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HOW TO RECOVER THE GRADIENT OF LINEAR ELEMENTS
ON NONUNIFORM TRIANGULATIONS
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(Received January 26, 1995)

Summary. We propose and examine a simple averaging formula for the gradient of linear
finite elements in R whose interpolation order in the LI-norm is 0(h2) for d < 2q and
nonuniform triangulations. For elliptic problems in R? we derive an interior superconver-
gence for the averaged gradient over quasiuniform triangulations. A numerical example is
presented.

Keywords: weighted averaged gradient, linear elements, nonuniform triangulations, su-
perapproximation, superconvergence

AMS classification: 65N30

1. MOTIVATION

Finite element or difference schemes of higher order are developed to reach quickly
highly accurate approximate solutions. This fact can be rigorously proved usually
when the true solution is sufficiently smooth. Nevertheless, in practice the use of
higher order schemes yields also quite good results even when the true solution has
not theoretically required smoothness (see e.g. [18, p. 232]).

The theoretical optimal rate of approximation of linear finite elements in the L2-
norm is of order &'(h?) whereas for their gradient it is only &'(h) for regular families of
triangulations. This paper can be regarded as a continuation of the article [17], where
Krtizek and Neittaanmiki analyzed a simple postprocessing which yields locally the
0 (h?)-accuracy in the L2-norm of the so-called averaged gradient applied to solving
the Poisson equation in special plane domains. The averaged gradient is defined
over uniform triangulations as a piecewise linear continuous vector field, the value of
which at any nodal point is the average of gradients of linear elements surrounding
the nodal point. Similar postprocessing techniques were later generalized by many

241



authors in many directions, in particular, to tetrahedral elements [15], to quadratic
elements [10], to global estimates [18], to elliptic systems [9, 12] and nonlinear elliptic
problems [14], to parabolic problems [25], to L>-norm error estimates [18], to locally
symmetric triangulations with respect to a point [27], to piecewise uniform [22] and
quasiuniform triangulations [20].

Note that some superconvergence results on nonuniform rectangular meshes were
obtained by [21, 29]. Also in [2, 23], the authors introduced higher order approxima-
tions of the gradient by integral smoothing operators over some nonuniform meshes.
However, their use for practical calculations is complicated. We introduce a sim-
pler averaging operator (see (2.2)). Our concern in Section 3 is with interpolation
(superapproximation) properties of a weighted averaged gradient of linear elements
on nonuniform meshes, especially in two- and three-dimensional space. The piece-
wise constant gradient of linear elements will be replaced by a continuous piecewise
linear recovered gradient defined via appropriate weights. In contrast to piecewise
constant gradients, we prove the & (h?)-accuracy of the weighted averaged gradient
in the L?-norm (see Theorem 3.8). In Theorem 4.1, we prove the &(h)-accuracy of
the averaged gradient in the qu-norm provided a family of triangulations is strongly
regular. Thus we can approximate the second derivatives of a smooth function the
values of which are given only in a finite number of nodes.

In Section 5, we apply the results of previous sections to the finite element solution
of an elliptic boundary value problem. Here, however, more severe restrictions on the
triangulation are required. Recall that finite element schemes often produce some
superconvergence phenomena on uniform meshes (see e.g. [6, 19, 26, 27]). We derive
an interior superconvergence error estimate for the proposed averaged gradient over
quasiuniform triangulations. Note that our averaging technique differs from that
presented in [20], where also different norms (discrete L2-norms) were used. Section
6 is devoted to numerical tests.

The proposed technique enables us to obtain not only good a priori error estimates
but also efficient a posteriori error estimates using recovery based estimators like in
[1, 8, 30]. Moreover, the knowledge of the recovered gradient is a useful tool in
magnetic field computations, in sensitivity analysis of optimization problems (see
[11]), in adaptive mesh refinements, in calculation of the boundary flux and many
other problems. These problems need not have any connection with the Galerkin
method. For instance, suppose that some data (measurement of a potential, etc.)
were obtained in nodes of a given nonuniform triangulation. The gradient of their
piecewise linear interpolation can be recovered by the averaging method of Sections
2 and 3.
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2. WEIGHTED AVERAGED GRADIENT

Throughout the paper @ C R¢ (d = 1,2,3) will be a bounded domain with a
polyhedral Lipschitz boundary. Let # = {Th}r—o be a family of decompositions
(triangulations) of © into closed simplexes in the standard sense (cf. [7]). As usual,
the discretization parameter h is the maximum diameter of all elements K € T),. We
define

Vi = {’Uh € C(ﬁ) l vh|K € P](K) VK € Th},

where P (K) is the space of linear polynomials over K. Let Nj be the set of all
nodal points associated to T}, i.e., the set of all vertices of all K € T},. For Z € N,
denote by ¢; = £;(Z) that straight line passing through Z which is parallel to the
axis z;, 1 € {1,...,d}. Set

v=ui2)= |J K

KeT,
KNZ#0

The dependence of U, ¢, ... upon Z will be usually not explicitly indicated in what
follows. Let Z € N, N Q be a fixed interior node (the case Z € N, N 9N is treated
in Section 3). Let A;B; be the line segment ¢; N U. Then we have A;, B; € U (see
Figure 1).

&
Put
(21) a; = (Ai—Z)i, bi= (B,;—Z)i, i:l,...,d,
where (.); stands for the i-th component, i.e., we have dist(4;,Z) = |a;| and

dist(B;, Z) = |b;|. For v, € V,, we define the weighted averaged gradient Grv, at
interior nodal points as follows

a;

b;
(2.2) (Gron(2))i = -~ aivhll(Ai + p— aivh‘]{Bi
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fori=1,...,d, where K4, K, C U are such simplexes from T}, that A; € K4, and
B; € Kp;. The position of K4, and Kp, is indicated in Figure 1. It is clear that
a; # b; (since they have converse signs) and that both the weights b;/(b; — a;) and
a;/(a; — b;) are positive and their sum is 1. Notice that the choice of the simplexes
K4, or Kp, need not be uniquely determined, since A; or B; can be contained in
more than one simplex K C U. Nevertheless, the value of G,v,(Z) is still uniquely
defined. For instance, in Figure 1 there are two triangles Kp, and K containing
the point B;. In this case, however,

82Uh|KB2 = agthKrB .

Remark 2.1. Each component of the weighted averaged gradient Gvj, is de-
fined by another weights, in general. But for uniform triangulations (where any two
adjacent triangles of T}, form a parallelogram) we have

(Ghvn(2)): = %@'WIKA, + %@'vthB_,

in other words, the weights are independent of 7 (cf. [12, p. 147]).

3. GLOBAL SUPERAPPROXIMATION PROPERTIES
OF THE WEIGHTED AVERAGED GRADIENT

Throughout the paper the Sobolev space W (£2) and the product space (W, (€2))
are equipped with the standard norm ||.||x,, = ||.||x,p,o and seminorm |.|x , = |.|x p.-
The symbol ||.|| stands for the Euclidean norm. As usual, we denote by C,C’,...
the so-called generic positive constants which are not necessarily the same at each
occurrence and which do not depend on relating functions and the discretization
parameter h.

Let m,: C(2) = V4 be the usual linear interpolation operator such that

mhv(Z) =v(Z) YZ € Ny.

Moreover, let
TRV = wthK VK € T}.

We will extend the definition (2.2) to boundary nodes (see Remark 3.1). Let
NP C Ny be the set of those nodes Z of 99 for which there exists ¢ € {1,...,d} such
that £,(Z)NU(Z) = Z. Consider for instance a triangulation T} of the unit square
0. If its sides are parallel to the coordinate axes then N = @ otherwise N contains
all four vertices of Q2.
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For Z € 8QN(N,\Ny) the set £;NU is a straight line segment for any i € {1,...,d}.
If Z is not the endpoint of this segment (see Figure 2 for ¢ = 1) then the points A;

and B; are defined as in Section 2. If Z is one of the endpoints, we denote by A;
the opposite endpoint and take B; € £; N Q so that A; is in the interior of ZB; (see

Figure 2 for ¢ = 2) and

(3.1) Cla:] < |bs| < Clail,

where a;, b; are defined by (2.1) and C > 1 and C > 1 are independent of h. Note
that the points B; can be chosen on element boundaries as well as inside of elements.
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Ay Z B 1 (4 1
Figure 2

Now if v € C(R) and i € {1,...,d} we set

(32) (Grv(2))i = aiv(A:) — (i + Bi)v(2) + Biv(By)

where -
b; a;
3.3 i = : ) i = .
(33) “ ai(b; — a;) P bi(a; — b;)
with a; and b; given in (2.1).
12
S1
14
7 1
onN
Figure 3

fOrZENh\N,?,
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Next, let us consider Z € Ny. Let si,. .., 54 be unit (column) vectors independent
of h, let the matrix S = (s1,. .., S4) be nonsingular. Assume that the vectors s; tend
from the node Z into Q, as illustrated in Figure 3 for d = 2. Let i € {1,...,d}
and v smooth be fixed. Then we choose a local Cartesian coordinate system % in
which the axis z} is parallel to s;. Denote by g; an approximation of the directional

derivative
dv

c')s,-
obtained by (3.2) in %; such that (3.1) holds. Then it is natural to define

(2) = (gradv(2))"'s,

(3:4) Gno(Z) = (S7) " gno(2),
where gnv(Z) = (g1,...,94)7-

The operator Gpv is thus defined for all nodal points Z € Nj. Thus we may
introduce a continuous piecewise linear vector function (still denoted by G,v) which
is uniquely defined by the values at nodes, i.e., from now on

Grv € Vi x ... x Vi, (d-times).

Remark 3.1. Theformula (3.2) for v, € V} can be interpreted as the equivalent
definition of the weighted averaged gradient from (2.2). To see this, consider an
interior node Z € Ny N and some v, € V). Using the fact that

vp(A;) —vp(Z)

a;

’l)h(Bi) - ’Uh(Z)

ai'Uh|KAi = ) 3ivthBi = —bi_,

we find, by (3.3), that the definition (2.2) coincides with that in (3.2). That is why
the operator GLv will still be called the weighted averaged gradient.

For Z € Nj we set

]I(Z) = h[\’>

max
KeT,,KCU

where hy = diam K. Thus we have h(Z) < h. By (2.1) and (3.1), obviously
(3.5) max(|a;|, |b:]) < Ch(Z).

Lemma 3.2. There exists a constant C > 0 such that

C C
T lBi < )
P

where a;, b; and «;, 3; are of the form (2.1) and (3.3), respectively.

(3.6) lovi] <
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Proof. Let Z€ N, \ NP and i € {1,...,d} be given. We shall distinguish two
cases:
1) Z is in the interior of A;B;. Then, by (2.1), a; and b; have the converse signs
and thus using (3.3), we obtain
|bi| lbi] lbil 1

a;| = = < = —,
lodl = a6 il = Tl +1a) < Taal 167~ Tadl

|a:] < |a:] 1
|b:] |b; — ai|  [bs]|a:|  |bs

|8:| =

2) A; is in the interior of ZB;. Then, a; and b; have the same signs and, by (3.1)
and (3.3),

|ovi| = 1o < b _ ¢

la:|(1bi] = lail) ~ la:|(1=1/C)|bi|  ail

|ail |a] ¢

Bil = < =0

= T —Ted) < BlClad )~ I
If Ze€ NP and i € {1,...,d} then we use the same procedure as above in the local
Cartesian coordinate system %;. 0

Definition 3.3. A family .# = {T}x_0 of decompositions of  into simplexes
is said to be regular (strongly regular) if there exists a constant s> > 0 such that for
any decomposition T, € & and any simplex K € T}, there exists a ball B with
radius gy such that Zx C K and

(3.7 xhi < 0k (sh < oK)

Remarks 3.4. Any strongly regular family is obviously regular. In the case
d = 1, any family is regular. If d > 1 we have for the radius of the ball inscribed to
K that

d measg K

3.8 — = Eehd
(38) oK measy_10K

A constructive proof of the existence of a strongly regular family of decompositions
of an arbitrary polyhedron into tetrahedra can be found in [16, p. 58].

Lemma 3.5. Let F be regular and for d = 1 strongly regular. Then there exists
a constant C such that for any Z € Ny,

(3.9) hMZ)<Chx VYK eT, KCU(Z).
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Proof. The proof is evident for d = 1. So let d € {2,3}. First we prove that
there exists an integer M (independent of h) such that for any T, € £ there are
around any nodal point at most M simplexes.

The case d = 2 immediately follows from the Zlamal condition which is equivalent
with the regularity of & (see e.g. [7, p. 128]).

Finally let d = 3. We show that all angles between faces of any K € T, € & and
all angles at vertices of these faces satisfy the minimum angle condition.

1. Let 1 be the angle between two arbitrary faces T',T" of K. Let S be the area
of T" and let s be the length of the corresponding spatial altitude of K perpendicular
to T'—see Figure 4. Then by (3.7) and (3.8)

ok _ 3 measzK sS s < sin®
h}( - hl\' mea.328K hKS - h[( = '

Hence, ¢ € (y,n — v), where
v = arcsin > € (0,%) for a given » € (0,1).

This means that all angles between faces of K satisfy the minimum angle condition.
2. Let T be an arbitrary face of K and let ¢ be the angle between two arbitrary
edges of T the lengths of which are e, f—see Figure 4. Then by (3.7) and (3.8),

< Ok _TK _ 2 measyT efsing
7S hK h[( - hK measlaT hKf

<sing,

where 7 is the radius of the circle inscribed to 7. We again see that all angles at
vertices of faces of K are in the interval (y,t — ), i.e., the minimum angle condition
holds.

Figure 4

Let Z € Ny, be arbitrary. Consider a sphere
S ={2eR||z- 2| =1},
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where r > 0 is less than any edge of any K C U(Z), K € T,. Then KN is a
spherical triangle. The radius p of its inscribed circle is given by (see [3, Chap. 3.5.3])

p3 + Y2 — 1 tan%),

(3.10) o = T arctan (sin 5

where ¢; < @2 is assumed, and 3, 2,93 and ¥, are sketched in Figure 5. Note
that v, is the angle between two faces of K. Since

Y _p3s _ p3tw2—p1 _ p3+p2 04
—'S—S < - -
2 372 2 < T3 TTYSTog
P .
252 S3773

we have by (3.10) that

o>r arctan(sin%tan %) =rx>0

which implies that
measy. 4nr? < 4
S measy(KNY) — np? 2
Thus we have got the existence of the number M independent of h also in the case
d=3.

Figure 5

Since 2¢k is less than the shortest spatial altitude which is not greater than any
edge, we have by (3.7) that

hk

N

1
—0K £ €K,
> 2
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where e is the length of an arbitrary edge of K. The same relation holds clearly
also for d = 2. Thus we obtain

1
hK < —hK'7
2x

where K, K' are any adjacent triangles or tetrahedra form T}, € #. Consequently,
hi < (25)Mhgn,
where K and K" are arbitrary simplexes having the same vertex Z € Nj. O
Lemma 3.6. Let q € (%,oo), q 2 1, let & be regular and for d = 1 strongly
regular. Then there exists a constant C > 0 such that for any decomposition T}, € F

and any Z € Ny, there exists a closed neighbourhood % = % (Z), diam % < Ch(Z),
such that

ll gradv(Z) — Ghv(Z)|| < C(h(2))*"v|s,q,20 Vv E W3(Z).

Proof. Let Z € N, \ NP and i€ {1,...,d} be arbitrary but fixed. From (3.3),
we easily find that

(3.11) aia; + Bib; = 1,
and
(3.12) a;af + B;b = 0.

By the Taylor formula for any quadratic polynomial p € P>(f2) we come to

(3.13) p(Ai) = p(Z) = 8;p(Z)ai + 507p(Z)al,
(3.14) 8ip(2)b; + 307p(2)b}.

=
S
|
=
N
Il

Multiplying (3.13) by a;, and (3.14) by 8;, and summing this, we get from (3.2),
(3.11) and (3.12) that
(Gnp(2)): = 9ip(2).

For m; = min(|a;|, |b;|) define a linear functional
(3.15) F;(v) = mi(0:v(Z) — (Gru(2));), v e C Q).
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Clearly,
(3.16) Fi(p) =0 Vpe P,(9).

By (3.9) and (3.7) we have for m; = |a;| that

WD) M) ghn o C

3.17 - < A%
(3.17) m; la:] = 7 ai 20K  2x

)

where K C U is that simplex for which A; € K. Since |b;| > |a;| for boundary nodes,
the proof of (3.17) for internal nodes in the case m; = |b;| is analogous.

Let % = % (Z) be a closed domain for which ZA; UZB; C % for all i, diam % <
Ch(Z)and U Cc % C Q (e.g. % = U for interior nodes and the existence of % for
boundary nodes follows from (3.1)). Then by (3.15), (3.2) and (3.6), we have

|Fi(v)] < mi(]| grad vllo,co,2 + 2(|cs| + Iﬂ,-l llvl0,00,2)
<malgrad oo, + C (7 + 7 Iolloce.2)

< diam % || grad v||o,c0,2 + 2C||v]l0,c0,2z Vv € C*(Q).
From here, (3.16) and the Bramble-Hilbert theorem [5, Theorem 3], we obtain
|F:(0)] < C(M2Z))* = ols g0 Vo € WS(%)
whenever ¢q € (g, 00) and g > 1. Therefore, from the definition (3.15) and (3.17)
(3.18) - 10:0(2) = (Gru(2))il < C((Z2))* = vls g2

which completes the proof for ¢ € (2,00) g>1land Z € N, \ Np.
The case Z € NJ follows similarly from the definition (3.4), where the matrix S
is independent of h. We again use the local coordinate systems &; for i = 1,...,d.
O

In the following we shall use the inequality for ¢ € (1, 00

(3.19)  |lzllo,q < (meas)'/?||z]lo,c0 < max(1, (measN)?)||zllo,c0 Vz € L=(R).
Corollary 3.7. It is

(3.20) Grp(Z) = gradp(Z) Vp € P,(Q)VZ € Ny,

i.e., for any quadratic polynomial p we have Gp = grad p over all elements.
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Theorem 3.8. Let g € (z,oo) 2> 1 and let F be strongly regular. Then there
exists a constant C > 0 such that for any decomposition T}, € & we have

(3.21) | gradv — Ghrollo,q < Ch3|v|s,, Yv € Wf(ﬂ)

Proof. Letqge (%, o0}, ¢ > 1 be arbitrary. Recall (see [7, p. 126]) that
(3.22) [lv — 7xvllo,q,x < Ch%dvlg,q,;( VK € T, Vv € qu(K),

without any regularity assumptions upon the family #. Let L,v be a continuous
piecewise linear vector function over T} such that

(3.23) Lyv(Z) =gradv(Z) VZ € Ny.
Then, by (3.22),
(3.24) | gradv — Lyvllo,q < CR®|v]s, Vv € W2(9).

Let us introduce

51(2) = {K’ €Th ' measl((Z iUﬁi) ﬂK’) > O},

QK,i)= J U "

ZEKNN), K'€68;(Z)

Note that simplexes, which have only one point (vertex) on the segment ZA; UZB;,
do not belong to §;(Z). The set Q(K, 1) is an “oriented garland” of simplexes around
the simplex K.

Since Gv is a continuous piecewise linear vector function, for any K € T} and
i € {1,...,d} we have by (3.23) and Lemma 3.6 (compare (3.18)) that

(325) I(Lav=Gr)illo,cox = , max 18:0(2)=(Gnv(2))il < Ch*=vls q.q01c,0-
Next, we may write

I(Lav — Gav)illo,q, ik < chELU(Lav — Grv)illo,co,x < Ch3|vls,q,00k0)-

The union Q(K, i) contains at most M simplexes, where M is independent of h (see
also the proof of Lemma 5.1 below) as follows from (3.1) and the strong regularity
of &#. Consequently,

2
Lho = Gholld g < 3 ILwv = Guolld gk SR 3 0I5 k) < CME* ol
KEeT, KeT,
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and
(326) ||Lh'v - Gh’v“o,q < Ch2|1}|3,q
follows. Combining (3.24) and (3.26), we arrive at

| gradv — Grollo,q < |l gradv — Lavllo,g + [|Lrv — Gavllo,g < CR?[u]s,q.

4. APPROXIMATION OF THE SECOND DERIVATIVES

In this section we show that piecewise constant derivatives of the weighted aver-
aged gradient can be used as a good approximation of the second derivatives.

Theorem 4.1. Let q € (%, ), ¢ > 1 and let F be a strongly regular family of
decompositions. Then there exists a constant C > 0 such that for any decomposition

Th € & we have

llgradv — Grolli,q < Chlvls,, Vo € WZ(Q).

Proof. Since the family .# of decompositions is regular, we have (see [7])
(4.1) lw — mhwll1,q < Chlw|z,y Yw € W:(Q).
Thus for Lyv defined by (3.23) we have by (4.1) that
(4.2) - |lgradv — Liv||1,g < Chlv|z,y Vv € WS(Q).

Since & is strongly regular, the standard inverse inequality (see e.g. [7, Theorem
17.2]) and (3.26) imply that

(4.3) ”th - Ghv|]1,q < Ch—l”Lh’U - Gh’U”o,q < Ch|v|3,q.
Using finally the triangle inequality, (4.2) and (4.3), we get

lgradv — Gavll1,q < |l gradv — Lavllr,g + [[Lrv — Grolli,g < Chlv|s,q.
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5. APPLICATION TO THE FINITE ELEMENT METHOD
Let us consider the following elliptic model problem

(5.1) —div(A gradu) = f in Q,
u=0 on 09,

where A = (Ay;)¢;-, is a symmetric matrix, A;; € W2, () for some & > 0, there
exists a constant Cy > 0 such that

(5.2) ETAN2)¢ > Collél> VzeQ VEeR*

and f € W;(Q). Let us assume that the solution u of (5.1) belongs to W2(£2), where
q>d.
We define the finite element approximation uy in the standard way, i.e.,
up € VX = {vp € Vi | v = 0 on 99},
a(“ha 'Uh) = (f) Uh)O,Z V’Uh (S Vh07
where
a(u,v) = (A gradu, gradv)g,2

and (.,.)o,2 is the L2-inner product. It is well-known that
(5.3) a(u —up,vp) =0 Yo, € V2.

Now a natural question arises: having the finite element approximation uy, is the
weighted averaged gradient Gu;, superconvergent for some kind of meshes, i.e., does
the estimate

|| gradu — Grupllo2 = O(h?)

hold? For simplicity we establish only a local estimate over a fixed subdomain
Qo CC Q. Making use of the triangle inequality, we may write

| gradu — Grunllo,2,0, < |l gradu — Grullo,2,9,
(5.4) +[|Gru — Gr(mau)lo,2,00 + IGr(Thu) — Grunllo,2,0,-

The first term of the upper bound can be estimated on the basis of Theorem 3.8,
namely

(5.5) | gradu — Grullo,2,0, < Ch®|ul3,q,
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provided the family of decompositions is regular. To estimate further terms we first
prove the following lemmas.

Lemma 5.1. Let & = {Th}r—o be a strongly regular family. Then there exists
a constant C such that

|Grvnllo,2 < Cllgrad vnllo,2 Yun € Vi.

Proof. Let K € Ty, i € {1,...,d} and vy € V,, be arbitrary but fixed. Since
Gprvp, is a linear function on K, we have

(5.6) (Ghvn)illg 2, < meas K (Ghva(2))3,

where Z = Zg = (21,. .., 2z4) is an appropriate vertex of K. Obviously,

zita;
(5.7) vh(A;) —vn(Z) = / 0;Ux(t) dt,
zi+b;
(5.8) vh(Bi) —vn(Z) = / 9;Ux(t) dt,
where Tx(t) = vi(21,- . -, 2i-1,1, Zit1, - - -, 24) and where the local coordinate Cartesian

system %; (cf. (3.4)) is applied whenever Z € NP. Recall that N} contains only a
finite number of points and this number is independent of h.

First, let Z € N, N Q. Multiplying (5.7) by a; and (5.8) by §;, summing this, and
using the fact (see (3.3)) that a;a; = || |ail|, Bibi = |B;] |bs|, we obtain by (3.2) and
(3.11) that

(5.9) |(Gron(2))i] < |l

zita; zi+b;
/ 0;Tn(t) dt’ + | 54| / 0;Un(t) dt‘

< (asa; + Bib;) e |(Bivn| )| = |(Bsvn| B,

where
JI(Z) = {K, €Ty | measl((ﬂ,- Uﬁi) N K’) > 0}

and E = E;(K) is that element from 6;(Z), where |0;v,| attains its maximum.
Consequently, according to (5.9),

meas K (Grvn(Z))? < meas K](Bivh|E)|2 < Cmeas El(aivh|E)|2,
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and thus
(5.10) meas K (Grvn(Z))? < Cmeas E|| gradvn | pl|?,

where C does not depend on k due to the strong regularity of &.
Secondly, assume that Z € N, N 9Q. Then by (3.3) we have

b a? — b?
| + Bil |ai| + |B:] |b: — m la: ﬁllb
a; + b; ‘ 3,
as |a;| < |b;|. From here we get analogously to (5.9) that
zita; zi+b;
[ o [ ommares [ 1w
‘ zita; ‘ zi+b;
=J@+p0 [ 0wyt +p [ om0
z; zita;
< (e + Billaif +18:] [b: ~ ail) max |(Gsvn| )| < 3(Bsvn| )

5:(2)

for Z ¢ N}, and again the local coordinates of %; are employed if Z € N?. This and
(3.4) yield
IGrvn(2)|l < Cll gradvnell,

where C is independent of h and grad is in global Cartesian coordinates (z1,...,Z4).
Thus (5.10) holds also in the case Z € N, N oQ.
Let 7 be fixed. Since

dist(K, E) < dist(Z, E) < Ch(Z) < Ch

(see (3.5)) and since & is strongly regular, there exists an integer M independent
of h such that E corresponds to at most M different simplexes from T}, i.e., there
exist m < M and K,,...,K,, € Tj such that E = E(I{;) = ... = E(K,,). In fact, a
Ch-neighbourhood of the simplex K may contain at most M simplexes, where

QO ¢ 14Tyt

< (T

due to Definition 3.3. Here gk, is the radius of the minimal ball among all balls
inscribed in the simplexes of the Ch-neighbourhood. Setting

TP ={E€T,|3K € Ty: E = E(K)},
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we get by (5.6) and (5.10) that

1Grvn)illdz = Y N(Grvn)illdax < D measK (Gavn(Zk))?
KeT,, KeTy

<C Z measE(K)Hgra,dvhlE(K)H2 <MC Z mea.sEllgrad'uh|E||2

KeT), EETy
= 2 2
<MC Y meas K| gradva||I° =C Y llgradua|glly , . = Cllgradwnll3 o,
KeTy, KeT,
which completes the proof. ]

From now on we shall deal only with the case d = 2. The proof of the next lemma
uses some relations and notions of Levine [20].

Lemma 5.2. Assume that d = 2, q € (2,00) and that the family & = {Th}nr—o
is generated by smooth distortions (W2 -diffeomorphism) of uniform triangulations
of square grids of mesh-size h. Then

lai (v(A:) = mhv(As)) + Bi(v(Bi) — mav(Bi))| < Ch*~2/jul|s g v

holds fori = 1,2, Z € N, N Q, sufficiently small h and v € W3(U) with U = U(Z).

Proof. If ¢ > 2 then the second derivatives of v € Wq3(Q) are continuous by
the Sobolev imbedding theorem. Without loss of generality, let us consider 7 = 1
and the hexagon U from Figure 6. We shall drop the index 1 in what follows and
set 4 = z(A),zp = z(B), a.s.0. Obviously, we have

(5.11) mpv(A) = Tav(G) + T4u(F),
(5.12) mv(B) = 7gv(D) + 75v(E),
where
TA —yF—‘ YE y TA,TB € [071]a

= , TB=
YG —Yr YD —YE
Th=1—74a, Tp=1-—18.
Write
§=z-20, N=Y=Y—Y
and
f(v) = a[mrv(A) — v(A)] + Blrav(B) — v(B)].
We have by [20, Lemma 2.2] and Definition 3.3

(513) Cih < hi < Cah, hi/lal < hx/(20x) <C, hi'/b<C VK € Th.
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Figure 6

Let us find estimates for quadratic terms v € {£2,7?,£n}. First, we realize that
(5.14) av(A) + Bu(B) =0

due to (3.12) (note that {4 = a and ég = b) and n4 =7 =0.
Using (5.11), (5.12) and (5.14), we may write for v € {¢2,7?,£n}

f(v) = a(1av(G) + T40(F)) + B(t8v(D) + 150(E)) = f1(v) + f2(v),
where

fi(v) = at4v(G) + Brpv(E),
f2(v) = atyv(F) + Brv(D),

Let us introduce
(5.15) to=(Ta+7p)/2, t1=(Ta—1p)/2,
so that
fi(v) = to(av(G) + Bu(E)) — t1(Bu(E) — av(G)) = f11(v) + fr2(v).
Introducing further
d=(a+p)/2, v=(B-0a)/2
we may write

(5.16) |f11(v)] < |aw(G) + Bu(E)| < 18] [0(G) + v(E)| + 7] [v(E) — v(G)|.

Let us estimate |6|. We have

b+a
b

(5.17) |a+m:|a
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Using (5.11), (5.12) and (5.15), we obtain

(5.18) la+ bl =|€a + &8l < Irake + 7p€el + [Talr + T8ED]

= |to(¢c + £E) — t1(€e — €a)| + |to(€F + €D) + t1(€D — £F)|

where
to= (4 +78)/2, to€[0,1]

It is easy to find the following bounds

(5.19) lée + €e] + |€F + €p| < Ch?|z]|2,00,
I€e — &l + |€p — €r| < Chllz]l1,00
Let us find an estimate for |¢t;|. We have
o, = —YD —Yr YEYF — YDYG
1= + =
yp—Ye Ye—-Yr (yp—yE)(Yye —yF)
{0V (O ;;’x (63) B _n(n
[56;"; (63) + ¥(61) ][ 02)] d(h)’

where 0; are some points on the square grid in accordance with the Taylor formula.

It is readily seen (again from the Taylor formula) that

In(h)] < Chllyll3 o,

whereas P 5 5

i - [2¥ 9

lim d() = [5%0) + 57O >0
Consequently,
(5.20) |t1] < Chllyll3

holds for sufficiently small A.
Combining (5:18)-(5.20), we get

(5.21) la + 8| <
< Ch*(llzll2,00 + IYll3 collzll1,00) = C1B2.
Substituting (5.21) into (5.17) yields that

h‘2

6] < Cla

léc + &6l + |€F + €| + [t1](I€e — €| + €D — &F))
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Lemma 3.2 implies

(5.22) M < 3081+ lef) < C(BI™" + |al ™).

Since
ax(€2, 17, |énl) < A3
holds for all (z,y) € K, we have

[v(G) +v(E)| < [v(G)| + |v(E)| < h + hk
Consequently,
(5.23) 6] |[v(G) + v(E)| < Ch%(h% + h%.)|ab|™.
We show that
(5.24) (h% + h%)|ab"t < C
for sufficiently small h. Making use of (5.21) and [20, Lemma 2.2], we obtain
b > |a] — C1h? > |a| — C; meas K.

Then

b la| meas K 1 meas K
— > 18 > -
he S he 2 he 29 TR,
follows from (5.13) for sufficiently small h. An analogous estimate holds for |a|/hk:
and therefore

>1iCc1>0

hz;{ + h2, ~(hg hi
Ok Tk o (0K, DK
ap S (5 + la]
Next, for v € {¢2,7?,£n} we obtain

)<C.

(5.25) lv(E) — v(G)| < Ch?,

employing the estimates (5.19).
Combining (5.22), (5.25) and using [20, Lemma 2.2] and (5.13), we obtain

(5.26) |7] [v(E) = v(G)| < CR*(b™! + |a|7!)
Cyh(h% /la| + k. /b)

Cih(meas K/|a| + meas K'/b)
3h(hK + hKl) < Ch?.

//\ //\

Finally,
|f11(v)| < Ch?
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follows from (5.16), (5.23), (5.24) and (5.26).
Next we employ (5.20), Lemma 3.2 and (5.13) to derive

|f12(0)] < [E2|(I8] [o(E)] + |e [0(G)])

<
< Ch(hk /b + hk /la]) € Cih(hk' + hi) < Cah?.

Consequently, we obtain

If1(W)] € |fi1(@)] + | fi2(v)| < CAH2.

The estimate of | f2(v)| is completely analogous, as follows from (5.19) and the rela-
tion
TW—TB=1—Ta—TB=Tp —Ta = —21;.
To find an estimate for a general function v € W‘?(Q), we employ the following
projection operator IT: W2(U) — span {£%,72,£&n},

v 0%v 0%
_ —1[p2 2
ITv = (2 meas U) [§ /U 522 drdy + 2{7)/{} 520y dzdy + 7 /U o972 dzdy].
Obviously, we have

(5.27) f(v) = f(Ilv) + f(v - Tv),

(528) 170 < }(meas ) 1A [ | 23] dsay +2is(en [ | 2| any
2 0% 2
+1700) [ | 5554w ds] < CRlulaco

using the above result.

For f(v — Ilv) we employ a special version of the Bramble-Hilbert theorem (5,
Theorem 3]. Let us introduce

m= min(lal’b)) g(v) = mf(v - H’U)

Obviously, m
m

lal’ &

so that by virtue of Lemma 3.2 we may write

max( ) =1, m<1 for sufficiently small h,

lg(v)| < m|f ()] +mlf(ITv)| < Clvlo,co,u + Ch?[V]2,00,0
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and
h? < Ch% < C(diamU)?,

follows from (5.13).
Secondly,

g9(p) =mf(p—Tp)=0 Vpe P(V)

holds due to the definition of II.
Then [5, Theorem 3] yields that

(5.29) lg(v)| < C(diam U)3~/9|v|3 , v

holds when q > 2. Since

diamU < 2maxhg < Ch and -’l <C
m
follows form (5.13), the estimate (5.29) implies
(5.30) |f(v — TIv)| < m™*|g(v)] < CA**/Jols g0

Combining (5.27), (5.28) and (5.30), we arrive at
|f ()| < CR*~ (W v3,00,0 + [V]3,4,0) < B>/ |[v]]3,4,u-
Here we used the inequality
[v]2,00,0 < C(diam U)~2/9|[v]|3,4,0-

O

Consider again the weak solution u of (5.1). Since u(Z) = mpu(Z) for all nodes,
we have by Lemma 5.2 and the definition (3.2) that

IGhw(Z) = Ga(mnu)(Z)]| < CR**/lulls q,u
for all Z € N, N Q. Hence, for the second term in (5.4) we get
(5.31) IGhu — Gh(mru)llo,2,00 < CR?||ull3,q,

using the same technique as in the proof of Theorem 3.8.
For the last term of (5.4) we obtain under the assumptions of Lemma 5.1 that

(5.32) IGh(mhu — un)llo,2,00 < IG(Thu — ur)llo,2 < Clmau — unl1,2.
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A sufficient condition for the &(h?)-convergence of the right-hand side is the inequal-
ity

(5.33) a(u — mhu,vr) < Cr(u)h%|vplie Vo € V.
In fact, using the positive definiteness (5.2), (5.3) and (5.33), we may write

Colup — 7rhu|%,2 < a(up — ThU, Uy — TRU)

= a(u — mpu,up — mpu) < C1 (u)h2|uh — mhuly,2.
Combining this with (5.32), we get
(5.34) IGh(mh — un)llo2.00 < C(u)h?.
Then (5.4), (5.5), (5.31) and (5.34) yield that

| gradu — Grunllo2,0, < C(u)h?,

in other words, the weighted averaged gradient of the finite element solution is locally
superconvergent.

Thus the whole problem reduces to the crucial inequality (5.33).

Following Levine [20] for d = 2, we obtain a class of superconvergent triangula-
tions (the so-called quasiuniform triangulations) satisfying the inequality (5.33) with
Ci(u) = C||lull3,2. (Then C(u) = Cl||ul|3,q.) They are generated by smooth distor-
tions (W2 -diffeomorphism) from uniform triangulations of square grids of mesh-size
h. The distorted triangulations have the following properties:

(i) precisely six elements meet at every node internal to the triangulation,

(ii) any quadrilateral formed by two adjacent elements is “almost parallelogram”,
as the distance of the midpoints of the diagonals is &(h?).

Example 5.3. In optimal shape design, one meets domains (see e.g. [4])

Q) = {(v1,92) € R |0 < y;1 <v(y2),0 < y2 <1},

where v € W2 ([0,1]). This domain is usually approximated by a polygonal domain
Q(vn), and Q(v) can be transformed to the square 2 = (0,1) x (0,1) by the mapping
Y1 = ),I'U(YZ)’ (Ylv}/?) < Qa
Y2 = Yz.
Let n > 1 be an integer, h = 1/n. Then the square uniform mesh of Q with
the mesh-size h, which is triangulated by diagonals of slope +1, is mapped onto a

superconvergent mesh of the domain Q(vy), if a positive C exists such that v(y2) > C
for every y2 € [0,1].
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Remark 54. In the forthcoming paper [13], we shall present other interior
error estimates, where the global regularity assumption u € W3(Q) is replaced by
an interior regularity and some local error estimates up to the boundary.

6. NUMERICAL TESTS

Let u(z1,z2) = z172(1 — 1)(1 — z2) be the solution of the Poisson equation on
the unit square @ = (0,1) x (0,1), i.e., NP = 0. Let up € V, be the finite element
approximation of u over the triangulations of Figure 7. Since Au is a quadratic
polynomial, we were able to calculate the right-hand side of the associated Gram
system exactly using an integration formula which is exact for all cubic polynomials.
The Gram system of simultaneous equations was solved by a direct method. Thus
the function u, was computed exactly (except the rounding errors).

For w = (w1, ws)T € (L*®())? we set

2
[wlloo,00 = Y _ esssup |w;(z)].
i1 z€QH

where Qo = (0.15,0.85) x (0.15,0.85). The averaged gradient was calculated by the
formula (3.2). Note that continuous piecewise linear functions can be easily evaluated
at any point B; € Q. Table 1 illustrates the ||.]|oo,0,-norm of the following errors

en = grad(u — up), Ep = gradu — Grup,

even though the theory was done for the case ¢ < 0o. Recall that grad uy, is piecewise
constant whereas Gruy is piecewise linear. We observe that the practical accuracy
of the weighted averaged gradient seems to be almost €&(h?). Moreover, for all
considered triangulations and all Z € 2y N N, we have got

(6.1) |lgradu(Z) — Gru(Z)|| = 1012
which is almost zero in computer arithmetics. This result follows from the formulae
(3.13) and (3.14) which hold also for any biquadratic polynomial from Q4 (). Hence,
as in the proof of Lemma 3.6 we find that

Gnp(Z) = gradp(Z) VYZ € N, Vp € Q2(9),
which explains the result (6.1).
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Figure 7

For “more nonuniform” meshes than in Figure 7 we usually observe only the
O(h}*¢)-superconvergence for some € € (0,1).

h llenlloo, 2o | I Enlloo,00
0.3969 0.03903 0.01321
0.2111 0.02610 0.00450
0.1088 0.01492 0.00134
0.0552 0.00811 0.00043

Table 1
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