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ON THE SOLVABILITY OF SOME MULTI-POINT
BOUNDARY VALUE PROBLEMS

CHAITAN P. GUPTA, Reno, S.K. NTOUYAS, P.CH. TSAMATOS, Ioannina

(Received June 21, 1994)

Summary. Let f "~ 1] x R? — R be a function satisfying Caratheodory’s conditions and
let e(t) € L'[0,1]. Let &, 7; € (0,1), cjya; € R, all of the ¢;’s, (respectively, a;’s) having
the same sign, 1 = 1,2,...,m—2,j=1,2,...,n—-2,0< § <& < ... < &n-2<1,
0< 7 <72 <...< Tp—2 <1 be given. This paper is concerned with the problem of
existence of a solution for the multi-point boundary value problems

(E) a"(t) = f(t,2(t),='(t)) +e(t), t€(0,1)
m—2 n—2
(BC)mn 2(0)= Y aa' (&), =)= ajz(r))
=1 j=1
and
(E) a(t) = f(t,z(t),2'(t)) +e(t), t€(0,1)
m-—2 n—2
(BC)mn 20)= Y aa'(&), (1) =) aja'(ry),
=1 j=1

Conditions for the existence of a solution for the above boundary value problems are
given using Leray-Schauder Continuation theorem.

Keywords: multi-point boundary value problems, four point boundary value problems,
Leray-Schauder Continuation theorem, a priori bounds

AMS classification: 34B10, 34B15




1. INTRODUCTION

Let f:[0,1] x R? — R be a function satisfying Caratheodory’s conditions and
e:[0,1] = R be a function in L'[0,1], ¢;,a; € R, with all of the c;’s, (respectively,
a;'s), having the same sign, &,7; € (0,1),i = 1,2,....m —2,j = 1,2,...,n — 2,
0<6 <& <...<m2<1,0<7 <72 <...<Tp—3 <1. The main purpose
of this paper is to get results on the solvability of the following boundary value
problems (BVPs for short)

(E) 2"(t) = f(t,2(2),2'(8)) +e(t), te€(0,1)
(BC)mn z(0) = gcw'(&), z(1) = Saﬂ?(ﬁ)
and — B

(E) () = f(t,2(t), 7' (t)) + e(t),  te(0,1)
(BC)rmn z(0) = gcw’(&), 2'(1) = gaﬂ’(n)

The results are motivated by the so called “nonlocal” BVPs studied by II'in and Moi-
seev [5], [6]. Using the Mawhin’s version of “Leray-Schauder Continuation theorem”
([8]), we prove the existence of a solution of the BVPs (E)-(BC),,,, and (E)-(BC), ..
This method reduces the problem of existence of solutions of a BVP to the problem
of establishing a priori bounds for the set of solutions of a family of these problems.
Hence our main purpose is to give conditions on f which imply the needed a priori
bounds.

It is well known (see [5], [6]) that if a function z € C' satisfies the boundary
condition (BC),,,, or (BC)'mn and ¢, aj,i1=1,2,...,m—-2,j=1,2,...,n—2 are
as above, then there exist ¢ € [£1,&m—2], N € [T1, Ta—2] such that

2(0) =2'(¢),  z(1) = az(n)

or
z(0) =72'((),  2'(1) =aa'(n)

m—2 n—2
respectively with v = 3 ¢;, @ = Y a;. Hence for every solution = of the BVPs
=1 j=1

(E)-(BC),,,, or (E)=(BC).,,. there exist { € [£1,&m—2], 1 € [11,Tn—2] such that z is
a solution of the following four point BVPs

(E) 2"(t) = f(t,2(t),2'(t)),  t€[0,1]
(BC)4 z(0) =vz'((),  =(1) = az(n).
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or

(E) .’L‘”(t) = f(t,.’l)(t),.’l,"(t)), te [0’ 1]
(BC)4 2(0) =v2'(¢),  2'(1) = az'(n)

respectively. We shall prove that all solutions of the BVPs (E,)-(BC); and
(E»)-(BC)} are a priori bounded, with bounds independent of { and 7, where
(E») stands for the equation ="' = Af + Ae. Then, it is obvious, that these a priori
bounds are also a priori bounds for the solutions of the BVP (E)-(BC),,,, and
(E)-(BC). ... Recently Gupta, Ntouyas and Tsamatos studied in [3] and [4] the
above BVP when v = 0. Here we extend the results for general 7. For some recent
results on the three point BVPs see [1], [2], [7].

We use the classical spaces C[0, 1], C¥[0,1], L¥[0, 1], and L*°[0, 1] of continuous, k-
times continuously differentiable, measurable real valued functions whose k-th power
of the absolute value is Lebesgue integrable on [0, 1], or measurable functions that
are essentially bounded on [0, 1]. We also use the Sobolev spase W2¥(0,1), k = 1,2
defined by

W2%(0,1) = {z: [0,1] = R z,2’ abs. cont. on [0,1] with z” € L*[0, 1]}

with the usual norm. We denote the norm in L*[0,1] by ||.||lx, and the norm in
L[0,1] by ||-llo-

2. MAIN RESULTS
2A. THE BOUNDARY VALUE PROBLEM (E)-(BC),,..

We study first the BVP (E)-(BC), . We begin with the following definition:

Definition 2.1. A function f: [0,1]x R? — R satisfies Caratheodory’s conditions
if (i) for each (z,y) € R?, the function t € [0,1] = f(¢,7,y) € R is measurable on
[0,1], (ii) for a.e. t € [0,1], the function (z,y) € R? — f(¢,z,y) € R is continuous
on R?, and for each r > 0, there exists g, € L![0,1] such that |f(¢,z,y)| < g-(t) for

a.e. t € [0,1] and (z,y) € R? with \/z2 +y2 < 7.

Lemma 2.2. Let (, n € (0,1) be given and z(t) € W%'(0,1) be such that z(0) =
v2'(¢), z(1) = ax(n). Then

zlleo < Allz'lloo,  llz'lleo < Bllz" |2



where

1, if a<0
A=< L, if a>0,a#1,
1+, if a=1
and
1, if a<0,7=0
B %, if a<0,7y#0

=5, if a>0,a#1

1, if a=1
where fora > 0,a #1, M = min{e, £} < 1, L = min{25 M,1+|1 o 1+ 011:’ 1+
7}, S = mm{Jl—“lL,al_nL ]—[L} Q@ = min {{== n,m,m}ﬂa<0andfor
a=0,Q= ]—prov1dedQ<1 and S < 1.

Proof. We consider the following cases:

Case 1. a < 0. In this case z(1)-z(n) < 0 and accordingly there exists a 6 € [, 1]
such that 2(6) = 0. Hence it follows that ||z]|cc < ||2'||cc- Also if ¥ = 0, we have from
z(0) = 0 and z(#) = 0 that there exists a z € (0,8) such that z'(z) = 0. Accordingly,
we get that ||2'||ec < ||z"|l1- Suppose, now, @ < 0 and v # 0. Next we see from
Mean Value Theorem there exists an w € (7,1) such that

(a = Dz(n) ==z(1) —z(n) = (1 - n)z'(w)

and hence
(2:2) 2(n) = —12'(w).
Also, since z(1) = az(n) we get
_ Cl(]. _ 77) /

(2.3) z(1) = ——1° (w).
It then follows from the relations

¢ -1
(2.4) 7'(t) = ' (w) +/ z"(s)ds z(n) +/ z"(s)d

(2.5) 2'(t) = o' (w) + /w 2"(s)ds = E?T—Sx(l)+ / 2"(s)ds

and

(2.6) '(t) =2'(¢) + /Ot z"(s)ds = %x(O) + /Ot 2" (s)ds



that

1

27) Il < =5

llz" Iz,

where Q = min{ i‘n, m —[} if Q < 1. Finally, for a = 0, ;6 0 it is easy to
see from (2.4), (2.6) that Q = r—[ since we require that Q <1 and = > 1.
Case 2. a >0, a # 1. We first consider the relations
t t
z(t) = z(1) +/ 7' (s)ds = az(n) +/ z'(s)ds
1

1

and ; ) .
z(t) = z(n) +/ z'(s)ds = —z(1) +/ z'(s)ds
n @ n
Since, now, M = min{a, %} < 1, we get from the above relations that

1
1-M

llzlleo <

Z||oo-

Next, we use the equations (2.2) and (2.3) to get the relations

z(t) = (1) + /lt:c’(s) ds = @z’(w) + /ltx'(s)ds

1
and
o) = ol + [ a')ds = L2+ [ @)
Also ' '

z(t) = z(0) +/0 z'(s)ds = vz'(¢) +/0 z'(s)ds.

It is then immediate that

Illeo < Lil2'llco,

where L = min{Lg,1+ 2=, 1+ 550 1 4 1)

Further, we see using the relations (2.4), (2.5) and (2.6) that

(2.8) 7' lloo <

—lle" I,

* a(l-n)
Case 3. a = 1 Since z(1) = z(n) there exists an w € (n,l) with a;'(w) = 0.

It is then immediate that ||z'||cc < ||2”||1. Also since z(t) = z(0) + fo (s)ds =
va'(¢) + [ a'(s) ds, it is immediate that [|z]lo < (14 |7])[|2']loo-
This completes the proof of the lemma. O

where S = min{ =2l L L=el p pltif S<1.
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Theorem 2.3. Let f:[0,1] x R?> — R be a function satisfying Caratheodory’s
conditions. Assume that there exist functions p(t), q(t), r(t) in L*[0, 1] such that

(2.9) | £t w,0)] < p()[u| + g(®)|v] + r(t)

for a.e. t € [0,1] and all (u,v) € R2. Also let n € (0,1) be given and o,y € R with
1+ v # a(y +n). Moreover we assume that Q < 1 and S < 1.

(I) If @ < 0, v = 0 then the BVP (E)-(BC)4 has at least one solution in C'[0, 1]
provided

(2.10) Iplly + llall: < 1.

(II) If « < 0 and v # O then the BVP (E)-(BC), has at least one solution in
C1[0, 1] provided
lIpllx + llglh <1 - Q.

(III) If & > 0, a # 1 then the BVP (E)—-(BC), has at least one solution in C*[0,1]
provided

(2.11) Lllplly +llqllh <1-S

(IV) Ifa« = 1 then the BVP (E)-(BC), has at least one solution in C*[0, 1] provided

(2.12) T+ Dlipll + llglh < 1.

Proof. Let X be the Banach space C![0,1] and Y denote the Banach space
L'(0,1) with their usual norms. We denote a linear mapping L: D(L) C X —» Y by
setting

D(L) = {z € W»1(0,1): 2(0) = 72'(¢),z(1) = az(n)},

and for z € D(L),

Lz =41".

We also define a nonlinear mapping N: X — Y by setting
(Na)(t) = f(t,z(t),2'(t)), t€[0,1].

We note that N is a bounded mapping from X into Y. Next, it is easy to see that
the linear mapping L: D(L) C X — Y, is one-to-one mapping. Next, the linear
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mapping K: Y — X, defined for y € Y by

t ¢
<00 = [ €= we)as +7 [ ulo)as + 1L [ / (n - s)y(s) ds

1+y—a(y+n)

1
—/ (1—19)y(s)ds+y(a— 1)/ y(s) ds], t €[o,1].
0 0

is such that for y € Y, Ky € D(L) and LKy = y; and for v € D(L), KLu =
u. Furthermore, it follows easily using the Arzela-Ascoli Theorem that KN maps
bounded subsets of X into relatively compact subsets of X. Hence KN: X — X is
a compact mapping.

We, next, note that z € C![0, 1] is a solution of the BVP (E)-(BC)y if and only if
z is a solution to the operator equation

Lz =Nz +e.
Now, the operator equation Lz = Nz + e is equivalent to the equation
z=KNz+ Ke.

We apply the Leray-Schauder Continuation theorem (see, e.g. [8], Corollary IV.7) to
obtain the existence of a solution for z = KNz + Ke or equivalently to the BVP
(E)-(BC)s.

To do this, it suffices to verify that the set of all possible solutions of the family
of equations

(E)a ' (t) = Mf(t,z(t),z'(t)) + Ne(t), t € (0,1)
z(0) =~2'(¢),  =z(1) = az(n)

is, a priori, bounded in C'[0, 1] by a constant independent of X € [0, 1].
(I) Assume that @ < 0, v = 0. From Lemma 2.2 we have

lzlleo < ll2'lleo < ll2”1la

Let, now, z(t) be a solution of (E,) for some X € [0,1], so that z € W%1(0,1) with
z(0) = v2'(¢), (1) = az(n). We then get from (E,) that

=" lly = Allf (¢, 2(2), 2" () + e(®) ]2
< llplizlizlle + llgllllz’lloo + lIrllx + llellx
< (llplly + gl llx + lIrlls + llelly



It follows from the assumption (2.8) that there is a constant c, independent of A €
[0,1], such that

"]l < e.

It is now immediate that the set of solutions of the family of equations (E,) is, a
priori, bounded in C*[0, 1] by a constant independent of A € [0, 1].
(IT) Assume that a < 0,7 # 0. Then we have, by Lemma 2.2 that

1
1-Q

IZlloo < l12"lloos Iz lloo < llz" [l

We then get from (E») that

ll2"lle = Allf (¢, 2(2), 2" () + e(®)]lx
< lpllilizllo + llgllall oo + lirfly + llells

<
1
< [lipll + llgll]

1= Qllx"lll +Irll + llells-

We proceed as in case (I).
The process for the other cases is similar to the previous cases and we omit the
details. This completes the proof of the theorem. O

Theorem 2.4. Let f:[0,1] x R2 — R be a function satisfying Caratheodory’s
conditions. Assume that there exist functions p(t), q(t), r(t) in L'[0,1] such that

(2.13) 1£ (¢, u,0)] < p()|u] + g(#)|v] +7(2)

for a.e. t € [0,1] and all (u,v) € R?. Let c;,a; € R, with all of the ¢;’s, (respectively,
aj’s), having the same sign, &,7; € (0,1),i =1,2,....m—-2,j=12,...,n-2,
0<&<6<...<€n-2<1,0<71 <72 <...<Tph_2 <1 be given. Suppose that
m—2 n—2 n—2 m—2 2
1+( > ci)(l— > aj)— Y. a;7j#0. Lety= Y cianda=
j=1 i=1

Y aj. Moreover
i=1 j=1 =1

n

J

we assume that Q™" < 1, and S™" < 1, where M = min{a, 1} < 1,
1—7'1 |a|(1 —Tl)

1
MmN = mi , 1 ,1 1+ },
L mm{l_M +|1—a| + T ol

. [ 11—qf 1 —al 1
mn = L L,—L
§ i { 1=Tno2 ol =7n=2) | }

l-«a l1—« _1_}
1—Tnoz |a|(1 = Tne2) |7/

Q™" = min {




(I) Ifa < 0, v = 0 then the BVP (E)—~(BC),,,, has at least one solution in C*[0, 1]
provided

(2.14) lIplly + llgll: < 1.

(I1) If « < 0 and v # O then the BVP (E)-(BC)4 has at least one solution in
C1|[0, 1] provided

(2.15) el + llgll <1-Q™".

(IIT) If @ > 0, a # 1 then the BVP (E)-(BC),,, has at least one solution in
C*|0, 1] provided

(2.16) L™ |Ipllx + ligly <1 -5™"

(IV) If @ = 1 then the BVP (E)-(BC),,, has at least one solution in C'[0,1]
provided

(2.17) (@ + Dlipll + llgll < 1.

Proof. As we have remarked in the introduction, we study the multi-point
BVP using the a priori estimates that can be obtained for a four-point BVP. This is
because for every solution z(t) of the BVP (E)-(BC), ., there exist n € [£1,&m—2],
¢ € [m1,Tn—2], depending on, z(t), such that z(t) is also a solution of the BVP

=1
of Theorem 2.3 and uses the a priori estimates obtained in the proof of Theorem 2.3

for the set of solutions of the family of equations (E)-(BC)s. We note that it was
shown that the set of solutions of the family of equations (E))-(BC)4 was, a priori,
bounded by a constant independent of A € [0, 1] and both n,{ € (0,1), and this fact
is the key point needed in the proof of Theorem 2.4.

Let X be the Banach space C1[0,1] and Y denote the Banach space L!(0, 1) with
their usual norms. We denote a linear mapping L: D(L) C X — Y by setting

m—2 n—2
(E)-(BC)4 with v = Y ¢; and @ = ) a;. The proof is quite similar to the proof
. =

n—2
D(L) = {x e W21(0,1): 2(0) = Z ar'(€),  o(l)= Zaﬂ(fj)}’
j=1

and for z € D(L),



We also define a nonlinear mapping N: X — Y by setting
(Nz)(t) = f(t,z(t),2'(t)), te€]o0,1].

We note that N is a bounded mapping from X into Y. Next, it is easy to see that
the linear mapping L: D(L) C X — Y, is one-to-one mapping. Next, the linear
mapping K: Y — X, defined for y € Y by

(Ky)(t) = /Ot (t = s)y(s)ds + ct + k, t €[0,1)

where ¢ and k are given by,
n—

L+ (mf) (1- z) _ga,.f,.]g (E_Q(j_:j/jy()d)

i=1 j=

n—2 Ti 1
+ ]Z; aj/o (r; — s)y(s)ds — /0 (1 -3s)y(s)ds

and
m—2 n—2 n—2 m—2 n-—-2 Tj
[1 + ( Z ci> (1 - z aj> - ZajTj]k = ¢ ) aj (15 — s)y(s)ds
i=1 j=1 j=1 i=1  j=1 0
m—2 1 n—2 m—2 &
_ E ci/ (1-s)y(s)ds + (1 - Z ajTj) ci/ y(s)ds
i=1 0 j=1 i=1 Y

is such that for y € Y, Ky € D(L)and LKy = y; and for v € D(L), KLu =
u. Furthermore, it follows easily using the Arzela-Ascoli Theorem that KN maps
bounded subsets of X into relatively compact subsets of X. Hence KN: X — X is
a compact mapping.

We, next, note that z € C[0, 1] is a solution of the BVP (E)—-(BC),,,,, if and only
if  is a solution to the operator equation

Lz =Nz +e.
Now, the operator equation Lz = Nz + e is equivalent to the equation
z=KNz+ Ke.

We apply the Leray-Schauder Continuation theorem (see, e.g. [8], Corollary IV.7) to
obtain the existence of a solution for z = KNz + Ke or equivalently to the BVP

(E)~(BC), .
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To do this, it suffices to verify that the set of all possible solutions of the family
of equations

(E)x 2"(t) = Mf(t,z(t),z' (2)) + Xe(t),  t€(0,1)
m—2 n—2

(BC)mn 2(0) = Y ea'(&), =) =) aja(r;)
i=1 j=1

is, a priori, bounded in C![0,1] by a constant independent of A € [0, 1].
Let, now, z(t) be a solution of (Ex)- (BC) for some A € [0,1], so that z €

m—2
W21(0,1) with z(0) = Y ciz'(&), z(1) 2 a;z(r;). Accordingly, there exist

=1
¢ € [&1,&m—2] and n € [11,Th—2] depending on x(t), such that z(t) is a solution of
the four point BVP

z"(t) = Mf(t,z(t),z'(t)) + Xe(t), te (0,1)
z(0) =v2'((),  =(1) = az(n)

It then follows, as in the proof of Theorem 2.4 that there is a constant ¢, independent
of A € [0,1], and 1 € [&1,&m—2], ¢ € [T1, Tn—2] such that

lzlleo < c1llz’llo < c2llz”lly < e

where c;, c; are constants independent of ), , ¢ according to the cases (I), (II) or
(III). Thus the set of solutions of the family of equations (Ex)-(BC),,,, is, a priori,
bounded in C![0,1] by a constant, independent of X € [0, 1].

It is important to remark that the assumptions of Theorem 2.4, ensure that the
needed a priori bounds are independent of ¢ € [£1,&m—2] and 1 € [11,7a—2]. This
completes the proof of the theorem. a

2B. THE BOUNDARY VALUE PROBLEM (E)-(BC), ..
In this section we study, by a similar way, the BVP (E)-(BC).,...

Lemma 2.5. Let n € (0,1) and v, € R be given. Let z(t) € W21(0,1) be such
that z(0) = vz'(¢), 2’ (1) = az’'(n). Then

[2lleo < (1 + YDz lloo, N12"lleo < All2"ll1,
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where

and M = min{e, 1} < 1.
Proof. First we have from the relation
1

1
z(t) = z(0) + /0 z'(s)ds = vz'(¢) +/0 z'(s)ds

that
lzlloo < (X + |¥DIl2"lloo

Next, when a < 0 there exists a 6 € [, 1] such that z'(6) = 0 from which we get
that ||2']|lec < ||z"]|1- Now, if @ > 0 and a # 1 we see from the relations

Z'(t) =2'(1) + /t z"(s)ds = az'(n) + /t z"(s)ds

z'(t) = ='(n) +/ z'"(s)ds = ém’(l) + /tz"(s) ds

n 7
that
l2'lloe < Mll2"lloo + ll="|I1
and hence
I2'lle < T 112" 1
This completes the proof of the lemma. O

Theorem 2.6. Let f:[0,1] x R? & R be a function satisfying Caratheodory’s
conditions. Assume that there exist functions p(t), q(t), r(t) in L*[0,1] such that

£ (£, u,0)] < p(t)[ul + q(&)]v] +7(2)

for a.e. t € [0,1] and all (u,v) € R2. Also let n,¢ € (0,1) be given and a, € R with

a # 1.
(I) If @ < 0 then the BVP (E)-(BC)} has at least one solution in C*[0, 1] provided

(2.18) L+ lpll + gl < 1.

(IT) If « > 0, a # 1 then the BVP (E)-(BC)} has at least one solution in C*[0,1]
provided

(2.19) L+ Dlpll + gl <1 =M.
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Proof. Let X be the Banach space C'[0,1] and Y denote the Banach space
L'(0,1) with their usual norms. We denote a linear mapping L: D(L) C X =» Y by
setting

D(L) = {z € W>(0,1): z(0) = v2'(¢),'(1) = az’(m)},

and for x € D(L),

Lz =1z".

We also define a nonlinear mapping N: X — Y by setting
(Nz)(t) = f(t,z(t),2'(t)),  t€[0,1].

We note that N is a bounded mapping from X into Y. Next, it is easy to see that
the linear mapping L: D(L) C X — Y, is one-to-one mapping. Next, the linear
mapping I{: Y — X, defined for y € Y by

t n 1
w)© = [ @-sweras+ e [Tyeas- [ yas]
iy [y teo,1]
7/0 y(s)ds, €[0,1].

is such that for y € Y, Ky € D(L) and LKy = y, and for v € D(L), KLu =
u. Furthermore, it follows easily using the Arzela-Ascoli Theorem that KN maps
bounded subsets of X into relatively compact subsets of X. Hence KN: X — X is
a compact mapping.

We, next, note that z € C1[0,1] is a solution of the BVP (E)—(BC)} if and only if
T is a solution to the operator equation

Lr=Nz+e.
Now, the operator equation Lx = Nz + e is equivalent to the equation
= KNz-+ Ke.

We apply the Leray-Schauder Continuation theorem (see, e.g. [8], Corollary IV.7) to
obtain the existence of a solution for £ = KNz + Ke or equivalently to the BVP
(E)-(BC);.

To do this, it suffices to verify that the set of all possible solutions of the family
of equations

(E) a"(t) = M {t,2(t),2'(t)) + de(t),  t€(0,1)
z(0) =v2'(¢),  2'(1) = aa'(n)
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is, a priori, bounded in C'[0,1] by a constant independent of X € [0, 1].
Assume that a < 0. From Lemma 2.5 we have

[2lloo < (1+ YDl lloos 12'lloo < ll2"[l2

Let, now, z(t) be a solution of (E,) for some A € [0,1], so that z € W21(0,1) with
z(0) = v2'(¢),2'(1) = az'(n). We then get from (E,) that

ll2”lly = Al £ (5, 2(2), 2" (1)) + e(®)|lx
<llpllilizlloo + llglizllz’lleo + lIrllx + llells
< (@ +1Dlpll + gl ="l + lIrllz + llellx

It follows from the assumption (2.13) that there is a constant ¢, independent of
A € [0, 1], such that
flz"lls < e

It is now immediate that the set of solutions of the family of equations (E,) is, a
priori, bounded in C'[0, 1] by a constant independent of A € [0, 1].

The case a > 0, a # 1 is similar and simple.

This completes the proof of the theorem. O

Theorem 2.7. Let f:[0,1] x R? — R be a function satisfying Caratheodory’s
conditions. Assume that there exist functions p(t), q(t), r(t) in L'[0,1] such that

17 (t,w, v)] < p(B)lul + q()|v] +7(2)

for a.e. t € [0,1] and all (u,v) € R%. Let c;,a; € R, with all of the c;’s (respectively,
a;’s), having the same sign, &,7; € (0,1),1=1,2,...,m=2,j=1,2,...,n -2,
0<£6<6<...<€n-2<1,0<7 <72 <...<Tp—2 <1 be given. Suppose that

n—2

1- E a; 7’2 0.
j=1

Then for any given e(t) in L*(0,1), the mn-point BVP (E)—(BC)  has at least
one solution in C*[0, 1].

Proof. As we have remarked in the introduction, we study the mn-point BVP
using the a priori estimates that can be obtained for a four point BVP. This is
because for every solution z(t) of the BVP (E)-(BC), . there exist { € [£1,&m—2],
n € [r1,Tn—2], depending on z(t), such that z(t) is also a solution of the BVP

m—2 n—2
(E)-(BC); with vy = 3 ¢; and @ = Y a; # 1. The proof is quite similar to
i=1 j=1

the proof of Theorem 2.6 and uses the a priori estimates obtained in the proof of
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Theorem 2.3 for the set of solutions of the family of equations (E»)-(BC);. We note
that it was shown that the set of solutions of the family of equations (E,)-(BC)}
was, a priori, bounded by a constant independent of A € [0,1] and 1 € (0,1), and
this fact is the key point needed in the proof of Theorem 2.7.

Let X be the Banach space C![0,1] and Y denote the Banach space L!(0,1) with
their usual norms. We denote a linear mapping L: D(L) C X = Y by setting

n—2
D(L) = {:L‘ € W2’1(0 1 IL‘(O Z CiT £z)ax (1 Za’jI,(Tj)}’
j=1

and for z € D(L),

Lz =<z".

We also define a nonlinear mapping N: X — Y by setting
(Nz)(t) = f(t,2(t),2'(t)), te[o0,1].

We note that IV is a bounded mapping from X into Y. Next, it is easy to see that
the linear mapping L: D(L) C X — Y, is one-to-one mapping. Next, the linear
mapping K: Y — X, defined for y € Y by

m—2
(Ky)(t) = zt z: [nzza] /Tj y(s)ds_/o1 y(s)dS]

+ ; Ci/o y(s)ds+/0 (t — s)y(s) ds, te[o,1]

is such that for y € Y, Ky € D(L) and LKy = y; and for v € D(L), KLu =
u. Furthermore, it follows easily using the Arzela-Ascoli Theorem that KN maps
bounded subsets of X into relatively compact subsets of X. Hence KN: X — X is
a compact mapping.

We, next, note that = € C1[0, 1] is a solution of the BVP (E)-(BC)__ if and only
if = is a solution to the operator equation

Lz =Nz +e.
Now, the operator equation Lz = Nz + e is equivalent to the equation
z=KNz+ Ke.

15



We apply the Leray-Schauder Continuation theorem (see, e.g. [8], Corollary IV.7) to
obtain the existence of a solution for £ = KNz + Ke or equivalently to the BVP
(E)-(BC),,.,

To do this, it suffices to verify that the set of all possible solutions of the family
of equations

(E)a z'(t) = )\f(t z(t),2'(t)) + /\e(t) €(0,1)

(BC)rnn z(0) = Z CGT (ft), Zat TJ)

is, a priori, bounded in C'[0,1] by a constant independent of A € [0, 1].
Let, now, z(t) be a solution of (Ex)- (BC)' for some A € [0,1], so that = €

W21(0,1) with z(0) = z ' (&), /(1) = z a;z'(7;). Accordingly, there exist

i=1 =
¢ € [&,&m—2), n € [11,Tn—2] depending on x(t), such that z(t) is a solution of the
four point BVP

z"(t) = Mf(t,z(t), 2’ (t)) + Ne(t), te(0,1)
z(0) =vy2'(¢),  2'(1) = az'(n)

It then follows, as in the proof of Theorem 2.6 that there is a constant ¢, independent
of A € [0,1], and ¢ € [€1,6m—2], N € [T1, Ta—2] such that

lzlleo < erllzlloo < c2llz”ll < e

Thus the set of solutions of the family of equations (E)-(BC). , is, a priori,
bounded in C1[0,1] by a constant, independent of A € [0, 1].
This completes the proof of the theorem. O
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