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SINGULAR PERTURBATIONS IN OPTIMAL CONTROL PROBLEM
WITH APPLICATION TO NONLINEAR STRUCTURAL ANALYSIS
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Summary. This paper concerns an optimal control problem of elliptic singular perturba-
tions in variational inequalities (with controls appearing in coefficients, right hand sides and
convex sets of states as well). The existence of an optimal control is verified. Applications
to the optimal control of an elasto-plastic plate with a small rigidity and with an obstacle
are presented. For elasto-plastic plates with a moving part of the boundary a primal finite
element model is applied and a convergence result is obtained.
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INTRODUCTION

Singular perturbations play a special role as an adequate mathematical tool for de-
scribing several important physical phenomena such as propagation of waves in media
in the presence of small energy dissipation or dispersions, appearance of boundary
or interior layers in fluid and gas dynamics as well as in the elasto-plasticity the-
ory, semiclassical assymptotic approximations in quantum mechanics, phenomena
in the semiconductor-device theory etc. We shall deal with singular perturbations
appearing in coefficients, right hand sides and in the form of convex sets of states
for optimal control problems governed by elliptic variational inequalities. We inves-
tigate some properties of the solutions. The existence theorem (for the singularly
perturbed optimal control) will be applied to the perturbed optimal control of elasto-
plastic plates with small thickness and to membranes (the membrane approximation
to the plate obstacle problem as a special example of singular perturbations for el-
liptic variational inequalities—Sec. 1). In Sec. 2 we shall deal with discretization of
the abstract problem. In Sec. 3 a particular realization of the general scheme to the
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initially-stressed elasto-plastic plate problem is performed. In Sec. 4 a finite element
approximation to the optimization problem is done.

Singular perturbations in variational inequalities were considered by Huet [6], Li-
ons [10], [11], Greenlee [4] and Eckhaus, Moet [3], while the optimal control problems
were considered by Lions [10]. The main concern was there the existence of solutions
with some weak convergence theorems.

Before touching the main topic we introduce the notation. Let H () be a normed

linear space. Following Mosco ([13]), we introduce the convergence of a sequence of
subsets:

Definition 1. A sequence of subsets {C,(f)}, of a normed space H(f2) con-
verges to a set C(R2) C H(Q) if C() contains all weak limits of sequences {v,, },,
Un, € Cn, (), where {C,, ()}, are arbitrary subsequences of {Cn(Q)},, and if
every element v € C(R2) is the (strong) limit of a sequence {v, }n, vn € Cn().

We shall write C(R) = I_Jbl_rkn Cn(9).

We employ the following notation: by “—” and “—” the strong and weak conver-
gence in the appropriate spaces will be denoted. As usual, N denotes the set of all
natural numbers and R the real axis. For two Banach spaces X,Y, £(X,Y) denotes
the space of all linear operators from X to Y.

1. EXISTENCE THEOREMS

Let the control space U(Q2) be a reflexive Banach space with a norm || - ||y(q).
Let U.q(Q) € U(Q) be the set of admissible controls in U(2). Let £ (?) be a real
Hilbert space with the inner product (-,-) 2/(q). Furthermore, let V(2) and W ()
be two reflexive Banach spaces with norms || - |lv(q), || - llw(q), being compactly
imbedded into 2" (2) by imbeddings £y (q), #w(q), respectively, such that the ranges
Fu(H) are dense in () for H = V(Q), W(2). Let us denote by V*(2) and
W*(Q) the dual spaces of V() and W(R) and by || - ||v+(q), Il - lw+(q) their norms
with respect to given duality pairings (-,")v(a), (,")w(a), Where, by convention,
(x,9)n = (I ', Fuy)a () for H =V(Q), W(Q), y € H and z € F{H(Z(Q))
which is dense in H* and will be identified with X (). For a Banach space s# and
two nonnegative constants A, A we denote by & (A, A) the set of all operators D
from J# into J#* for which the inequalities

(1.1) Ajv — w||% < (Dv — Dw,v — w) ¢ and
||Dv — Dw|| s+ < Aljlv — w]|s for all v € 5#
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hold. We assume that

(NO) . V(Q) = W(Q), V(Q) is dense in W () and
Ua.q(2) C U(9) is compact in U(S2).

We introduce the systems {¢ (e, ) }ccv.q4()> {H (e, ) }ecv.a() of nonempty con-
vex closed sets ¥ (e,N2) C V(Q), £ (e,Q) C W(R), e € Uaa(RN), and the sys-
tems of operators {#/(e); e € U,q(R)} acting from V() into V*(Q)) and {#A(e);
e € U.a(R)} acting from W () into W*(2) satisfying the following assumptions:
(H)
(1° e, = €0 in U(R) = ¢ (€0, ) = I:}inwf(en,ﬂ),
2° {H(e); e € Uaa(N)} C Ey(q)(0,car),
3° e, = €0 in U() = &(en)v = & (eo)v in V*(Q) for all v € V*()),
4° there is a > 0 such that for all e € U,4(?) and all v,w € V()

the inequality

[ (F(e)v - F(e)w,v —w)y(q) + |lv - wll}yq) > axllv - w|l}, ) holds,

(H2)
1° cl ot (e, Q) = H (e, ), e € Uaa(Q) (closure in W(2)),
2° e, = €0 in U() = ¥ (e0,N) = 1_4’1_1’_n X (en, ),

3° {B(e); e € Uaa(N)} C Ew(q)(am,ca) with ag > 0,
4° e, 2 9 in U(N) = HB(en)v = B(eo)v in W*(Q) for all v € W(Q)).

Note that W*(2) = V*(Q2) continuously, and one has the transposition formula
(F,v)va) = (F,v)w(q) for any v € V() and for any F € W*(Q?).

We assume, moreover, that

(BO) few*(Q) and B: U(2) » W*(Q) is a continuous operator.

For every € > 0 and for every e € U,q(f) there exists a unique state function
uc(e) € X (e, N) such that

(1.2) (e (e)uc(e) + Ble)uc(e),v — ue(e))v(a) 2 (f + Be,v — uc(e))w(a)
for all v € H (e, ).
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Indeed, thanks to the general theory of variational inequalities ([1], [12], [14]), it is
enough to prove that there is ¢, > 0 such that

(1.3) (e( (e)v — & (e)w),v — w)y(q) + (B(e)v — B(e)w,v — ww(q)
2 cellv —wll} ), v,w € V(Q)
and this immediately follows from ((H <), 2°,4°), ((H %), 3°) (e.g. by contradiction).
Thanks to ((H%),3°), for any e € U,q(Q)
(1.4) Ju(e) € K (e,Q) such that Vv € JF (e, )
(B(e)u(e),v — u(e))w(a) = (f + Be,v — u(e))w(a)-

Let us consider a functional .Z: U(Q) x W(Q2) - Rt = {a € R; a > 0} for which
the following condition holds:

(1° {vp}n CW(Q), veE W(Q), v, 2> vin W(Q) =

ZL(e,v) = n_l_i)l_'l_loof(ﬁvn)’

(E0) 2° {vp}n CW(R), ve W(Q), {en}n CUa(R), € € Uaa(),
en = ein U(Q),v, = v (weakly) in W(Q) =

Z(e,v) < lglgilg.?(en,vn).

\

We introduce the functional J. by
(1.5) Je(e) = ZL(e,uc(e)), e € Uaa(0),

where u,.(e) is the uniquely determined solution of (1.3), e € Uaq(2). We shall solve
the following optimization problem (Z2):
Find a control e € U,q(Q2) such that

(Z) Je(ee) = Je(e).

inf
e€U.a(2)
We say that e. is an optimal control of the problem (Z).

Theorem 1. Let the assumptions (NO), (H</), (H%), (B0) and (E0) be satis-
fied. Then there exists at least one solution to () for any € > 0.

Proof. Due to the compactness of U.q() in U(2), there exists a sequence
{el},, C Uaa(9) such that

. n o__ 0 . 0 . n — .
(1.6) nll}l-ir-loo el =e, in U(N), e € Uaa(NN) and nll»Too Je(el) eell]l,’\lf(ﬂ) Je(e).
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Denoting u.(e?) := u € X (e?, 1) we obtain the inequality
(1.7) (e (e2)us + B(e)ul,v —ug)v(a) 2 (f + Bel, v —ud)w(q)

for all v € ' (e?,f). We take an arbitrary vy € ¢ (e2,9) and (by (H#),1°) a
sequence {vp}, € [] (eZ,Q) such that v, @ vo. Putting v = v, in (1.7),
neN

adding e(& (el )vn,ul — vn)v(q) + (B(el)vn,ul — va)w(q) to its both sides and
multiplying the resulting inequality by —1, we obtain

(1.8) (e((e2)ug —(eZ)vn),ul — vn)y (q) + (Ble)us — B(eZ)vn, us = Vn)y(q)
< (e (€7)n, vn — uf)y(q) T (B(e)Vn, vn — Ul (q)
+(f +Bel,uf —vn)yy(q), nEN.

From (1.3), (1.8), ((H#),2°,3°), ((H%),4°) and (B0) it follows that
(1.9) lugllv@) < cle), n €N for fixed € > 0.

This yields the existence of a subsequence {u*}, and of an element u? € V(Q) such
that

(1.10) u™ — 4l in V(Q).

As ul € X' (el,N), the assumption ((H27),1°) yields
(1.11) u? € H(e2,0).
By ((H#),1°) there exists a sequence {O}x, O € JH (el*,Q), such that O — u?

in V(Q). Inserting v := O in (1.7), adding (e 2/ (e2*)O) + B(e*)Ok, um — Of) to
its both sides and multiplying the resulting inequality by —1, we obtain

(1.12) limsup (€ (ef*) + B(el*)) (uZ* — Ok), ul* — Ok)y g
k—+o00
< limsup I(ed(e?“)@k,@k - U?“)V(n)‘
k—+o0
+ lim sup ‘(%(e?")@k, O — u?")wm)'
k—+o00

+ lim sup ‘(f + Bel*,ul* — e’c)W(Q)’ =0.
k—+ox
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The last equality follows from (B0) and from the facts

(1.13) (e,, Y@ ¢ and v "Dy for n — +oo) =

| (en)v™ — (e)vllv+ () .
< C_q/"’Un - Ullv(g) + ||d(en)v - d(e)v"v.(g) — 0 for n = +o00,

(1.14) (en D ¢ and v "D w for n - +oo> =

|B(en)w™ — B(e)wllw-(q)
< callw™ — wllw) + | B(en)w — B(e)w|w-@) = 0 for n = +o0

which are consequences of ((H%),2°,3°), (H%), 3°, 4°), respectively. Due to
the uniform monotonicity of [eo/(el*) + PB(el*)] (cf. (1.3)) we obtain the strong
convergence

(1.15) ure V9 u  for k = +oo0.

€

Moreover, (1.15) together with (1.13) and (1.14) yields
1.16)  @(e)ur — X w(e)u®, Ber*)ur " Bl  for k - +oo.

Given a v € #(e2,Q), by the assumption ((H),1°) there exists a sequence
{v*}k,v* € X (er*,9), v* — v in V(). Limiting (1.7) with v = v¥, we have

(1.17) (e (ed)ul,v - Ug>v(9) + (B(e)ug,v — U(e))W(Q) > (f + Be,v — ud)w(a)
and, as v € (€2, Q) is chosen arbitrarily, we get

(1.18) u? = uc(e?).
Then ((E0),2°) and (1.10) yield

(1.19) (6, ue(e2)) < liminf 2(e7, ue(e})) = Le, ue(e)).

inf
e€Uaa(R)
Hence £(€2,uc(e?)) = inf{Z(e,uc(e)); e € Uaa()}, which completes the proof.
O

Limit state function and limit cost function. We define the limit state func-
tion for any e € U,q(2) by the variational inequality

Find uq(e) € J (e, Q) such that

(1.20) i
(B(e)uo(e),v — uo(e))w(a) = (f + Be,v —uo(e))w(a) Vv € X (e,Q)
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and the limit cost function

(1.21) Jo(e) = Z(e,uo(e)).

In this case one has the limit control problem (%) defined as follows:
(%) Find ey € Arginf{Jo(e); e € U.qa()}.

Theorem 2. Let the assumptions (NO), (H%), (B0) and (EO0) be satisfied. Then
there exists at least one solution to ().

The proof is analogous to that of Theorem 1. O

There arises a natural question concerning the type of relation between solutions
to (%) and (£) if € = 0. We prove the following theorem:

Theorem 3. Let the assumptions (NO), (He/), (H%), (B0) and (EQ) be satis-
fied. Let e.,, eg be solutions of the problem (£, ), (%), respectively. Then there
exists a sequence {e,},,, €n = 0 for n — +o0, such that

{ e, > e inU(N), uc,(e,)— uoleo) in W(Q),
(1.22)

T ()= i = inf .
en (€c,) eGllJI;lf(Q) Je.. (e) = Jo(eo) et Jo(e)

Proof. Due to the compactness of U,q(Q2) there exists a sequence {ec,}, C
Ua.dq(R?) such that e, — eg in U(R2). The “state function” u.,(ec,) € K (ec,,R) is
a solution of the state variational inequality

(1.23) (end(€c, )ue, (ec,) + Blec, )ue, (€c. ), v — ue, (e, ))V(Q)
2 (f + Bee,,v — ue, (€c,)) (o) for any v € K (ec,, )
for given e, € Ua4a(2), €, >0, n € N.

We take an arbitrary vy € J#(e2,9) and a sequence {vn}n € [[ (e, ,) such
neN
()

that v, @ vp. In the inequality (1.23) we take the fixed v = v,, add e,( (€., )vn,
Ue, (€c,) —Un)v(Q) + (B(€c,)Vn, Ue, (€c,) — Vn)w(q) to both sides of (1.23), multiply
the resulting inequality by —1 and use ((H %), 2°) and ((H %), 3°). It follows that

n (9 (02 e (6c,) = (€6, )ms e, (€6,) = Vndviey + e, (ecs) = vnlly(a)
+ (a® —€n)llue, (€c,) — 'Un”%V(Q)
S(f + Bee,,, Ue, (€c,) — vn)w() + ((en (ec,) + B(ec,.)) Un, Un — Ue, (e, ))V(Q) :
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Setting €, < ag/2 and applying ((H%), (H%)) we get

(enaar)|lue, (ec,) — Un”%/(n) + %a.%”uen (€c.) — Un”lz/V(Q)
< allf + Bee, lw+() llte, (ec,) — vallw(a)

+ c2enllue, (ec,) = vnllv(Q) lvallvia) + csllte, (ec,.) — vallw(@) llvallw (),

where c;, c3, c3 are constants which do not depend on n. Hence we conclude that

(1.24) llue, (e )lw) ¢ Venllue, (e )llvie) < c
= Vel & (ee, )ue, (€, )lve(o) < €

for some c, ¢ independent of n. We can therefore extract a subsequence {Us,.k (€cn, )}
such that

(1.25) Ue,, (€, ) =W in W(Q) fork— +oo and we€ X (e, Q),
VEnle,, (€, ) =0 in V(Q) for k = +o0o

exploiting the assumption ((H %), 2°), too. Moreover, there is a sequence {w }x such
that Wy, € X (ee,, , ) and W D 5. We put v = Wi, into (1.23) formulated for the
index ng, add (en, & (ec, )Wk + B(ec,, )Wk, Ue,, (€., ) — Wk)v () to its both sides,
multiply the resulting inequality by —1 and employ ((H%),2°), ((H%),3°), (B0),
(1.13) and (1.14) again. As the right hand side of the resulting inequality tends to 0

(cf. (1.12)), we obtain

. ~ w(Q) .
(1.26)  limsup apl|dx — ue,, (ec,, )@ =0 = e, (ec.,) 9w,
k—+o0

lim sup <enkd(ee"k ) (ue,,k (€en,) — lflk) sUe,, (€, ) — 1I’k>

k—+o0 v(Q)
= lﬁiﬂf (enkﬂ’(esnk Jte,, (€cn, )s Uen, (€ca, )>V(Q) =0

We take w € ¥ (eo,Q) arbitrary. We can find {wi}x C V() such that wy €

K (ee,, ,$?) and wy Y w. To prove

(1.27) W = uo(eo)

we return to (1.23) for the index ny and put v = wy there. Due to (B0), (1.25) and
(1.26) it is easy to see that for k = 400 we obtain

(1.28) (%B(eg)uo(eo), w — uo(eo))w(g) > (f + Beg,v — UO(€0)>W(Q)
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and (1.27) is valid. Moreover, the method of the proof shows that the convergence
(1.29) uc(e) iy uo(e) Ve € Uaq()

holds. Indeed, if it were not true, there would be a sequence €, — 0 and a constant
£ > 0 independent of k such that

(1.30) llue, (e) — uo(e)llw(q) = € Vk €N.

Putting an arbitrary fixed v € ¢ (e, ) into the appropriate variational inequalities,
we arrive at

(1.31) llue, ()llw) <, Vekllue (e)llvi) < c
= Vel (e)ue, (e)llv-(a) <&,

where ¢, ¢ do not depend on k. The existing W (Q2)-weak limit of a suitable subse-
quence {u, (e)}n C {uc,(e)}r must be up(e) due to ((HA),1°) and due to quite
analogous arguments to those used in deriving (1.27) through (1.26) and (1.28). This
is a contradiction to (1.30).

Now, from (1.29), from the fact that Je, (e, ) < Je,, (€) for all e € Uaa(?) and
all k£, and from ((E0),1°), we get

(1.32) limsup J,, (ec,, ) < Jo(e) Ve € Uaa(9)

k—4o0

= limsup J,, (e, )< in

f  Jo(e) < Joleg).
im suf ceidf o) o(e) < Jo(eo)

Furthermore, we observe that ((£0),2°) (1.26) and (1.27) imply lkim +i’nf Jen, (€c, ) 2
—+00
Z(eo,uo(eg)) = Jo(eo). Comparing this result with (1.32) we see that necessarily

1.33 inf J = J .
(1.33) ceda o(e) = Jo(eo)

Theorem 3 is proved. O
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2. SCHEME OF DISCRETIZATION

Let us assume that U,q(2) C U(Q2) is compact. We describe the discretization
of problem (£?) and prove the convergence of the sequence of finite-dimensional
solutions as h, the discretization parameter, tends to zero. With any h € (0,1) we
associate:

(1° finite-dimensional subspaces V4 () C V(Q), UM(Q) c U(Q),

2° closed convex subsets J#(en, ) C Vi (R2) (certain approximations
of ¥ (e, ),

3° closed convex subsets U (€2) C U*(Q) (certain approximations

(V) & of Uaa()),

4° operators @, (es): Va() = Vi (), en € UL (Q) (approximations
of the operators in (H)),

5° % : UM(Q) x VH(Q)) = R convex lower semicontinuous proper

functionals (approximations of the cost functional .Z).
Moreover, with any h € (0,1) we associate:
( 1° finite-dimensional subspaces Wy, (2) C W(Q2) (Vn(R2) C Wi (),
2° closed convex subsets J, (en, ) C W(Q2) (approximations
of (e, Q)),
(WB)n { 3° operators B (en): Wa(Q) = Wi (Q), en € UL (Q)
(approximations of the operators in (H %)),
4° fr, € Wr(Q), B € LIU™(R),W}(Q)) (approximations
. of f and B).

The approximations of the state equations (1.4) and (1.2) are now defined by
means of the Ritz-Galerkin procedure:

uen(en) € Hh(en, Q)

(e (en)uch (en) + Br(en)uen(en),vn — uen(en))v(q)

(2.1)
> (fn + Bren,vn — uen(en))v(a),
for any v, € A (en, Q) and en € UM (Q)
and
uon(en) € Ha(en, ),
2.2) (Bh(en)uon(en),vn — uon(en)) wa)

2 (fn + Bnen,vn — uon(en)) w(a)
for any vy € Jh(en, Q) and e, € UM ().
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The families { %, (en, )}, and {.)é;h(eh, Q) } . are supposed to satisfy the following
two conditions:

(L )n

and

(LB)n

3

r 1° hp, = 0, e, Y@ ¢ such that €en, € Uahc{' () Vn € N = for any
bounded sequence {vp, }» in V() such that vy, € 4, (en,,N), all

its weak cluster points belong to J¢ (e, 2),
2° there are Ay (e,0) C V(Q), clAy(e,q) = # (e,1) such that for any

h, — 0 and any e, (@Q e there is Z., c: Ax(e,0) = Hr(en,, D)

such that for all v € A y(.,q) we have lim Z., .v = v strongly in
n—+o00 "

V(Q)

\

4
1° hp, = 0, en, Q) ¢ such that en, € UM(Q) Vn € N = for any

bounded sequence {vp, }n in W() such that v, € K, (en., ),
all its weak cluster points belong to X (e, 2),
2° there are Ay C w(Q), cl Apien) = J (e, ) such that for any

hn, — 0 and any e, LE)) e there is T, e: A.x’(e,n) — Jt}h(eh",ﬂ)

such that for all w € A.)(;(C,Q) we have lim Y., .w = w strongly

n—+o0o
\ in W(Q).

Let us note that we do not necessarily have J, (e, Q) C ¥ (e,9), (Hh(en, ) C
X (e,9)) and UM (Q) C Uaa(R). If, however, this is true for any h € (0,1), we say

~

that we have an internal approximation of J¢ (e, Q), £ (e, ), Uaa(Q), respectively.
For the existence theorem to the problems (2.1) and (2.2) and for the analysis of

the relation between (1.4), (2.1) and the relation between (1.2), (2.2) we shall need
the following hypotheses:

(He )n

4

(1° there is & such that @ (en) € &y, (q)(0,éx) for any h € (0,1) and
any e, € UL (Q),

2° g, (en, )vn, = L (e)v in V*(Q) for n = +oo, if h, = 0, €5, — €
in U,q(Q?) and vy, — v in V() for n = +o0,

3° there is G > 0 such that for all h € (0,1), en € U2 (Q) and
Vh,wh € Va(), (@h(en)vn — Fh(en)wn,vn — wr)y(q) + llvn —

L wh”%v(n) 2 Gollon — wh"%/(n)-
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Furthermore, we suppose that the following hypotheses concerning % (ex) hold:

(1° there are g and ég such that B (e,) € Ew, () (G®,éa) for any
h € (0,1) and any e, € U (9),

2° B, (en, )vn, = B(e)v in W*(Q) for n — +oo, if b, = 0, e, > €
in Uaa(Q) and vy, = v in W(R) for n — +o00,

3° there is ¢ > 0 such that ||fullwy@) < c for any h € (0,1) and

(HB), < any fn € W¥(Q) and (h, = 0 & {v,}n € n]gN Vi () such that

V(Q)
Un — 'U) = (fmvn)v,.“(n) — (f,v)V(Q)’

4° e € UL(D) and |lenlluie) < co = there is ¢ € Ry such that
| Brewllw(q) < c for any h € (0,1),
5° hp, = 0, vp, € Vi, (Q), vp, = v in W(Q), en, = e in U(N) for

[ n—> 400 = (Bh,eh,,Vh,)w(a) = (Be,v)wq) for n = +00.

Morever, we assume that

1° vp € Wr(Q2) and vjf = v in W(Q) = ZLi(en,vn) = B{I'_l Zh(en,v}),
(E0)s 2° e} € UM(Q), e} = en in U(Q), v} € Vo(Q), v} 2 vp in V(Q) =

Zh(en,vn) < ngil;cf) .th(ez, ’U;:)

For every ¢ > 0, h > 0 and for every e, € UM (Q) there exists a unique
Ucn(ern) € Hn(en, ) of the variational inequality (2.1). Indeed, due to ((H % )h,1°)
and ((H%)n,1°) there exists a constant cgg > 0 such that for any € > 0

(e(h(en)vn — Dh(en)wn),vh — wr)v(Q) + (Br(en)vh — Br(en)wn,va — wh)w(q)

> caallvn — will} (g)-

For a set M and a function £: M — R we denote by Argmin £ the set of minimizers
M

of £ on M. The discrete version of (£) then reads as follows:

(yeh)

Find ec, € Argmin % (en,ucn(en)) = Argmin Jep(en) with uen(ern) as above
en€Ul (Q) en€UM (Q)

and the discrete version of the limit control problem (Z,) reads:
(Pon)

Find egn € Argmin % (en, uon(en)) = Argmin Jon(ep) with ugn(en) as above.
en €Uk (Q) en €U (Q)
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By [ech, uch(€ch)], [€on, Uon (€on)] we denote an optimal pair for (Pen), (Por), respec-
tively. The following lemmas hold:

Lemma 1. For every h > 0 and for every € > 0 there exists at least one optimal
pair [ech, uen(€cn)] for the problem (Zep).

The proof is quite analogous to that of Theorem 1. a

Lemma 2. Under the above introduced hypotheses (Hgf), and (L&), let
{en.}, € l_k U+ (Q) be such that h,, — 0 and ey, — e in U(RQ) for n — +oc. Then
ne

Ueh,, (€n, ) = uc(ee) in V() for any fixed € > 0.
Proof. We take v € A y(.,q) and put Z., .v into (2.1) for the corresponding
hn—cf. 2° of (Le/),. Then, employing the standard procedure repeated several

times in Sec. 1, where the respective assumptions of (H %) and (H %) are replaced
by (H%/ ), and (H %), we arrive at the estimate

luek, (er)llviq) < éxa(e), n €N,

valid for € > 0 with a positive constant ¢4 independent of n € N. Thus there
exists a subsequence {uch, (en,, )}, Of {tcn,(en,)}n and an element u.(e) € V()
such that

Ueh,, (€h,,) — ue for k — +oo for any fixed € > 0.
Moreover, we have u. € J (e, ) (due to ((L&)r,1°)). Using condition ((L& ), 2°)

again for some z € A (. ), we obtain the existence of a sequence {Z., .z}; €
nj

I1 Hh,., (en,.,) such that ,ligl Re,, ez = z strongly in V(Q) as ep,. — e in
jEN 7 j—+oo nj 7

U(€). Then we proceed like in the proof of Theorem 1 (from (1.11) to (1.16), here
the sequence {Z., .z} _ plays the role of {©4}). In this way we get

en, () 2 ue(e),
(2.3) V*(Q)
. D, (€n, Jueh, (en,) — & (e)uc(e),
B, (en, en, (en.) "= B(e)ue(e).
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In order to study the relation of optimal pairs to (%) and (£,.) we need the
following additional assumption:
( 1° The family {U(2); h € (0,1)} is compact in the following sense:
for any set M := {en; en € U% (), h € N C (0,1),0 € cl N'} there
is a sequence h, — 0 and an element e € U,q(Q2) such that e,, — e
in U().
(HU)n J 2° For any e € U,q(f?) there exists a sequence {h,}» C R such that
hn — 0 and {en, }. € HN UP»(Q) such that e, — e in U(R).

ne

3° hn = 04, en, € U(N), n €N, e, 79 e, Un Y@y for n -

\ 400 = %, (en,,vn,) = ZL(e,v).

Then we have

Theorem 4. Let € > 0 be fixed and let (H& )n,(HPB)r) and ((LL)pn,(HU)4)
be satisfied. Let [ech,ucn(ecr)] be an optimal pair of (Pe1), esr € UM (R), h € (0,1),
€ > 0. Then there exists a sequence {hy,}n, hn = 0 for n — +o00 and a pair of
elements [e., uc(€ec)] € Uaa(Q) X ¥ (e, Q) such that [ech,,Ueh, (€ch, )] = [€c,uc(ee)]
inU(Q) x V() for n > +o0.

Proof. The assumption ((HU)n,1°) yields the existence of a sequence {ecs, }n
and e. € U,q(?) such that e.n, — ec in U(R). By virtue of Lemma 2 we have
Ueh, (€ch,) = ue(€e) in V(). Then due to ((L&)n,2°) one has uc(e:) € X (ee, ),
i.e. e € Uaq(Q). The definition of (Z£,)) gives

(24)  Dho(eehn tehn (€chn,)) < Zh,(en,, ten, (en,)) Yen, € Ug (Q).
Let € € Ua.a(9) be given. Due to ((HU)p,2°) one can find sequences {hn}n, hn = 04
and {éx,}n € [1 Ul (9Q) such that &, — & in U(Q). Thus ues, (ér,) = ue(é) in
V(1) and withnfﬁle use of (2.4) and ((HU )y, 3°) we obtain

ZL(ee,ue(ee)) < L(€,uc(€)) Ve € Uaa(©)

and the proof is complete. a

The problem (&) can be treated quite analogously and an appropriate variant
of Theorem 4 for this case is the following

Theorem 5. Let (H%), and (HU)y, for e = 0 be satisfied. Let [eon, uon(eon)]
be an optimal pair of (@), eon € UX(Q), h € (0,1). Then there exists a se-
quence h, — 04 and a sequence of pairs {[eon,, ,Uon, (€on,)]},, and a pair of ele-
ments [eg,u(eg)] € Uada() x (e, ) such that [eon, , Uon, (€or,)] = [eo,u(eo)] in
U(Q) x W(Q2) for hp, = 04.
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3. INITIALLY STRESSED ELASTO-PLASTIC PLATES

In many practical applications, plates are in a state of initial membrane stress.
When subsequently subjected to transverse pressure loads, their structural behaviour
and response can be entirely different from plates which are free from such internal
stresses.

Let us consider an elasto-plastic plate having small flexural rigidity and being
referred to a fixed orthogonal Cartesian coordinate system. The middle surface of
the plate is indentified in its undeformed state with an open bounded domain 2
in R2. The plate has a small thickness 2h, (may be geometrically characterized
as “thin” domain in R3) and its middle plain coincides with the O,,,-plain of the
coordinate system Oy, z,z,. Let the boundary of Q2 (denoted by 02) be Lipschitz. We
will consider the physical situation in which the transverse displacement of an elasto-
plastic plate is constrained by the presence of a variable obstacle (rigid frictionless
surface located at a distance . = %(z1,z2) under the middle plain of the plate).
Thus the function v = v(z1,z2) describing the admissible transverse displacement
must satisfy the relation v > & + h, which is assumed to be non-positive. The
transverse reactive force u = u(v) and the displacement v are supposed to satisfy
the usual contact condition of the Signorini type

v—(FL4+hy) 20, p=0,

(v=(FL+hy))p=0 in Q.
The distribution of a transversal load ¢ = g(z1, z2) and a rigid frictionless obstacle
(stiff punch) & may be viewed as design variables. To simplify notation, they

are denoted as a design vector e = [¢,#] € C(Q) x H2() = U(R). We define
Uad(Q) = UL (Q) x UZ(Q), where

)
ULi@Q):= {q € W(2); 0<q<cig,|0g/0zi] < ¢

i=1,2onﬂ,/qu=02 ,
(3.1) 4 J "}
UZ(Q) :={& € H*(Q); —ca1» < ¥ <0,

\ ”’ylle*"’(Q) g C2 On Q) y(aﬂ) = 0}1

where 7, ¢, 1 = 1,2, j = ¢, &, and ¢;, i = 1,2, are given positive constants such
that the respective Ugd(Q) is nonempty. Let the plate be simply supported at 0f2.
Therefore we assume V() = H2(Q) N HY(Q) and W(Q) = H'(Q). The set of
kinematically admissible virtual displacements is defined by

(32) H(e,Q):={veV(Q);v>S+h,on N}, where ¥ € UZ (D).
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Define the virtual work of external loads by

(3.3) (L(e),v)va) = ((f + Be,v)v(q)) = (¢,v)v (), v E V(Q).

(Thus W*(£2) can be called the space of loads.) The operator & corresponds here
to the bending (when no initial membrane pre-stress occurs) of the elasto-plastic
plate (see [9], Chapter 4). First we recall some basic relations from the deformation
theory of elasto-plastic plates. Let ¢ € C1([0,+0o0]) be a material function fulfiling
the conditions

(3.4) 0 <o <o) Swo, 0<o < dlfo(E?)]/dE < vo VE >0,

where ¢g, Yo, o, wo are certain constants. We define functions

hy
Fitr— / o0(z%t)z%dz, t > 0,
—hy
v d%w a [0%v0%w 0% d*w
a7 0a7 ' 2 <6_ﬁ3_w% " a_z%?ﬁ)
PvPw o, v w
9z dz2 01103 021012’

Hy: [v,w] —

where a and 3 are some real constants such that H. is positive definite in the second
derivatives of functions on 2. We set

(3.5) a(v,w) = Q/Q(Hd(v,v))Hd(v,w)dQ
Q

and the operator & is now defined by the relation
(3.6) (Zv,w)y @) = a(v,w), v,w € V().

Clearly, |(dv,w)v(9)| < const |||y () llwllv ), v,w € V().

A membrane is a thin plate offering no resistence to bending and acting only in a
tension. For investigation of the equilibrium position of an elasto-plastic membrane
occupying the domain Q attached to rigid support . and submitted to the action
of forces ¢ we introduce the material function ¢ € C*([0, +cc]). We assume that o
satisfies (3.4). Moreover, we introduce functions

At 20(t)hm, t >0 (where h,, is the thickness of the membrane),
dv Ow ov ow

Hg(v,w) := 92,02, T 02, 01,
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and a function b on W(Q2) x W(Q2) by

(3.7) b(v,w) = 2 / N (Ha (v, v)) He (v, ) d€2.
Q

Then the operator Z: W(Q2) - W*(R) is defined by
(3.8) (Bv, w)w (@) = blv,w), v,w € W(Q).
Under the above assumptions, we have

Lemma 3. Foreverye € U,q(Q) the set ¥ (e, ) is non-empty, closed and convex.
The system {¢ (e, )} fulfils the condition ((H%/),1°).

Proof. The form of ¢ (e,) follows directly from its definition. If v, €
K (en,N), Fn = & in H*(Q) and v, = v in V (), then v, - v and &, = & in
C°(Q) and the inequality for the limit remains valid. O

Lemma 4. The operators &/ and % fulfil the respective assumptions in (H</)
and (H2B).

Proof. Clearly, Z(t) € (2p0h3, 2woh3) and (8.7 /0t)(t) € (34hoh3, 2voh3) and

[ Her (v,0)dQ 2> E|lv]lv(q) on V(). As [v,z] = [ Hey(v,2)dQ can be taken as a
Q Q

scalar product on V(f2), we can apply Theorem 1.1 in Chapter III, Sec. 1 of [9] to
obtain

(39) ]|.sziv - .!ZVZ”‘/.(Q) S Mzd”’v - lev(g) and
(Fv— 2,0 - 2)y@q) =2 Mig|v— z||%,(9) Yv,z €

with positive constants M;z, M2 o independent of v,z € V(). Using the same
procedure for the operator # we obtain for it relations similar to (3.9) for the spaces
W(Q), W*(2) and with constants M; g and Msg. Thus

(3.10) o =g(e) € éav(n)(Mld,Mgg) and & = B(e) € éaw(g)(Mlga,Mgg)

(both being independent of e € U,q(£2)). The rest of the proof is trivial. O

Let us consider the cost function to the optimal control problem in the form

(3.11) Z:[e,v] > [[v—2z4*dQ
/

with a given zq € Ly(2). It is obvious that all assumptions in (EQ) are fulfilled.
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Remark 1. The desired surface of the punch (the shape of an obstacle) and
the desired distribution of the external forces are given by the distribution z4 of the
deflection and we consider a control parameter as a subject to constraints, i.e. e €
Ua.d(2) such that the system response uc(e) is a minimum deviation of z4 in the
defined sense.

From Lemmas 3 and 4 and the above mentioned arguments it follows that all
assumptions of Theorem 3 are satisfied. Hence there exists at least one solution of
the optimization problems (£2,), (%), respectively. Particularly, there is a sequence
en — 0 and the sequence {[7,,¢n]}n of optimal solutions to (£, ), respectively,
and there is an optimal solution [#, go] to (Z) such that

2 0/
(3.12) # T g g D

g and u, (ee,) Hﬂ) ug(eo).-
Remark 2. Let #(e,N) = #(N), e € () and \/;5—“”11(65,,) — L(eo)llz-1(q)
happen to tend to 0 for €, — 0. Then one has

H2(Q
(313) e, (een) — uoleo)ll g1y = O(VEm), €n = 0, and ue, "3 uo(eo).

Indeed, this follows easily by putting v = wug(eg) into the variational inequality
(enuc, (€c,), v — Ue, (€c,)) H2() + (BuUe, (€c,) — L(ec, ), v —ue, (€c,)) g1 (qy = 0 and
v = ue, (e, ) into the variational inequality (Buo(eo) — L(eo),v — uo(eo)) g ) = 0.
The relation ug(eg) € H?(Q) is proved in [2]. Due to (3.10) we obtain for each n € N

M »
(3.14) Migllue, (ec,) — uo(eo)ll%z(q) + Tl“”us,. (€e,) — Uo(eo)“?yl(ﬂ)

n

< (Fuo(eo), uo(eo) — Ue, (€c,.)) H2()

1
 l1Lee,) = Lleo) - @y e, (ee.) = vo(eo)l s q-

The relations (3.10) and (3.14) immediately yield u, (e.,) — uo(eo) in H%(Q2). Using
(3.14) again, we get the assertion.

Remark 3. The choice V() = H2(R) is related to the so called clamped
problem. If the remaining assumptions of this section are preserved, then the results
remain valid for this case with the exception of those in Remark 2.
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4. APPROXIMATION BY FINITE ELEMENTS

We shall propose an approximate procedure to the problem treated in the preced-
ing section. We confine ourselves to particular domains being paralellograms. Let
the plate be supported at a part 99, of the boundary 0 and unilaterally supported
at the remaining part 9., both with a positive measure. We introduce sets

7(Q) := {ve C>®(); v=0on N},
K(0Q):={ve ¥(Q);v>0o0n 0N}

Let V() be the closure of ¥ (2) and ¢ (92) the closure of K(99) in the space
H?(Q). It is easily seen that J#(91), playing here the role of J£(Q) from Sec. 1, is
a convex set in H2(Q2). It corresponds to the unilateral obstacle for the deflection.
On the other hand, W () is assumed to be the closure of ¥ (f2) in the space H!(Q)
and the closure (in H!(£2)) of J#(8Q) is ¢ (89) which plays here the role of J¢ (1)
used earlier. The distribution of the external transverse forces ¢ = e will be sought
here in the set U,qa(R2) = UZ,(22) which is defined in (3.1).

Let J, denote a uniform partition of Q into a finite number of small (open)

paralellograms &; by means of two systems of equidistant straight lines parallel to
m(h)
the sides of Q. We assume { = U 0;, 0;n0; = B fori # j and denote h = diam&;.

=1

Moreover, we assume that J, is consistent with the partition of the boundary 99 =
0N, UIN.. We denote by N}, the set of nodes and set N, = N,NIN.. We introduce
the spaces Q«(&;) of bilinear (k = 1) or bicubic (k = 3) polynomials defined on the
paralellogram &;, i = 1,...,m(h). If ; is not rectangular, then the spaces Qx(&;)
can be defined via the affine mapping

(4.1) F: [y1,92] » [y1 + y2 cosa, yo sin @]

(with a being the angle of the sides) and thus we can assume the rectangularity of
0; without any loss of generality. We denote

Upa(Q) :={g €U s m(h)},
Vh(Q) :={v e V(Q); ‘U|0l. € Qs( i), 1= l,...,m(h)},
Wih(Q) := {v € W(Q); v]o, € Qu(0:), i=1,...,m(h)},
Hh(09) :={v € V,(); v(s) 20, s € Nup},
Hn(09) := {v € Wi(Q); v(s) 20, s € Nup}.

We observe that ¢, (952), .%};,(BQ) are closed, convex and nonempty subsets of V}, (),
Wi(Q), respectively. Clearly, ¢ (09) ¢ ¢ (09) and ¢, (80) C ¥ (8). We con-

317




sider the following discrete variants of a from (3.5), b from (3.7) and L(e) from (3.3):
a(vp,wp) == 2/f(Hd(vh,vh))Hd(vh,wh)dQ, Un, wh, € Vi(9),
Q
b(vn, wn) = Z/f(Hsa(vh,vh))Hx(”h,wh)dQ, vh, wh € Wh(9),
Q

(L(en),vn)w(q) = /qhvh dQ, en € UM(Q) and vy, € Vo (Q).
Q

We will not use numerical integration, hence

(Fhvh, W)y (@) = (FVh, Wh)v(Q), (Brvh, Wh)w(q) = (Bvh, wh)w (),
(Lr(en),vn)v(a) = (L(en),vn)v (), Zhl(en,vn) := L (en,vn)

for all arguments from the respective spaces. The form of (Z.,) and (L) for our
case is now defined. In what follows, we shall consider only families {J},; n € N}
of partitions for which the partition J,,,, refines the partition ,, n € N. The
family {5 ; h € M} for a set M C Rt will be called regular if

h . .
(4.2) (3C > 0) (Vhe M) oW < C, where p: h— Juin  max diam %;.

€;circle

The introduced family {4, ; n € N} is evidently regular.
Lemma 5. Let a positive sequence h,, satisfies h, — 0 for n — +o00, and let a
sequence {en, }n € [] U:c;‘ (Q) converges to a function e in U(Q?) for n — 400 and
neN
some e > 0. Let uc, (en,) be the solution of the appropriate version of (2.1), n € N,
and let uc(e) be the solution of the appropriate version of (1.2). Then

(4.3) [ten,, (en,) — ue(e)llv() — 0 for n — +oo and fixed € > 0

holds for any regular family of partitions { %, }.

Proof. The existence of the solutions under investigation follows from (3.10).
Due to (3.10) again and due to the particular form of J#,, (02) which is a convex
cone with the vertex at 0 there is some u,. such that ucn, (en,) = Use in V(2). We
shall show u,. € ¢ (89): Due to the imbedding H2(Q) < C°(Q) the convergence

[ead(9)
(4.4) Ueh, (€n,) —()) T
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holds. Hence u;e > 0 on 99Q.. Now, we prove u.. = uc(e) (i.e. uy fulfils (1.2)). It

is well-known that for any v € ¢ (9f2) there are v, € K(9f) such that v, H’_(r)z) v
for n = +o00. Let %, be the projector of K(9Q) onto V() (for a given func-
tion it orders its Vj-interpolants over the partition ). Then %, v, € J, (0N),
because the nodal parameters involve all values v,(s), s € Ny,. Moreover, by [§]
lvn — Zh, v, llv@) — 0 holds for any regular family of partitions {Z,}. Hence the
condition ((L&)) is fulfilled with a projector independent of en, and e. Now, by
the standard procedure used in Secs. 1 and 2 we get

Suen, (en,) ' oture, Buen, (en,) < Bu.,

w*(Q .
which together with L(ecn, ) ity L(e) yields (via an appropriate procedure of the
preceding sections) that u.. = u.(e) and the strong convergence (4.3) occurs. O

Lemma 6. The problems (%) and (%Pon) possess at least one solution, respec-
tively, for any h > 0 and € > 0.

The proof is analogous to those in Sec.1. O

Remark 4. A standard procedure from the finite element theory (cf. [7] or [8])
yields that |J U2 (Q) = Uaa(Q).
hn

Theorem 6. For any fixed € > 0 there is a sequence {ecs, }, of solutions of the
approximate problems (%, ) such that

U V(Q
(4.5) €ch, L)) e. and  uch, (€cn,) L)) ue(ee),

where e € U,q(Q) is a solution of the optimization problem (£.). If the solution
of () is unique, then the relation (4.5) with the indices h instead of h, holds for
h — 0.

Proof. Consider a fixed ¢ > 0 and a function e € U,q(R2). By virtue of
Remark 4 there exists a sequence {nx,} C [] Ul (Q) such that lir_*r_l [|17en,, —

Mellcy = 0. The compactness of Uaq(Q2) in Co(f2) implies the existence of {ech,, } C
{ecn,} such that ecn,, — ec which belongs to Uada(f2). From the definition of the
problem (Z,) we conclude that J.(ecn,) < Je(Men,). Applying Lemma 5 and
(EO0), 1° we arrive at the relation Je(ec) < Je(ne). For any sequence {ech,, },cn there
is a convergent subsequence with the above described property. If the solution (£2;)
is unique, we obtain (by an easy contradiction proof) that (4.5) holds for A — 0.

O
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5. CONCLUSION

The above presented approach was applied to problems related to nonlinear models

of elastoplastic plates. It can be employed e.g. in some kind of problems for elastic
von Karman plates or for axisymmetric elastoplastic shells, too. There is also a lot of
dynamic problems which can be treated in the framework of singular perturbations.
However, they need a modified approach.
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