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SOLUTION BY MIXED-INTERPOLATED ELEMENTS
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Summary. Hard clamped and hard simply supported elastic plate is considered. The
mixed finite element analysis combined with some interpolation, proposed by Brezzi, Fortin
and Stenberg, is extended to the case of variable thickness and anisotropic material.
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INTRODUCTION

One of the simplest mathematical models of plate bending, which refine the well-
known Kirchhoff theory, is the Reissner-Mindlin model. It replaces the classical
hypothesis on the invariance of the fiber normal to the middle surface of the plate
by introducing a new variable, the vector of rotation of the fibers normal to the
midplane.

Although the formulation of the potential energy is straightforward, the standard
variational solution deteriorates as the thickness ¢ tends to zero. The reason is, that
the potential energy of (transversal) shear stresses has a factor ¢, whereas the energy
of remaining stresses a factor t*. Brezzi, Fortin, Bathe and Stenberg [1], [2], [3], [4]
proposed a remedy, using a mixed formulation by introducing a scaled shear force
and an interpolation operator.

In the present paper, we extend the theory and error analysis of [2 — §VII. 3]
to plates of variable thickness and anisotropic material. We consider “moderately”
varying thickness functions, which are Lipschitz continuous, bounded from below
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and from above and have bounded derivatives. Two cases of boundary conditions are
considered simultaneously, namely so called hard clamped and hard simply supported
plates.

1. FORMULATION OF THE REISSNER-MINDLIN MODEL

Let Q be a bounded, simply connected domain in R? with a polygonal boundary
0R. Let the plate occupy a three-dimensional domain  x ( — t(z1,2), t(z1, 72)),
where the (half-)thickness ¢ belongs to the set

WYy = {t € CO:1(Q) (i.e., Lipschitz function) |
ot l < ot

—_ 1 _
3:171 = ’ 3:1:2

<c)

tmin < t(l‘l,l‘z) < tmax,

where
0 < tmin < tmax < +00

and Ci, Cs, tmin, tmax are given positive constants.
The fundamental hypothesis assumes that the “horizontal” displacements u; and
us have the form

(1) u; = —z3fi(T1,22), i=1,2
and the “vertical” displacement u3 has the form
uz = w(zy, T2).
Assume zero body forces, and the external surface load
f=(0,01)7,
acting on the upper surface z3 = t(z1, z2).
In the following, we shall use Greek subscripts within the range {1,2} and the

summation convention for repeated subscripts. From (1) we easily obtain the com-
ponents of the small strain tensor

(2) en1 = —23001/0z1, ez2 = —230P2/0z2, €33 =0,
1
el = -5103(3,31/312 + 9p2/0z1),

€13 = (aw/axl - ﬂl), €23 = %(Gw/axz - ,32)

N} =
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We assume the following generalized Hooke’s law

(3) Oaf = Caf~5€vs, (a’ﬂ = 112)
(4) Oa3 = gaﬂeﬁSa

where the coefficients cog+5, 6o are constant,

(5) Cafys = Cyéap = CBavs)
(6) CapysTaBTys 2 CoTaBTag

holds for all symmetric matrices (7,3), with some positive cp; & is a diagonal matrix
with positive entries. (For isotropic materials & = AI, A = Ek/(1 + o), where E is

the Young’s modulus and o the Poisson’s ratio, & is a correction factor).
The total potential energy of the plate is then

) II= / [%aagea[; + aagea;;] dz; dzo dzs — /fw dz; dzo

Qx(—t,t)
1 9P 0B
=3 /t3caﬁ.,,;a 325 —L dz; dz,
Q
1
+ = 5 /té’ag(——— - ﬂa) ( — ﬂg) dz;dz, — /fw dz; dz,.
Q

Remark 1.1. For isotropic materials we have
E
(8) e / £3(9B, /921 + 08B/ D2)3P1 /971
Q

+ (3,32/33')2 + 06ﬂ1/3$1)3ﬂ2/3x2
+ %(1 - U)(aﬂl/aﬂ,‘g + 6,32/6m1)2] d:c1 d.’L‘2

+ %)\/tIVw - ,3'2 d:l:l dSCz - /f'w dil)l d.’L"z.
Q Q

Introducing the bilinear form
a(t; B,n) = /t3c,,375(Bﬁa/awg)(anﬁ,/aza) dz; dzs,
Q

we may write the relation (7) in the following form

9 T= %d(t; 8,8) + % / H(Vw — B)T E(Vw — B) dzy dzs — / fwdzy ds.
Q

Q

59



(Recall that the Kirchhoff model sets 8 = Vw, so that
a(t; B, 8) = a(t; Vw, V)

coincides with the bending energy of the plate.)
We shall consider only the two following basic cases of boundary conditions:
(i) “hard clamped” edge of the plate

=0 and w=0 on N
(i1) “hard simply supported” edge of the plate
M,(8)=0,-7=0 and w=0 on 9N,

where 7 denotes the unit tangential vector with respect to 02, 87 = BoTa, M. (8) =
CaprsVaVp0B,/0xs and v is the unit outward normal vector.

Thus the principle of minimum potential energy implies the minimization of
I1(B8,w) on the set

[Hg (V) x Hy(Q), in case (i),
V x H(R), in case (ii),

where
V={Be[H®Q)?|B8-7=0 ondQ}.

Henceforth we denote by
(u,v) = /””dml dza, ullo = (u,u)'/?
Q

the inner product and the norm in the space L?(2). The same notation will be used
for vector functions from [L?(R)]?. The norm in H'(2) will be denote by ||ul|;. In
H}(Q) we shall use the equivalent norm

luly = IVullo.

It is readily seen, that by
[, v] = (tu,v)

another inner product in [L?(Q2)]? is defined, provided t € %aq-
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We introduce the operators

rotq = (8q/dzy,—8q/dx)T,
rotn = dn2 [0z, — 9Ny /Oxs),

and the space
Hy(rot; Q) = {v € [L*(Q)]? | rotv € L*(Q), v-T = 0 on 9N}

with the norm
(10) llollr = (lvll3 + || rot v]|3)/2.

Lemma 1.1. Let either n € Ho(rot; ), ¢ € H(Q) orn € [L2(N)]?, rotn € L%(N)
and q € H}(Q).
Then
(rotn,q) = (n,rotq).

In particular,

(11) (Vu,rotq) = 0
holds if u € H} (), ¢ € HY(Q).
Proof. We have

(rotn,q) = /(—nzaq/arcl + mogq/0z2) dz + /(nm —muo)gds
Q oN

= (n,r0t q) + /(n-f)qu
N

and the last integral vanishes, as either n-7 =0 or ¢ = 0 on 9Q. If u € H}(Q2), then
Vu € Hy(rot, ) and rot Vu = 0. a

Let eq3(n) be the symmetric part of the matrix (91 /8zg).

Lemma 1.2. For all 5 €V the inequality

e O
/ Capys 2 T 4z dzy = / Capri€ap(n)exs(n) dzy dzg > Clln|i?
Oz 0z
Q Q

holds with some positive constant C.
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Proof.

below by

(12)

From (5) and (6) we easily obtain that the left-hand side is bounded

2

00/ Z ef,ﬁ(n) dz; dz,.
Q a,f=1

Let us consider the subspace of rigid body (2D) displacements

(13)

P = {v=(a; — bxy,as + bz;)T = a + bkxz, a€£R2, be R},

where k is the unit vector of z3-axis.
Let us verify that

(14)

2nV ={0}.

In fact, denoting a* = (—az,a1)T = k x a, we may write

V-T:-——I/~aL—bCL"V:V'(_a_L_bI)'

Let the origin coincide with the vertex A € 9 (see Fig. 1). Then for ve NV we

obtain

so that at

v gt =0, -v@.at=0

=0 and a = 0. Inserting x € BC, we have

w® .x=0, v .x#0

so that b = 0 follows. Consequently, (14) holds.
Having (14), we may apply the general result on inequalities of Korn’s type [6 —
Lemma 11.3.2], which says that (12) is the square of an equivalent normin V. 0O

Lemma 1.3. Positive constants ¢, ¢, c3 exist such that the inequality

(15)

C1 t3

a(t; 8,8) + [Vw - 8, Vw — ] 2 —L(Hﬂllf + wl})

5 + c3t? .

min

holds for all w € H} () and B €V, t € Uq.

Proof.

Lemma 1.2 and the definition of %, yield

9B 9B

(16)  a(ti.0) > thin [ coprs ot gt der oo > excthunllBE VB €V
Q
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Second, we have
[Vw = 8, Vw = 8] > cptminl|Vw — B]§-

Obviously, we may write (tmin = tm)

(1) Slul? < IV — 13 + 1813
< 2 cta(t; B,B8) + thlcg [Vw — B, Vw — ]
< A(t7’ey +tn'cg')
where A denotes the left-hand side of (15). Combining (16) and (17), we arrive at
1BIZ + [wl? < A2ext?, + 3cs)/ (caext,)
so that (15) follows. O

Remark 1.2. Since [H}(R)]? C V, the inequality (15) holds for all w € H(Q2),
B € [HY(N))? and t € .4, as well.

Proposition 1.1. Let Q be a convex polygon. Then the mapping

B: (n,¢) = (V¢—mn)

is surjective from [H}(Q)])? x HE(Q) onto Ho(rot; ) or from V x H}() onto
Hy(rot; ).

The proof has been given in [2 - Propos. VII. 3.2, p. 298] for n € [H}(Q)]2. Since
(H3(Q))2CcVandforneV

(V¢=n)-7=98¢/ds—n-7=0 ondN,
the assertion holds for n € V, as well.
Proposition 1.2. Any element v € [L%(2)]? can be written in a unique way as
vy =t&VY + rot p,
with ¢ € H}(Q), p € HY(Q)/R.

Proof. (cf. [2- Propos. VII 3.4]). Let us set £ = divy € H~1(Q). Consider
the solution ¢ € H}(2) of the Dirichlet problem

div(tEVY) = €.

Defining a := v — t&Vy, we realize that diva = 0, so that @ = rotp for some
p € H'(Q)/R (see [5 — Theorem 1.3.1, p. 37)]). O
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2. MIXED VARIATIONAL FORMULATION

Approximations, based on the minimum of potential energy (9) and finite elements,
cannot be recommended. They deteriorate as the thickness tends to zero. Theoret-
ically, such phenomenon is caused by the fact, that the “constant of coercivity” in
(15) is O(3

To overcome the troubles, we apply three following steps [2]. First, we define a
scaled potential energy

mm)

o, =t3 11

min

Second, we introduce a mixed variational formulation with the help of a “scaled
shear force”

(18) tE(Vw — B)/thin-

(Note that « is proportional to the shearing force, i.e., to the integral

t

/ Oa3 d$3)

—t
We preserve the first part of II,, and denote it by
50(t:,0) = 3ta%(t:,9)

The second part — energy of shear stresses — will be transformed as in the principle
of Hellinger-Reissner (see [6 — §5.4]). Thus we arrive at a new functional

R(B,wi7) = 5alt;f,5) + (1, V= §) - 265, (367 1,7) - &3(fw).

(For brevity, we denote t,, := tmin). The solution of our problem {3,w} and v is a
saddle point of Z and we have the following conditions of optimality

(19) a(t; B,n) + (v, V¢ —n) —t3(f,¢) =0
V{n, ¢} € [Hs (V) x H3(Q), or ¥{n,{} € V x Hy(),
(20) (Vw - 3,6) - tfn(%é"lv,é) —0 Vée O
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Let us insert the decomposition of v by Proposition 1.2 and the analogous decom-
position of 4. Thus we obtain the following system for ¢, 3, p, w:

(21) [V, V¢ = t;3(f,) ¥¢ € H(Q),

(22) a(t; B,n) — (rotp,n) = [Vy,n] Vn € [H5(Q))* or Vn € V;
(29) ~(5,1080) = (16 rotpy10ta) Vg € HA@)/R,
(24) [Vw, Vx] = [8,VX] + (f,x) VYx € Hy(Q).

Note that (21) and (24) is a Dirichlet problem for ¢ and w, respectively. The
system (22)-(23) represents a “Stokes-like” problem for 8 and p, “penalized” by
the term on the right-hand side of (23). Indeed, to see this, we replace the vector-
functions n by the rotated vectors 7, so that for instance

—(xotp,n) = —(p, 10t n) = (p,divy*).

On the basis of (21)-(24) a discretization by finite element method can be proposed
and an error estimate derived [4]. Such a numerical method, however, is not used in
practice, even if a Stokes solver is available. The solution for small thickness displays
troubles, since the condition (Vw — ) = 0 is enforced too much.

Therefore, we apply (third step) a kind of numerical integration in the second term
of the potential energy. Such an approach is nearer to the engineering practice. The
details will be shown in the next Section.

3. SOLUTION BY MIXED-INTERPOLATED FINITE ELEMENTS

In the present section we apply an example [2] of the so-called mixed-interpolated
elements for Reissner—-Mindlin plates, which were proposed by Bathe, Brezzi and
Fortin in [1] and analyzed by Brezzi, Fortin and Stenberg in {3]. The error analysis
will be extended to the plates of variable thickness, anisotropic materials and hard
simply supported edges.

Let us consider a regular family of triangulations {T1}, h = 0, of the domain Q.

Let k be a non-negative integer, s a positive integer; we denote by £ the space
of piecewise polynomials on T} of degree < s, which belong to H*(Q), (H°(Q) =
L%(Q2)). Let B be the space of “bubble functions” on T}, of the third degree, i.e.,

B; = {v|v|x € P3(K)N H}(K) for all triangles K € Th}.

Let H} be the intersection of
(.2”21 ® B3)?
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with [H} ()] or V, respectively, (Crouzeix-Raviart element),

Wi =2 NH(Q), Qu=L/R,
T = (RT1)* N Ho(rot; 0),

where RT) denotes the space of Raviart—-Thomas elements of the first degree and
(.)1 denotes the rotation by 7/2, defined by a* = (—az,0;)T =k x a.
Recall that [2 — p. 116] the restrictions on the triangles are defined by

RTy(K) = (Pi(K))? + zPi(K) VK €Ty

and RTy C H(div; ), i.e., the degrees of freedom have been chosen in order to ensure
continuity of the flux « - v at interfaces of elements.

Note that VW, C ['}.

Following [2 - p. 312] we define the interpolation I : Hy — (RT;)‘ by means of

(25) /(nh —TIamw) -7 ds =0 Vpy € Pi(e)

for all sides e € 0K € Ty, and

(26) / (mh — pnn) dzy dze =0 VK € T
K

We can show, that I1,: Hy — ['j, i.e. the interpolant I1,7, satisfies the boundary
condition I, -7 = 0. In fact, the traces of v -7 for v € (RT;)* on any e € 0K NN
are linear polynomials [2 — Prop. II1.3.2, p. 116], so that (25) is sufficient to guarantee
the zero trace of v - 7.

Moreover, we have the estimate

(27) Tannllo < limnlli Vnn € Hi

(see [2 — p. 313 and Prop. II1.3.9, p. 132]) and

(28) (g, rot(IInnn — mn)) =0 Vgn € Qn, Mh € Hi
(see [2 — Prop. I11.3.7, p. 129)).

Lemma 3.1. [2 - Propos. VIL.3.10, p. 315). For any gx € T's there exist Yn € W
and a unique p, € Qp such that

[gh, 5},] = [V¢h,5h] + (ph,rot 6),) Vé, € T.
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Proof. Let us consider the following mixed problem: find o € 'y, and pp, € Qp
such that

(29) [ah,0n] — (pr,rOtdn) =0 Vo, € Ty,
(30) (rot an,qn) = (rot ga,qn) Vqn € Q.

Since the pair of spaces I', @ fulfils the so-called inf-sup condition [2 — p. 138],
the problem has a unique solution. By virtue of the fact, that rot(gn — an) € Qx,
(30) implies rot(gn, — ax) = 0. Then a ¥, € W}, exists such that g, — ar = Vi, (see
[2 - Corol. I11.3.2, p. 117] and [5 — Theorem 1.3.1, p. 37]). Then from (29) we obtain
for all 6, € ',

[9r, 0] = [Vn, 0] + [an, On] = [V, 6n] + (Ph,rot O1).

O

In order to overcome the above mentioned “shear locking” effect of numerical
solution, instead of the minimization of the functional II, it is suitable to consider

. L 1 3 _ -3
(31) {a,,,thé%hxwh {Qa(taﬂhaﬂh)+2tm (Vwp —IIaBh, Vwp —TIaBr] -t (f,wh)}-

Since by means of Lemma 1.2, (16) and (27) we can prove that the functional

is strictly convex and continuous, there exists a unique minimizer. The optimality
conditions of the problem (31) are

(32) a(t; B, mn) — ;2 [Vwn — HpBr, Ipnn] =0 Vnu € Hy,
(33) [Vwp —IIhBr, Vor] = (f,0n) Yon € Wy

Proposition 3.1. Let {f8x,wn} be the solution of (32)—(33), i.e., the minimizer
of (31). Then the function

(34) gn = 7. (Vwp — TnBr)
belongs to I'y, and can be decomposed according to the formula
(35) g = Vb + an,

where 1), € W}, and ay, belongs to the orthocomplement of VW), in T'y, (with respect
to the inner product [.,.]).
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Moreover, there exists a unique p, € Qn such that {8, ws,¥n,an,pr} € Hp x
Wi x Wi x Ty, x Qp, satisfy the following system

(36) (VYn, Vor] = t53(f,0n)  Von € Wi,

(37) a(t; Bn,mn) — (pn,rotmn) = [Vibn, TIana]  Vnh € Hy,
(38) (ot Bh, gn) + 3, (rot an,qn) =0 Vg € Qh,
(39) [an, k] = (Dh,TOt6,) =0 V&, € Ty,

(40) [Vwn, Vor] = [TInBr, Vou] + (f,0n) Von € Wh.

Proof. The system (32)-(33) is equivalent to the following three equations (a
mixed formulation, cf. (19)-(20))

(41) a(t; Br,mn) — [ga, TIhma] =0 Vnu € Hy,
(42) lgn, Veor) = t;3(f,0n) Veon € Wh,
(43) [9h,6n) = £;.3[Vwn — nBh,6n] V6, € Th.

Using Lemma 3.1 and substituting 65 := Vg, pr € W; into (42), we obtain (36).
The same Lemma in (41) and (28) yield (37). From (43) we derive with the help of
Lemma 3.1 for 65, := Vo, on € Wy

[(Von, Vo] = ;3 [Vwn — B, Veon).
If we substitute here from (36), we arrive at (40).

Let us choose any 8, € (VW)L i.e., 8, € s such that [65, Vior] = 0 Vo, € W,
Then Lemma 3.1 and (43) imply that

(44) (ph,rot On) = —t,—ns[nhﬂh,éh] Véy, € (VWh)J‘.

The function ay € T fullfils (39), as follows from (35) and Lemma 3.1 by com-
parison. Then (44) can be rewritten as

(45) [ath, 0r] = —t;3 (R Br,0n] YOk € (VWi):.

From Lemma 3.1, however, we deduce that for any 8, € (VW,)* there exists a
unique gp € Qn, such that

(46) [0, Xn) = (gh,T0t Xn) Vxh € (VWh)™:.
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Since from (39) a, € (VW,)* follows, we may write, using (46), (45) and (28),

(gn, rot an) = [8n, an] = —t7[InBh, 1)
= —t;.*(qn, 10t TIBn) = —t*(qn, 10t B) Vo4 € (VWi)™.
Consequently, (38) is satisfied for all g, € Q, since for any g, € Qp there exists
0 € (VW4)1 such that (46) holds. In fact, the equation (46) is uniquely solvable for
dr. (For a fixed parameter h, all norms are equivalent, so that || rot xa|lo < |lxzll1 <
ClIxrllo, a.s.0.) The uniqueness of the decomposition (35) is obvious.

The existence and uniqueness of p, € @) follows from the proof of Lemma 3.1.
O

Proposition 3.2. The system (36)—(40) has a unique solution in Hp x Wy, x W}, x
Fh X Qh-

Proof. Since the existence was proved in Proposition 3.1, it remains to verify
the uniqueness. Let {ABh, Awy, A, Aan, Apr} be the difference of two solutions.
Let us drop out the subscripts h in what follows.

From (3.6) Ay = 0 follows immediately. We have therefore

a(t; AB,n) — (Ap,rotn) =0 Vn € Hy,
(rot AB, q) + t3,(rot Aa,q) =0 Vg € Qn,
t3 [Aa, 8] — t3 (Ap,rotd) =0 V6 € T
Inserting 1 := Af, ¢ = Ap, § = Aa and summing these three equations, we arrive

at
a(t; AB, AB) + 3, [Aa, Aa] = 0,

so that A =0 and Aa = 0 follows by (16).
Form (40) we derive

[VAw, VAw] = [[IAB, VAw] = 0,

so that Aw = 0.
Finally, (37) yields that

(Ap,rotn) =0 Vn € Hy.

Since the pair {Hp, Qn} satisfies the inf-sup condition for the “Stokes-like” problem,
[2 - chapt. VI, p. 205, (2.13)], we have

kol|Apllo/r < sup (Ap,rotn)/|[nlly =0
n€EHy
and Ap = 0 follows in Q. a
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Theorem 3.1. Let 3, w, v be the solution of (19)—(20). Let v be decomposed by
means of Proposition 1.2 and let us set

(47) a= %é"lm.

Let {Bh,wn,¥n,an,pr} be the solution of (36)—(40).
Then positive constants Cy, C exist, independent of t € %,4 and such that

185 = Bllx + llwn = wily + [¥n = Bl + llen = allo + llpw = pllosr
< Coy _inf - + inf - inf -
of meH, I8 = mnlla oot llw = Culls + of v — ol
+ inf - inf -5 -1
ot 1lp = gallo/r + inf lloc = Galir + 118 = TaBllo

+ sup [V, nn — anw]/lnnlln }
mmEHy

< CRo{|1Blls+1 + [lwlls41 + [$lls+1 + llplls/r + llells + [[rotalls}, 1<s<2.

Proof. (i) It is easy to see that the functions 3, w, ¥, p, a satisfy the following

system

(48) [V, Vel = £:3(f,¢) Vo € HA(S)

(49) a(t; B,n) — (p,rotn) = [Ve),n] Vn € [Hs()]* or Vn €V,
(50) (rot 8, q) + t3 (rot o, q) =0 Vg € L*(Q),

(51) [a,d] — (p,rotd) =0 Vd € Hy(rot; ),

(52) [Vu, Vo] = [, Vel + (f,0) Voo € HY(Q).

In fact, (48) and (52) follows from (21) and (24), respectively. Using Lemma 1.1 in
(22) (note that both (H})? and V are subspaces of Ho(rot,(2)), we arrive at (49).
The equation (50) follows from (23), (47), starting with ¢ € C§°(?) and employing
Lemma 1.1 and the density of C$°(f2) in L?(Q2). We easily derive (51) from (47) and
Lemma 1.1.

Let us define “intermediate” approximations

{BL,wh, vf,ph,an} € Hh X Wi X Wy X Qp X T,

(close to 3, w, ¥, p, ) in the following way.
We set (cf. (36))

(53) Vi = Yh

70



and define ﬂ{., 13,1l as the solution of the “Stokes-like” discrete problem in Hy X Qp

(54) a(t; Bf,mm) + (Bh, 10t ) = a(t; B,nn) Vnn € Ha,
(55) (vot BL,qn) = (ot B,qn) Vqn € Q.

For {al,ph} € Tx x Qp we define another mixed problem

(56) [a,’v On] — (p{“rot 0n) =0 Vo, €Ty,
(57) ~th,(rot a,, gn) = (rot B4, qn)  Van € Qn.

Finally, we define w} by the equation
(58) (Vwi, Vor] = a8, Vor] + (f,9)  Von € Wh.
The differences {8, — B¢, ..., an — o} satisfy the following system

(59) a(t; Bn ~ Bh, ) = (pn — ph, 0t 1) = a(t; B — B, M)
— (p = pl,rotnk) — [V, nn — Iank] + [Von — Voo, IIane]  Vnw € Hy,

(60) (rot(Br — Bh),an) + 3, (rot(an — af),q) =0 Van € Qn,
(61) ' [an — o, 1] — (pn — pf 10t 0R) =0 V64 € Ty,
(62) [V(wh —w}), Vo] = [aBr — uB, Vor] Ve € Wh.

From (21), (53) and (36) we get
(63) l¥ —yullh <C lnf ||1/) enll1-

Let us insert 7n := Bn — Bf = APy into (59), gn = pr — p}, = Apy into (60) and
On = (ap — af) = Aay into (61). Summing these three equations, we obtain

a(t; ABy, ABr) + [Aan, Aan] = alt; B — B, ABk)
— (p - Ph tot ABL) — [V, ABy — T ABK] + [V(¥r — %), T AB).

Using (16), (27) and the obvious estimates, we may write

(64) Cy||ABKNIE + CrtminllAcnllf < C3{lIB = Billr + Ilp = Phllo/ =
+ 119 = Ynlls + sup [V, nn — Iana]/lmnll HIABR1-
h h
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Next, let us show that A/ is an optimal approximation of 4, i.e.,
(65) 18— Bill <C inf [I8—mlh.
nnE€Hp
Indeed, substituting from (49) into (54) and from (50) into (55), we have

a(t; Bf,mn) + (B — pyrotny) = [Veo,mu]  Vni € Hi,
(rot B4, qn) = —t3,(rot &, qn) Vg € Qn.

Obviously, this is an approximation of (49)—(50), where p is replaced by (p — ©),

and the “continuous” solution is {3,©}, © = 0. Since {Hx, @4} is a stable pair for
Stokes problem [2 — chapt. VI and Thm. I1.2.1, p. 60, (2.36)], we have

_al Al < . _ .
B = Brll +11© = Prllo/r < C(m.nelff,. 18 = nnlls + q,."e%,. llanllo/r),

so that (65) holds.

Let us show that {a},p}} is an optimal approximation of {@, p}. By virtue of (55),
the right-hand side of (57) is (rot 3, gx). The solution {a,p} of the limit problem
(h — 0) exists and is unique, as follows from [2 — Theorem II.1.1, p. 42].

Since the pair {I'y, Q1 } satisfies the inf-sup condition [2 — p. 135-139 and (1.25)-
(1.26), p. 139], we have

I <C i _

(66) lof, - allr < C inf fla = le

(67) liph = pllo/r < C(illllf llo = Onllr + iQn’f lp = anllo/r)-
The triangle inequality, (63), (64), (65) and (67) imply

(68) 18 = Brlls <118 = Bills + 1185 = Brll:s < Ca{?},

where

{7} =inf||B — mally +inf | — drllr +inf [lp — gnllo/r
Hy, Tn Qn

+inf || — @nllr + sup[VeY, nn — Innn]/ |0l
W Hy,

From (64) we also obtain

ChtminllAanlly < Ca{7HIABKIL < (Cs{7¥}),
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so that
lAanllo < Cs{7¥}.

Using (66), we derive

(69) lla —anllo < llo — aflir + [[Aanllo < Cmflla rllr + Cs{¥'} < Ce{7¥}.

Let us employ the inf-sup conditon for the “Stokes-like” problem [2 — pp. 213 and
205 (2.14)] in the equation (59). Using also (27), (68), (67) and (63), we have

kollAprllo/r < sup (Apn,rotnn)/lInnlly
m€EH),

< C{IlABkllL + 118 = Bl + llp —P}11||0/R + 1Y — Ynlla
+ sup[Vy, mn — Iamn)/llmell } < C2{7'}.

h

The triangle inequality and (67) yield

(70) o = prlloyr < lp = phllosr + |APkllo/r < Cs{ ¥}

Let us define the orthogonal projection P,: H3(2) — Wj by means of the inner
product [Vu, Vv]. Then

(71) llw = whlls < llw = Pawlly + [|Paw — w1y + ol = walls.
Inserting @p, := Awp, = wy — w} into (62), we may write
(72) llwn = willi < CITR(Br = B)llo < CllBx — BlIx

2 - p. 220, (4.2)].
By definition of P, and (52)

[VPyw, Vnr] = [Vw, Vor] = [B, Vor] + (f, ¢n)-
Subtracting (58), we obtain
[V(Paw — w}), Vn] = [B — TInB, Vion).
Inserting @5 = P,w — w}, we airive at

(73) |Prw = will < C||B8 — TxBllo-
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The optimality of the projection implies
(74) llw = Pawlly < Cinf flw — 1.
Combining (71)-(74) and (68), we are led to
(75) llw = wally < C{IIB = Bullr + I8 — TaBllo + inf Jlw — eall1 }
<Co({7}+ w’f llw = @nlls + 118 = TrBllo)-

Finaly, the first inequality of Theorem 3.1 follows from (68), (75), (63), (70) and
(69).

(ii) It remains to estimate the individual terms on the right-hand side. We have
[2 - Proposition II1.3.9, p. 132 and (3.43) — p. 125)

(76) 18 = aBllo < CA™||Bllm, 1< m<2.
The Crouzeix—Raviart elements satisfy [2 — Propos. I111.2.2, p. 106]

(77) inf || = nally  CA™7Y|Bllm, 1<m<3.
nm€H),

We also have
(78) inf llw — Cull +inf ¥ — enlls < Ch™ ([[wllm + 1% llm),
provided 1 € m < 3 and the family of triangulation {J,} is regular,
(79) gl,f lp = qnlloyr < CR™Ipllm/ry 1< m <2
From [2 - Propositions II1.3.6 and III1.3.8 — p. 128, 130] we have
(80) 1Fn’f la = dr|lr € Ch™(|a|m + |rotalm), 1< m < 2.

Let 1 be the projection of t&V+ onto the subspace (.£9)? of piecewise constant
functions in [L2(2)]2. Then (26) implies

(tEVY,nh — ank) = (LEVY — ¥, — amy).
Moreover, we have the classical estimate
1tEVY = llo < ChItEVY| < ChW |-

Using also (76), we may write

(81) sup [V, m = ]/ lImalls < ChIICh = CH2 (]2
nmE€H),
Combining (76)—-(81), we obtain the second inequality of the Theorem. a
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Corollary. From (18) and (34) it follows, that t&gs is an approximation of the
“scaled shear force” y. We have the following error estimate

Iy = t&gnllo < CllY — ¥ulls + lla — anllo) = O(R*), 1< s<2.
In fact, using Proposition 1.2, Proposition 3.1 — (35) and (47), we have
Y = tEgn = (t6VY + 1ot p) — tE(Vor + an) = t&((Vep — Vibn) + (¢ — o).
Consequently, the error estimate follows from Theorem 3.1.

Theorem 3.2. Let 3, w, v be the solution of (19)—(20), let v be decomposed
by means of Proposition 1.2 and let us set « = t"1& !rotp. Assume no additional
regularity of the solution, i.e., let 8 € [H*(Q))?, w € H}(Q), v € H{(N), p €
HY(Q)/R, a € [L2Q)]?, rota € L*(Q).

Let {Bh,Wh,Yn,n,pr} be the solution of (36)-(40). Then

Lim (1B = Bllx + llwn = wlly + ¥4 = ¥l + llew = allo + lpa = pllo/r) = 0.

Proof. Let us use the first inequality from Theorem 3.1.

Assume 8 € [H§(R)]?. Since C§°(R) is dense in H} () for any x > 0 there exists
Br € [C§()]? such that || — Bk|l1 < /2. Denoting by 75, the interpolation from
[C(Q)]? into Hy, we have (see (77))

18« = raBxllx < Ch?|1Bxll3-
Consequently, we obtain

(82) inf (I8 —nnllh 1B —7aBll =0, ash—0.
mE€H),

The same argument can be applied to the case 8 € V, since V N [C*(Q2)]? is dense
in V.
In a parallel way, we can show that

83 inf - —0 inf - — 0.
(59) g o =Gl =0, int 1%~ el
Let us introduce the projection 7, : H*(2) — £ in L?(Q). The we have

lp = mnplloyn = inf llp = mup + ello < llp = mapllo < Chlph < Chlplly,
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since |p|; is equivalent to the standard norm in H'(2)/R
Consequently, we obtain

(84) qu lp = grllo/r < llp — mrplloyr < Chllpll1/ R
Form (47) a € [L?(f2)]? follows and (50) implies that
rota = —t3rot B € L?().
As rota = —divat, we have o+ € H(div,). The space [C*®(f2)]? is dense in

H (div ), as follows form [5 — Theorem 2.4, p. 27]. Consequently, a function ot €
[C>(£)]? exists, such that

(85) (ot = a g + lldiv(at — a)5)"/2
= (ll = el + +ll rot(a — ) I)/* = lla = alr < w/2.

Then ITpa, € 'y, and
(86) [l — Mpaklir € Ch(lax|i + | rot akli),

follows from [2 — Propos. I11.3.6 and Propos. II1.3.8, pp. 128, 130]. Combining (85)
and (86), we arrive at

(87) 4inf ||a nllr < |l — Mhaellr

I "a - aK"F + “ax - Hhan”F -0, as h — 0.
Form (76) we see that

(88) 18— MaBllo < ChIBIIL

Since
(t&EVY, mn — Oank) < ItEVYlollnn — Mrnkllo < CliYllihlnnll,

we arrive at

(89) sup [V, nn — pma)/llnnlly < Ch|l9|lh-

mEHR

Collecting (82), (83), (84), (87), (88) and (89), we obtain the assertion of the Theo-
rem. a
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Remark 3.1. One can derive an error estimate for |3 — Bx|l1 + ||lw — wi||; in
a direct way, starting with the minimization problem (31) and treating the “per-
turbation” by the interpolation operator II, in the shear stress energy as numerical
integration. By means of the First Strang Lemma [7 — Theorem 26.1, p. 192], we
can get

18 = Bullr + llw — walls < ChJ|Bll1 + llwll1)-

We conclude that the more sophisticated error analysis of Theorem 3.1 is better,
as it yields error estimates 0(h%) optimal (with respect to the choice of quadratic
polynomials in Hp and Wy).

Remark 3.2. To elucidate the relations between various continuous and dis-
crete problems, we display the following table.

Continuous formulations Discrete formulations
minimum of (scaled) potential minimum of (31) over |_.[32)_(33
energy min [],(8, w) {Br,wn} € Hp, x W), (32) ( )
\lr (computations)
Saddle point of
Z({B,w};7)
optimality conditions mixed formulation for (computations)
for 8, w; v (19)—(20) {Bn, wn}, gn (41)-(43)

via decomposition

(via decomposition (Prop. 1.2)) (Proposition 3.1)

system for v, B, p, w | Theorem 3.1 |system for ¥n, Bn, pn only for
numerical
(21)-(24) an, ws (36)—(40) analysis
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