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Abstract. Let X;, 1 < i< N, be N independent random variables (i.r.v.) with distribu-
tion functions (d.f.) F;(x,®), 1 < i < N, respectively, where © is a real parameter. Assume
furthermore that F;(-,0) = F(-) for 1 <¢ < N.

Let R=(Ry,...,Ry)and R = (RT, . ,R?\}) be the rank vectors of X = (X1,..., Xn)
and |X| = (| X1],...,|Xn|), respectively, and let V = (V1,..., V) be the sign vector of X.
The locally most powerful rank tests (LMPRT) S = S(R) and the locally most powerful
signed rank tests (LMPSRT) S = S(R™, V) will be found for testing © = 0 against © > 0
or © < 0 with F being arbitrary and with F' symmetric, respectively.
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1. INTRODUCTION AND NOTATION
Let

Fo={F: F is an absolute continuous d.f. on R},

F) ={F: FeFy, F(—x)=1-F(z), = € R}.

Let X = (X1,...,Xn) be a vector of N ir.v’s. The hypothesis 7% (.#1) means
that Xi,..., Xy have the same d.f. F' € Z(F € 7).
For h = 0,1 let us consider the following alternatives:

N
(1.1) 5 (A) = {X has a density geo(z) = Hfi(xi; 0), ©¢c A},
N
(1.2) H2(A) = {X has a df. Qe(z) = [[ Gi(F(2:);0), F € F, O € A}
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where A = AT = (0,a) or A = A~ = (—a,0) for some a € (0,00], and for each
© € A =AU{0} we have:

(i) fi(z,©) is a density on R such that f;(z,0) = f(z), 1 < i < N, and for the
case h =1, f(—z) = f(z).

(ii) G;(y,©) is a d.f. on (0, 1) such that G;(y,0) =y, 1 <i < N.

Recall that

(1.3) P(R =r|/) = 1/N!
for each r € Z—the space of N! permutations of (1,...,N),
(1.4) P(R" =71,V =v|04) =1/2V - N!

for r € #, v € ¥—the space of 2"V sequences v = (v1,...,vy) with v; =1 or —1.
Let X1y < ... < X(nv) (| X[y < ... < [X])) be the order statistics of X (of
|X|). Then X,y = (X(1),..., X(n)) and R are mutually independent under .7%5. The
same conclusion is true for | X|.) = (| X, ..., |X|n)), RT and V under 4.
The LMPRT’s for testing % against J¢5 (A) (abbr. for {4, %5 (A)}), j = 1,2,
are investigated in Section 2, and the LMPSRT for {4, #{ (A)}, j = 1,2, in Section
3.

2. THE LOCALLY MOST POWERFUL RANK TESTS OF RANDOMNESS

Two theorems will be given in this section for {54, #;'(A)} and {4, #32(A)},
respectively. These results generalize Theorem I11.4.8. [3] as well as those of
Lehmann [5], Gibbons [1].

Theorem 2.1. Let J#y'(A) be defined by (1.1). Suppose for 1 <i < N

(i) f/(x,0) = df;(x,0)/00 exists, ® € A, and it is continuous at © = 0 for a.e.
x € R, where f/(z,0) is understood to be a one-sided derivative.
(ii) hm f_ |fl(z,0)|dz = [T |f!(x,0)|dz < .

Denote
(2.1) Ak, i) = E{f{(X(x),0)/f(X)}
where X1y, ..., X(n) are order statistics of N i.r.v.’s with the same density f(x).

Then the test with critical region
N
(2.2) S(R) = ZA(Ri,i) > A (resp. <)

94



is the LMPRT for {6, %3 (A1)} (for {4, #;'(A™)}) at the corresponding level.

Proof. This theorem generalizes Th.I1.4.8 in [3], and it is proved similarly. One
must replace in the proof of the latter the density d(z,Ac;) by fi(x,©), d by f/, A
by O, and note that f;(x,0) = f(z), 1 <i< N. O

Theorem 2.2. Let #;%(A) be defined by (1.2). Suppose for 1 <i < N
(i) gi(y,©) = 0Gy(y, ©)/dy exists for © € A, 0 <y < 1,
(iv) gi(y,©) = 0g:(y,0)/00 exists for © € A, 0 < y < 1, and it is continuous at
© =0 for a.e. y € (0,1), where g,(y,0) is the one-sided derivative,
(v) lim [ 19i(y.©)|dy = [ lgi(y, 0)| dy < oc.

Denote
(2.3) a(k,i) = E{g;({Uw,0)}, 1<i<N
where Uy, ..., Uy are order statistics of N i.r.v.’s with the same uniform distrib-

ution on (0, 1).
Then the test with critical region

N
(2.4) S(R) = Za(Ri, i) = A (resp. <))
i=1
is the LMPRT for {4, # (A7)} ({56, #2(A7)}) at the respective level.

Proof. It follows from Th.2.1. In fact, for
fi(z,0) = gi(F(2),©)f(z), where f(z)= dF(z)/dz,

the conditions (iv)—(v) are equivalent to (i)—(ii). Since G;(y,0) = y, g(y,0) = 1,
0 <y <1, then f/(x,0)/f(x) = g.(F(x),0). Therefore A(k,i) = a(k,q).

Example 2.1. Let, for 0 <y < 1,

1-0)y+06y% 1<i<m,
Y, m+1<1<N.
Then, for 1 <k < N,
—14+2k/(N+1), 1<i<m,
a(k,i) =
0, m+1<i<N,

because E{Uqy} =k/(N +1), 1<k < N.
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Theorem 2.2 implies that the two-sample test with critical region

(2.5) S(R)=> R >\
1=1
is the LMPRT for testing /%) against
m N
HP%) = {QE@) = [[I0-0)F@)+0F @) [] F:), 0<0 <1, Fe %}
i=1 1=m-+1

at the respective level.
This is the case considered by Lehmann [5].

Example 2.2. If Gi(y,0) = (1 — Oc¢;)y + Oc;y?, 0 < Oc; < 1, then a(k,i) =
¢i[2k/(N + 1) — 1]. Theorem 2.2 implies that the test of Wilcoxon type with critical
region

(2.6) S(R)=> ciRi = A
is the LMPRT for testing % against

N
HE(AT) = {Qg = H[(l —Oc¢)F(x;) +Oc; F%(x;)], ©>0,0<O¢; <1, Fe %}

i=1
at the respective level.

Example 2.3. For

y'te, 1<i<m,
Gl(y7@) = 1 @
1—(1—y)*e, m+1<i<N,
noting that
N—k
j=0
k—1
E{ln (1-Uyy)} ==Y _1/(N —j) (see (25)(26), p. 83,[3])
=0
and
N i—1
i=1 j=0

96



one obtains from Theorem 2.2 that the test with critical region

(2.7) S(R) = zm:a(Ri) > A,
where
k—1 N—k
(2.8) a(k) = _ [L/(N=35)]= ) [I/(N=j), 1<k<N,

is the LMPRT for testing %) against

a4 = {@b(@) = [JIF@e I -1 -Fe)*el,

at the corresponding level.
This is the case considered by Gibbons [1].
3. THE LOCALLY MOST POWERFUL SIGNED RANK TESTS OF SYMMETRY

The following theorems for the symmetry hypothesis generalize the results in [4]
and Theorems 11.4.9-10 [3].

Theorem 3.1. Let #;}(A) be defined by (1.1) with f; satisfying (i)—(ii) of Th. 2.1.
For1<i< N, j=1,2 denote

(3.1) fia(@) = (1/2)[fi(,0) + (=1) fi(~=,0)],
(32) Aj(k,i) = E{f5:(1X )/ (1 X 1)) }
where | X|(1,...,|X|() are order statistics in absolute value of N i.r.v.’s with the

same symmetric density f(x). Then the test with critical region

N
(3.3) SR, V) =) [Ai(RF,))Vi+ As(RE, D] 2 4 (SN

i=1
is the LMPSRT for {74, (A1)} (for {54, #1(A™)}) at the corresponding level.

Proof. The proof of Theorem 3.1 is similar to that of Theorems 1-2 in [4].
Therefore we outline only its principal steps.
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Denote

N
dQe = godz = [[ fi(z,©)dz;, © €A,

i=1

B(rv)={x: Rt =r, V=0v}, reZ, veV,
Qo(r,v) = Qo{B(r,v)}.

Note that Qg € 74 and dQo = H f(z;)dz;. Then

(3.4) Lo(r,v) = (1/0)[Qe(r,v) — Qo(r, )]
N
/Bm, / 1] (@, © [[f(x»}dx

v) —
l
C)
"% 1

where
i—1 0 N
Li(z,0) = (1/0)[fi(x:,0) — f(z:) [[ f(= H fze0), [[= ] =
j=1 s=i+1 j=1 s=N+1
with

(3.5) nrgigp/.../wi(x,@)\dxg /|fi’(x,0)|dxi
= [ [ 1.0/ 5@l

The convergence theorem of Scheffé [6] (see also Theorem I11.4.2. [3]) implies

(3.6) lim Le(r,v) Z/B( ./{f{(m,o)/f(xi)}on.

Since f(—x;) = f(z;) and by (3.1) we have

fri(=zi) = —fri(xi),
foi(=xi) = fo,i(wi),
[i(2,0) = fri(xi) + fa,6(24),
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it follows from (1.4) and (3.6) that

dQO :E|R+ =rV =v)

hm Le(r,v) = (1/2VN!) Z/ /
R —

N
= (12N Y B{[ (XD FUXDIVE + [oa (| X))/ F(XDIRT =7,V = v}

i=1

= (1/2NN')ZE{[f1 (1 X))/ FUX @)V + 21X )/ FUX )]
1/2NN' i\]:Al (riyi)v; + Az(ri, 1)].

This implies the conclusion of Theorem 3.1 in the same manner as in [4]. g

Theorem 3.2. Let .#;2(A) be defined by (1.2). Let the conditions (iii)-(v) of
Theorem 2.2 be satisfied. Denote for j = 1,2, 1 <1< N

3.7) gji(u) = (1/2){gi[(1 +u)/2;0] + (=1)7 gi[3(1 — u); 0]},
a;(k, 1) = E{g;:(Uw))},
where Uy, ..., Uy are order statistics of N i.r.v.’s with the same uniform distrib-

ution on (0, 1).

Then the test with critical region
N
(3.9) SR, V) = far(Rf,i)Vi + aa(Rf i)} =X (V)

is the LMPSRT for {63, #2(A1)} (for {74, #2(A)}) at the respective level.

Proof. Note that

fi(z,0) = f(x) = dF (z)/dz, F € F1,

fi(z,0) = gi(F(x),0) - f(),

fi(z,©) = gi(F(2),©) - f(),
fi(z,0)/f(z) = gi(F(z),0)
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Then, by (3.1) and F(—z) =1 — F(z),
(3.10) fi.i(@)/f(@) = (1/2)[gi(F(x),0) + (1) gi(1 — F(x), 0)].
Since |X| has a d.f. 2F(x) — 1 provided X has a d.f. F(z), hence setting
2F(X[)— 1=,
we see that U has the uniform distribution on (0, 1). Therefore
F(IX|w) =[50+ Uw)l,

and lfF(|X\(k)) has the same distribution as %(lfU(k)) and, by (3.2), (3.8), (3.10),

A;(k i) = a;(ki), j=1,2, 1<i, k<N.

Thus Theorem 3.1 implies Theorem 3.2. O

Example 3.1. For J#2(A) with G;(y,©) as in Example 2.1:

(1-0)y+ 6y2, 1<i<m,
+

Gi(y’ 9) = {

Y, m

one hasfor 0 <u <1

- tu, 1<t <m,
gMﬂHw»W{Q iicicn
Uu, 1<t <m,
91,2’(“){07 m+1<i<N,
g2,i(u) =0 1<i<N

Then the test with critical region
m

(3.11) S(RT,V)=) RiViz\
i=1

is the LMPSRT for {7, #2(A")} at the respective level.
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Example 3.2. For #?(A) with Q& as in Example 2.2:

N
Qg(a:) = H[(l - @CZ)F(.’Ez) + @CiFQ(.’L‘i)}, FeZ, 0<0¢ <1,
i=1
one can verify that the LMPSRT for {4, #;2(A")} is determined by the critical

region

N
(3.12) S(RT, V)= RV >\
i=1
Example 3.3. For ' (AT) with go(z) = H f(z; —©), © > 0, where f is

symmetric and continuously differentiable, one has
f{(.’L‘,@) = —f/(.'L‘ - 9)’ fz/(.’L‘,O) = —f/(.'L‘), fz’/(_x’o) = f/(.'L‘),
fri(@) = =f'(2), f2: =0,
Ar(k,i) = —B{/" (X1 )/ F(1 X |} = AL (k),  As(k,4) =0,

It follows from Theorem 3.1 that the test with critical region
Z A{(R) Vi = A
is the LMPSRT for {4, #*(A*)}. This coincides with Th.IL.4.9. [3].
Example 3.4. For 7} (A") with

go(z) = H e ©f(e” H f(z),0 >0,

=1 i=m-+1

where f is symmetric and continuously differentiable, one has

/ —f(@) —af'(z), 1<i<m,
0, m+1<i<N,

hence fo,; = f/, f1.,=0,1<i< N and

Ay(k,i)=0, 1<i<N,  Ag(k,i)=0 m+1<i<N,
As(k,i) = B{~1 ~ | X|( - (X ] )/ F(X] @)} = AL(R), 1<i<m.

This result is identical with Th. I1.4.10. [3]: The test with critical region

is the LMPSRT for {7, #;}(A*)} at the respective level.
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