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SHAPE OPTIMIZATION OF ELASTIC AXISYMMETRIC PLATE
ON AN ELASTIC FOUNDATION

PETR SALAC, Praha

(Received January 27, 1994)

Summary. An elastic simply supported axisymmetric plate of given volume, fixed on an
elastic foundation, is considered. The design variable is taken to be the thickness of the
plate. The thickness and its partial derivatives of the first order are bounded.

The load consists of a concentrated force acting in the centre of the plate, forces concen-
trated on the circle, an axisymmetric load and the weight of the plate.

The cost functional is the norm in the weighted Sobolev space of the deflection curve of
radius.

Existence of a solution of the optimization problem of the state problem is proved. Ap-
proximate problem is introduced and convergence of its solutions to that of the continuous
problem is established.
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INTRODUCTION

This work concerns the optimal design of the circular axisymmetrically loaded

te. The theme of this work stems from [5], where the optimal design of the beam
is considered. This problem is two-dimensional.

We consider an elastic circular plate of variable thickness, which is fixed on an
elastic foundation. The function of thickness is optimized, under the condition of
constant volume of the plate, in the class of Lipschitz functions bounded simulta-
neously from below by a strictly positive constant and from above. Its own weight,
a concentrated force acting at the centre, forces concentrated on the circle and the
so-called rotational symmetrical load act on the plate.

In view of the fact that the body is loaded and supported axisymmetrically it is
suitable to formulate the problem in polar coordinates r, #. Then the displacement,

319



the deformation and the strain do not depend on the angle § and we get a one-
dimensional boundary problem. The bilinear form and the linear functional have a
special form in polar coordinates, therefore we define the space of functions with finite
energy as a weighted Sobolev space with different powers at different derivatives.
The weight is such that in the books [7], [8] there are no theorems suitable for
this weighted space. A certain characteristic is proved with help of an isometric
isomorphism between the space of functions with finite energy and the original two-
dimensional Hilbert space (see Lemma 1.1).

The cost functional is defined as the norm in the weighted Sobolev space of the
deflection curve of radius. '

In Section 1 we formulate an optimal design problem, transform it to polar coor-
dinates and define a weak formulation of the problem in the one-dimensional space
of functions with finite energy. Further we prove the existence of the solution.

In Section 2 we study the numerical approximation of the problem and the con-
vergence of approximate solutions to the solution.

In Appendix we study the characteristics of the weighted space of functions with
finite energy and the characteristics of the space of finite elements we use in numerical
analysis.

1. FORMULATION OF THE PROBLEM AND THE EXISTENCE THEOREM

1.1. Formulation of the problem.

Let us consider an elastic isotropic homogeneous axisymmetrical plate occupying
the region

t t
G= {(xay)z); (x7y) EQ, —5 <z< 5},

where

Q={(z,y) € R%; 22 + y2 < R}

and the thickness ¢ is constant.

We define a Cartesian coordinate system in the following way: the origin of the
coordinate system is in the middle of the height of the cylinder, the axis z corresponds
to the height of the cylinder positively orientated upward, the axes z and y are
parallel with the base of the cylinder.

We assume that the plate is simply supported along its circumference and the
axisymmetric load acts in the direction of the z axis. The orientation of the load is
positive upward along the z-axis.
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x(!We use Kirchhoff’s hypothesis about invariance of normal elements and look for
approximate functions of displacement in the form

ow
U = —— 2
oz’
ow
Vp = ——2
dy "’
wy = w,

where u¢, vy, we denote the components of displacement in the directions z, y, z and
w:  — R is an unknown function of two variables.

In the standard way (see e.g. the case of 31mp1y supported plate in Chapter 10.4.3
of [4]) we define the space

W = {veW?2(Q); v=0on 90}

Recall that W22(Q) is a Sobolev space with the norm [|.||22 defined by

lulla.2 = ( /Q ( S (Dowy? +u2) dxdy)%

la|=2

(see e.g. [6] Theorem 30.4).

The bilinear form corresponding to Kirchhoff’s hypothesis of a plate resting on a
coherent elastic foundation with resistance of subgrade ag is defined on W by the
formula

e &y ¢
At w, ) = /ﬂ (—Mu(w)ﬁ —2M12(w)%y— — Mo (w )6 5 +a0wcp) dz dy,

where ag > 0 is a constant and

0w 0%w
Mn(w) = —D(t) (b? +o 8_y2)
w 0%w
M22(’LU) = —D(t) (W +o %—5),
0w

Mi2(w) = =D(t) (1 - 0)

0z0y
denote the bending moments of the plate (see e.g. [4], Chapter 10.4.3),

Et

PO =ma—y
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E is Young’s modulus of elasticity and o Poisson’s constant (E = const., E > 0,
o = const., 0 <o < 1).
We define a linear functional on W as follows:

k
(F(t),9)a =PO‘P(O’O)'*‘ZPi/.‘Pd'Y'{“/Q(f"Pt)‘dedy,

=1 Y

where Py € R describes the concentrated force acting at the origin, P; € R describes

the force concentrated on the circle «; with centre at the origin and radius R; € (0, R),

f € L1(Q) is the distributed load and pt is the weight of the plate (p = const., p > 0).
Now we can write the variational formulation of the state problem as

(1.1) Altiw,p) = (F(t),p)a YpeW,

where w € W is to be found.

The investigated plate is circular, therefore we transform the bilinear form
A(t;w, ) and the linear functional (F'(t), )4 to polar coordinates by the transfor-
mation

T =1 cosb,

y =7 sinf.
Let the load f be axisymmetric. Then we can assume that the functions w, ¢
depend only on the radius r. We denote the derivative with respect to r by primes

(e.g. %—’;’- = w'). For simplification we include the product E 1—2(—122?7 in one constant
and denote it again as E. Thus we obtain

R R
A(tyw, @) = E/ rt*w" " dr + O'E/ 3w +w'p")dr
0 0
R R
+ E/ — 3w’y dr + 2nag / rwedr
o T 0
and

k R
(F(t),p) = Pow(0) + ZTTZ P;R;p(R;) + 2“/0 r(f — pt)pdr.

i=1
We define the space of functions with finite energy as the weighted Sobolev space
W22((0, R), o)) (see [7] p. 10) with the norm

R R4 R 3
lvll2,2,00y = r(v")?dr + —(v')?dr + ro?dr) .
12,0(+)
0 o T 0
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We have to prove that the terms A(t;w, ) and (F(t), ) are finite for functions
w,p € W22((0, R), 0(r))- It is evident that the first, third and fourth integral in the
term A(t;w, ) and the integral in the term (F(t),y) are finite. It is necessary to
prove that the second integral in the formula A(t; w, ¢) is finite as well.

If w € W22((0, R), o)) then /rw” € L3(0, R), in a similar way we obtain from
¢ € W22((0, R), g(r)) that if %go’ € Ly(0,R) then fOR w" ' dr < oo which means
that w"¢’ € L1(0, R). In the same way we prove fOR w'y" dr < oo.

We denote

Y = {v € C*([0,R]); suppv’' N {0} =0, v(R) = 0}.
Let V be the closure of the set ¥ in the space W22((0, R), o(r))-

Lemma 1.1. The set V with the scalar product

R R R
(u,v) =/ ru'v" dr+/ —u’u’dr+/ ruvdr
0 o T 0

is a Hilbert space.

Proof. Since V is a closed subspace W*2((0, R), o(r)), it suffices to prove that
W22((0, R), o(r)) is complete.

Let v, be a Cauchy sequence in W22((0, R), (r))- Let W2Z () be the subspace
of W22(Q) of axisymmetric functions. We define a mapping

Z: W22((0,R), () = W22Z(Q)

sym

by the formula
Z:vw 0, where 0(z(r,0),y(r,0)) =v(r) Vre[0,R] VO €|0,2r).

This mapping is an isomorphism (that is an injective linear mapping of
W22((0, R), g(r)) onto W22 (Q)). We have

I 1Z(V)ll2,2,

1
|v||21219(r) = \/—EE |

thus Z(v,) is a Cauchy sequence in the space W22(2). As this space is complete,
there exists a w € W22(Q) such that lim Z(v,) = w. The space W22 (Q) is closed
n—o0

sym

in W22(Q) (see Appendix, Lemma 3.1), therefore w € W22 (Q). The mapping Z
is an isomorphism; therefore there exists a Z~'(w) € W22((0,R), g(-)) such that
lim v, = Z~!(w) in the space W22((0, R), o(r))- a
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Now we assume that the plate thickness is not constant over the whole area 2. Let
it be axisymmetric. Then we can assume that it is possible to express the thickness
of the plate by a function ¢t € U,4, where

Uyg = {t € COL([0,R)); It'| < e1, 0 < tmin < t(r) < tmax, 7 € [0, R],
R
2n/ rt(r)dr =cq, ¢1,c2 > 0}.
0

We will consider the following variational formulation:
for each t € U,y find w € V such that

(1.2) Alw, @) =(F(t),p) VoeV.

In what follows we will show that the state problem (1.2) has a unique solution
w(t) for any t € Ugq.
Now we define the cost functional

j(w) = [[wll} 2,,,,,-

The functional j means the “average size” of the deflection function and its second
derivative in the original two-dimensional problem (1.1).
We will solve the problem of the optimal design: We define

J(t) = j(w(t)),

where w(t) is the solution of problem (1.2) and look for optimal design t° € U,q4,
satisfying the condition
(1.3) J(t%) = Join J(t).

1.2. Existence Theorem.

We apply the abstract theorem on existence of an optimal design (see [3]). First
we set out its assumptions.

Let U be a Banach space of controls and U,q a set of admissible design variables.
Assume that U,q is compact in U.

Let a Hilbert space V be given with a norm || -||. Consider a bilinear form A(¢; ., .)
and a linear continuous functional (F(t),-) on V, both depending on a parameter
t € U. Assume that there exist positive constants ag, a; and a subset U°, U,y C
U° C U, independent of ¢, u, v and such that

(1.4) A(tyu,v

) < aalfull o],
(1.5) A(tyu,u) >

aolull*
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hold for all t € U and u,v € V.
Moreover, assume that:

(16) ift,t, € U% t, = tin U and u, — u (weakly) in V for n = o0
then A(tn;un,v) = A(t;u,v) for all v € V
ift,t,€eU° t, > tin U,
then (F(tn),v) = (F(t),v) forallve V.
there exists a positive constant -, independent of ¢, v and such that
(1.8) (F (1), 0] < 7l
holds for all t € U® and v € V..

(1.7)

We consider the following state problem: for t € U,y find u(t) € V such that
(1.9) A(t;u(t),v) = (F(t),v) VveV.

Under the assumptions (1.4), (1.5), (1.8), the state problem (1.9) is uniquely solvable
for any t € U°.
Let a functional
j:(UxV)=>R

be given, which satisfies the condition

tn,t €U% t, - tin U, u, = u in V (weakly)

B0 — tmint (e, un) 2 (60

Defining the cost functional as

J(t) = j(t, u(t),

where u(t) denotes the solution of (1.9), we may consider the following optimal design
problem:

find t° € U,4 such that
(1.11) J(t°) < J(t) Vt€ Ugq.

Theorem 1.1. Under the assumptions (1.4)-(1.8) and (1.10), the optimal design
problem (1.11) has at least one solution.

Proof. See [3], p. 270. O
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The existence of the solution of our optimal design problem (1.3) is claimed in the
following theorem.

Theorem 1.2. The problem (1.3) has at least one solution.

Proof. It is sufficient to verify the assumptions of Theorem 1.1. Let us intro-
duce U = C([0,R]), U° = {t € U; tmin < t(r) < tmax Vr € [0, R]}. The set U,q
is bounded and closed in C([0, R]) and, moreover, consists of uniformly continuous
functions. The theorem of Arzela-Ascoli implies the compactness of U,q in C([0, R]).

The space V is a Hilbert space (see Lemma 1.1).

We denote by |. |x,2,, the k-th seminorm of the space W22((0, R); o(r)), i.e

R )
|wlo,2,r = (/ rw? dr) ,
0

Then

(S

lwllz2.00, = (lwlE 2, + W]} 51 + w[Es
143

If w,p € W22((0, R), g(r)) then
(1.12) |A(tw,9)| < K(/R (|vrw”| [Vre"|) dr
R
+/ (Ivru"] If“’.*’f“’l [vre'| ) dr
# [ (2w [ e ar+ [ (vrol el o)

< K(lwlz2,rl@l2,2,r + |w|2,2,r|<P|1,2,; lwly 2,2 l¢l2,2,r
+ W]y g,1el1 2,1 + [wloz2,rleloz2.r)
<2K ”w”2,2,9(v-) “<p”2y219(1*) )

where K = max(Et3,,,2nag). In the last expression we have used the Holder
inequality and the following inequality for the scalar product in R?:

(lwlz,2,r + [wly 2,15 [wlo2,r) ([0l2,2,r +10l1,2,1,10l0,2,r) < 2wll2,2,00) 1Pl12,2,00,)-
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Further we have
R 1 R
(1.13) A(t; w,w) = E/ t3 [r(w")2 + 20w"w' + ;(w')z] dr + 2na0/ rw? dr
0 0
R o
= E/o t3 [(ar(w")2 + 20w"w' + ;_-(w')z)

"\2 1 2 R 2
+(1—a)(r(w ) +—(w) )] dr + 2mag rwdr
0
Ethin(l—0)[[wfa, + i}, 1]+2rao [w]3 2,

>
> min(E 3, (1 = 0), 2nao) [[w]l3 5,

and (1.4), (1.5) are fulfilled.
We shall now consider (1.6). We can write t, =t + en, e, € C([0, R]). We know
that ¢, = t in U. Then for all € > 0 there exists n such that

lenllcqo.r) <€

Let us choose ¢ < min(1, 1tmin). Let {wn}, w, — w (weakly) be a sequence. The
assumption of weak convergence implies boundedness of the sequence {w,}52,; in
Wz,z((()’ R)v 9(1‘))'

We can write

R

E/ rt3w!! "dr—E/ r(t® + 3t2e, + 3te2 + €3)w!l " dr,
O‘E/ t3 (wllp' +wh")dr = oE/ (t3 + 3t%e, + 3te? + €3)(wlly' + wl ") dr,

0
1 3,0 1 R 1 3 2 3
E/ —tow,p dr = E/ —(t3 + 3t%e, + 3te2 + 3w, ' dr.
o T o T
The inequalities

| R
n / r(3t2en + 3te2 + €3)w!'o" dr| < BEmax(362,.., 3tmaxs 1)elwnl2.2.rl@l2.2.0s
0

R
aE/ (3t%en + 3te + €3)(wihy' +whe")dr

< 30 E max(3t] a0y, 3tmax, 1)e([wnl2 2,0l 2,1 + [Wnli 2,1 10l2.2,r ),

1
lE/O ;(3t2en + 3te2 + e3)w! ¢ dr

< 3Emax(3tZ,,y, 3tmax, Delwnly 2,1 |‘P|1,2,§
imply that
(1'14) |A(tn; Wn, P) — A(t; Wn, ‘p)l < C“:“wn“2,2,2(r) ”‘pH?y?ye(r) ’
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where the constant C is independent of n. The sequence {wn}52; is bounded and
0 < & < min(1, %tm-m) is arbitrary. This is why it suffices to show that

A(t;wn, @) = Alt;w, @) for n — oo.
Let V' denote the dual space to V. Further, (1.12) implies
A(t; W, ‘P) <2 ma.x(E t?naxa 2n aO)||wn”2,2,Q(r) ”9P||2,2,g(,) .

We get A(t;.,¢) € V' for all p € V and lim A(t;wn, ) = A(t;w, ) holds for all
@ € V as we wanted to prove.
To prove (1.7) let us estimate

R
(115)  KF(tn),0) — (F(2), )| < 2np /0 Ir(tn — t)el dr

< 21tp(/0Rr<p2dr)%(/(;Rr(tn —t)zdr)%

< V2rpRIplo,2.rlltn = tllc(o, r)-

The inequality

k
[(F(t), )] < 2n (IPo|/27t + Y |Pi|R; + R*ptmax + R "f”Ll(O,R)) llelle o, r)

=1

and the continuous embedding W22((0,R);¢() < C([0,R]) (see Appendix,
Lemma 3.2) give (1.8). The linearity of the functional (F(t),.) together with
(1.8) give its continuity. We have to verify (1.10), but this is simple because the
square of the norm |jwl|2,2,¢,,, is @ weak lower semicontinuous functional. O

2. APPROXIMATION OF THE PROBLEM

We use the following four assumptions for approximations of the problem:

(I) Let N(h) be an integer and 7, a partition of the interval [0, R] into N(h)
subintervals A; = [Xj-1, X;] of the length h; j = 1,2,..., N(h); Xo =0, Xn(n) = R.
In the subsequent text we shall consider only h that lead to a uniform partition of
the interval.

Let Pc(A) be the set of polynomials the order of which is at most k. We define

Uss = {t € Uad; t]a, € Pi(85) Vi }, Vi ={v € V; v|a; € Ps(A5) Vi }.
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Note that if the polynomial is ar® + br? + cr +d € Vj,, where a, b, c, d are constants,
then ¢ = 0 (in the opposite case |ar® 4+ br? + cr +d|; 3,1 = 00). It means v'(04) =0
in V. ’

(II) Instead of A(tn;wh,n) we shall use the form

N(h)
Mtionon) = Y |EdE)( [ roteiarso [ i +upel)ar
A

j=1 i Aj

1
+/ — WP dr) +21ta0/ T Wh QR dr],
A; T A;

J 7

where & = $(X;_1 + Xj), th € U, wh, 04 € Vi.

lo _
(III) Assume that there exist open subintervals D; such that |J D; = [0, R],
=1
DiND,, =0, l#m, lp > 1 is finite, and for any [ the function f is extensible from
D, onto D; in such a way that the extension f € C1(D;). Let 7 denote the mesh
7, refined by the points Y, = D, Dyy1,l=1,...,1p — 1.
(IV) The approximation of (F(t), ¢x) will have the form

k R
(F(tn),on)n = Popn(0) + 21 ) PiRipn(R:) — 2T‘P/ Ttapn dr
0

=1

R
+ {21:/ 7 fon dr} ,
0 e

where t;, € U,fd’ R; are the points of acting of the lone forces and {.},- denotes the

approximate value of the integral, obtained by means of the trapezoidal rule on the

mesh 7.
The approximations of the bilinear form and the functional are suitable as the

next lemma shows:

Lemma 2.1. Let the assumptions (I)-(IV) be satisfied. Then
1) For all t,, € U", and wn, pn € W22((0, R), 0(r)) the following holds:

(2.1) [An (th; wn, on) = Alth; wi, on)] < Chllwnllz,z,p, lonll2.2.e0) )

where the constant C is independent of .
2) For all g, € wW22((0, R), 0(r)) the following holds:

(2.2) (F(th)s on)n = (F(th), on)l < C(FRE |onll2,2,00)»

where the constant C(f) is independent of h but depends on R.
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Proof. 1)

N(h)

|An(th; wh, on) — A(th;wn, 1) < E Y (/A [rwh ohlth (&) = ()]l dr

=1

+0/A, |[wheh + whenllth (&) — th (T)]Idr+/ I ~wh o [ () - (r) ]ldr)

N(h)
SEZ Ch(/ |rwy on | dr+o/ lwh ) + wheh |dr+/
j=1 Aj AJ A

< 2ECh|whllz,2,0, |

1
[ruiehlar)

i

‘ph”2,2,9(r) .

The main step in the proof of the inequality is the estimate
3
£16) = 810)] < Ihthlloa,h < GthaCih = Ch, € Ay,

2) Denote ¢ = rfpp. Let A} = [z;j-1,7;], where z;_;,2; denote points of the

mesh 7;. Then
R R
211/ q dr — {21:/ qdr}
0 0 h*
N*(h)
/ qdr — {/ qdr}
a3 RS

< 2rn Z
=1

<y / la(r) ~ 3(a(w51) + a(z5))
j=1

(2.3) {F(tn), on)n — (F(tn), on)| <

N*(h)
dr,

where N*(h) is the number of subintervals of the refined mesh 7.
We have

@4 o) - 2ales) +ale) |/ dar=3 [T

g/ |1¢'|dr < h’lquLz(A)
T 1

i—

Further,

lg'lLaas) = I(f + 7 )en + fronlliaias
< hlIf +rflleanllenlloas + 1fllcay Irenliza as)-
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If R <1, then

R R].
Ireiliaag < [ rewtar < [0 dr <lonlBag,

If R>1, then
1 R
Irealaa < [ rieiars [ ri)ar
< /11( )2 d +R3/R1( 1)2dr
S - T =y
- Ph . R Ph
Y1, s (1,
< [ rerasr [ L@
o T 1 T
Rl 9
<R [ dr < Ellonlng

Then altogether
Irehlzaas) < max(1, RE)lienll22,00:-

Using the continuous embedding W*2((0,R),¢(-)) < C([0,R]) (see Appendix,
Lemma 3.2) we obtain

llenllcas) < Cllenllz,2.eq)

hence

(2.5) lg'llz2(a) < C(Hllerll22.00:-

The estimate holds even for A} = [Xj-1,Y1] (or A = Y1, X;] or A = Y1, Y1),
since meas A} < h . The proof is completed by the inequality

N*(h)
(P )sond = (F@n)sionhl 26 3 WO lnlaa, [ 1dr
j=1 i

< 2nRC ()R} |onllz 2,00y = C(FHRE|0nll2 2000, »

where we have used estimates (2.3), (2.4) and (2.5). O

Since the subspace V}, is finite-dimensional, V}, is a closed subspace of V. The
bilinear form Ap(th;.,.) is bounded and Vj-elliptic on V} x V}, (the proof is similar
to that of (1.12) and (1.13)) and the functional (F(¢4),.)s on Vi both comply with
the assumptions of the Lax-Milgram Theorem. The problem

(2.6) An(th;wi(tn), on) = (F(th),on)n  Yon € Vi
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is uniquely solvable for any fixed t; € U",.

Lemma 2.2. Let the assumptions (I)-(IV) hold. Furthermore, let a sequence
{tn},tn € UM, converge to a function t € U,y uniformly on the interval [0, R] for
h — 04. Finally, let w(t) be the solution of (1.2) and let wy(t) be the solution of
(2.6). Then

[lw(t) — wr(tr)ll2,2,0) = 0, h — 04

Proof. It follows from Lemma 2.1 and from the proof of (1.8) in Theorem 1.2
that

KE(tn), on)n — (F(tn), on) + (F(tn), o) < (C(HRE + O)llonll2.2,00,

for all ¢, € V,,. Denote wy = wi(tr). Analogously to (1.13) we show that

N(h)
An(tn;wn,wn) > By S { / (or(wi)? + 20wjw), + 2 (w})?)
j=1 4;
1
_ "2 = 1\2
+ (- 0) (i + Hwi?) ar |
N(h)

+ Z 2rag / rwi dr
j=1 Aj

> min(Et3;, (1 - o), 2Tfao)”wh“%,2,g(,.,'

We choose a > 0 such that @ < min(Et3;, (1 — 0),2rap), then we can write

allwall3 2,6, < An(th;wn, wn) = (F(tn), wa)n < (C(F)hE + C)l[whllz,2,e0, -

Then .
C(f)hz +C
lwall22,e0) € =
The sequence {wy} is bounded, hence there exists weakly convergent subsequence
and it can be denoted {w;} again. The space V is convex and closed, i.e. weakly
closed and wj, — w* € V (weakly) in V. For ¢ € V let {¢n},n € Vi be the
sequence from Theorem 3.1 (Appendix). The sequence {¢x}, h — 04 is bounded in
W22((0, R), o)) because |lpn — ©ll2,2,0.,, = 0, = 04. We show that w* = w(t)
by using the following estimates. From (1.14) we get

(2.7) [A(th; wh, @n) — A(t;wh, on)| = 0, h—04.
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Further (cf. (1.12)),

(2.8) |A(t; wh, o) — A(t; wh, 9)| < 2max(Etd,,, 2rao)llwh|l2,2,e,.,

X lon — @ll2,2,00y = 0, b — 04

From the weak convergence and continuity of the linear functional
A(t; ., ) (see the proof of Theorem 1.2) we get

(2.9) |A(t;wh, ) — A(t;w*, )] = 0, h—04.
Combining (2.1), (2.7), (2.8), (2.9) we have

(2.10) |An(th; wh,on) — A(t;w*,0)| = 0, h— 0;.
Similarly, from the estimate (1.15) we have

(2.11) (F(th), 0n) — (F(B)0n)] = 0, h— 0.

From the continuity of the functional (F(t),.) (see the proof of Theorem 1.2) we have

(2.12) KE(t), on) = (F(t),0)| = 0, h— 04
and
(2.13) [(F'(th), pn)n — (F(t), )| = 0, h— 0y,

by virtue of (2.2), (2.11), (2.12). We know that the equation (2.6) holds. Passing to
the limit with h — 04 and using (2.10), (2.13) we conclude that

A(t;w*, ) = (F(t),p) YpeV.

The uniqueness of the solution w(t) yields the equality w(t) = w* and the weak
convergence of the original sequence {wy} to the function w(t). It remains to prove
the strong convergence. The sequence {||wn|l22,4,,} is bounded. The limit (2.11)
and the continuity of (F'(t),.) imply

[(F(th), wn) = (F (), w(t))] < (F(tn), wn) — (F(t), wn)]|
+ [(F(t),wn) — (F(t),w(t))] = 0, h— 0.

Combining the last estimate and (2.6), (1.2), (2.2) we may write

| An(thwi,wi) — Al w(t), w(t))] < [(F(th), wn)n — (F(th), wn)]
+ [(F(tn), wn) — (F'(t).w(t))] = 0, h— 04.

333




Then

|A(t; wh, wr) — At w(t), w(t))| < |A(t; wh, wh) — Ar(th; wh, wh)|
+ |An(th; wh, wp) — At w(t),w(t))] = 0, h— 04.

The first term on the right hand side has the zero limit (from (2.1), (2.7)) and the
second term has the zero limit as proved above.

In the norm ||w||4 = [A(t; w, w)]? which is equivalent to I-l2,2,0,, (see (1.4), (1.5)),
it means |lwn||a = |Jw(t)|la, h — 04. We define the scalar product (.,.)4 = A(t;.,.)
on V. We complete the proof by the estimate

allwn — w(t)ugﬂ,g(,) < Jlwn — w1} = (wn — w(t), wn —w(t)a
= llwall} + lw()lI% — 2(w(t),wa)a = 0, h— 0.

We have used the weak convergence w, — w(t), the convergence of the norm |[wn ||
and the continuity of the linear functional (w(t),.)4. O

Definition 2.1. Let the approximate optimal design problem Pj be defined in
the following way: find t € U", such that

J#) = j(wn(®) = min J(),  (Ph)

ad

where wy (t5) solves (2.6).

Lemma 2.3. The problem P}, has at least one solution for any sufficiently small
and positive h.

Proof. We employ Theorem 1.1 for A, and (F(tn),.)n with h fixed. Let us
choose U =C([0,R]),V =V,,U’={t €U; 0 < tmin < t(r) < tmax V7 € [0, R]}.

The set de C Upggq is closed. Then U ;‘d C U is a compact set and the form A, and
the functional (F'(ty),.)s fulfil (1.4), (1.5) and (1.8) (see the proof of Lemma 2.2).

Let us verify (1.6). Let us assume t,t, € U°t, = t in U and w, — w (weakly)
in Vj, for n — oco. The dimension of the space V}, is finite, therefore the convergence
w, = w € V, in W22((0, R), o)) is strong. Then

|An (tn; Wn, @) — An(t;w, @)| < |An(tn; wn, ) — Ar(t; wn, 9)|
+ |An(t;wn, ) — An(t;w, )| = 0, n =00 Yy € V.

Here the convergence of the first term is obtained from ¢, — t in U and the conver-
gence of the second term follows by using an inequality analogous to (1.12) and by
wp, = w in W2((0, R), ¢(r))-
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The condition (1.7) is a consequence of the equality

|(F(tn),(p)h - <F(t),(p)h| =

R
2'Itp/ r(t —t,)pdr
0

Finally, the condition (1.10) is fulfilled in virtue of the proof of Theorem 1.2 since
Vh,CV. a

Lemma 2.4. Assume that a sequence {tn},tn € de, converges to a function
t € U,q uniformly on the interval [0, R] for h — 0. Then

Jim J(t) = J(0).

Proof. Itis an immediate consequence of Lemma 2.2, since

| ||wh(th)”g,2,g(,.) - I|W(t)llg’2,g(r)

< (lwn(@r)ll2,2,00) + lwW(E)ll2,2,00 ) lwn (En) — w(B)ll2,2,0(, s

where the sequence {||wx(tx)l|2,2,0,, } is bounded (see the proof of Lemma 2.2). O

Theorem 2.1. Let {t)}, h — 04, be a sequence of solutions of the approximate
problems Py, Then there exists a subsequence {t2} such that for h — 0,,t3 — t° in
C([0, R]), wy;, (t2) = w(t®) in W*2((0, R), o(r)), where t° € U,a is the solution of the
optimization problem (1.3) and w(t°) € V is the corresponding solution of (1.2).

Proof. We use the idea of the proof from [1]. Let n € U,q be an arbitrary
function. There exists a sequence {nx},ns € U, such that n, — n in C([0, R]) for

-+ 04. Let us denote by wp(n) the solution of (2.6), where t), is replaced by .
oince U,gq is compact in C([0, R]), there exists a subsequence {¢2} C {t} such that
t% = t° (uniformly) on [0, R] for A — 0, so that t° € Us,q4.

We arrive at the inequality J (t?';) < J(ng)- Passing to the limit with A — 04 and
applying Lemma 2.4, we get J(t°) < J(n). Hence t° is a solution of the problem (1.3).

The remaining part of the assertion is essentially Lemma 2.2. O
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3. APPENDIX

Lemma 3.1. The space of axisymmetric functions W22 (Q) is closed in W2%(f).

Proof. Let {v,} C W22 () be a sequence such that v, — v in W22(Q). We
know that v, € W22 () if and only if 2% = 0 almost everywhere. It suffices to
prove that a" = 0 almost everywhere.

Wehave
g%;=—rsin0=—y,
gg—rcosﬂ—x
06 -
We can write
2r 2r
// d0dr—// a”" df dr
/( 31) +@z+a& —%x)(r +y3)7 2| dxd
~ Ja axy dy or 7 dy 4 cray
du dv ov v
<K = - — K LA
\1/9 By ay dzdy + 2/9 e 7 drdy
Ovn ovl? 3 Ovn v |2 3
<K —_ - — I —_—— :
I\3<L By E» da:dy) +\4</ﬂ % D2 drdy)

< I\’s“'Un - 'U”2,2 — 0, n — 00,
where we have used the fact that Q is bounded and the Holder inequality.
Then fQ |%| dz dy = 0 which means that % = 0 almost everywhere. a
We denote the space of %—Hﬁlder continuous functions on the interval [0, R] by
CO:1/2((0, R)).
Lemma 3.2. We have that W22((0, R), ¢(r)) < C@'/2([0, R]), i.e. the space
W22((0, R), 0()) is continuously embedded into C(°)/2([0, R]).

Proof. We use the idea of the proof of Lemma 9.1.2 from [10] p. 280. We can
assume that R > 1 (in opposite case both estimates would be without constants R
and VR). From the estimate

R 1 R 1y Ry
/ (w)?dr = / (w’)2d7"+/ (w')zdrg/ —(w')zdr+R/ —(w')*dr
0 0 1 o T i T
Ry, .
< R/ —(w")?dr <
o T
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we get w' € Ly(0, R).
We define U = U(r) for r € [0, R] by the formula

U(r) = /0 w'(t) dt

The integral is finite because w’ € L2(0, R), so w' € L;(0, R). The function U(r) is
absolutely continuous in [0, R] and

w(r) =U(r) + const a.e. in [0,R].

From the Schwarz inequality we get

fw(a) - w(B)] = \ A " (r) dr

< (/:(w'(r))? dr)%la ~ g}
< (R /: %(w'(’"))2 d’”) %Ia — B|* < VR|wlla,2,0(r)] ~ BI2

for all a, 3 € [0, R], @ > (. This estimate yields the assertion of the lemma. O
Theorem 3.1. Let ¢ € V. Then there exists a sequence {¢r}, n € Vi such that

llen = oll2,2,0,) = 0, h— 04.

Proof. For any € > O there exists v € ¥ (U is dense in V) such that
l = vell2,2,0,, < € Denote the Hermite cube interpolation of the function ve in
the mesh 7, by @re. Obviously pre € Vj, for sufficiently small h < ho(e). We know
that supp v.N{0} = @, hence there exists the biggest Ro such that supp v, C [Ro, R].

Denote the “integer part” of n by l_ﬂﬂj For sufficiently small h there is n > 1,

Ry < 2nh,0< Ry = emm . Since v, = 0 in the interval [0, nh], then v, = const.
TESupp ve

and the cubic interpolation ¢ne is exact on the interval [0,nh] (i.e. @re —ve =0 on
[0, 5.

Denote ue = @he — Ve. Then

o\
&

1
el og = | [r@!)? + 2()? +ruZ] ar

Il

R 1\2 1 2
/0 r(uy) +T(u€) +ru]d

2
< max (R Ro )”Ueuzz Ch4|vslz,2)
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where | - 4,2 denotes the fourth seminorm of the space W*2%(0, R), i.e.

R 3
fulez = ( / (u<4>)2dr) .
0

In the last estimate we have used Theorem 3.1.4 from [2] (the Hermite interpolation
is the mapping II: W*2%(0, R) - W%2(0, R) such that

Vp € P3([0, R]): IIp = p).
Then

“‘P - ‘ph5”2,2,2(r) < ”90 - v5”2,2,2(r) + ”u5“27219(r) e+ Ch2lv5|4,2 < 2e.

The last estimate holds for sufficiently small A. ]
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