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Summary. This paper is devoted to the study of a class of hemivariational inequalities
which was introduced by P. D. Panagiotopoulos [31] and later by Z. Naniewicz [22]. These
variational formulations are natural nonconvex generalizations [15-17], [22-33] of the well-
known variational inequalities. Several existence results are proved in [15]. In this paper,
we are concerned with some related results and several applications.
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1. INTRODUCTION

This paper follows the work of Z. Naniewicz [22] concerning the study of con-
strained problems in a reflexive Banach space, in which the set of all admissible
elements is not necessarily convex but fulfils some star-shaped property.

In [15] we proved some new abstract existence results for the following problem:

Problem P. Find u € C wuch that
(Au— f,v) 20, Yve Tc(u),

where the set C is assumed to be closed and star-shaped with respect to a certain
ball and T¢(u) denotes Clarke’s tangent cone of C at u € C, and where A is as-
sumed to be a pseudomonotone operator. Problem P is a special case of a large class
of variational problems called hemivariational inequalities which was introduced by
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P. D. Panagiotopoulos [24-33] in order to study several mechanical problems con-
nected to energy functionals which are neither convex nor differentiable. The first
existence result concerning directly problem P is due to Z. Naniewicz [23]. How-
ever, the original theory of Z. Naniewicz requires a coercivity assumption on A. In
our previous paper [15], we have extended the theory of Z. Naniewicz to problem P
when A is no more coercive. In this paper, we will show that this improvement is
useful for the study of some unilateral problems where the boundary conditions are
insufficiently blocked up.

Moreover, if C is supposed to be convex, then problem P takes the form of the
following variational inequality:

Problem P’. Find u € C such that
(Au— f,v—u) 20, VveC,

and as a consequence of our study devoted to problem P, we will also obtain some
new results concerning problem P’.

ABSTRACT THEORY FOR CONSTRAINED PROBLEMS

Let X be a real reflexive Banach space. We will write “—” and “—” to denote
respectively the strong convergence and the weak convergence. For a nonempty
subset D of X, we write int(D) for the interior of D in X and cl(D) for the closure.
For an operator A: X — X* we write Ker(A) for the kernel, R(A) for the range and
D(A) for the domain.

An operator T: X — 2X” is said to be pseudomonotone if

(i) the set T'w is nonempty, bounded, closed and convex for any u € X;

(ii) T is upper semicontinuous from each finite dimensional subspace F' of X to X*
equipped with the weak topology, i.e. to a given element f € F and a weak
neighborhood V' of T'(f) in X* there exists a neighborhood U of f in F such
that T'(u) C F for all u € U;

(iii) if up, — v and if 2z, € T'(uy,) is such that

lim sup(zn,u, —u) <0,
then for each v € V' there exists z(v) € T'(u) such that
liminf(z,, un — v) > (z(v),u — v).
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An operator A: X — X* is said to have the S*-property if u, — u and
lim sup{Aun, u, — u) < 0 implies that u, — u.
An operator A: D(A) — X* is said to be monotone if

(Az — Ay,z —y) 20, Vz,y € D(A),
and mazimal monotone if it is monotone and the inequality
(f—Az,z—1z) >0, Vze D(A)

implies z € D(A) and f = Az.

The operator A: D(A) — X* is said to be hemicontinuous at € D(A) if D(A) is
convex and for any y € D(A) the map t - A((1 — t)z + ty) is continuous from [0, 1]
into the weak topology of X*. We refer the reader to [34] for more details concerning
these classes of operators.

Let G: X — R U {+00} be a functional. Then its behavior at infinity can be
described in terms of what is called the recession function of G [4], defined as follows:

Goo(z): = lim inf Gtv)

v—=T t—+00 t
=inf{lim inf G(tpvn)/tn: tn = 00, v, = z}.
n—-4oo

We recall that if G and H are two functionals defined on X with values in (—o0, +00],
then (G + H)oo 2 Goo + Heo.

Let up € X, we define the recession function associated to a general operator A:
X — X* with respect to up by the formula

Tuo,n(T) = 11_131 t.}fif L"M{E‘_"_@_

If we set G(z) := (Az,z — up), then clearly
luo,A(z) = Goo(2).

If up = 0, then our definition reduces to the one introduced by H. Brezis and L. Niren-
berg [5] in order to characterize the range of some nonlinear operators.
Let K be a subset of X, the recession cone of K is the closed cone

Koo 1= dom[(¥K)eo = {7 € X: (¥K)oo(2) < +00},

where ¥ denotes the indicator function of K. Equivalently, this amonts to say-
ing that = belongs to K, if and only if there exist sequences {t, | n € N} and
{zn | n € N} C K such that t, - +c0 and t;'z, — z.
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Let C C X be a nonempty closed subset. We denote by

Tc(u) :={k € X:Vu, € C,un = u,VA, } 0,
Jkn, = k: un + Akn € C}

Clarke’s tangent cone of C at u, by
Ne(u) :={u* € X*: (u*,k) <0,Vk € Tc(u)}
Clarke’s normal cone to C at u, by
d = inf |ju—
c(u) = inf |lu— vl

the distance function of C, by

d%(u,v) := lim sup de(y +tv) — dc(y)
y—ru 10 t

the generalized directional derivative in the direction v of d¢ at u, and by
ddco(u) == {w € X*: d&(u,v) > (w,v),Yv € X}

the generalized gradient of Clarke of d¢ at u [10].
Let B(ug, 0) be a closed ball in X with center ug and radius ¢ > 0. We say that
C is star-shaped with respect to B(uo, 0) [22] if

veEC & w+ (1-ANw e C,VA € |0,1],Yw € B(ug, 0).

We call in the following lemma a basic result concerning the function distance of
a star-shaped set which has been proved by Z. Naniewicz.

Lemma 2.1. [22; Z. Naniewicz]. Let X be a real reflexive Banach space, C a
nonempty closed subset of X. If C is star-shaped with respect to B(ug, p) then

1) d%(u,uo —u) < —dc(u) — o,Vu ¢ C,

2) d%(u,up —u) =0,Vu € C.

The following remarkable result concerning the pseudomonotonicity property of
the generalized Clarke’s gradient is also due to Z. Naniewicz.

Lemma 2.2 [22; Z. Naniewicz]. Let X be a real reflexive Banach space. Let f;:
X — R be a finite collection of locally Lipschitzian convex functions defined on X.
Define f: X = R as

f(u) :=min{fi(v):i=1,...,N},u € X.
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Let A: X = X* be a maximal monotone operator with D(A) = X satisfying the
St-property. Then A + 0f is pseudomonotone.

The next result is an easy consequence of the previous one.

Lemma 2.3. Let X be a real reflexive Banach space, A: X — X* a maximal
monotone operator with D(A) = X satisfying the ST-property. Let C be a sub-
set of X which can be represented as the union of a finite collection of nonempty

N
closed convex subsets C; (j = 1,...,N) of X, i.e. C = |J C;. We assume that
Jj=1

N
f ( N Cj) # 0. Then i) C is star-shaped with respect to a certain ball and ii) for
j=1

each A > 0, A+ )\ - ddc is pseudomonotone.

Let us now introduce the following set of asymptotic directions:
R(A, f,C,u0) := {w € X : Ju, € C,|Jun| = +00,wp := typ - |||} = w

and
(Aunyun - uo) S (faun - uo)}-

On this set, we introduce a compactness condition.

Definition 2.1. We say that R(A, f,C,uo) is asymptotically compact (shortly
“a-compact”) if for each w € R(A, f,C,up), the sequences {w, | n € N} which
appear in the definition of this set are strongly convergent to w, i.e. if {w,; n € N}
is a sequence such that w, := u, - ||us||™! = w, where u, € C, ||un|| = +oo0 and
(AUn, un — uo) < (f,Un — uo), then w, = w in X.

The use of recession sets and compactness conditions for the study of noncoercive
problems is now classical. See for instance [2], [4], [5], [8], [12], [14], [20], [21] and
[36] for similar approaches in the field of partial differential equations, variational
inequalities and optimization problems.

In 15}, we proved the following abstract existence result.

Theorem 2.1. Suppose that the following hypotheses hold true:
(Hy) X is a real reflexive Banach space and C is a nonempty closed subset of X
which is star-shaped with respect to a ball B(uog, ), 0 > 0;
(Hz2) A+ Mddc is pseudomonotone for each A > 0;
(H3) A is bounded.

If R(A, f,C,up) = 0 then problem P has at least one solution.
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Sketch of the proof. Fixn € N\ {0} and let
B :={z € X: ||z|]| < k},

where k € N \ {0} is chosen great enough so that uo € By.

Let j > k be given in N. A well-known theorem in the theory of variational
inequalities [6; Theorem 7.8] guarantees the existence of u, ; € B; such that (see
[15] or [22] for more details)

n-dE(Un,;,v — un ;) + (Atnj — f,v —un;) 20, Vve€B;.

We claim that there exists § = 8(j) € N\ {0} such that ﬁg, ; € C. Indeed, suppose
on the contrary that u, ; ¢ C,Vn € N\ {0}. Then

<Auﬂ,j - fyu'o - un,j) +n- d%(un,j,uo - un,j) =20

implies
(Atnj — fito — tunj) 2 n-doc(un;)+n-p2n-p.

Thus
n-o < || flle - (G + lluoll) + lAll« - 5 - (G + [luoll)-

This is a contradiction if n is large enough.

We prove that there exists &' € N, k' > k such that [ugy x|l < k' If not,
[lugiy,ill =i for each i € N, i > k. After relabeling if necessary, the sequence defined
by w; 1= wg(s),: = Ug(s),i/1 satisfies w; — w, u; := ug(;); € C and

(Aui _f’ui _UO) < 0,

which means that w € R(A, f,C,up), a contradiction.
We have

6(Kk') - dZ(ur,v — up) + (Aug — f,v —up) >0, Vo € By
Let y € X be given. There exists € > 0 such that
up +e(y — ug') € By
If we set v := up + £(y — uxr) then we get
O(K') - -d%(up,y —up) + € (Auw — f,y —up) 2 0.
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This means that
O(k") - d& (urs,v) + (Aug — f,v) 20, Vv € X.
We know that ur € C and thus
y € To(up) € d(up,y) = 0.

Therefore
(Aup — f,v) 20, Vy € To(ur).

Corollary 2.1. Suppose that assumptions (H,)-(Hs) are satisfied. If
(i) R(A, f,C,up) is a-compact,
(ii) there exists a nonempty subset W of X \ {0} such that

R(A1 fv Ca Uo) C w

and
(©) Tuo,A(W) > (f,w), Yw € W,

then problem P has at least one solution.

Proof. We claim that R(4, f,C,uo) = 0. Indeed, if we suppose the contrary
then we can find a sequence u, € C such that ||u,|| = +00, wn := up - ||ua||"! = w
and

(Atn,un — uo) < (f,un — ug).

The a-compactness of R(A, f,C, ug) implies that w, — w. Moreover, we have

(Aun’ Un — uO)/t?), < (fv Wn — UO/tn>

so that
I—uo,A(w) s (f’ ’ll)>,

which contradicts condition (C). a
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Some useful properties of the set of asymptotic directions are now given in the
following three propositions.

Proposition 2.1. Let up be given in X and f in X*. If
(i) A satisfies the S*-property;
(ii) (Az,z) >0,Vz € X;
(iil) A is weakly continuous, i.e. z, = = = Az, — Ax;
(iv) A is positively homogeneous.
(v) B is monotone on X. Then

(1) R(A + B, f,C,ug) is a-compact
and
(2) R(A+ B, f,C,up) C {w € Cx \ {0}: (Aw, w) = 0}.

Proof. Let w € R(A + B, f,C,up) be given. There exists u, € C such that
tn = ||unl| = +00, Wy := up/t, = w, and

(2.1) (Aup + Bun, un — ug) < (f, un — ug).
Since B is monotone, (2.1) implies that
(2.2) (Bug, un — ug) + (Atn, un — uo) < (f, un — Ug).

Dividing (2.2) by t2, we obtain

1
(23) (Aw’nvwn) < <Awna 1;_0> + t_ <Bu07 1“@ - wn> + <ti"wn - 1;_0>

n n

and thus, using assumption (iii),
(2.4) lim sup{Awn,,w,) < 0.
We have
lim sup(Aw,, w, — w) < limsup(Awn,w,) + lim sup(Aw,, —w).
Thus, using assumptions (ii) and (iii) we obtain
lim sup(Aw,,w, — w) < lim sup(Awy,, wn).
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This together with (2.4) imply that
lim sup(Aw,, w, — w) <0,

and thus, by assumption (i), the sequence w, is strongly convergent to w, which
proves the a-compactness of R(A + B, f,C,up). Since |lw,| = 1 and w, — w, we
have ||lw|| = 1. On the other hand, since w, = un/tn, t, = +00 and w, — w,
we obtain w € Cy, so that R(A + B, f,C,up) C Cx \ {0}. Moreover, if we use
(2.3) again, we get (Aw,w) < 0. This together with assumption (ii) imply that
R(A+ B, f,C,up) C {w € Cx \ {0}: (Aw,w) = 0}. O

Remark 2.1. i) If A is bounded linear and coercive, i.e. there exists a > 0 such
that (Au,u) > a- ||ul|?, Vu € X, then A satisfies assumptions (i)—(iv). If in addition
B is monotone then we can directly see that R(A + B, f,C,ug) = 0. ii) It is easy to
see that Proposition 2.1 remains true if assumption (v) is replaced by

(v") (Bz,z —up) 20, Vz € X.

Proposition 2.2. Let ug be given in X and f in X*. If
(i) A is bounded linear and semicoercive, i.e. there exists a > 0 such that

(Au,u) > - ||Pull?, Yu € X,

with P = I — @), where I denotes the identity mapping and @ denotes the
orthogonal projection of X onto Ker(A + A*) (A* is the adjoint operator of A);
(i) dim{Ker(A + A*)} < +o0;
(iii) B is monotone; or
(iii)" (Bz,z —ug) > 0, Vz € X, then

(1) R(A + B, f,C,ug) is a-compact
and
(2) R(A+ B, f,C,up) C Ker(A+ A*) N Cu \ {0}.

Proof. It is clear that assumptions (ii), (iii), (iv) and (v) (or (v')) of Proposi-
tion 2.1 are satisfied. It remains to prove that A satisfies the ST-property. Indeed,
let {un; n € N} be a sequence such that

U, = uin X,
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and
lim sup(Aun, u, — u) < 0.

We have
a - limsup || Pu, — Pu|? < limsup{Au, — Au,u, — u)
< lim sup(Aup, v, — u) + limsup(Au,u — u,)
<0,

and thus Pu,, — Pu.
Moreover, @ is bounded linear and thus weakly continuous. Therefore Qu,, — Qu
since dim(Ker A + A*) < +00. Thus u, = Pu, + Qu, = Pu+ Qu = u. O

Proposition 2.3. Let X := X1 x X® x ... x X(™) where each X(® is a real
reflexive Banach space such that X(® « L2(Q(®)) continuously (2(® denotes an
open set in R™) and let ug be given in X and f in X*. Let f(*)(z,2): ¢ xR = R
be measurable in = and continuous in z. For a.e. z € U and all z € R, assume

(F™) £ (,2)| < @ - |2] + b (2), o € R,b(*) € L3(Q)
and
(Fg“)) (2, 2) 2 =D (z) - |2| - d(z), ¢ e L2(Q),d® e L} ().

Let A: X — X* be an operator satisfying assumptions (i)—(iv) of Proposition 2.1
and let B: X — X* be defined by

(Bu,v) Z - )f(") z,ul®) . v dg,

Yu = (u(l),...,u(N)), V= (v(l),_..’v(N)) € X.

Then
1) R(A + B, f,C,uo) is a-compact
and
(2) R(A+ B, f,C,ug) C {w € Cux \ {0} | (Aw,w) = 0}.

Proof. Let w € R(A + B, f,C,ug). There exists u, € X such that ¢, :=
lun|l = +00, wn := un/t, = w and

(Aw,, w,) + <§tl:1,wn> < <Awm ?—:> + gB_ut"Z’_y_"_) + <—‘-f—,wn — "_°>’
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which means that

d(®)(z) Up
(Awn, / (@) dg +/ dz + ( Aw,, —
w wn) az—:l (=) | I Q) t121 < tn>
(a)
() iln_l () /b__ﬁzﬂl () f o _u
+a o £ lug’|dz + S Jug lda:+<tn, n tn>

The embedding X(®) — L2(0()) is continuous and there exists C, > 0 such that
[u|o € Ca - [t)la; Yu € X (|| - ||a denotes the X(*)-norm and | |o the L2((*))-
norm). Then it is easy to compute positive constants o and 7 such that

(Awn,wn) < <Awn, 1ig> + <£,wn - :‘—0> +0/ty+7/t2.

tn tn
Thus
lim sup(Awn, w,) <0,
and we complete the proof as in Proposition 2.1. O

Remark 2.2. If assumptions (F\*) and (F{*) are satisfied, then the functions

(F®)oo(2) := liminf{ f) (z,u) | u = +00},
(f(a))oo(l') = limsup{f(")(z,u) |u— _oo}

are well defined and if X(®) — L2(Q(®)) continuously, then by using [5; Proposition
ii.4], it is easy to see that

ro(0) > Z ARG CRTCLE
+ / (f@)°(z) - wl®(z)dz, Yw € X,
Q= () (w)

where
Q@ (w) == {z € o¥: w(¥)(z) > 0}

and
Q=@ (w) := {z € ) : w¥(z) < 0}.
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EXISTENCE RESULTS FOR NONLINEAR PERTURBATIONS OF LINEAR
HEMIVARIATIONAL INEQUALITIES WHERE THE CONSTRAINTS ARE DEFINED
BY A FINITE UNION OF CLOSED CONVEX SETS

Throughout the rest of this paper, we will suppose that the following assumption
is satisfied.
(H}) X is a real reflexive Banach space and C is a nonempty closed subset of X
which can be represented as the union of a finite collection of nonempty closed
convex subsets C; (j =1,...,N) of X, i.e.

N
c=Jc¢;.

j=1

Moreover, we assume that

.

int (

Then C is star-shaped with respect to a certain ball in X with center ugo € C
and radius ¢ > 0.

q)¢0

1

J

We are now able to establish four basic results which will be referred to in the
following two sections when we will be concerned with concrete applications. The-
orem 3.1 and 3.3 concern nonlinear perturbations of coercive linear hemivariational
inequalities while Theorems 3.2 and 3.4 are applicable to nonlinear perturbations of
semicoercive linear hemivariational inequalities.

Theorem 3.1. Suppose that assumption (H}) is satisfied. If
(i) A: X — X* is bounded linear and coercive;
(i) B: X — X* is bounded, hemicontinuous and monotone or
(i) B: X — X* is bounded, pseudomonotone and

(Bz,x —up) 20, Vz € X,
then for each g € X* there exists u € C such that

(Au + Bu — g,v) 2 0, Yv € T¢(u).

Proof. All assumptions required by Proposition 2.1 are satisfied and thus R(A+
B,g,C,up) C W := CoxNKer(A+ A*)\ {0}. Since A is coercive, Ker(A+ A*) = {0}.
Thus W is empty and R(A+ B, g, C,ug) is empty, too. In order to get our result, it is
sufficient to prove that all assumptions of Theorem 2.1 are satisfied. By assumption
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(i), A is a maximal monotone operator which satisfies the S*-property. Thus, using
Lemma 2.3 together with assumption (Hj), we obtain the pseudomonotonicity of
A+X\0dc for each A > 0. If B is monotone and hemicontinuous, it is pseudomonotone
too and in each case, assumption (Hz) is satisfied. The conditions required by (H;)
and (H3) are direct consequences of our assumptions. The conclusion follows. O

Theorem 3.2. Let X be a real Hilbert space and suppose that assumptions (H})
is satisfied. Let g be given in X*. If
(i) A: X —» X* is bounded linear and semicoercive;
(it) dim{Ker(A + A*)} < +o00;
(iii) uo € C NKer(4);
(iv) (g,w) <0, Yw € Coo NKer(A + A*) \ {0},
(v) B: X — X* is bounded, hemicontinuous, monotone and ug € Ker B;
or
(v') B: X — X* is bounded, pseudomonotone and

(Bz,z —ug) 20, Vz € X,
then there exists u € C such that

(Au + Bu — g,v) 2 0, Yv € T¢(u).

Proof. By Proposition 2.2, R(A + B,g,C,ug) is a-compact and R(A +
B,g,C,up) C W with W = Cs N Ker(A + A*) \ {0}. As in the proof of The-
orem 3.1, it is easy to show that conditions (H;)-(H3) are satisfied. If we prove
that

(31) Euo,A-}-B(u}) > (ng)r Yw € W7

then we can apply Corollary 2.1 to get our result.
Case 1. Suppose that assumption (v) is satisfied. We have

(A(t:v),z:c — ug) + (B(ta:),:x — uo) > —(Az,u0) + (B(uo),tt:v — ug)

=0.

The inequality follows from the monotonicity of B, and the equality is due to the
fact that ug € Ker(A)NKer(B) and Ker(A) = Ker(A*) since A is positive. Therefore

(3.2) -tuo,A+B(w) 2 0, Yw € X.
Using (3.2) together with assumption (iv), we get (3.1).
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Case 2. Suppose that assumption (v') is satisfied. Then

(A(tz),tz — uo) + (B(tx),tx — uo)

t : 2 —(A.’L‘,U()) =0.

Thus r,, 4+ p(w) > 0, Yw € X and we may conclude as before. O

Remark 3.1. If A is symmetric then W C Co, N Ker(A) \ {0} so that
Tuo,a+B(W) 20, Vw e W
even if assumption (iii) is not satisfied.

Theorem 3.3. Let X := X x X@ x ... x X(™ where each X(® is a real
reflexive Banach space such that X(®) — L?(Q(®) compactly, and suppose that
assumption (H}) is satisfied. If

(i) A: X = X* is bounded linear and coercive;

(i) f¥(z,u): 2 x R = R is measurable in z, continuous in u and satisfies
assumptions (F{*) and (F{*)) (@ = 1,...,N), then for each g € X* there
exists u € C such that

N
(u)+ Y [ o) o de 3 (g,0), W € To(u).
a=1 Q)
Proof. Let B: X = X* be defined by

N
(Bu,v) := Z/ F@(z,u®) . v dz, Yu,v € X.
= Jaw

Using Proposition 2.3, it is easy to see that R(A + B,g,C,up) is empty, and it
remains to prove that all assumptions of Theorem 2.1 are satisfied. Using Lemma
2.3 together with assumption (H]), we obtain the pseudomonotonicity of A + Addc
for each A > 0. The compact embedding X (®) — L2?(Q()) together with assumption
(Fﬁ"") (a =1,...,N) guarantees that B is completely continuous and thus bounded
and pseudomotone, too. Therefore, condition (H;) of Theorem 2.1 is satisfied. As
already mentioned, the conditions required by (H;) and (Hs) are direct consequences
of our assumptions. a

Theorem 3.4. Let X := X1 x X@ x ... x XV where each X(® is a real
Hilbert space such that X(® — L2(Q(®) compactly, and suppose that assumption
(HY) is satisfied with up = 0. Let g be given in X*. If

216




(i) A: X — X* is bounded linear and semicoercive;
(ii) dim{Ker(A + A*)} < +o0;
(iii) f@)(z,2): Q) x R — R is measurable in z, continuous in z and satisfies
assumptions (Fl(a)) and (Féa)) (@=1,...,N);

N
(iv) Z_:l fQ+(a)(,,) (f(a))oo(x) -e(®) dz + fQ—(a)(e)(f(a))oo(z) e dz > (g,€),Ve €
Coo N (Ker A + A*) \ {0},
then there exists u € C such that

N
(Au,v) + Z/ F@(z,u®) . v dz > (g,v), Yv € To(u).
= Jaw

Proof. By Proposition 2.3, R(A + B,g,C,0) is a-compact and R(A +
B,g,C,0) C W with W = C, N Ker(4 + A*) \ {0}. As in the proof of Theo-
rem 3.3, it is easy to prove that conditions (H;)-(Hj3) are satisfied. To be able to
apply Corollary 2.1, it remains to prove that

(3.3) To,a+5(€) > (g,€), Ve € W.

By Remark 2.2, we have

(34) 1o p(w Z / (F@))oo(2) - 0/ () dz
’ Q+(@) (w)

+ / (f@)°(z) - w(¥(z) dz, Yw € X,
Q= (=) (w)

where
Q@ (w) := {z € 8 | wl¥(z) > 0}
and
Q@ (w) := {z € 9 | w9 (z) < 0}.
Moreover
Tat+g,o(W) 2 140W) +150(w) 2 1p0(w),
and thus assumption (iv) together with (3.4) imply (3.3). O

Remarks 3.2. i) Condition (iv) in Theorem 3.2 and condition (iv) in Theo-
rem 3.4 (compatibility condition) have been used in various directions by quite a
number of authors. See for instance [2], [12], [14] and [36] fot the study of noncoer-
cive variational inequalities. We refer to [4] and the references cited therein for the
study of noncoercive variational problems. See also [3], [5] and [19] where further
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references concerning the study of noncoercive partial differential equations may be
found.

ii) It is worthwhile to notice that if C is convex then the existence result given by
Theorem 2.1 can be proved without using the fact that C has a nonempty interior
(see [2; Lemma 1.4 and Remark 3.5]). Therefore if C is convex then all results of
this section remain true if assumption (H}) is replaced by the following one:

(HY) X is a real reflexive Banach space and C is a nonempty closed convex subset
of X.

4. CONSTRAINED EQUILIBRIUM OF A MATERIAL POINT

As an example, in order to illustrate Problem P we consider a material point with
mass m which is constrained to remain in a closed subset C' of R® which is star-
shaped with respect to some ball B(ug,g) (¢ > 0). When m is in contact without
friction with the boundary of C, the reaction force R is normal to the boundary, i.e.

R € —N¢(z).

Fig. 1. Constrained equilibrium of a material point

Therefore, if fo(z) is an external force acting on m, it is necessary and sufficient
for the equilibrium to occur that

x €C and fo=-RE€ N¢c(x),

or also
z € C and (-fo(z),v) >0, Vv € Te(x).

We suppose that
fo(z) :==m g+ f(z),
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where m - g is the gravity force and f(z) = —A(z) where A is a continuous function
of z. For instance, if f is a force which derives from a potential, i.e. there exists a
differentiable function ®: R® — R such that

f(z) = — grad &(z),
then A(z) = grad ®(z). Therefore, we have

(A(z) — mg,v) 20, Yv € Te(z)

(here (z,y) := x;y;). This simple example shows that Problem P is nothing else that
a general expression of the classical principle of virtual work [31, 32].

Proposition 4.1. Let C be a nonempty subset of R®. The set-valued function
z — 0dc(z) is pseudomonotone.

Proof. By [10; Proposition 2.1.2] the set ddc(z) is nonempty convex and com-
pact. By [10; Proposition 2.1.5], the function z — dd¢(z) is upper semicontinuous.
It remains to prove that if u, — v and if 2, € 8dc(u,) then for each v € R? there
exists z(v) € ddc(u) such that liminf(z,,u, — v) > (2(v),u —v). Let v € R3 be
given. We have

liminf(zp, up, — v) = — limsup(z,,v — u,) > — limsup d2(un, v — u,).

The map d%(z,y) is upper semicontinuous as a function of (z,y) [10, Proposition
2.1.1], and thus

(4.1) liminf(z,, un — v) > —d%(u,v — u).

For each y € R® there exists z(y) € ddc(u) such that [10, Proposition 2.1.2)
de(u,y) = (2,y).

Therefore, there exists z(v) € ddc(u) such that

liminf(zp, un — v) > (2(v),u — v).
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Since A is continuous, it is clear that A + M\dd¢ is pseudomonotone for each
A 2 0. Therefore, we are in position to use the basic results presented in Section 3.
For instance, if C is closed and star-shaped with respect to B(0,0) (¢ > 0) and if
A(z) = A -z where A is a positive semidefinite matrix, then by using Proposition
2.2 together with Corollary 2.1, it is easy to see that

(9,v) <0, Vv € Coo NKer(A + A7) \ {0}

is a sufficient condition for the existence of an equilibrium.
Further applications in the field of adhesive grasping problems in robotics can be
found in [16].

5. ON A LAMINATED PLATE PROBLEM

We consider a laminated plate consisting of two isotropic and homogeneous lam-
inae and the binding material between them. We suppose that each lamina Q(®) C
R? (@ = 1,2) has a constant thickness h(®). Each lamina is identified with a
bounded open and connected subset of R? and its boundary I'"® is assumed ap-
propriately smooth. Let also the interlaminar binding material occupy a measurable
subset Q' such that p(Q') > 0 (here p denotes the 2-dimensional Lebesgue mea-
sure), @' € AW N AP, and ' NTD =@, ' NTP = @. The system is referred
to a fixed right-handed cartesian coordinate system Oz;z;z3 and the middle plane
of each lamina coincides with the 0z;z; plane. By ((®)(z) we denote the vertical
deflection of the point z = (z1, z2,z3) of the a-th lamina, and by ul® = (u§°", ué"))
the horizontal displacement of the a-th lamina.

The theory of Von Karman plates gives rise to the following system of partial
differential equations:

(5.1) k@ A2¢(@) h(a)(gg;’)cy(;‘))’i = f(&) jn
(5.2) ok =0 in Q@
(5.3) ol = CEMED + 3¢2¢(Y) in Q.

Here, i,j,k,0 = 1,2, A? is the biharmonic operator, k(®) is the bending rigidity
of the a-th plate, f(®) = (0,0, F(®) is the distributed vertical load acting on the
a-th lamina. The tensors o(® = {ag?')} and €(®) = {EE;’)} denote the stress and
strain tensor respectively in the plane of the a-th lamina and C(®) := {C‘(]"k),} is the
corresponding elasticity tensor, the components of which are assumed to be elements
of L*°(0(®)) and to satisfy the usual symmetry and ellipticity properties. We assume
that u(®),v(® € [H}(Q(®))]? and that ¢(®), 2(*) € H2(Q().
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From equation (5.2), multiplying by 2(®) € H2(Q(*)), integrating, applying the
Green-Gauss theorem and using classical computations in Von Karman theory, we
get the expressions

(54)  aa(C@, 2) 4 KO R (Go(¢®), Pa(¢), 2())) = /Q 1@,
where a is the symmet;ic bilinear and semicoercive form
a(¢(®), 2()) = k(@ /Q - V@D + VDA AL dq.
Here v(*) < 1 is the Poisson ratio of the a-th lamina, P : [H?(Q(®))]2 - [L*(Q(*))]*
is the completely continuous and quadratic function defined by
Pa(C,2) = {¢257),

Go: H?(Q®) = [L2(2)]* is the completely continuous and quadratic function
defined by
Ga (C(a)) = ¢l ("(a)) + %Pa(c(a)’ C(a))a

Ra(,-): [L2(QEN)] x [L2(Q(®)]* = R is the continuous, symmetric and coercive
bilinear form defined by

R,(M,N) :=/ CijkiM;; Ny dQQ,
Qla)

where M and N are 2 x 2 tensors, and u{®)(((®)) is the plane displacement cor-
responding to the vertical deflection and merely determined as the solution of the
variational equality

Ra(e® + 1 Pa(C), (), e(0(® - uf®)) = 0, Vol® € [H} (@],

See [25-28] for more details.
Let us now define the operators A, : H2(Q(®)) — H2((*)* and C,: H2(Q()) »
H?(Q(*)* such that
a0 (¢4, 2(%) = (Aa((), 2(4))

and
h(a)Ra(Ga(C(a))a Pa(g(a),z(a))) = (CaC("), Z(a))a-

It is known that

(5.5) Aq: H2(Q(®)) 5 H2(Q())* is bounded symmetric linear and semicoercive;
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(5.6) Ker(A,) is the space of polynomials of degree < 1;

(5.7) Co: H2(Q(®)) — H?(Q())* is completely continuous and nonnegative, i.e.

(C’ax("‘),:c("‘))a >0, Vz(® ¢ H2(Q(°‘));

(5.8) if ¢(®) € Ker(A,) then

(Caz'® ¢ty =0, V2 € H2(Q().

Now we put F(®) = G(®) + R(®) where G(®) € L2(Q(®)) is given, for instance the
transversal load applied on the a-th lamina, and (R, R®) € L2(QM)) x L?(Q(2))
is a known function of (¢(1),¢(?) introduced in order to formulate the stress in the
interlaminar binding layer £’ or to consider the presence of obstacles. We will assume
a set-valued reaction-displacement law of the form

(5.9) —-R=—(RM,R®) € N¢(0),
where ¢ := (¢, ¢(?) and C denotes a nonempty closed subset of the product space

X = H'(OW) x H (@)

for which the corresponding duality product is defined by

Y=+ )2
and the corresponding norm by
II.I% = ”-“%11(9(1)) + ”'”%—11(9(2))'
Formula (5.9) implies that
(5.10) (R,h) 20, Yh € Tc(().

Let G € X* be defined by

2
G,z) = G (2 qq,
@I=3 L.

and let us define the operators A: X — X* and C: X — X* by the formulae
(AG,2) = (A1CD, 0 D) + (4¢), o),
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and
(T¢,2) = (C1¢W, 0W) +(C2¢®,v@).

From (5.4) and (5.10) we obtain the problem
(5.11) Find ¢ € C such that

(AC+T¢ - G, 2) Vz € Tc(Q).

N
If C := |J C; where each set C; is assumed to be nonempty convex and closed and
j=1

N
if int{ .ﬂl Cj} N Ker(A) # 0 then C is star-shaped with respect to a ball B(ug, 0)
J:

with ug € Ker A. Thus assumptions (H}) and (iii) of Theorem 3.2 are satisfied. By
properties (5.7) and (5.8), it is clear that T is bounded pseudomonotone and satisfies

(T¢, ¢ —uo) 20, V¢ € X.

By properties (5.5) and (5.6), it is clear that assumptions (i) and (ii) are also satisfied,
and thus we get the solvability of problem (5.11) for each G € L?(Q(V) x L2(Q(3)
satisfying the inequality

2

(5.12) > | G da <0, Vg € Coo NKer(4) \ {0}.
* Jaw

a=

6. ON THE GENERALIZED SIGNORINI-LIKE PROBLEM IN ELASTICITY

Let Q2 be a body identified with a bounded open connected subset of R® referred
to a coordinate system {0,z;,z2,z3}. We assume that the surface of the body is
regular (i.e. I is a hypersurface of class C™ (m > 1) and  is located on one side
of I'). It is assumed that € is subjected to a density force F. Surface tractions ¢
are applied to a portion £ of I'. The body 2 is assumed to be fixed along an open
subset I'y of I' (possibly empty). We suppose that 'y N X = 0.

Let 0 = {0i;} be the stress tensor and let n = {n;} be the outward unit normal
vector on I'. We denote by S = {S;} the stress vector on T, i.e. S; = 0y; - n;.

Let u denote the displacement field of the body. We consider the case of in-
finitesimal deformations of the body and suppose that the body is characterized by
a Cauchy elastic law, i.e. 0;; = Cijrs ~é,-j where € = {¢;;(u)} is the strain tensor and
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C = {Cijki(z)} is the linear-elasticity tensor. The elasticity tensor C € [L>°(Q)]®! is
supposed to satisfy the classical symmetry properties

Cijki(z) = Criij(z) = Cjiri(z),
and the ellipticity property
Ciik(2)CijCrt 2 ¢+ &5 - &5 (¢ > 0)

for a.e. z € , and for all 3 x 3 symmetric matrices (.

We suppose that a nonempty measurable part Q' (u(Q') > 0) of the body 0 is
constrained to lie inside a closed convex box Q C R3. We assume that Q' C Q. The
displacement field u satisfies the following system of equations:

(6.1) —00;j/0z; = F; + R; in Q,
(6.2) S;i=t; onX,

(6.3) z+u(z) €Q, Vr €
(6.4) u=0 onTly,

where the reaction force R is introduced in order to describe the action of the con-
straints on the body. We assume also that I' = X UI'y U E, where u(E) = 0 (u
denotes the 3-dimensional Lebesgue measure). Moreover, we put

F‘i(il,', 'LL(IE)) = ft(x) - Gi(x$ u)s

where f; denotes a body force density which does not depend of the displacement.
The displacement of a particle z € Q after deformation becomes z + u(z) so that
(6.3) ensures that part ' of the body lies in Q.

Let X be the Hilbert space defined by

X:={ve[HQ)P:v=0 onTy}.

(The boundary condition v = 0 on I'y is considered in the usual trace sense.) In
order to formulate a frictionless contact between the body and the box, we introduce
the abstract multivalued law

—R € N¢(u),

where C is the closed convex subset of X defined by
C:={ve X:z+v(z) €Q, ae on '}
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Then, as a weak formulation of system (6.1)-(6.4) we consider the variational
inequality

(6.5) u € C: a(u,v—u)+ (Bu,v—u) 2 (f,v—u), Vv e C,

where a(u,v) is the bilinear continuous symmetric form

a(u,v) = /Qcijhkeij(u)ehk(v) dQ,
B: X — X* is the nonlinear operator defined by
(Bu,v) = /QG,-(z,u,-)v,- dQ
and (v, f) is the linear continuous form

(U7f)=/9fividﬂ+[2tivids

with f € [L2(Q)]® and ¢ € [L%(D)]3.

Formulation (6.5) is obtained by using classical distributional tools. We refer the
reader to [21] and [33] for more details.

Let A: X — X* be the bounded linear and symmetric operator defined by

(Au,v) = a(u,v), Yu,v € X.

It is known that if 4(I'yy) > 0 then A is coercive. However, if I'yy = @ then A is only
semicoercive and

KerA={ve X:v(x)=aAz+b, a,be R3},

where A denotes the vector product.
Case 1. Suppose that G; obeys a potential law, i.e. there exists a functional

®;: 2 x R— R such that ®;(z,.) € C}(Q,R) forall z€ Q and

Gi(:l:, ) = —V‘P,-(x, )

If ®;(z,.) is convex for all z € , then the corresponding operator B is monotone
and hemicontinuous [34]. By using Theorem 3.1, Theorem 3.2 and Remark 3.2 (ii)
together with Proposition A.1, we get the following result.
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Proposition 6.1. i) if u(I'y) > 0 then problem (6.5) has at least one solution
for each f € X*. ii) if 'y = 0 and 0 € Ker(B) then problem (6.5) has at least one
solution for each f € X* satisfying the inequality

(frey<0,Vee{veX:v(z)=aAz+b€ Qu ae. on ', a,be R3}.

Qase 2. Suppose that G; is a Carathéodory function satisfying assumptions
(F{?) and (F{”). Then as a consequence of Theorem 3.3 and Theorem 3.4, we get
the following result.

Proposition 6.2. if u(T'y) > 0 then problem (6.5) has at least one solution for
each f € X*, and ii) if 'y = 0, then problem (6.5) has at least one solution for each
f € X* satisfying the inequality

Z /QH")(e) (a) oo (T) - @ dz +/ (f(a))oo(x) @ dr > (g,€)

Q—=(=)(e)
Vec {ve X:v(z)=aAr+b€Qw ae on Q, abe R}

Remark 5.1. i) Using our approach, we have obtained new existence results
for hemivariational inequalities and variational inequalities. ii) we have proved the
solvability of semicoercive problems as long as a compatibility condition on the right
hand term f is satisfied. Such compatibility conditions can be seen as generalized
Lazer-Landesman conditions [19].

ANNEX: ON THE BOX-SET

Let 2(®) (a=1,...,N) be a nonempty open subset of R™ (n € N,n > 1) and let
Q' be a measurable subset such that x(€') > 0and Q' C 9, Vo =1,...,N. Let
Q be a nonempty subset of R™. We assume that Q' C Q.

The following proposition holds true:

Proposition A.1. Let X be a real Banach space such that X is continuously
embedded in LP(QM) x ... x LP(QM)) (p > 1) and let C be defined by

C:={ueX:z+u(r) €Q, ae on N}

then
i) O e C;
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ii) Coo C{v € X |v(z) € Qeo, a.e.on Q'};
iii) if Q is closed convex then C is closed convex and

" Coo={v € X|v(r) € Qoo a.e.on N'}.

Proof. i) Trivial. ii) Let v € C. There exist {t, | n € N} and {v, | n € N}
such that v, = v,t, = oo and t, - v, € C, that is

(A1) T +t,-va(z) €Q, ae.on Q.

Since X — LP(QM)) x ... x LP(Q®)) continuously, there exists a subsequence (again
denoted by v,) such that i) (z) = v(®)(z) a.e. on Q(*). This together with (A.1)
implies that v(z) € Qo for a.e. x € Q'. ii) It is clear that C is closed and convex.
Therefore C,, can also be written as

n(c - Z)/[l,,

pn>0

where z is any element of C. Let v € X be such that v(z) € Qo a.e. on Q. Then
we obtain
T+ Mv(z) € Qae.on O, VA>0.

Taking a sequence A\, — +00, we find that z + A\,v € C and thus v € Cu. O
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