N Ty e s Qij = Qi*j* = Q.

If Dy, is a boundary finite volume then i =%, j = j* and S, = T3; N Q.

Sk

Fig. 4. Line of discontinuity Sy of finite volume Dy

The function up, € Xp, is in general discontinuous on Sy — {Qr}. We denote

up|r, = (un)y and up|rx = (up)p. We denote the outer unit normals to T, Tj+ on

Sk by n}, n? and their components by nf_, nj, s = 1,2, respectively. (Obviously
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n} = —n}.) We have

2 2
(6.23) /aT > folun)ng dS+/aTV | > folun)ng ds

ij s=1 *gr s=1

2 2
— [ S flunneds + /S S () g, dS

0Dy s=1 k s=1

2
+ [ ST A () g ds

Sk s=1

2 2
— [ S fu(wneds + /S ST (n)}) — S (un)i)] n, dS.

Dy g=1

Now from (6.21), (6.23) and the definition of the forms b}, b;, we have
(6.24)

2
bn(un, Lnvn) — b, (un, vp) = th(Qk)/ > s (n)}) = fs ((wn)i)] nf, dS.

keJ Sk g=1

In the following we omit for simplicity the subscript k& and write u} = (up)h, uf =
(up)}, ns = nk . By assumption (2.9) and the Taylor formula we can write

(6.25) fu(u}) = fulure) + fulur) (el —ur) + 5 f7 (o) — uge)®s s = 1,2,

2
) = o) Foa) (= wre) 3 L ) — ), 5 = 1,2

where ugx = u} (Qr) = u}(Qr), nsp lies between v} and ug, 1y lies between uf and
ug. Using the above notation for s = 1,2, we have
(6.26)

Foh) = ) = Folusc) = ) + 5 [ £ Gnen) o, — s = £ ) — ]

Since u}, uj are linear functions, then Vu} and Vuj are constant and

(6.27) up (z) —up(x) = (Vul, = Vup) - (x — Qr), =€ Sk,
up(z) —ug =Vul, - (r — Qr), =z € Sk,

up(x) —urg =Vuy - (x —Qr), x € Sk,

h
|_’L‘—Qk|<§7 .’ITESk.
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Now from the assumptions on up, (6.26) and (6.27) we have

(6.28) /S S (u) — fou)) ns ds\

k os=1

<

/Z:f;(ux) (ul —up) dS‘

Sk

h2

" P2 n|2

+ max max | ()l 7 /I\Whl |V |?] dS
Sk

h3
< " h- P2 "o
< max max |£/(€)| 5 (Vui* + Vi)

since [ (uj, —uj)dS = 0, as one can easily show. Putting (6.28) into (6.24) and
taking into account that u(Qy) = 0 for Qi € 9Ny, we obtain

(6.29) ’Bh(uh,thh) — b;(uh,vh)‘

h3
< max max [ f/(§)] - D (@] IV (un)i? + [V (wn)i )

<M s=1,2
lel< =,

n3 3 2
< mae max 7O 5 3 [Vunl || [Zuval, |

<M s=1,2
lél< iel j=1

2
Vuh|Ti ‘ ‘Lh’l)h ’Tij ’

b 3
< ¢ max max |f7(€)] 522 |T;]

<M s=1,2
IS i€l j=1

< chllonl (o lunlk, -
Let us put p = 2/k (€ (2,00)). Similarly as in [29] we have
(6.30) [onllLr@) < c®)llvnllx,,  vn € Va, h € (0,ho).

(Cf. also [31], Chap. II, Par. 23.) Then, using the inverse assumption (4.5), with the
aid of the inverse inequality ([4], Theorem 3.2.6), we obtain

~ _2
(6.31) ||’Uh||Loc(Q) < C(p)h 4 thHLP(Q), vp € Vi, h e (O,ho).
Now (6.29), (6.30) and (6.31) imply that
(6.32) Eh(uh, thh) — bZ(uh,vh) < C(M, Iﬂ;)hl_KHuhH%(h thHXh, vp € Vh.
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Using (3.20), (6.18), the conservativity of the numerical flux H and the relations

Fij - Fjia lij = ljz‘, n;; = —n;;, we arrive at

(6.33)

by, (un, vn) — by (un, vi)

= Z%(Qz) Z {/ Zfs(“h)”s dS — H (un(Q:), uh(Qy) nz]) }

icJ jes(i) i s=1

—ZZ[/ > FnndS — H (@) 4(Q,) )L 5] @) - wi@).

i€J jes(4) Dij s=1

If i € J and j € s(i) then we denote by T the triangle from .7, such that I';; C T%.
It is easy to see that

(6.34) 0, - Q| < g o — Q] < g for @ € Ty, 1y < gh,
un(@) ~ un(Q))] < 2 Vunlrs,
un() — un (@) < §| dlrs| for €Ty,
0n(Q0) — (@] < 51Vonril

In virtue of the consistency and local Lipschitz-continuity of H, the bound
[un|l Lo () < M and (6.34), we conclude that

(6.35)

2
/F Zfs(uh)ns ds — H(uh(Q ) Uh(QJ) n”)

ij s=1

/ Z fs uh fs Uh(Q )))nsds

Usl

(un(Q:)) — H (un(Q:), un(Qy), ni5) | li

1 @) (0 m) — H (@), un(@0) i) 45

+ [H (un(Qi), un(Qi),nij) — H (un(Qi)s un(Qy), niz)| i
< 2¢(M) max [un () — un(Q:i)l lij + (M) [un(Q:) — un(Q;)| i

k¥

< e(M)h? |Vup|7is ]| -
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This, (6.33) and (6.34) immediately yield the estimate
(6.36) 0% (wp, vn) — bp (un, vp))| Z > (M) [Vup g | [Von|zo] -
ZGJ j€s(4)

Taking into account that each triangle T' € 7}, appears in the sum in (6.36) as some
T% at most six times and using (4.6), we find that

b (n, vn) = ba(un, vn)| < Beae(M)R Y |Ti| [Vunlz,| [Vonlr,|
el

—en Y / Vun| [Von| dz < chllun]|x, [on]1x,..

i€l

This, (6.19), (6.20) and (6.32) finally yield (6.12). d
Lemma 7. If M > 0, then there exists a constant ¢* = ¢*(M) such that

(6.37) b (un, vi)| < c*[lunll L@ llvnll x,
up € Vp, ﬂLoo( ), ||Uh||Loc(Q) <M, vy €V, he (O,ho).

Proof. Let up,vn € Vi and |lupl[p (o) < M. Using (3.20), the conservativity

of the numerical flux and the relations I';; = I'j;, l;; = l;, n;; = —nj;, we find that
(6.38)  bu(un,vn) = > vn(Qi) > H (w(@:),u(Qy),n) Ly
ieJ j€s(4)
= —Z > H(u Qj)sniz) (vr(Q:) — vr(Qy)) lij-
i€J jEs(i)

Let us use the symbol 7% in the same way as in the proof of Lemma 6. Then (6.38),
(2.9), (6.34), the consistency and local Lipschitz-continuity of H imply that

(6.39) |bn (un, vn)| < max un| > > b2V

i€J jes(i)

Tl

From (6.39), (4.6), the fact that each T € .7, appears in the above sum as some T
at most six times and from the Cauchy inequality we conclude that

(6.40) \bh(uh,vh)| < 3CQC(M)HuhHLoo(Q)

il
= Beye(M)|unl| L0 /Q Von| da
< Bepe(M) (meas()"? un| Lo (@) | onllx,
which is (6.37) with ¢* := 3coc(M)(meas(Q))*/2. O
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The above results imply the following

Theorem 3. Let (5.1), (5.2) and (5.13) hold. Then the solution u} ™ of the
discrete problem (3.21)—(3.23) satisfies the relation

(6.41) (up™ — g, vn) + 7bu(ug, vn) + Ty va)n = (9" vn) + 1 (vn),
vp € Vi, tx € [O,T), h e (O,ho),

where

(6.42) lfli('vh) = 13y (vn) + 155, (0n),

(6.43) W (op) = (5 n(ul o) — bh(uh,vh))
(6.44) l (vh) =7 ((g ;o) — (g ',vh)h) .

Moreover, for any k € (0,1) there exists a constant ¢ > 0 independent of vy, k, T
and h (but dependent on k and M) such that

(6.45) |5 (on)| < erh =" (Ilug 1%, + luplix,) lonllx, -
There exists a constant ¢ independent of vy, k, 7 and h such that
(6.46) |57, (vn)] < érhllg* lwraq@) lvnllx, -

Proof is an immediate consequence of Theorem 2 and Lemma, 6. O

7. A PRIORI ESTIMATES

Theorem 4. Let (5.1) and (5.2) hold. Then there exists a constant C > 0
independent of h, T and m (but dependent on v) such that

1
(7 ) t:g[%XT ||uh||L2(Q) C,
m A~
(7.2) S lluf = up M lFe) €t € (0,71,
k=1
(7.3) vr Y uplk, <C. twm € 10,77,
k=0

for all T,h > 0 satisfying the conditions h € (0, hg) and (5.13).
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Proof. In view of Lemma 3 and Theorem 2, conditions (5.1), (5.2) and (5.27)

imply (5.14). If we set vy, := uf ! in (3.23) and use the relation
(7.4) v~ 29 = 5 (I ~ 2By + 1y — 2l

valid for y, z € L2(2), we get

(7.5) lup M 1720y — NuillZag) + lup ™ — ka0 + 2rvilug %,
= 2T(g uﬁ“)h - 2Tbh(u§,ulfb+1).

In virtue of Theorem 2, Lemma 7 and Young’s inequality for ¢ > 0, we have
(7.6) 2 [bn (ufy, up ™) < (M) e+ el|up %, -
By (3.29) and the Cauchy inequality,

(7.7) (g%, ur™n] = |(Lag", Lnup™)| < | Lag® |l 2@yl Luug | 2()-

With the aid of the definition of the operator L; and the continuous imbedding
Wha(Q) — C(Q) it is easy to find that

(7.8) 1Lrg* |l 200 < cllglleorswra))

with ¢ independent of h and k. Further, from (3.14) and (3.29) we have

(7.9) lonllz2@) = lvnlln = [|LnvnllL2(@),  Von € Xn.

This, (7.7), (7.8), Lemma 4 and Young’s inequality yield the estimate

(7.10) 2|(g%, up )l 1CH9||C(0TW1‘1(Q [unllx,

<2
<AlglE o rwra@y/e +ellunlk,, >0
Now choosing € = v/2, from (7.5), (7.6) and (7.10) we get

e Uh||L2(Q +VTHUICH”Xh <Cr,

(7.11) w220y — lubllFa) + lluy
C= (C1C2H9||C(o Tswagay) (€ M)*)/v.

Summation over k = 0,...,m—1 (¢, € (0,7]) and the use of (7.9), (3.21), (6.6) and
Lemma 4 yield

m
(7.12) Humﬁ%ﬂ) + Z luk — up~ HL2(Q + TVZ lui %,
= k=1

< CT + |lupllZzi) < CT + &llup %,
< OT + Eel|a® 3y < €.t € (0,7).
Now, estimates (7.12) immediately imply (7.1)—(7.3). O
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Theorem 5. Let (5.1) and (5.2) hold. Then there exists a constant C > 0 such
that functions up, and wy, defined by (4.1) and (4.2) satisfy the estimates

(7.13) lunsll L2 (-1,7:22()) < C,
(7.14) lwnrll L2020y < C,
(7.15) lunrllL2-1mvi) < G
(7.16) lwhrllz20.135) < €

for all h € (0,ho) and T > 0 satisfying condition (5.13). Moreover, there exists a
constant C' > 0 such that

(7.17) lunr — whrllL2(Qr) < CVT

for all h and 7 with the above properties.

Proof. Assertions (7.13) and (7.15) immediately follow from (7.1) and (7.3),
respectively.
Now let us prove (7.17). We have

2

=tk o k—1
- (uh —uy dit

L2(Q)

r tr
2
WM—WHW@ﬂZE:/
k=1tk-1
T

tr

) _ t—tr\2 AT

<§ uh — 1”%2(9)[ ( ~ ) dt<0§a
k=1 k-1

as follows from (7.2).
Assertion (7.14) is a consequence of (7.13) and (7.17). Finally,

r tr
(7.18) Wﬂhmm:Z/ leonr (D)%, dt
k=1"tk—1

»

and for ¢ € (tx_1,tx), using the convexity of the function “u — ||u||§(h, we get

2

- t—t _
e

<y Mk, + il

(7.19) mmwa=h
Xh

This and (7.3) already yield (7.16). O
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8. PASSAGE TO LIMIT

We rewrite scheme (3.23) in the form

(8.1) % (whr(t),vn)), + v(Unr, vr)n + bn(unr (t = 7),0n) = (g (1), vn),,
for a. e. t € (0,7), vy, € Vi,

where

(8.2) gn-(t) = g"t1 for  t € (th,trrr)

The weak solution of the continuous problem (2.1)—(2.3) satisfies the condition
u(-,t) € V for a.e. t € (0,T) and the approximate solution u¥ € V;, for t; € [0, 7.
Since we use nonconforming FEM and thus V}, ¢ V| the convergence analysis is more
complex than in the conforming case investigated in [11]. Our further considerations
will be based on results from [31] and [8], Section 8.9.

If vy, € Vj, then the distributional derivatives are not elements of L?(Q2). There-

Vh

fore, we will define the discrete analogue d;;v;, of the derivatives g_xi’ 1=1,2:

8”Uh
axi

(8.3) (dinon)(z) = ( ) (x), zeT,Te

Obviously, d;pv € L?(9).
We introduce the space F' = [L2 (Q)]3 and the mapping w: V — F defined by

ou Ou
4 = — F.
(8.4) ueVi— wu (u’3x1’3x2)€

The space F' is equipped with the norm

2 1/2
(8.5) lolle = (Z |soz-||2) for ¢ = (g0, o1, 02) € I
1=0

We define a scalar product in F' by

2

(86) (@7'(/))F = Z(@Za wi)L2(Q)7 Y= (@07 P1, 802)’ ¢ = (wOa ¢171/)2) cF.
i=0
Further, we define the imbedding operator J,: V; — F by

(8.7) vp € Vi, — Jpop = (vh,dlhvh,dghvh) c F.
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From (8.5) and the discrete Friedrichs inequality (6.1) we have

(8.8) 1 ThonllF = llonlZa@) + llonllk, < (cf+Dlonlk, for va € Vi,
which leads to

(8.9) | JnonllF < c|lvn|lx,, for vy € V.

This implies that the operators Jy, h € (0, hg), are uniformly bounded:

J,
(8.10) [ Jnll = sup Mgc, h € (0, ho).

o£uneVy |[vnllx,

We will also work with the operator Ij,: V — V}, defined by (3.10). Let us prove
several auxiliary results.

Lemma 8. 1. For eachv €V,

(8.11) Air% Jn(Ipv) = wou strongly in F.

2. If for a sequence h,, € (0,hg), n = 1,2,... we have h = h, — 0 as n — o0,
vy, € V, and
(8.12) }llin%) Jnvn = ¢ weakly in F,

then there exists v € V' such that ¢ = wv.

Proof. 1. Let v € V. In view of (8.4) and (8.7) we have
(8.13) 1Jn(Inv) — wol|F = [ Thv — 0%, + [ Thv — v||2L2(Q) —0for h—0

as follows from Lemma 5.
2. To establish assertion 2, see the 2nd and 3rd part of the proof of 8.9.118 from
[8] or Chap. 1, Sec. 5 from [21]. O

Remark 1. The family of triplets {Vi, Jn, In}ne(o,n) together with {V, F,w}
is called the external approximation of the space V. If (8.10) holds, the external
approximation of V' is called stable. If the operators Iy, J5 have properties (8.11) and
(8.12), then the external approximation of V is called convergent (cf. [21], Chap. I,
Sec. 5. or [31], Chap. I, Par. 3).
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Lemma 9. There exists a constant ¢ > 0 such that

(8.14) > [ wmds] chllollmlonllxe, b€ (0,ho),

Te

for any p € HY(Q) and v, € Vj,. Here n; denotes the i-th component of the unit
outer normal to OT.

Proof. See [8], Lemma 8.9.85 and Lemma 4. O

Now let us return to the systems of functions up, and wp, defined in (4.1) and
(4.2), respectively, for h € (0, ho) and 7 > 0 satisfying the stability condition (5.13).
Then up, and wy, satisfy estimates (7.13), (7.15) and (7.14), (7.16), respectively.

Lemma 10. There exist sequences h = h,, 7 = 7, — 0 as n — oo satisfying
(5.13) and functions u € L*(—1,T;V), ¢ € La(—1,T; F) such that

(8.15) upr — u weakly in L?(—1,T; L*(Q)),
(8.16) Jpuns — ¢ weakly in L*(—1,T; F),

and p = wu.

Proof. In view of (7.15) and (8.9) we have
(8.17) | Jnunrllp2(-1,77) < cllunellz-13v) < C; R €(0,ho), 7>0,

where C' > 0 is a constant independent of h and 7. Since the spaces L*(—1,T; L?())
and L2(—1,T;F) are reflexive, we obtain sequences h = h,, 7 = 7, — 0 and
functions u, ¢ such that (8.15) and (8.16) hold.

Further, we prove that ¢ = wu. If ¢ = (po, 1, ¥2), then obviously u = .
We want to show that 807“ = s, s = 1,2 in the sense of distributions on Qr =
2 x (=1,T). We can proceed similarly as in the proof of 8.9.81 from [8]. Let
¢ € C®(Qy). Then (8.15) and (8.16) imply that

Oy Oy
Nl —_— —
(8.18) /QT Uphr Bx. dx dt / 8%

(8.19) / dspuprdedt — pspdrdt.
~T QT

dz dt,

Using Fubini’s and Green’s theorems, we get
dy r Jyp
2
(8.20) /TuhT&x /1</QuhT5xs dx | dt
8Uh-,—
LS gee)as [(S ] momss)a

i€l il
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Since ¢ € C“X’(aT) and up,: (=1,7) — V3, we conclude from Lemma 9 and the
Cauchy inequality that

(8.21) ] / 1(2 / non, ds) dt] o [ une ), 1O 0

i€l

< chllunrll 21w 1@l L2(—1,mm1 () < Ch — 0 as h,7 — 0.

This, (8.18)—(8.20) and the relation

auh'r o
(8.22) / (Z/ ¥ ) t/QT dspunrpda dt

el

imply that

Iy
(8.23) / 3% dzdt = [T pspdadt.

Taking here ¢ € C°(Qr) € C=(Qy), we find that 2w — o, € L*(—1,T; L*(9)),
s =1,2. Hence, u € L?(—1,T; H*(Q)) and ¢ = wu. As we see, we have

(8.24) / u&p dxdt:f/ aucpdxdt V@ECW(ET), s=1,2.
S5y 0T 5. 0T
The application of Green’s theorem yields the identity
T =
(8.25) / </ wpn s dS) dt=0 Vo € C°(Qr), s=1,2,
-1 \Jon

which implies that u(t) = 0 on 9Q for a.e. t € (—1,7T). Thus, u € L2(-1,T;V). O

Lemma 11. If h = h,, and 7 = 7,, are sequences from Lemma 10, then

(8.26) wp, — u weakly in L*(0,T; L*(Q))
(8.27) Jhwpr — wu weakly in L?(0,T; F).
Proof. We use Lemma 10 and (7.17). O

Lemma 12. Let h = h,, —» 0 asn — oo, v, € Xp, v € V, Jyvp, — wv weakly in
F. Then vj, — v strongly in L?(Q).

Proof. See part 5) of the proof of Theorem 8.9.118 from [8]. O
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In the sequel we will use the compactness criterion based on the Fourier transform
Wy, of the function wy, with respect to time:

(8.28) Whr(s) = / wh (t)e2Hst dt.
R
Lemma 13. We have
(8.29) / 512 (3)] |2y ds < ¢ for 0 < v < 1/4
R

with a constant ¢ independent of h, T.

Proof. For ae.t € (0,T) we define r.(t) € V}, by the identity

(830) ((Thr(t),vh))h = (ghT(t),vh)hfu((u;w(t),vh))hfbh(uhT(th),vh) VUh S Vh.

Hence, by (8.1),

(8.31) %(wm(t),vh)h = ((Th-,—(t),vh))h, vp € Vi, ae. t € (O,T).

Substituting vy, = rp,(¢) in (8.30) and using (6.37), (6.1), (2.10) and (5.15), we
obtain

lrnr (W1, < Irne (Ol L2 (@) lgnr Ol 2@ + vlune O]l x, rar (O] x,
+ ¢ une (Ol oo @ e (Ol xi < ellrnr ()llx, (14 lunr ()] x,)

and thus, in view of (4.2),
(8.32) lrne ()l < e+ luplix,),  tre-1 <t <t

This, (7.3) and the Cauchy inequality imply that

1/2

N e ()], dt < vi( | e 1%, ar)

T 1/2
< C\/T(T + TZ ||u2||§(h> < const.
k=1

Now we put
rne(t), t€(0,T),
(8.34) e (1) { wr(?) (0 )
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Then the Fourier transform 75, of 75, satisfies the relations

o T
839 Gl = | [ e n@a] < [l ase ser
—00 0

Xn

The distribution derivative of the function (wp-(t),vs)s over R has the form

d
(8.36) E(whr(t)vvh)h = (Far (), vn)n + (uh,vr)ndo — (uh, vr)ndT, VK € Vi,

where §p and & are the Dirac distributions concentrated at ¢ = 0 and ¢t = T,
respectively. The Fourier transform yields

(8.37) 2nis(Whr (5), vn)n = (Frr (8), v)n + (up, va)n
— (up,vp)n exp(—2misT), seR

Putting here vj, := Wp,(s), we have

(8.38) 2ntis (W (8), Whr (8))n = (Trr(5), War (5))n
+ (ud, Wy (8))n — (uh, Whr () exp(—2misT), ¢ € R.

From (6.10), (8.38) and the Cauchy inequality we find that

(8.39) 2n)s|[[@nr (5)lI72(0) < 17nr (5)llx,

+ [Jup |l L2 (o) 1D ()] L2 ()
(

Wnr(s)] xa

+ lubllLz @ [@nr (s)]l L2 -
In view of (8.39), (8.35), (7.1) and (6.1), we obtain
(8.40) [slllnr(3)[72(0) < cllime(s)llx,, s € R.

Let 0 < v < 1/4. Obviously, there exists a constant ¢(y) such that

1+ |s]
2
(8.41) |57 < C(’Y)m’ sER,
and
& ds
8.42 —— < 0o0.
(5.42) [ eri=r
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Using (8.40)—(8.42), the Cauchy inequality and (6.1), we find that

o0
(8.43) / 15127 s (5) 2y 5
o e ()]x,
< C[oo Hwh7(5)||l,2(9) d5+0/mﬁ1_2;d5

0 ) L) ds 1/2
< C/ [0nr(s)l%, ds {1+ (/ m)

o0
<e / lionr ()%, ds.

— 0o
With the aid of (3.16), Fubini’s theorem, the differentiation of the integral with

respect to a parameter, Parseval’s equality and (7.16), we obtain

(8.44) / " e (), ds

2
dzds

/ Whr t) —2nits dt
ze]

([ o]

Parseval’s equality
ds> dz =

_;/ (/ Vawns (£)) dt) da::/ @;/ IV wn (1) dx)

= Hth”L?(o,T;vh,) <C.

Now we prove the fundamental compactness result.

Lemma 14. Let us consider the sequences h = h,,, T = 1, — 0 and wp, = wy,
from Lemma 11 satisfying (7.16) and (8.26). Then (8.27) holds and

nTn

(8.45) wp, — u strongly in L*(Qr),

where u is the limit function from Lemma 11.

Proof. Let us set

(t), te(0,T),

U
0, t<OQort>T.
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Then, in virtue of (8.26) and (8.27),

(8.46) Jpwpr — ww weakly in L*(R, F),
(8.47) wpy — w weakly in L2(R, L*(Q)).

Our goal is to prove that

o0
(8.48) Fpr = / le0ne () — (1) 2y At — 0.

—00

In virtue of (7.14), F, is uniformly bounded for h € (0,h¢) and 7 > 0 satisfying
(5.13). By Parseval’s equality,

(8.49) T — / lnr (5) — (5)|22qy ds,

— 00

where W is the Fourier transform of w.

For v > 0 we define the space

(8.50) H" = {v; wv € L*(—1, l;F),/ 5127 16(s) 172 (g ds < oo}
R

equipped with the scalar product

(851) (v, W) :/ (wo(t), ww(t)) dt+/R|s|27 (0(s), () ds.

-1
It can be proved that 7" is a Hilbert space. In virtue of Theorem 5 and Lemma

13, the system {wp,} is uniformly bounded in 7 for all h € (0,h) and 7 > 0
satisfying condition (5.13). Then, taking into account (8.47), we can write

(8.52) wpr — w weakly in 27

and thus in view of the boundedness of %, and relation (8.49),

(8.53) / (14132 [ e () — 6(5)| 2y ds < C < ox.

— 00
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Now we write

(8.54) i%;:/HM$%M@ﬁmNS

[s|<M
[ 1) e (5) — () By
S Whr(S wls L2(Q)1 T ‘8‘27
|s|>M
1 T 2 ~ ~ 2
< St T [ () e (s) = 0(6) [y ds
—o0
C
< e,
S T T
where
(8.55) Sy = / e (s) — (5) 22 gy s
lsl<M

For a given € > 0 we choose M > 0 such that

C
(8.56) T S g
Hence,
(8.57) Fir < Fnr + 2.
Now we want to prove that
(8.58) Ihr —0as h,7 — 0.

As we will show, this is a consequence of the Lebesgue theorem. We have

oo oo

(8.59)  bp.(s) = / why (t)e ™2™ dt = / why (B)x(t)e 2™ dt, Vs € R,

— 00 — 00

where x is the characteristic function of the interval [0,T] (hence wp, = xwhr).
Then, using (7.14), we have

oo
(860) Hﬁ)hT(s)HLz(Q) = H/ th(t)X(t)efzﬂlts dt
—o0

L2(Q)
< Nwar ()| 2, L2 X (#)e > || 2m) < C
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and
(8.61) e () — (8|22 < 2 (02 + ||1?)(5)||2L2(Q)) Vs € R.

The function on the right-hand side of (8.61) is integrable over the interval (—M, M).
By definition, (8.26) is equivalent to

(8.62) / (whr —w)pdzdt — 0 Vo € L*(R,L?(Q)).
RxQ

For ¥ € L?(Q2) we have ¢(x,t) = J(z)x(t)e 2™ € L2(R, L*(2)) for any fixed s € R.
Then, by the definition of the Fourier transform, Fubini’s theorem and (8.62),

/“ ) = /n (/R (wnr(@,1) = w(@,1)) e x(1) dt> I(w) de
- /RxQ (whr (z,1) — w(z, 1) V(z)x(t)e > dtdx — 0 as h,7 — 0,

which means that

(8.63)  wpr(s) — w(s) = / w(t)x(t)e 2™t dt weakly in L?(Q) Vs € R.
Due to (8.59), the Cauchy inequality and (7.16), we have

o .
(560 fane (o), = | [ anenore e ar

— 00 Xh

X(t)eizmts ”L?(R) <C.

< lwnr (Ol L20,75v)
Hence
(8.65) | Jnt0n-(8)||F < C for all s € R.

Now (8.63), reflexivity of the space F, (8.65) and assertion 2 of Lemma 8 imply
that

(8.66) Jppr(s) — wi(s) weakly in F for each s € R.

Since Wpr(s) € Xy, (h = hp, 7 = 7, — 0 as n — 00), the application of Lemma 12

implies that

(8.67) W (s) — (s) strongly in L?(Q) for all s € R.
Hence,
(8.68) [@nr(s) — @ (s)]|72(q) — 0 Vs € R.

From (8.68), the bound (8.61) and the Lebesgue theorem we obtain (8.58). This
proves the lemma. O
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From Lemmas 10, 11 and 14 and assertion (7.17) we can conclude that there exist
sequences h = h,, — 0, 7 = 7,, — 0 as n — oo satisfying (5.13) and a function u such
that

)

(8.69) Jpun, — wu  weakly in L2(—1,T; F)

Jpwpr — wu  weakly in 2 ,
upr — u  strongly in L2(Qr),

wy,y — u  strongly in L2(Qr)

as n — oo. Since L>®(Qr) is the dual to the separable Banach space L!'(Qr), the
above results and (5.15) imply that

(8.70) upr — u weak-* in L*°(Qr),

whr — u weak-* in L>(Qr).

9. LiMIT PROCESS

Let us consider sequences h = h,, 7 = 7, — 0 satisfying (5.13) and assume
that the corresponding approximate solutions wup,, wp, satisfy conditions (5.15) and
(8.69). Our goal is to show that the limit function u is a weak solution of problem
(2.1)—(2.3), i.e. u satisfies (2.14)—(2.16).

Multiplying (8.1) by any ¢ € C§°([0,T)) := {p € C([0,T]); »(T) = 0}, in-
tegrating over (0,7'), applying the integration by parts in the first term and using
(4.2), which implies that wy,(0) = uf), we find that

01— [ @0 Ou)y @4 [ ()0

b [t 70

= [ 0 @))€ Vi b € G (0T
For ¢ € [0,T], vn € Vi, ¥ € C5°([0,T)) we set

(9-2) Onr (&9, 00) = (gnr (8); () vn )y, — (gnr (8), Y (E)vn) -
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Taking into account (6.10), we see that (9.1) is equivalent to
T T
03) = [ @00 de v [ () v(0u)n de
0 0
T
b [ bulanee = 7). 00p0n)
0

- / (gne (1), 0(E)0n) b+ (ud, 1) 16(0) + / D (£, 1) dt.

In virtue of (6.11) and (2.10), we obtain

T
0.0 [ onttsnn ] < chlo,.
0

Let v € C3°(Q), vy, = Iv. From (6.1), (6.4) and (6.6) we have

(9.5) llon = vllL2(0) < éillon — vllx, < chllv]lmz(q)

”UhHXh < ¢ h e (O,ho)

This implies that

(9.6) Jhvp — wo strongly in F.

Hence,

(9.7) Y'vp — 'v strongly in L2(Qr)
and

(9.8) Jpbvy, — wipv  strongly in L2(0,T; F).

The analysis of the limit process will be divided into several lemmas. In what
follows we consider sequences h = h,, — 0, 7 = 7, — 0 as n — oo satisfying (5.13),
such that (8.69) and (8.70) hold.

Lemma 15. Let ¢(t) € C§°([0,T)) and let wpr,vnr be two sequences satisfying

(9.9) Whr — U strongly in L*(Qr),
(9.10) Vpr — U strongly in L*(Qr).
Then
T T
(9.11) / (e (£), 0 (o) dt — / (u(t), & (1)) dt
0 0

ash=h, —-0and =1, — 0.
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Proof is evident.

Lemma 16. Let ¢(t) € C§°(]0,T)) and let up,,vn, be two sequences satisfying

(9.12) Jhtin, — wu weakly in L2(0,T; F),
(9.13) Jpop — wo strongly in F.
Then
T T
(0.14) A R e M CTORTU DL
0 0

ash=h, - 0and =1, — 0.

Proof. From (9.13) it follows that
(9.15) Jpib(t)vy, — (t)v strongly in L2(0,T; F).

We have
T

| Cunr @000t = [ s @), Ts®on) dt = [ (unele), wit)en) e,
0 0 0
T T T
| (@O s@opndt= [ @), vl dt - [ o). vo) a.
0 0 0

By the definition, (9.12) means that

(9.16) /T (Jpuns(t),0(t)) dt — /T (wu(t),9(t)) dt V9 € L*(0,T; F).

We can write

T T
010 | [ (@O vtmna - [ <<u<t>,w<t>v>>dt\
T T
<| [ hane @ s @t [ Gt o000, dt\
T T
[ net00m) @t [ v dt]
018 < [ e OleloOGhon -l

T T
[ e 06000, @t~ [ (0,000 dt]

T T
][ 000w at = [ un, @0.0000) dt]

#| [ v - [ . m af o
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as follows from the boundedness of the sequence {J,up, } in L?(0,T; F), (9.12), (9.15)
and (9.16), where we substitute 9(t) = (t)v. O

Lemma 17. Let ¢(t) € C§°(]|0,T)) and let up-, v, be two sequences satisfying

(9.19) Upr — U strongly in L*(Qr), Qr=Qx (-1,T),
(9.20) Jpupr — wu weakly in L*(—1,T; F),
(9.21) Jpvp — wo strongly in F,v € C§°(2).
Then
T T
9.22) /0 b (ns (t — 7), 0n) (1) dt — /0 blu(t), v) (1) dt

ash=h, —0, =1, — 0.

Proof. We write

bi(unr(t — 7),vn) — b(u(t), v)
= by, (unr(t — 7),01) — by (uns (t — 7),vp) (=:0(1))
+ bp(upr(t —7),08) — by (unr (t — 7),0) (=:0(2))
+ bn(unr (¢ = 7),0) = b(u(t —7),0)  (=:0(3))
+b(u(t —7),v) = bu(t),v)  (=:0(4))

(by, is defined in (3.13)) and successively estimate the terms o(1)-o(4):
In virtue of (6.12),

(D] < ch'™*(Juns(t = )%, + lun-(t = 7)llx,) lonllx,,

with € (0,1). Hence,

(9.23)

/OT [ une (= ), 0n) — Bt — 7). )] (1) dt’

1 r 2 r 2 1/2
<ch “|vh||xh[/0 |uh7<t7>|xhdt+(/0 |uh7<t7>|xhdt) }

as follows from (7.15), (9.20) and (9.21). Similarly, using the Cauchy inequality and
(9.5), we obtain
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T
(9.24) | et = 7)) = Butuns ¢ = 71,0 wte) dt’
0
<2 max: max | £/() / et = 7)1, dellon — 2oy
cl| Jpvp — wol||p — 0.
Further,

@Y /T : (afé “’;;(f”)) _afsmé(;— T”)v »

¥/ (ritunste = 2220 — a7 200 v

" (3)

i ZGI/T Z:: (unr(t = 7)) = filu(t — 7)) %;S_T)vdx
Oupr(t — 7 ou(t —t
Jrze;/z;f e < ha(ﬂvs = E’?a:s ))de,

Using the mean value theorem in the integral form, we find that

@) < o g 7O S / june(t = 7) = u(t = )| [V (¢ = 7)] Jo] d
< elunr(t = 7) = u(t = 7)oy lane (¢ = 7)1l -

Since 9(t) = 0 for t > T, the substitution ¢ := ¢ — 7 yields

(9.25)

/ bh (upr (t — 7),0) — blu(t — 7), v)} w(t)dt’

< (llunr = ulliaigny + 7l = «aiey)  (Inunslt + 7llufli%,)

+’/¢t+72/2f <8%h7;5(t)—83u—$<j))vdxdt

i€l Ti =1

0
S S (G- ) e

i€l

—0 ash,7—0

due to (9.19), (9.20) and (6.7) valid for ¢ = wo.
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Similar calculation yields the estimate

(9.26) /0 (b(u(t — 1), v) = b(u(t),v)) ¥(t)dt

T
c/ / lu(z,t —7) — u(z,t)]* dzdt vl — 0 ash,7—0,
o Ja

which is a consequence of the continuity in the mean of u € L?(Qr). (Cf., e.g., [25],
Theorem 2.4.2.)
Now (9.23)—(9.26) immediately imply (9.22). O

Lemma 18. Let 9(t) € C§°(]0,T)) and let vy, gnr be two sequences such that

(9.27) v — v strongly in L*(1),
(928) ghT(t) = gk = g(atk)v vVt € [tkvtk-‘rl)?

where g satisfies (2.10). Then
T
(9.29) / (gnr (1), o) (1) dt — / £)dt as h,r — 0.
0
Proof. Obviously, by (2.10) and (9.27),

(9.30) [ Conetor. ) = (a0 ) 60 dt\

T
< [ lonr @l caamllon = vlzzo dt
0
T
e [ llgnrtt) = 9Ol ooy de
0

1/2

T
< ellon = ulzy +<( [ lone ()~ o030y 1)
0
In virtue of the uniform continuity of the mapping g: [0,7] — L?(Q2), we have
T trt1
[ one = 0oy = 3 / lo(t4) = 9(O)aydt =0 as 7 =0,
0

This, (9.27) and (9.30) yield (9.29). O
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Finally, using (6.1), (6.7) and (9.5) we conclude that
(9.31) (u9,vp) — (u®,v) ash— 0.

Now, summarizing (9.1), (9.2), (9.3), (9.4), (9.11), (9.14), (9.22), (9.29) and (9.31),
we see that the limit function u € L?(0,T;V) N L°(Qr) satisfies the identity

9.32) — /0 (u(t), v) ¥ (1) dt + v /0 (u(t), V) (t) dt + /0 b (u(t), v) () dt

:/0 (9(t),v) () dt + (u°,v)1(0), v e C5*(Q), v € C5°([0,T)).

Since the space C§°(2) is dense in V, (9.32) holds for all v € V. Moreover,
C§°((0,7)) € C§°([0,T)) and identity (9.32) implies (2.17). Hence, u satisfies (2.14)—
(2.15).

It is possible to show that u/ € L2(0,7;V*) and

(9.33) (W' (t),v) + v(u(t),v) + blu(t),v) = (g(t),v), veV, ae te(0,T),

where (-, -) is the duality between V* and V. (Cf., e.g., [31], Sec. 8.6.)
If we multiply (9.33) by any ¢ € C5°([0,T)), integrate over (0,7") and transform
the first term with the aid of integration by parts, we obtain the identity

T T T
(9.34) —/0 (u(t),v)q//(t)dtJru/O ((u(t),v))q/)(t)dt+/0 b (u(t),v)¥(t)dt

:/0 (9(t),v) (#) dt + (u(0), )9 (0), v eV, ¢ e Cg([0,T)).

The comparison of (9.32) (with v € V') and (9.34) immediately implies that «(0) =
u®. Hence, we have proved that u is a solution of problem (2.14)—(2.16).

On the basis of the above considerations we come to the following conclusion:

Let us consider approximate solutions of problem (2.14)—(2.16) obtained from
(3.21)—(3.23) with 7, h > 0 satisfying condition (5.13). Then the system of functions
Upr, wpy defined by (4.1) and (4.2) can be split into sequences converging in the
sense of (8.69) and (8.70). Every limit function of such a sequence is a solution of
problem (2.14)—(2.16). (As we see, we have proved the existence of a weak solution
of (2.1)—(2.3).) Taking into account the uniqueness of the solution of (2.14)—(2.16)
we obtain the convergence of the whole systems {up,}, {wp,} to the weak solution
u of problem (2.1)—(2.3). Thus, we come to the main result of this paper:

Theorem 6. Let us assume that the domain Q C R? is bounded and polygonal
and that conditions (2.9)—(2.11), (3.1)—(3.3), (3.24)—(3.27), (4.3)—(4.5), (5.1) and
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(5.2) are satisfied. For h € (0,ho) and 7 € (0,T) let us construct approximate
solutions with the aid of the finite volume—finite element scheme (3.21)—(3.23) and
define functions up, and wp, by (4.1) and (4.2). Then the systems {up;}, {wp}
with h € (0, ho), 7 € (0,T) satisfying the “stability condition” (5.13) fulfil estimates
(5.14) and (7.13)—(7.16). Moreover,

Jntne, Jywp, — wu  weakly in L*(0,T; F),
Upr, Whr — u  weak-* in L°(Qr),

Upr, Why — u  strongly in L*(Qr), ash, T — 0, h, T satisfy (5.13),

where u is the unique weak solution of problem (2.1)—(2.3) (i.e., u satisfies (2.14)-
(2.16)).

Remark 2. There are several unsolved problems connected with the above
results:
— error estimates and a posteriori error estimates,
— analysis of the problem in a nonpolygonal domain, i.e., the effect of the approx-
imation of a curved boundary,
— analysis of the problem with nonhomogeneous Dirichlet boundary conditions
and/or mixed Dirichlet-Neumann boundary conditions.
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